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COMPARISON THEOREMS OF VISCOSITY SOLUTIONS FOR
HAMILTON-JACOBI EQUATIONS WITH CO-INVARIANT
DERIVATIVES OF FRACTIONAL ORDERS

HIDEHIRO KAISE AND YUTA MASUDA

ABSTRACT. We consider Hamilton-Jacobi equations with co-invariant derivatives
of fractional orders which typically include Hamilton-Jacobi-Bellman equations
of optimal control and Isaacs equations of differential games in fractional order
systems governed by Caputo differential equations with orders less than one. In
the frame of a viscosity solution notion of Gomoyunov (2021) and also Masuda
(2021) with co-invariant derivatives of Gomoyunov (2020), we discuss compari-
son results on viscosity solutions for the Hamilton-Jacobi equations. Finding an
appropriate smooth functional to measure a penalized distance of state trajec-
tories, we obtain a comparison theorem by doubling variables arguments under
no specific types of continuity assumptions for solutions. We also remark that
our choice of the smooth distance functional is valid in comparison arguments for
functional Hamilton-Jacobi equations.

1. INTRODUCTION

Hamilton-Jacobi equations are nonlinear partial differential equations (abbrevi-
ated as PDESs) of first order which originally have been studied in contexts of calcu-
lus of variations and analytical mechanics. Solutions of Hamilton-Jacobi equations
play crucial roles to integrate Hamiltonian systems in classical mechanics (cf.[1]).
As a different perspective of Lagrangian mechanics, if velocity of a mass point is
regarded as a control parameter, Hamilton-Jacobi equations in classical mechanics
are particular cases of Hamilton-Jacobi-Bellman (HJB) equations in optimal control
theory. HJB equations are nonlinear PDEs for value functions which are formally
derived by using dynamic programming principles (DPPs). It is fundamental to find
solutions of HJB equations to construct optimal feedback controls of optimal con-
trol problems (cf. [10]). To apply Hamilton-Jacobi and HJB equations for classical
mechanics and optimal control problems, solutions have to be smooth. However it is
known that they are not necessarily differentiable everywhere. Hence weak solution
notions are required for general nonlinear PDEs of first order. In the rest of the
present paper, we use terminology Hamilton-Jacobi equations for general nonlinear
PDEs of first order of any types.

There are two notions of weak solutions for Hamilton-Jacobi equations which
widely succeed in theories and applications. The first is the notion of viscosity
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solutions introduced by Crandall and Lions ([3]). A key to the definition is to use
smooth test functions touching solutions from above or below and this idea fits well
to dynamic programming principles. There are a lot of studies of viscosity solutions
for control problems, but also for various types of PDEs, not limited to control
theory (cf. [2], [11]). The second is minimax solutions originated from u- and v-stable
functions in the theory of positional differential games by Krasovskii. Minimax
solutions are functions whose graphs are weakly invariant with respect to flows of
generalized characteristic inclusions, thus the idea of minimax solutions is closely
related to methods of characteristics for nonlinear PDEs of first order (cf.[28]).
Although it seems that viscosity and minimax solutions are different notions, it
turns out they are equivalent weak solution notions (cf. [28, Theorem 4.3]).

Viscosity and minimax solution theories mentioned in the above are designed for
Hamilton-Jacobi equations related to Markovian systems, that is, systems where
states of the future are determined by the current state. Recently systems with
path-dependent properties attract attention of a lot of researchers from views of
theories and applications. Since Markovian properties are not expected any more
in natural forms, states of the future should be described by functionals of past
state trajectories, hence theory of Hamilton-Jacobi equations of functional types is
needed to be developed. Here note that appropriate derivative notions on spaces of
state trajectories are needed for defining Hamilton-Jacobi equations of functional
types. For deterministic systems governed by path-dependent ordinary differential
equations, theories of viscosity solutions and minimax solutions are developed in
[23] and [22], respectively, using co-invariant derivatives of [20] (cf. [16], [17], [18] for
related works of viscosity solutions). Motivated by Dupire’s vertical and horizontal
derivatives ([5]), viscosity solutions for path-dependent stochastic systems have been
intensively studied, for instance, in [6], [7], [8], [25], [26] and [29] (see [32] for
literature of these directions).

Fractional order systems are also systems with path-dependent properties. In
the path-dependent systems mentioned in the above paragraph, it is supposed that
coefficients of differential equations depend not only on current state but also on
past state trajectories which bring path-dependent nature to the systems. For
fractional order systems, definitions of derivatives of fractional orders depend on past
trajectories, thus the path-dependency in fractional order systems are different from
that in path-dependent systems. To derive HJB and Isaacs equations for fractional
order systems, DPPs (flow properties) in some forms and derivative notions over
path-spaces are required. [13] proposes initial conditions on Caputo differential
equations to have DPPs, and derives HJB equations of functional types with co-
invariant derivatives with fractional order. Then [14] develops a viscosity theory for
Hamilton-Jacobi equations of fractional order systems (see also [24]). A minimax
solution notion for such fractional order systems is also studied in [15]. For stochastic
systems governed by stochastic Volterra integral equations, [30] finds flow properties
by adding extra path components and obtains path-dependent PDEs under the
spirit of derivatives of Dupire. A viscosity theory for such path-dependent PDEs is
also sought in [31].

In this paper, we are concerned with comparison results of viscosity solutions for
Hamilton-Jacobi equations related to fractional order systems governed by Caputo
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differential equations with orders less than one. As mentioned above, a viscosity
solution notion is proposed by [14] (also [24]) using co-invariant derivatives with
fractional order. For the viscosity solution theory, comparison theorems are impor-
tant, for instance, to characterize value functions of optimal control and differential
games as unique viscosity solutions of HJB and Isaacs equations. In proofs of com-
parison theorems for usual viscosity theory, doubling variables arguments are often
used to measure a penalized distance of two states which is naturally taken by
smooth Euclidean distance. For Hamilton-Jacobi equations of functional types, we
need to measure a distance of two past trajectories. However there is not an obvious
way to find smooth distance functionals which are useful for comparison arguments.
Moreover, for Hamilton-Jacobi equations of fractional order systems, it seems that
there are few examples of smooth functionals in the sense of co-invariant differen-
tiability with fractional orders. [14] finds a smooth distance functional and proves a
comparison theorem holds by assuming certain L!-type Lipschitz continuity condi-
tion on solutions. In this paper, we propose a smooth distance functional different
from [14] and obtain a comparison theorem for viscosity solutions of Hamilton-
Jacobi equations. Our conditions on Hamiltonians are restrictive a little compared
o [14], but we do not require any types of continuity conditions on solutions like
[14]. Thanks to the form of our distance functional, the proof is much simpler than
[14].

The paper is organized as follows. In section 2, we review notions and results
on fractional calculus such as Riemann-Liouville integrals and Caputo derivatives
required in the present paper. We also recall co-invariant derivatives of fractional
orders on spaces of state trajectories given by [13]. In section 3, we introduce
Hamilton-Jacobi equations with co-invariant derivatives of fractional orders which
cover HJB and Isaacs equations for systems governed by Caputo differential equa-
tions. Following [14] (also [24]), we give a definition of viscosity solutions under
co-invariant derivative of fractional orders. We also mention that value functionals
of differential games are viscosity solutions of the Isaacs equations. In section 4, we
give a comparison theorem of viscosity solutions. With a choice of a new smooth
distance functional, we obtain a comparison result on viscosity sub/super solutions
using a doubling variables argument. In section 5, we give a remark on the relation
of the comparison argument of section 4 to the case of order one which is studied
in [23]. We mention that our choice of the distance functional still works for the
argument of [23], thus our distance functional can be regarded as an extension to
fractional order cases. We collect auxiliary results and proofs in appendices.

2. RIEMANN-LOUVILLE INTEGRALS, CAPUTO DERIVATIVES AND CO-INVARIANT
DERIVATIVES

We review notions and results on fractional calculus which are needed for the
discussion of the present paper (see [4], [19], [27] for more information). Let p > 0.
For ¢ € L>[0,t] = L>=([0,t]; R™), define IJ¢ : [0,t] — R™ by

(I2)(s) = F(lp) /0 C () (s — P ldr, s € 0.4,
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where I'(p) is Gamma function with order p:
[e.@]
I'(p) = / sP~le ds.
0

I ¢ is called Riemann-Louville integral of ¢ with order p. We set (I3¢)(r) = ¢(r),
that is, Ig is an identity operator. Note that Riemann-Louville integrals are exten-
sions of multiple integrals of positive integer orders.

Let 0 < a < 1. Let & € L*>®|[0,t]. The Caputo derivative of § with order « at
s € ]0,t] is defined by the following if the derivative exists:

(CDEE)(s) = ST (E0) — €06,

More precisely, CD8‘§ is given by

§(r) —€(0)
l—ads/ G=7) dr 0<a<l)

(a=1).

(“D§e)(s) = it

755
We denote AC*[0,t] by
AC0,t] = {£: [0,t] = R™; 3¢ € L™[0,1]
s-t. &(s) = £(0) + (Ig'o)(s), s € [0, 1]}

If £ € ACY[0,¢], £ is a-Holder continuous on [0, ] (see Proposition 2.1) and Caputo
differentiable at almost every s € [0, t]:

(“DFE)(s) = d(s), a.e.s €0,1],
where ¢ is from (2.1). Note that AC'[0,¢] is the space of absolutely continuous
functions on [0, t] with bounded derivatives.

We prepare several results on Riemann-Louville integrals. We denote a function
on [0, t], for instance, by x; whose subscript indicates its domain.

Proposition 2.1 (cf.[27] Theorem 3.6 and Remark 3.3, [4] Theorem 2.6). Let
0 <a<1. Letxz € L*[0,t]. Then, there exists C = Cy > 0, which does not
depend on x;, such that

(L5 e)(s) = (g o) (r)] < Cllzelloo]s — [, s, € (0,1,
where ||z¢||oo = €ss.supg<,.<; [¢(r)|. More precisely, C' can be taken by 2/T'(a +1).
Proposition 2.2. Let 0 < a < 1. Fort,s € [0,T], x; € C[0,t] and ys € C[0, s],

(2.1)

1—
(2.2) Jnax, ‘ “x)(r At) — (Ig"“ys)(r A )|
Tlfoz
< -
S T@—a) Or<nra<XT |z (r At) —ys(r As)|
2 _
+ T2 a)(thHoo + [[yslloo) It — 5|1 a1{0<a<1}7

where

) )1 (0<ax<1)
{0<a<1} — 0 (a:l),
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and a A b = min{a, b} for a,b € R.

See Appendix A for the proof of Proposition 2.2.

Proposition 2.3 (cf.[4] Lemma 2.7). Let 0 < a < 1. Let z; € C[0,t] and z} €
Cl0,t] (n=1,2,...). If x} converges to x; as n — oo uniformly on [0,t], then
(Igzy)(s) = (Igze)(s) (n — o0) uniformly on [0,¢].

As explained in section 3, Hamilton-Jacobi equations studied in this paper cover
Hamilton-Jacobi-Bellman (HJB) equations of optimal control and Isaacs equations
of differential games for fractional order systems governed by Caputo differential
equations. Due to the dependence of Caputo derivatives on past state trajectories,
fractional order systems cannot be Markovian. Hence calculus over past trajectories
is required to be developed. We introduce path spaces for fractional order systems
and recall a derivative notion on the path spaces proposed in [13].

Let 0 < < 1. Let T'> 0 be a time horizon. We define X§ 1 by

or =1{(t2); 0t <T, 2 € AC?[0,1]}.
We also need a subspace of X - given by
or— =1{(t,z) € Xgp; t <T}.
We consider metric p on X§, given by

p((t, xt)? (87 ys)) = ’t - S’a + OI<II7?J<)(T |xt(r N t) - yS(T N S)’? <t7 xt)v (Sa yS) S X&T'

Note that a-Holder continuity of p on the time variable appears in regularity of value
functionals of optimal control and differential games for fractional order systems of
Caputo differential equations (see (3.12)).

Let (t,z¢) € X§ . Define P(t, 2¢) by

Plt, 1) = {y € ACY(0,T}; u(s) = y(s) (0 < s < 1)).
Let ¢ : XGr — Rand (¢,2¢) € XGr_. ¢ is a-co-invariant (a-ci-) differentiable at
(t,z¢) if there exist ¢ € R and p € R™ such that the following holds (cf.[13]): For
any y € P(t, x¢),
(23) ol t by
= QO(t, .’Et) + ch
+p{I 7 (y() = y(O)(t + h) = I;™(2() — 2(0)) (1)} + oy (h)

t+h
— ot x0) + ch +p- / CDEy(r)dr + o, (h) (h — 04),
t

where o,(h) = hw(h;y) with some function w(-;y) : (0,7 —t] — R satisfying
limy, 01 w(h;y) = 0. ¢ and p are called a-ci-derivatives of ¢ at (t,x¢) and denoted
by

a?(p(ta xt) =¢ vgtW(ta$t) =D-
For oo = 1, we note that 1-ci-derivatives is nothing but ci-derivatives for functional
differential equations (cf. [20]).
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¢ is a Cl-function on X0 if ¢ is a-ci-differentiable at any (t,z) € X0 and
p: Xgr 2 R, 07¢: XGr = R, Vo X§r — R" are continuous functions. We
denote by Cé(X(‘iT) the set of C'-functions on X0

3. HAMILTON-JACOBI EQUATIONS WITH «-CI-DERIVATIVES AND VISCOSITY
SOLUTIONS

Let v : X§, — R. We consider the following partial differential equation (PDE)
with a-ci-derivatives:
(31) 8?U(tv .%'t) + F(tv T, Vgtv(ta ZL‘t)) = 07 (ta xt) € Xg,T—a
where F': X§, x R" — R. We call general nonlinear PDEs (3.1) Hamalton-Jacobi
equations. We explain that Isaacs equations for fractional order systems have the
form of (3.1) by a formal way (see [13], [14], [24] for detailed discussions).

Let (t,2¢) € X§ 7 be an initial condition. Let { € AC® [0, 7] be a state trajectory
satisfying the following Caputo differential equation:
“DFe(s) = G(s,€(5),a(s),b(s)) (t<s<T),

&) =mils) (0<s<t).

which is equivalent to the integral equation

1 ["(“Dgay)(r)
/0 dr

(3.2)

§(s) = :(0) +

I'(a) (s —r)l-e
1 SG(r,&(r),a(r),b(r))
o | e @<s <)

£(s) =w(s) (0<s<t),

where G : [0,T] x R™ x A x B — R™ with metric spaces A and B, and a : [t,T] — A,
b:[t,T] — B are measurable controls of two players, respectively. The game payoff
is given by

T
(3.3) Htarsa,d) = [ L(s.€(5).a0).b(s))ds + WD),

where L : [0,T] x R" x Ax B — R and ¥ : R* — R. If we start with t = 0
and £(0) = x in (3.2), a Markovian (flow) property does not hold for (3.2), thus
we cannot apply conventional dynamic programming methods. In [13] and [14],
the initial value problem (3.2) for fractional order systems is suggested to obtain
dynamic programming principle for value functionals of past trajectory x;, not value
functions of current state x;(¢). To be more precise, consider a value functional of
the zero-sum game given by

V(tv 'It) = Helf sSup ‘](tv Tt; e[b]’ b)7
b
where 6 is a mapping of b : [t,T] — B to a : [t,T] — A which corresponds to a

strategy of the minimizing player. Under a suitable choice of a strategy class, the
value functional satisfies dynamic programming principle: For t <t+h < T,

t+h
V(i) = igfsup { | D609 00105) b)) + V-4 m)} 7
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where &1, is the restriction of the solution of (3.2) on [0, + h] with a(s) = 0[b](s)
and b(s) (see [13, Theorem 6.1] for optimal control). Suppose V is a C'-function
on X§ . Using a chain rule for a-ci-derivatives (cf. [13, Lemma 9.2]), we formally
obtain
(3.4) 07V (t,x¢) + sup ;gf{G(t r4(t),a,b) - Vg, V(t,x¢) + L(t, 24(t),a,b)} =

beB
which is an Isaacs equation of the differential game for fractional order system (3.2)
with payoff (3.3) (cf. [13, Theorem 10.1] for a rigorous deduction of HJB equations).
We see that (3.4) has the form of (3.1). Note that we have terminal condition
V(T,z7) =¥ (xp(T)) (xr € AC*[0,T)).

In the above discussion, G, L and \I/ can be generalized to path-dependent func-
tionals g : XGp x AX B = R", 1 : X§7 x AX B — R and ¢ : AC?0,T] — R,
respectively. For initial condition (t, xt) € X 7, consider the path-dependent Ca-
puto differential equation 7

“D§E(s) = g(s,&s,a(s),b(s)) (t<s<T),
t

(5)
3.5) €(s) = zi(s) (0< s <1),

which is equivalent to

LDz (r
(36) §(s) = z:(0) + F(loé) /0 ((s%] T)EE(X) dr
L [?g(r.&,a(r),b(r))
* [(a) J; (s —r)l-« dr (t<s<T),
(3.7) £(s) =z4(s) (0<s<t),

where &, is the restriction of ¢ on [0,s]. £ is denoted by & = £4%t%b if we need to
specify the dependence of initial condition (¢,x;) and controls a,b. We introduce
the payoff with path-dependent costs

’ b
(3.8) J(t, z¢;a,b) :/t (s, €twt,ab a(s), b(s ))dS—I—(I)( t,xt,a, ).

Then the value functional is defined by
(3.9) W(t,z) = i%f sup J (t, z; 0[b], ).
b

Using the dynamic programming principle, we can derive Isaacs equation

(3.10) O W (t, xe) +sup inf {g(t, x4, a,0) - Vg, W(t, 20) +1(t,24,a,0)} = 0,
beB ac

with terminal condition W (T, z7) = ®(xr) (zr € AC[0,T7).

We assumed that the value functionals are a-ci-differentiable to derive (3.4) and
(3.10). However it is known that value functionals in optimal control and differential
games are not necessarily a-ci-differentiable on X 77—, thus we need a weak solution
notion. In this paper, we consider a viscosity solution with a-ci-derivatives given in
[14] (also, see [24]) which is a generalization of the viscosity solution notion of [23]
in functional Hamilton-Jacobi equations (o = 1) to fractional cases (0 < o < 1).
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To define a viscosity solution notion for (3.1), we need a sequence of subsets of
X - Let v > 1 be given. Let Dy (k=1,2,...) be subsets of XG 7 given by

Dy = {(t,2:) € X 1; [7:(0)] < &,
DG 1(s)] < k(1 + aloe), acs € 0,1,

where x4 is the restriction of z; on [0, s] and [|zs|lcc = maxo<,<s |zs(r)].
The following proposition is crucial for defining viscosity solutions.

Proposition 3.1 (cf. [12], [14], [24]). (i) Dy (k=1,2,...) are compact in X§ .
(il) X§7 = Uz D

Definition 3.2 (cf.[14], [24]). Let v : X§; — R be a continuous function on Xg .
v is a wviscosity subsolution (resp. viscosity supersolution) of (3.1) if the followmg

condition holds: Let ¢ € CL(X§,) and k € N. If (£,4;) € X§,_ is a maximum
point (resp. minimum point) of v — ¢ on Dy, then

8,?‘g0(t zp) + F(t, :Ut,thgp(t z;)) > 0,
(resp oy o(t, ;) + F(t, :L't,thgp(t ;) < 0) .
v is a viscosity solution of (3.1) if v is a viscosity sub- and supersolution of (3.1).

Remark 3.3. Viscosity solutions given in Definition 3.2 are weak solutions under
suitable conditions. More precisely, suppose condition (A2) in section 4 holds with
a specific growth condition of the Lipschitz constant, that is, there exists Lo > 0
such that for any (¢,2¢) € X0 p:q €R",

v is a Cl-function satisfying (3.1) if and only if v € Cé(XS:T) is a viscosity sub
and supersolution of (3.1) for ¥ > Ly. This can be seen in a way similar to [23,
Assertion 1].

To see metric p is suitable for the regularity of value functionals, we give a
continuity result of value functional (3.9) of differential games. Since the argument
is standard (but not obvious) and lengthy, we will give a sketch of the proof in
Appendix B. We assume g, [ and ® are continuous. Suppose the following conditions
hold:

i) A and B are compact metric spaces

ii) Let h = g,1. There exist L, K > 0 such that for any (¢, ), (t,y:) € X{ 1,

xp,yr € ACY0,T],a € A, b € B,
‘h(tv T, @, b) - h(t7 Y, a, b)’ < Lth - ytHOO7
|®(z7) — @(yr)| < Lilor — yrlco,
h(t, 2, 0,0)] < K (1+ [Jzeflo) s [(2r)] < K (1+ [l27]o0) -

Suppose the class of the strategies 6 of the minimizing player is that of non-
anticipative strategies (cf.[11]). To be precise, let A(¢,T) = L*([t,T]; A) and
B(t,T) = L*°([t,T]; B), which denote the sets of controls of minimizing and max-
imizing players, respectively. 6 : B(t,T) — A(t,T) is a non-anticipative strategy
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of the minimizing player if the following condition holds: Let bb € B(t,T) and
t<s<T.Ifb(r)="0b(r) ae.r € [t,s], then

0[b](r) = O[b](r), a.e.r € [t,s].
Letting O(¢,T") be the set of non-anticipative strategies of the minimizing player,

the value functional is defined by

3.11 W(t,z;) = inf sup J(t,xz;0[b],b).
(3.11) () =, inf s Tt 00]0)

Under i) and ii), there exists C' > 0 such that for any (¢, z:), (s,vs) € X§ 7,

(3.12) (W (t,2¢) = W (s,y5)| < C(1+ [[eelloo + |“Dfelloo) [t — 5°
+ CO?TB%XT lxe(r At) —ys(r A s,

which implies
(W (t,e) = W (s, y5)| < C (1 + [[@lloo + “Di il o0) p((E,21), (5,5))-

See Appendix B for the sketch of the proof of (3.12). Hence W is continuous on
X0 -

Under suitable conditions, it is known that value functionals of optimal control
and differential games for fractional order systems are viscosity solutions of HJB
equations and Isaacs equations (cf.[24, Theorem 6.3] for HJB equations and [14,
Theorem 4.2] for Isaacs equations). In [14], a minimax solution characterization
is used to show value functionals are viscosity solutions of the Isaacs equations.
By following classical arguments such as [9] (see also [16] for a = 1 case), we can
directly prove that W is a viscosity solution of (3.10) under conditions i) and ii)
for large v in Dj. Since the arguments are quite similar to those of [9] except for
using a chain rule for a-ci-derivatives (cf.[13, Lemma 9.2]) and our main concern
is a comparison result for general Hamilton-Jacobi equations, we will just give a
sketch of the proof in Appendix C.

4. COMPARISON THEOREMS FOR VISCOSITY SOLUTIONS

We assume F' satisfies the following conditions:
(A1) For each Dy, (k=1,2,...), there exists L, > 0 such that

|E'(t, 24, p) — F(s,ys, )| < L1rp((t; 1), (5,Ys))s

Y(t, ), (s,ys) € Di, Vp € R™.

(A2) For each Dy (k=1,2,...)

‘F(t7$t7p) - F(t7xt7Q)‘ < L27k‘p - q‘a v(t7$t) € Dkavpvq e R".

, there exists Lo > 0 such that

Theorem 4.1. Suppose (A1) and (A2) hold. Let v and w be a viscosity subsolution
and wiscosity supersolution of (3.1), respectively. If v(T,xzr) < w(T,zr) (zp €
AC?[0,T)), then

(41> U(tth) < w(tvxt)a (ta xt) € X&T'

We prepare a key lemma for the proof of Theorem 4.1. The proof is given in
Appendix D.



714 H. KAISE AND Y. MASUDA

Lemma 4.2. Let (s,ys) € X§r be given. Define ¢ : X§7 — R by
sl )~ us(0)

@(t7$t) - 2 92
1 T l—a - l—a - 2 a
+ 3 ‘(Io Zy)(r ANt) — Iy~ %ys)(r A s)| dr, (t,zt) € XG 1,
0
where for z, : [0,u] — R", z, : [0,u] — R" denotes
(4.2) Zu(1) = 2u(r) — 24(0) (0 <1 < w).

Then, ¢ € Cé(X&T) and
8?90(157:675) =1—s,

T
VO ot 1) = / (X3 (#) — (TE0F)(r A 5)}dr

T
= (T —t) Iy~ z)(t) — /t (I37°Gs)(r A s)dr.

Proof of Theorem 4.1. Noting that X§ ; = (Jr—; Dy from Proposition 3.1 (ii), (4.1)
is equivalent to

(4.3) v(t,xe) <w(t,xe), (t,xe) € Di, k=1,2,....

Suppose that (4.3) does not hold. By the continuity of v and w and Proposition 3.1
(i), there exists k such that

(4.4) := max(v —w) > 0.

Dy,
Take v > 0 such that 0 < v < §/(4T). For € > 0, consider P : X&T X X&T —R
given by

(4.5) Dc((t, 1), (8,95)) = v(t, 21) — w(s,ys) = 72T —t = s)

— (620, (5,0, (0), (5,5) € X

where
=P Jn©) — p ()P
2 2

T
+ % /0 (I ze) (r A ) — (I30Fs)(r A 5)|* ar

See (4.2) for the definitions of z; and s
Let ((te, z,), (se,y5.)) be a maximum point of ®, on Dy x Dy, that is,

(4'6) (I)E((t&w;e)? (Sevyge)) > (1)6((tth)7 (Says))v <t7xt)7 (s,ys) € Dk‘
Since (T,0) € Dy, we have

Dc((te, 27,)s (86, 95.)) = 2e((T,0), (T',0)) = v(T,0) — w(T,0).
We note that

v((t, 1), (s,95))

. 1
D ((te, ), (Se,¥s,)) < maxv — minw — —v((t, z3,), (se,y;)).
Dy Dy €
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Thus we obtain

1
(4.7) —v((te, s ), (Se,y5 ) < maxv — minw — v(7T,0) + w(T,0).
€ € € Dy, Dy
We prove that
(4.8) p((te,2f,), (se,ys,.)) = 0 (€ = 0)
via a subsequence. Since Dy is compact, there exist (7,&;), (0,71,) € Dy such that
(4.9) p((te,2f,), (1,6:)) = 0, p((se, 5, ), (0:n5)) = 0 (e = 0)
by taking a subsequence, which are equivalent to
(4.10) te =T, Olélrang |zi (r Ate) =& (r AT)| — 0 (e = 0),
(4.11) S¢ = O, Jnax lys. (1 A se) —=no(r Ao)| — 0 (e = 0).

In the rest of the present proof, we omit subsequences to simplify notations. Note
that (4.7) implies

(4.12) te —s¢ — 0, x5 (0) — 95 (0) = 0 (e = 0),
T

(4.13) / (I3 ) (r Ate) — (I7095) (r A s dr = 0 (e = 0).

0
From (4.10), (4.11) and (4.12), we have
(4.14) T =o0.
Since z§_(0) — &-(0) and yg_(0) — 1,(0) by (4.10) and (4.11), we have from (4.12)
(4.15) £-(0) = 10(0).

By Proposition 2.2, we have
max |(Iy~%;, ) (r Ate) — (I &) (r AT)]

0<r<T
Tl—a _
S m OI%'lra/SXT |f§€ ('I" A te) — &-7-(7' AN 'T)’
2 _ - _
+ m(”ﬂinm + 1€ lloo) [te — 71 “Lio<a<t)-
Note that
76 _ ~
jnax |Z5 (r ANte) = Ex(r A T)]
< ax, |25, (r Ate) = & (r AT)| + |25, (0) — &-(0)]

< ¢ — .
<2 OglﬁgXT |z§ (r Ate) =& (r AT)
Also, note that
€ < =€ _ ¢ e
1% oo < s 155, A te) = & A )] + ma JEr(r A7)

< ¢ - 7 lo-
< QOIgnrang |lzg (r Ate) = & (r AT)| + [|€r o
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Thus we have

Jl-aze AL — Ji-eg A
Orgnrang\(O T )(r Ate) = (Ig &) (r A7)

2T e ot (r A L) — & (r AT
S T(2— a) omrep T\ AT TAr AT

4 _
+ 2—a) {OI<HTa<XT |z (1 ANte) = & (r AT)| + ||§T||oo}

X [te — 7'|1_0l1{0<o¢<1}-
By (4.10), we have
(4.16) Jmax ](Ié_o‘f,fe)(r Ate) — (Ié_agT)(r AT)— 0 (e = 0).
Similarly, we obtain

(4.17) max (13795 )(n A se) — (I3~ 5)(r A )] = 0 (€ = 0).

By (4.16) and (4.17), we have
T 2
/0 (I ) (r A te) — (2255 ) (r A s0)[2 dr

T : 2
— / |1y &) (r AT) = (Ig ™ Tie)(r Ao)|dr (e — 0).
0

Noting (4.13) with the above convergence, we have

T
| @& an) = @i Ao ar =
which implies with 7 = ¢
(4.18) (I~ &) (r) = (Ig “To)(r), r € [0,7] = [0,0].
Note that
& = IS‘CDS‘fT, o = IS“CDS‘UU on [0,7] = [0, 0].

Plugging these into (4.18) and using the semi-group property of Riemann-Louville
integral operators (cf. [4, Theorem 2.4]), we have

I(“D§&r)(r) = Io(“Dgno)(r), 7 € [0,7) = [0,0].
Differentiating the above equation on r, we have
Dge(r) = “Dine(r), a.e.r €[0,7] = [0,0].
Thus we obtain
& (r) = &(0) + 1§ (“D5&) ()
= 10(0) + I§ (“Dg 1) (r) = e (r), v € [0,7] = [0,0].
Thus we have

(4.19) (1,&:) = (0,15).
Hence, by (4.9), we obtain (4.8).
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By (4.6), we have
Dc((te; 77, ), (Se, 95,)) = Pe((7,67), (T,67))
=v(1, &) —w(r, &) — (2T — 27),

from which, we obtain

(120) Ll aE) (o)
< v(tﬂ xt5> - U(Ta §T) + ’U)(T, ‘ET) - ’LU(Sg, y;) - 7(27— —te — 55)-

Since pl(te,a5,), (7,67)) = 0, p((se,45,), (0.1)) = pl(se,45,), (7,67)) — 0 s € = 0,
we have

(4.21) Dot 5), (50, 35)) = 0 (= 0).

We will show that there exist 1 > 0 and ¢g > 0 such that
(4.22) te, e <T -V <T, 0<Ve<e.

Let (t,4;) € Dg be a maximum point of v(¢, ;) — w(t, ;) on Dy. Taking (t,2;) =
(s,ys) = (1, ;) at (4.6), we have

D ((te,25,), (56, 95,)) = Pe((F, 7). (F,27))
= v(t, 2;) — w(f, &;) — (2T — 2t)
:5—7(2T—2£) > — 29T

Here we recall 0 is defined in (4.4). Since we have

Dc((te, x7.), (56, 5.)) < wlte, 24,) — wlse yg,),
we obtain

0 = 29T < w(te, x5,) — w(Se, s, )-

Since 0 < v < 0/(4T), we have

0
5 < vltew) — w(seus,).
Taking the limit as € — 0, we have
S S or &) —w(n ).
zr) < w(T,zr) (zp € ACY[0,T]), we have
5

9 — (T 57') - w(Ta 57) < 07

which contradicts to 6 > 0. Thus 7 < T'. Since t.,s. — 7 as € — 0, (4.22) holds for
some ¥ > 0 and ¢y > 0.
Suppose 0 < € < €. By (4.6), note that

(I)e((tﬁgcge)v (86’?/26)) > (I)E((t’ xt)v (Se’y;))v (t’ xt) € Dk’

which is equivalent to

(423) U(t, CCt) - ¢(t7 .’L‘t) < ’U(tea x?i) - ¢(t€7 x;): (tv l’t) S Dk7

Suppose 7 = T'. Since v(T,
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where

(t,x¢) = w(se,ys,) +7(2T —t — 5¢) + %V((t, z¢), (56,95,.))-
We also note that

Dc((te, 27.), (s6,95.)) = Pe((te; 25.), (5,s)), (5,9s) € Di,

which is equivalent to
(4.24) w(se ys.) = ¥(se,y5,) S wls,ys) —v(s,ys), (s,9s) € Di,
where

Dl5,5) = 0lter24,) = 22T = b = 8) = <u((te,5,). (5,05))
Note that ¢, ¢ € C} (Xg‘,T) from Lemma 4.2. Calculating a-ci-derivatives of ¢ and
1) by using Lemma 4.2, we have

O Bltera5,) = =+ —(te = 50), O Y(sus,) =7+ (ke = 50),

vgt ¢(t€? x;e )

4.25 T
e SHa-wapese - [ @ ew)ersir) =

€

VSS@/}(S&» yEE)

4.26 r
O e e+ [ aem e A} <.

€
Since v is a viscosity subsolution of (3.1), we have
1
(4.27) —y + —(te = s¢) + F(te, i, ,pe) > 0.
€

Since w is a viscosity supersolution of (3.1), we obtain

(4.28) v+ %(tg —8¢) + F(se,y5,,9¢) < 0.
Subtracting (4.27) from (4.28), we have

2y < F(te, wi,pe) — Fse, Ys, qe),
from which, we have

2'7 < F(te; x§67pe) - F(8e7y§67 QE)
S ‘F(tevxgevpe) - F(SE')y,;’pe)’ + |F(Seaygéap6) - F(867y§67QE)‘-

By (A1) and (A2) with Dy, we have

(4'29) 2y < Ll,kp((t67 ZC;E), (567 y;e)) + L2,k”p€ - QE"



COMPARISON THEOREMS FOR HJ EQUATIONS WITH a-CI-DERIVATIVES 719

We estimate |p. — gc|. Suppose t. < s.. Then we have

1 —a e 4 —a-¢€
= = 2|7 = ()0 - [ A

T
(T = s (IE5E) (50) — / (I )(r A t)dr

_ 1‘(T —te) (I x5 (te)

Se T
- / (TG ) (r)dr — / (T4t ) (se)dr

Se

T
(T = s (I (5¢) - / (1428 ) (t0)dr

(s~ oI ai )t - [ " iegs ) rydr |

€

For t. <r < s, we have
(IE-g5, )(r) = I I3 (CDgyE ) (r) = To(CDgye ) (r) = /0 DgYE, (u)du
- / DRy, (u)du — / DRy, (u)du
0 r
= 10(°DgyE ) (s.) — / DRy, (u)du
11—« C B
— 117015 (CDgyE ) (s >—/ DgYE, (u)du

= ()0~ [ Dy (.
Thus, we have

(4.30)  [pe — gl
s - eat e - [ {aem e - [ Dgs @ a

(5¢ — )LL) (80) — (I, )(50)} — / / DGyt (u)dudr
te
1

< ~Jse = |1 ) (k) — (1702 ) (s0) | + - / / DGy, (u)|dudr.
te te

Since Dy, is compact, Dy is bounded, that is, there exists C > 0 such that

Dy € {(u, 2u) € Xgp; p((; 2u), (0,0)) < G}

€

1

Noting that (s¢,ys ) € Dy, we have

(431) I oo = max [y, (r)] < C.
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Also, since (s, ys,) € Dy, we have

C
ess. SUPICDoySG( )= 1"D5ys, lloo < k(1 + |y, lloo)

0<r<se¢
which implies from (4.31) that
(4.32) ||CD8‘y§€HOo < kv(1+Cy) =: Cy.
Hence we have from (4.30)
1 ca- _ —
(433) e —ad < e — tl (37 )0) — (P07 )(50)| + G2t
In the case where s, < t¢, we can have (4.33) in a manner similar to the case where
te < Se.
Recalling (4.21), we have
1
(4.34) “|te — 8> = 0 (e = 0),
€
1 g 1— az l—a—€ 2
(4.35) - ’(I 2 ) Ate) — (I yse)(r/\se)‘ dr — 0 (e — 0).
0

Suppose t. < s.. Then, we have

1 4 1a la
/0|<1 ) Ate) — (IEFE)(r A se)

€

1 te —Q —€ a—€

— / (12 ) (r) — (1ge ) ()| dr
€Jo
1 s —Q —€ aE

1 [0 - @ ew ) o ar

T
o [l ) - e ) s dr

> (T — 50 |15 () — (555

Supposing s, < t., we have

T
1/0 ‘(I1 Cxg )(r Ate) — (I1 O‘yg)(r/\sg)|2dr

=+ [0 - )P e

€

I —o € —o =€ 2
1 / (1% ) (r) — (109 ) (s0) | dr

€

T
1 [ e - 0w o ar

> L )@ ) ) — (ege sl

€
Noting (4.22), we have from (4.35)

(4.36) Y5 ) 1) — () (s = 0 (e = 0).
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By (4.33), we see that

- <l —t? i Iz (b)) — (I g€ 2 C’M
|De — qe| < 26‘85 |+ 9% ‘( 0 xte)( ) — ( 0 yse)(se)‘ +C ]

Taking the limit as € — 0 with (4.34) and (4.36), we obtain
(4.37) [pe = ge| — 0 (e = 0).
Letting € — 0 in (4.29), we have
27 <0,

which contradicts to v > 0. Hence (4.3) holds. [
Remark 4.3. Aiming at applications of Theorem 4.1 for HJB-equations and Isaacs
equations, (Al) is restrictive. To cover general vector fields for (3.5), (A1) should
be the following condition (see Example 4.4 below): For each Dy (k = 1,2,...),
there exists L; ; > 0 such that
|F'(t, 21, p) = F(s,ysp)| < Lik(1+ [p))p((t, 20), (5, 9s)),

V(taxt)7 (S7ys) € Dy, Vp € R™.

Following the argument of the proof of Theorem 4.1, we need to show that

[pelp((te; 21,), (se: 45, )) = 0 (e = 0).

However it is not clear whether it holds or not. There might be additional conditions
on F' and/or viscosity sub/super solutions. We leave this problem for the future
research. For o = 1, we will see in the next section that a comparison theorem
holds under an L2-continuity condition on F by using our distance functional.

(4.38)

Example 4.4. Consider H : X§, x R" — R given by
H(t,x¢,p) = sup inf {g(t, z¢,a,b) - p + (¢, x4, a,b)},
peB a€A

where A and B are compact metric spaces, g : X&T XAxB—R"and: X&T X
A x B — R are continuous. Suppose that the following condition holds: for each
Dy (k=1,2,...), there exist Ly, Ly > 0 such that for any (¢,x), (s,ys) € Dy,
a€ A be DB,

(439) |g(t7 Tt, , b) - 9(8, Ys, a, b)| < Lg,kp((tv xt)v (87 ys)),

(440) ‘l(t7 T, a, b) - l(S, Ys, a, b)’ < Ll,kp((t7 .Z't), (87 ys))

Then, for (¢, ), (s,ys) € Di and p,q € R™, we have

(4'41) ’H(ta xtap) - H(37 Z/s,p)‘ < (Ll,k + Lg,k’p‘)p((t, .Z't), (57 ys))>
(442) |H(taxt>p) _H(t>$t>q)’ S max |g(taxt>aab)Hp_Q"

(t,z¢)€Dy,a€EAbEB

Consider the case where g(t, x¢,a,b) = ¢(a,b) for some ¢: A x B — R", then (4.41)
can be

‘H(t, xtﬂp) - H(Sv ysvp)’ < Ll,kp((ta xt)a (37 ys))'
Hence (A1) and (A2) hold for this particular case. In this case, we see that W
given by (3.11) is the unique viscosity solution of (3.10) satisfying W (T, z7) =
&(xr) (xp € AC*[0,T]) under conditions i) and ii) with (4.40).
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Lastly we give examples of h = g,l: Xy X A x B = R" (k = n or 1) satisfying
(4.39) and (4.40) (which imply (4.41) and (4.42)) with specific delay structures. Let
pp 2 [0, 7] x R™ x A x B — R" be continuous. Suppose that there exists L,, > 0
such that for any =,y € R", ¢,s € [0,7], a € A and b € B,

|in(t, 2, a,0) — pn(t, y, a, )| < Ly, |z =y,
[ (t, @, a,b0) — pn(s, @, a,b)] < Ly, (L4 [z])[t — s|.
i) Discrete delay. Let h : X8 % A x B — R" be given by
h(t,z,a,b) = pp(t, ve(on(t)), a,b), (t,21) € XGp,a € A,b € B,

where oy, : [0,T] — [0,7] is a Lipschitz continuous function satisfying 0 < o, (t) <t
(0 <t < T). Note that ||z]c and ||“D§z¢||oo are bounded on (t,2;) € Dy, (see,
for instance, (4.31) and (4.32)). Using Proposition 2.1 (also, [13, (2.1)]) and [13,
Lem. 7.2], we see that there exists Cj > 0 such that for any (t,z), (s,ys) € D,
a€ A, be B,

|kn(t, 2 (on(t)), a,b) — (s, ys(on(s)), a, b)]
<C — gl -
< C {]t s|* + OrgnraSXT |z (r At) —ys(r A s)\} .
i) Distributed delay. Let h : X0 X A x B — R" be given by
t
h(t,x¢,a,b) = up (t,/ xt(r)dr,a,b) , (txe) € XGr,a€ Ab e B.
0
Noting that

/Ot x(r)dr — /Os ys(r)dr

<T At) — A t—
< T max |zi(r At) = ys(r As)] + (|2t floo + [[yslloo)lt = 5|

and the uniform bound |z¢| for (¢,z¢) € Dy, there exists Cy > 0 such that for
any (t,z),(s,ys) € Dy, a € A, b€ B,

t S
Ihh <t,/ x(r)dr, a, b> — lp <s,/ ys(r)dr,a,b>‘
0 0

<C — - .
< Ck{|t S|+0r§nra§XT|xt(T/\t) ys(r/\s)\}

5. A REMARK ON FUNCTIONAL HAMILTON-JACOBI EQUATIONS WITH
CI-DERIVATIVES

We consider the case where v =1 in (3.1), that is,
(5.1) Ow(t, ) + F(t,xe, Vy,v(t,z)) =0, (t,x4) € Xll)yT_,

where we denote d} and V. by 9; and V,,, respectively. (3.1) is a functional
Hamilton-Jacobi equation studied in [23] which typically includes Hamilton-Jacobi-
Bellman equations of optimal control and Isaacs equations of differential games for
path-dependent systems governed by ordinary differential equations (cf.[21], [22],
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[23]). In this section, we will remark that our test function used in the proof of
Theorem 4.1 is valid for the comparison arguments under L2-continuity conditions
on trajectory-spaces as assumed in [23]. This means that the test function in The-
orem 4.1 is a natural extension of the case o =1 to 0 < a < 1. In order to avoid
technical issues, we suppose that the domain of functionals is th),T which is smaller

than Xo 7 := Uyepo 1 ({t} x C[0,1]) treated in [23].
Instead of (A1), suppose that F : X(l),T x R™ — R satisfies the following condition:

(A1)" For each Dy (k=1,2,...), there exists L} ; > 0 such that

|F(t,$t,p) - F(S,ys,p)|
< Ly (1 + |pl)

T 1/2
X{It—SHth(t)—ys(S)H(/o \wt(Mt)—ys(MS)lsz> }

\V/(t, xt)v (Svys) € Dka Vp e R™.

Theorem 5.1 (cf. Theorem 2 of [23]). Suppose (A1)’ and (A2) hold. Let v and
w be a viscosity subsolution and viscosity supersolutions of (5.1), respectively. If
(T, z7) < w(T,z7) (z7 € ACY0,T]), then

’U(t,l‘t) < ’UJ(t,.CUt), (ta xt) € Xé,T'

Proof. The proof of Theorem 5.1 proceeds in a way similar to that of [23, Theorem
2] with the choice of the test function of Theorem 4.1. In the rest of the current
proof, we take a = 1. Suppose v < w in X(l)T = Up~; D, does not hold, that is,
there exists k£ € N such that
d :=max(v — w) > 0.
Dy,

Let € >0 and 0 < vy < §/(4T). We consider @, : X(lJ,T X X(l),T — R as given in (4.5).
Let ((te,f,), (8¢, 95,)) € Di x Dy be a maximum point of ®c on Dy x Dy. In the
proof of Theorem 4.1, we see that

(52) Do), (50, 5)) = 0 (= 0),

by taking a subsequence. We suppose the subsequence of the limits in the above is
a full sequence for the simplicity of notations. We also have (4.22).

Let 0 < € < €g where ¢g is taken from (4.22). Since ((te,zf,), (se,5,)) is a
maximum point of &, on Dy x Dy, we have (4.23) and (4.24). By using the definitions
of viscosity subsolutions and supersolutions, we have (4.27) and (4.28), which implies

2y < F(te,xi,pe) - F(Se;y;,qe),

where pe and ¢, are given in (4.25) and (4.26), respectively. Thus we have

2’7 S F(tﬁ?xi’pﬁ) - F(SGaygeaQE)
< |F(t6ax§€ap6) - F(367y§€7p€)| + |F(5€’y§€7pe) - F(SangeaQG)|-
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Using (A1)’ and (A2) with Dy, we have

(53 2y <Li(1+ \peu{rte sl (8) — i (s2)]

T 1/2
; ( [ e - ysé<rAse>12dr) }
0

(5~4) + L2,k’pe - QE"

By (4.37), we have

(55) pe— 0l = o(1) (e > 0).

By (5.2), we have

(5:6) sl o), BEO SO _ ) )
T

(57) o [ 150 At = 55, s Par = o(1) (e 0),
0

where Z,(r) = zu(r) — 2,(0) (0 < r < w) for z, : [0,u] — R™. We note that from
(5.6) and (5.7)
1 (T
(5.8) - / 25 (r Ate) =y (r A se)Pdr = o(1) (e — 0).
0

Since (4.36) holds for v = 1, that is,

we obtain with (5.6)

(59) 1. (1) 5, (se) P = o(1) (€ = 0).
Thus we have from (5.6), (5.8) and (5.9)

T 1/2
(5:10) [t = sef + [, () — w5, (se) | + (/ g (r Ate) =y, (r A Se)\zdr>
0

= o(e'/?) (e = 0).
Recalling p, from (4.25) with o = 1, we have

pe=- {(T ~toai - [ ET g0 A se)dr}

1 T —€ —€

== Ty (r Ate) — ys (r A se)dr,
€ Js.

from which, we have

1 T
/ 125 (r A te) — 5 (r A o)l dr
0

IN

|De|
€

<YLt - g nspar)

€

1/2
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Using (5.7), we have

(5.11) Ipd = z0(1) (e = 0).
By (5.10) and (5.11), we have
(5:12) (1 +[pel)

T 1/2
" {m s 1 (k) — o ()] + ( | i nn) - se)!2dr> }
0

- <1 + 611/20(1)) % 0(€/2) = 0(eY2) + o(1) = o(1) (€ — 0).

Taking the limit as € — 0 in (5.4), we have with (5.5) and (5.12)
2y <0,

which contradicts to v > 0. Hence we have

o0
v(t,z) Sw(t, ), (ta) € Xgp =) Dp. D
k=1

APPENDIX A. PROOF OF PROPOSITION 2.2

If « =1, (2.2) is immediate because [3_0‘ = 1§ is an identity mapping. Suppose
0<a<l. Lettsel0,T], z € Cl0,t] and ys € C[0,s]. Let 0 <r <T. Suppose
t < s. Then, we have

(T~ e)(r At) = (I %ys) (1 A )|
<) A 8) = () (r A+ () (r A 8) — (1) (r A 5)].
Estimating the first term of the above inequality, we have
(T~ @) (r At) = (I ys)(r At)]
BN UL
Il-a)J (rAt—u)>
1 rAt du
< - _ .
= T(1— a) 02usrr () = ys(w) /o (r At —u)®
1 (r At)t—e

< - _
S T —a) OréluagT\xt(u/\t) ys(u A s)]

71
= T2 a)ousr [z (uAt) —ys(uns)l.

l—«o

By Proposition 2.1, we have

(Lo~ ys) (r A t) = (Igys)(r A )|
2

_ 2|y _
< m”ys\lmhﬂ/\t—r/\s\l @< M]t—s\l °,

~“TI'(2-a)
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Thus, we have

}(Iéfo‘:pt)(r A t) — (I&fo‘ys)(r A s)‘
1o ||y8HOO 1—
< a.
@ ) 0r<nua<x lzt(u A t) —ys(u A s)|+ (2 )\t s|

Suppose s < t. In a manner similar to the above case, we have
(T~ ae)(r At) = (I~ %ys)(r A )|
T~ 2|25l
< — Nt A —_—
T2 = a) ona, [ze(u A ) —ys(u A s)l + 557705

Hence, we obtain (2.2). O

It — st

APPENDIX B. REGULARITY OF VALUE FUNCTIONALS OF DIFFERENTIAL GAMES

In this section, we give a sketch of the proof for (3.12). Using standard splitting
and pasting arguments of strategies and controls (cf.[9], [16]), note that W given
by (3.11) satisfies DPP.

Proposition B.1. For (t,z;) € X{, andt < s < T,
(B.1)  W(t,zy)

~ il s { / z<r,sﬁ%”[ﬂﬁb,e[b](r),b(r))dr+W(s,s;’xtﬂ[b]vb)},
1) UJt

0€0t,T) peBt,
where & = £-200lLb [0, T] — R™ is the solution of (3.5) with 8[b] and b, and
z’xt’e[b]’b is the restriction of & = £b*00lLb on [0, ].

Using Gronwall-type inequality (cf.[4, Lem.6.19]) and an estimate of Caputo
derivatives by L*°-norm (cf.[27, Thm. 14.10 and Cor. 1], [13, Lem. 7.2]) under con-
ditions i) and ii), the following result is standard.

Lemma B.2. Let (t,241), (t,yt) € XG 7, a € A(t,T), b € B(t,T). Then there exists
C > 0, which does not depend on (t,zy), (t,y:),a,b, such that

(B.2) ler=e oo < O+ o), 0 <7 <T,
(B.3) leren? — 6959 oo < Cllae = yilloo, 0< T < T.
Using conditions i),ii) and Lemma B.2, we obtain:
Proposition B.3. There exists L > 0 such that
(W (t,ze) = Wty < Lllwe — yellos, V(E,20), (,32) € XG -

Proof of (3.12). Let (¢,24), (s,ys) € X -
1) Suppose t < s. By Proposition B.1, we have

W(t, l’t)

= inf sup {/ I(r, 5“”’ b 0[] (r ),b(r))dr—{—W(s,fg’“’e[b]’b)},

0€O(t,T) beB(t T)
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Subtracting W (s, ys) in the above equation, we have

(B.4) (W (t, ) = W (s, ys)|

inf sup {/8 (r,ff,’“’e[b]’b,G[b](r),b(r))dr

0€O(t,T) beB(t,T)

+ W (s, 60700000 — W (s, ys)}‘

sup / 1(r, €579 a(r), b(r))|dr

B aEA(t T)
beB(L,T)
+osup [W(s, £5700) — W (s, ys)]-
a€A(t,T)
beB(t,T)

By condition ii) and (B.2), there exists C; > 0 such that
10, &7 a(r), b(r)] < Cr(L + |2]|oo)

from which, we obtain

(B.5) sup / 1(r, €70 ar), b(r)|dr < CL(1+ [|z4lo) (s — 1)
acA(t,T)
beB( tT
By Proposition B.3, we have
W (s, £570%%) = W (s, y5)| < LIEF™" — sl
< L™ — Zylloo + LlIEs — yslloos

where 75 € AC?[0, 5] is given by

(B.6) Zs(r) = x4(0) + F(la) /O’" & ib(:))l_adr, 0<r<s,

where

0 (t<T<5s).
Noting that Z(r) = z4(r) (0 <r <t), we have

Hgt ,Zt,a,b l'sHoo _ tréla<x |€t YTt 50y b(T) _ js(r)|.

3r) = {CDoam(T) (0<r <),

By (3.6) and (B.6), we have

gy gy~ L[ 9E am) b))
bt —an(r) = o |

from which, with (B.2), there exists Cy > 0 such that

(B.7) €07 = Eylloo = max [€70(r) = F5(r)] < Ca(1+ [|z]|o0) (s — ).

t<r<s

727
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Note that

o .
I = yulloo < masx |3, (r) = ()] + mmax [3,(r) — ()

o<r

< _
mang |z (r At) —ys(r As)
P (1) — my(t t) —
+ max [ Zs(r) — ze(t)] + max |z (t) — ya(r)]

< J— T — .
_2grsnra§XT|xt(Mt) ys(r/\S)lthlgg;Ims(r) 1(t)|

Recalling z; is given by (B.6), we have

) |1 [t ODgay(r) L [" “Dgwi(r)
\xs(r>—wt<t>’—‘r(a)/o et T ) e

<= [Hammm ooy

HCngtHOO (7“ - t)oz
al'(a) '
Thus we have
CDex
(B.8) 1Zs — Us|loo < 2Or§nra§XT |z (r At) —ys(r As)|+ HaFO(oiyoo(S — )%

By (B.4), (B.5), (B.7) and (B.8), there exists C3 > 0 such that

W (b 0) = W (5,35
< Cy(1+ oo + [ ODG 1) (5 — )% + G mas (7 A 8) = yi(r A 5)].

2) Suppose s < t. Let x5 be the restriction of z; on [0, s]. Note that
(B.9)  [Wis,ys) = Wt )| < [W(s,ys) = W(s,zs)| + [W(s, 25) = W(Et,21)].
By Proposition B.3, we have

(B-10)  [W(s,ys) = W(s,zs)| < Lllys — wslloo < L max |z:(r At) —ys(r As)l.
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As in the proof of (B.4) using the DPP for W (s, z;), we have
(B.11) W (s, x5) — W(t,z)|

t
inf sup {/ l(r’gi,xsﬂ[b],b’H[b](r),b(r))dr

0€0(s,T) beB(s,T)

+ W, &y — e, xt>}|

< sup / [Z( r&‘”s’“b a(r),b(r))|dr
aE.A s,T)
beB( ST

+osup (WL ET) — Wt )|
acA(s,T)
beB(s,T)

~

<1+ [[illoo)(t—5)+  sup  [W(t, &™) =W (t,ay)).
ac€A(s,T)
beB(s,T)
By Proposition B.3, we have

(W (#,67) = W(t,@y)| < L& = ayl|oo = L Inax |€ T0(r) — ay(r)].

Note that £5%%b(r) and z4(r) (s < r < t) satisfy
gs,xs,mb(r)

) L[ ODgan) 1 [ g(n& () b))
=20+ /0 (r—ry-a’ +F(a)/5 o

1 [* “Dgay(r) L[ g(r, & a(r),b(r))
/ i+ e | !

1< " T (r—r)i-a

T

and

I e T
tr) =0+ 73 [ e

. 1 S ODgay(7) ) 1 " CD&ay (1) )
=0+ 1y | G e i

which imply

szg,ab -
|£s,:cs,a,b(,r) — 2y / |g 7, § ( ) ( ))’dT

r—T)

1 ["[“Dgai(r)]

) ) =y

+

By (B.2) with condition ii), there exists Cy > 0 such that

l9(7, &7, a(7),b(T)| < Ca(1 + [[s]loo) < Ca(l + [[24]]o0)-
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Thus we have

lg(, &7 a(1),b(7))] Cal+ zilloo) ;o
/ =y v oy e G I
Note that

r 1Cho Cnha
1 “Dg (T ‘dT < I DoxtHOO(t_S)a‘
I(a) Jg (r—1)l7@ al'(a)
Thus we have
LOA(1+ ol (o, DDl
aol'(a) ol'(a)

Hence, by (B.9), (B.10), (B.11), (B.12), there exists C5 > 0 such that

(B.12) W (t, &) — W (t, )| < —8) 4

(W (s, ys) = W(t, 21
< C5(1+ [|atlloc + [1°DF elloo) (£ — ) + C5 max |2e(r A1) = ya(r A s)]-

APPENDIX C. VISCOSITY CHARACTERIZATION OF VALUE FUNCTIONALS OF
DIFFERENTIAL GAMES

We take v in Dy such that v > K where K is the constant in condition ii).

Proof of a viscosity supersolution. Let ¢ € Cé(XSiT) and (t,2;) € Xgp_ be a
minimum point of W — ¢ on Dj. Noting (s,&s) € Dy (t < s <t+ h), we have from
(B.1) and the chain rule of a-ci-derivatives (cf. [13, Lemma 9.2])

t+h
0> inf su?T){/t " I(s,&s,0[b](5),b(s))ds + o(t + h, &n) — go(t,xt)}

0€O(t,T) peB(t,

t+h
= inf suFT) { /t {l(s, fs, H[b] (S), b(S))

0cO(t,T) beB(L,

o (s 6) + Vo (s, E) -g(s,gs,e[m(s),b(s))}ds}.

For any € > 0, take #* = #*<" € O(t,T) satisfying

t+h
eh > / {i(s, €5, 6°[b](s), D)

+ 07 p(s,€0) + Vi, 0(5,€5) - 9(s, 65, 0°[b(s),b) }ds, Vb € B

where £*(r) (0 < r < t+ h) is the solution of (3.5) for a(-) = 0*[b](-) and b(-) = b.
Noting that there exists C = C(||¢||co, [|D§2t]|00) > 0 such that max;<,<s |€*(r) —
x(t)| < C|s — t|*, we have

t+h
ch> /t (It 20, 0°[8](5), B)
+ 07 o(t, ) + Vo, 0t ) - g(t, m¢,0%[b](s), b) }ds + o(h),

where o(h) is uniform on € and b. Thus we have

t+h B B
eh > / nleig{l(t,a:t,a, b) + 07 o(t, ) + Vi, o(t, ) - g(t, x4, a,b) }ds + o(h),
t a
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which implies

¢h > hmaxmin{l(t, 21, 0, ) + O p(t,20) + V3,0t 71) - g(t,2,0,b)} + o(h).
€b ac

Dividing the above inequality by h, letting h — 0 and then letting ¢ — 0, we obtain
0> 0 p(t,xe) + max Igéi;ll {g(t,xt,a, b) - Vg, o(t,z¢) +1(t, x4, a, b)} .

Proof of a wviscosity subsolution. Let ¢ € Cé(X&T) and (t,2¢) € X{r_ be a
maximum point of W — @ on Dg. As in the proof of a viscosity subsolution, we have

t+h
0< inf  sup { / z<s,ss,e[b1<s>,b<s>>ds+so<t+h,sm)—so(t,m}
00 (t.T) bep(t, 1) L/t

t+h
R sup){ /t {1(5. €4, 6[B)(5), b(s))

0€O(t,T) peB(t, T
(©1) 075,60 + V55,60 95,60 0013). (61 .
For any b € B, take & = a(b) € A such that
min{g(t, z¢,a,b) - Vg, o(t, x¢) + 1(t, x¢,a,b)}

a€A
= g(t,x,a(b),b) - V3, o(t, z¢) + I(t, 2¢,a(b),b).
Let € > 0. Since we consider ¢ < T and sufficiently small & > 0, we may suppose
t+h < (t+T)/2. Let D} C X{7_ be given by
Dy ={(s,ys) € Dp; 0 < s < (t+T)/2}.

Note that Dj is compact. Since g, I (resp. 0f'¢, V$,¢) are uniformly continuous on
D x A x B (resp.on Dj), there exists § = 6(e) > 0 such that if p((s,ys), (u, z.)) +

da(a,a’) +dp(bb') <0, (s,ys), (u,z4) € Dy, a,a’ € A,b, b € B,
(C 2) ‘l(svy&avb) - l(“’u Zuvalvb/ﬂ <e¢, \Bto‘ga(s,ys) - 8?@('&, Zu)‘ <€,
‘ ‘g(svy& a, b) : V%‘P(Says) - g(uv s a/7 bl) : Vgﬁp(% Zu)‘ <e¢,

where d4 and dp are metrics on A and B, respectively. We denote by B(b,?)
open ball in B centered at b with radius §. Noting that B = (J,c5 B(b,d) and
B is compact, there exists a finite subset {b1,b1,...,by} C B such that B =
UN., B(bi,6). For b e B(t,T), define 4[] € A(t,T) by

- {d(al), b(r) € By := B(by, ),

a(a;), b(r) € B; := B(bs;,6)\ Ui} B(b;,0), i =2,3,...,N.

Note that § € ©(¢,T). Taking 6 = 6 in (C.1), we have

0< sup ){/tt+h{l(sa§s>é[b](s)vb(s))

beB(t,T

+00(s,E) + Vo (s, &) - g(s, &, 0] (s), b(S))}dS}-
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Take b = b € B(t, T) such that

t+h . ~ .
—eh < / (15,0, 010)(5). B())
+ 00 0(s,E5) + Ve o(s,E) - g5, Es, O[] (s), b(s)) Y s,

where £(r) (0 < 7 < t+h) is the solution of (3.5) with §[b] and b(-). Recall that there
exists C' = O(||2¢]|os [|“D§xt]|00) > 0 such that max;<,<s |£(r) — z4(t)| < Cls — ¢|*.
By using (C.2), there exists hy > 0 such that for any 0 < h < hg

t+h o . .
©3) [ &5 + (s, )

+ Ve, 0(5,&) - 9(5,&, 0[0)(5), b(s)) } s

t+h N L
< [ it 01 b) + Ffeltn)
t i=1

+ Vot ) - g(t, 24, 0[](s), bs) } 15, (b(s))ds + 3eh.
Note that

RHS of (C.3)
t+h N
= [ et
t=1
+ Hgﬂ {VS ot xe) - g(t, e, a,b;) + (¢, 24, a, bi)}}lgi(i)(s))ds + 3eh

< {@“s@(t, z¢) +maxmin {V3, o(t, 20) - g(t, @1, 0, 0) + (1, 1, 0, b)}} h
+ 3e¢h.

Hence we have

—¢h

< {aﬁp(t,xt) + rglaécnéig {Ve ot x) - g(t, s, a,b) + U(t, x4, q, b)}} h
cb a

+ 3eh,
which implies

—e < 07 p(t, 1) + Igleaé(gleig {Ve ot x) - g(t, ze,a,b) + U(t, x¢,a,b) } + 3e.

Letting ¢ — 0, we obtain

0 <0Yp(t,zy) + Iglaé(mig {Vg‘tcp(t,xt) ~g(t,xe,a,b) + U(t, 24, a, b)} . 0O
€b ac
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APPENDIX D. PROOF OF LEMMA 4.2

Let (t,z¢) € X§r_. Let n € P(t,2¢) and 0 < h <T —t. Noting z:(0) = n(0), we
have

(D.1) ot + h,man) — @(t, x) *{|t+h_3‘2 ‘t—s‘z}

T
+;/0 ‘(Ié_aﬁ)(r/\ (t+h) — (I35 (r A s)[*

— (1 (r At) = (I3°gs)(r A 5)|* dr.
We see that the first term of (D.1) is
%{\t+h—s|2 — s’} =(t—s)h+ h2 (t —s)h + O(h?) (h — 0+).
Using |a|? — |b]? = (a +b) - (a — b) (a,b € R™), we have
(T3 (r A (t+ h)) — (IEg) (r A s)|?
—|(dem) (r A t) — (I35 (r A s)[
= (I~ ) (r A (E+h) + (12 (r At) = 2(I3 G (r As))
(57 (r A(t+h)) — (Ig*Z) (r A L))
=2((Iy7 %) (r At) — (L) “Fs)(r A s))
(I (r A(t+h)) — (Ig%Z) (r At))
(IR (A (4 R)) — (@) (r A1)

Thus, we have

L
02 5 [ A - G AP
AT m)r A 8) ~ (T g)r A )Y
= [0 ) - G5 9)
(3R A 4+ 1)) — (%) A1) b

T
+;/0 ‘(Iol_o‘ﬁ)(r/\(t—i-h)) (I1 *Ty r/\t)‘er.

Since n € AC%[0,T] and z; € AC?[0,t], we have

1(-) = n(-) = n(0) = I§“Dgn on [0, T},
Ti(-) = 24(-) — 24(0) = I§CDa; on [0,1].

Applying Ié_o‘ to the above equations and using the semi-group property, we have

1377 = I;°Dyn on [0,T), I3~%%; = I,¥D§x, on [0, 1].
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Thus, we have

(Lo~ M) (r A (¢ + ) — (Ig @) (r At)
rA(t+h) At
= / “Dgn(u)du — / D8z (u)du.
0 0

Noting that “Dgn(u) = “Dg§ai(u) a.e.u € [0,rAt] because n(u) = z;(u) (0 < u < t),

we have
rA(t+h) At rA(t+h)
/ CDS‘n(u)du—/ Dz (u)du :/ D8 n(u)du.
0 0 rAt

Hence, we have

(D.3)  RHS of (D.2)
rA(t+h)

T
= /0 (15 Ze) (r A t) — (I3 Fs)(r A s)) - / Dgn(u)dudr

At
1 [T prae+n) 2
+2/0 / CDS‘n(u)du
rAt

Splitting the interval [0, T] of the integral into [0,¢] and [t,T], we have
(D.4) RHS of (D.

(/ /) (12 (r A1) = (I Fs)(r A 5))

A(t+h)
: / D8 (w)dudr
At

1 [T prarn) 2
w5 1L pen
rA(t+h)

dr
T
- / ((IF22) (1) — (IE°5)(r A 5)) - / DG (u)dudr

t
1 T T/\(t+h)
—|—2/0 /t D8 (u)du
TN
Noting that

rA(t+h) t+h t+h
[ pgnd= [ Cpgudu- [ Dy
t t rA(t+h)

dr.

2
dr.

we have

1st term of RHS of (D.4)

T t+h
- / (L)) — (17°g)(r A s)dr - / CDgn(u)du
t+h

T
- / (IE230) (1) — (IE5.)(r A 5) - / DG (us)dudr.

rA(t+h)
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Estimating the second term of the RHS of the above inequality, we have

T t+h
/ ((Ig~z)(t) — (I3~ s)(r A 5)) - / “D&n(u)dudr
¢ rA(t+h)
1 1 c T t+h
< (@)1 + 115 A ) 1Dl [ [ dudr
t rA(t+h)

Note that

T t+h
/ / dudr
t rA(t+h)
t+h  pt+h T  pt+h t+h  pt+h
= / / dudr + / / dudr = / / dudr
t rA(t+h) t+h JrA(t+h) t r

t+h h2
:/ (t+h—r)dr=—.
t 2

Therefore, we have

rA(t+h)

T
/t (TE22) (1) — (IE5) (r A 5)) - / DG (us)dudr
t+h

T
= [ @eao - e ne a9y dr [ Dgn
t
+ 0, (h*) (h — 0)
where O,,(h?) is a function w(h;n) (0 < h < T —t) satisfying

sup |w(h;n)|/h* < oo.
0<h<T—t

Estimating the second term of RHS of (D.4), we have

1 T T’/\(t+h) o 2
B /0 / Dgn(u)du

dr
At

1 Cha,, 112 T rAlEth) i T Cha, 12 1,2
< 5IDgali. | du ) dr < | Dgn|Z 2
r

At
1 (T
i,

Thus, we obtain

ot + hyneyn) — @(t,m4)

T t+h
==+ [ @@ 0 - 0w s [ CDgn(u)da

+ Oy (h?) (h — 0+).

Thus we have
2

rA(t+h)
/ “Dn(u)du| dr = O,(h?) (b — 0+).

Nt

735
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Hence ¢ is a-ci-differentiable at (¢, z;) and
et x) =t — s,
T
Vil = [ (1w (0) - (15 A s)dr
t
T
= (@ - w)0) - [ w0 A
t

We show that ¢ is continuous on X§,. Let (t,z¢) € XG7 and {(ty,27,)} be a
sequence of Xg r satisfying p((tn,z7,), (t x¢)) = 0 (n — 00), that is,

(D.5) tn, — t, o0ax |z (r Atp) —x4(r At)] =0 (n — 00).

Recalling the definition of ¢(t,,z} ),

1 1
(D.6) @(tn, 7)) = =[tn — s|* + = |2} (0) — ys(0)|?
T 2
4+ / (I8 ) A ta) — (I30g)(r A 5) | dr.
0
By (D.5), we have

1 1 1, 1
gltn = sl* = St =%, 5127,,(0) = 95 (0)[* = Sla1(0) = ys(0)* = 0 (n — o0).

2 2!7in

By Proposition 2.2, we have

max |(I1 Ty ) (r Aty) — (Ié’“:it)(rAt)l

o<r<T
Tl—a
P e
S T@—a) Ongzsz]a:tn(r/\t ) — Zt(r At)]
2 _ _ _
+ m(!\w&\lm + 1Z¢]|oo) [tn — t! “ioca<1}
2T1—a
< = _
S T@—a) Olglra<XT |z (r Aty) — x4(r At)]
2 _ _ _
+ m(”ﬁnum + 1Z¢]|oo) [tn — t! “o<a<iy-

Noting that

15, loe = mas 127, (r A o)

< Nitp) —Te(r At Te(r At
mase [, (r A ta) = @(r A1)+ ma [au(r A )

< 201%1raSXT [z, (r A tn) — 2t (r A )] + |12t oo,
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we have

(D.7) max |(1y Iimagn Er Aty) — (Ié_ai't)(T'/\t)‘

2T17a
=T(2—a)osrer |z (1 Atn) — x¢(r At)]

+ max |z (1 Atp) — z¢(r At)| + \xt|]oo>

I'2-a) <0<T<T
X [t — t|1_a1{0<a<1}-
By (D.5), we obtain

e (1", )(r Atn) = (T2 (r AD)] = 0 (n = 00).

Thus we have

1

T
2/0 |(Ie=0z2 ) (r A ta) — (05 (r A s)| dr

%/ ((I22) (r A ) — (I72F:) (r A s)| P dr (n — o0).

Taking the limit of (D.6) as n — oo, we have

1 1
(tn,zy ) — 5“ — s>+ 5’%(0) — y5(0)?
1

T
+5 /0 |(Zg ™) (r A t) — (I~ Fs) (1 A s)\2 dr = p(t, ;).

Hence ¢ is continuous at (¢, x¢).

Next, we show that 97"¢ and Vg, ¢ are continuous on Xg,_. Let (¢, xt) € X0
and {(tn, 27, )}n2y C X§p_ converge to (¢, x¢). By the definition of metric p, we see
that

n —
tn, — t, OrSnTanT |zi (r Atp) —z¢(r At)| =0 (n— o0).
It is immediate to see that
Ot p(tn,x,) =tn —s >t —s=07¢(t,xs) (n — 00).

Hence, 07y is continuous at (¢,z;). To prove Vg ¢ is continuous, suppose that
t, <t. Then, we have

(I~} )(tn) — (I~ "2 ()] = |1y~ F )t Atn) = (I~ "Te)(t A L)

< lan _(7l-as )
e (1802t ) A ) = (@) (r A )

Supposing t < t,, we have

(=, ) (tn) = (I~ @) (D] = [(Iy ™2}, ) (tn A tn) = (Ig~ %) (tn A1)

< max [(I120 ) (r Aty) — (I02) (r A1),

0<r<T
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(D.7), we have
|(Io =z}, ) (tn) — (Iy~“Z0)(t))|

2T1—a
S T2 —a) Orgnrang |z (r Atn) — x4(r A t)]

4 —
+ e—a) <0213§XT |z (r Atn) — xi(r At)] + th|]00>

X |tn — t’17a1{0<a<1}-

Letting n — oo, we have

(I, )(tn) = (g~ @) (t) (n — o0).

Hence we obtain

T
VE ot 2l ) = (T — ta) (ILOF0 ) (1) — / (I1-g.)(r A 5)dr
tn

(1
2]

3]
(4]

(10]
(11]
(12]
(13]
(14]
(15]

[16]

T
— (T — t)(Ié_o‘:Et)(t) — /t (Ié_o‘gjs)(r A s)dr = Vg, p(t,zy) (n —o00). O
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