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CAPACITY AND MODULUS MEASURES IN METRIC
MEASURE SPACES

OLLI MARTIO

ABSTRACT. The new variational Capglfcapacity, introduced in [15], is directly
connected to the Mp—modulus and thus fits well to metric measure spaces where
path families play a more important role than in R". Let I'(E) and I'? be the
path families whose paths meet a set £ C X and lie in E, respectively. Since the
Poincaré inequality is not used, it is shown that the Mp—modulus of I'(E) and that
of T'F are intimately connected to the sets of zero Capi\,/lfcapacity. The differences
between the M;—modulus and the M,-modulus, p > 1, are also considered.

1. INTRODUCTION

In a good metric measure space (X,d, ) the standard assumptions are: X is
proper, the measure p is doubling and X supports the p— Poincaré inequality. These
assumptions imply that X is complete and quasiconvex, see the excellent books [3]
and [10]. The variational Capg/lfcapacity is based on the M, -modulus and uses
Lipschitz functions and quasiconvexity, see [15], but does not employ the doubling
property or the p—Poincaré inequality. Hence the sets E of zero Capy—capacity are
characterized in terms of the M, -modulus and it turns out that u(E) = 0 can be
replaced by Mp(FE ) = 0 where I'" is the family of all paths in E. This approach
avoids the use of Suslin sets in the Choquet capacity theory.

Sections 2 and 3 are devoted to the modulus theory and to the properties of the
Capg/lfcapacity. In Section 4 modulus measures are considered and in Section 5 sets
of zero Capll\)/[fcapacity are compared to the sets of zero modulus measures. Section

6 is devoted to the Capll\/[fcapacity.

2. My~ AND AM,,~MODULUS

Let (X,d) be a metric space equipped by a Borel measure pu. A continuous
mapping v: [a,b] — X is called a path if it has finite and non—zero total length; in
this case we parametrize v by its arclength. It is essential that a constant curve
is not a path. The locus of v is defined as ([0, £(y)]) and denoted by () and the
length of v by £(7).
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Let I be a family of paths in X. A non—negative Borel function p is M—admissible,
or simply admissible, for I' if
/ pds >1
v

for every v € I'. For p € [1,00) the Mp—modulus of I is defined as

M,(T) = inf/prdu

where the infimum is taken over all admissible functions p.
A sequence of non—negative Borel functions p;, i = 1, 2, ..., is AM—admissible,
or simply admissible, for I' if

1— 00

(2.1) liminf/pi ds > 1
g

for every v € I'. The approzimation modulus, AM,-modulus for short, of I' is
defined as

(2.2) AM,(T) = inf{hminf / o du}

(pi) L =0 Jx
where the infimum is taken over all AM-admissible sequences (p;) for I'. We use
the phrase ”almost every path”, a.e. for short, to mean every path except a family
of My~ or AM,—modulus zero.

If the space X is proper (closed bounded sets are compact), instead of admissible
Borel functions it is possible to use lower semicontinuous non—negative functions as
admissible for the M, and AM,-modulus, see [6, Proposition 7.14].

The following lemma contains the most important properties of the AM,— and
Mpy—modulus. See [14] and [13] for the properties of the AM,-modulus, [1] for (f)
and [3] and [7] for those of the M,-modulus.

Lemma 2.1. Suppose that X is a metric space equipped with a Borel measure p and
p € [1,00) unless otherwise stated. The AM,~ and M,-modulus are outer measures
in the set of path families in X, i.e.
) AM,(0) =0,
) I'Ncl'y — AMp(Fl) < AMP(FQ),
(©) T = U=, T, — AM(T) < 3% AM,(T).

)

family of these subpaths.
The properties (a)-(d) also hold for the M,-modulus, p > 1.

(e) AM(T') < My(T) and AM,(I") = M,(T"), p > 1, for every path family T".
(f) p>1landl'y CI'y C ... = lim; Mp(Fl) = Mp(Uze)
(g) M,(I') = 0 <= there is a Borel function p € LP(X) such that

/pds = oo for every v € I.
v
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(h) AM;(I") = 0 <= there is a sequence (p;) of non—negative Borel functions
such that

lim [ p;jds = oo for every v € I and lim inf/ pidp < oo.
71— 00 ~y 71— 00 X

3. MODULUS MEASURES

In this section we assume that X is a metric space and p is a Borel measure in
X.

We employ the following notation for path families associated with arbitrary sets
E, F C X: T'(E) denotes the family of all paths in X which meet E, T'F is the
family of all paths in E and I'(E, F') is the family of paths which meet both E and
F. We mostly use the path family I'(EF, X \ E) which consists of paths meeting
both E and its complement.

To the M,-modulus and AM,-modulus, p > 1, we associate the corresponding
modulus measures E — My(I'(E)) and E — AM,(I'(E)) where E is an arbitrary
subset of X. By the properties of the M,~ and AM,-modulus in Lemma 2.1 it
is easy to see that the modulus measures are outer measures in X and, moreover,
metric outer measures, see Theorem 1 in [11]. Hence all Borel sets are measurable.
Since for p > 1, M,(I'(E)) = AM,(I'(E)) for every set E, only the AM;-modulus
measure is of interest. Note that AM;(I'(E)) < M;(I'(E)) for E C X.

Remark 3.1. (a) If u(E) = 0 or E is totally disconnected or, more generally, does
not contain rectifiable paths, then M,(I'F) = AM,(I'F) = 0 for p € [1,00). Note
also that M,(I'F) = 0 does not imply u(E) = 0.

(b) Let coHP denote the p—codimensional Hausdorff meassure, p > 1, defined as

coHP(E) = sup coHE(E)
6>0
where for § > 0

coHE(E) = inf{i W: EC [j B(xj,rj), suprj < 5}.
j=1 J j=1 J
If 1 is a doubling measure, i.e.
0 < u(B(x,2r)) < Cup(B(x,r)) < oo for all balls B(x,r),
then
(3.1) My(T'(E)) < C coHP(E)

where E is an arbitrarary set and C' depends only on the doubling constant C), see
Theorem 2.1 in [13]. The standard (n — p)-dimensional Hausdorff measure H"? in
R" satisfies H" P ~ coH?.

(c) If X is a good metric space, then My,(I'(E)) = 0 implies p(E) = 0 and this
yields M,(I'F) = 0, see Proposition 4.9 in [3] and for the measurability question of
E see Proposition 1.5 in [2].

Next we show that the M,-modulus measure, p > 1, degenerates to either 0 or
oo on every set I/ and thus all sets E/ are M),-measurable.
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Lemma 3.2. For p > 1 either My(T'®) =0 or M,(I'®) = oo and the same is true
for AM,,(T'E).
Proof. We consider the AM,-modulus measure. The proof for the M,-modulus

measure is simpler.
Suppose that AM,(I'F) € (0,00). Let (p;) be an admissible sequence for I'* with

liminf/ pf du < oo.
1—00 X

Then there is a path v € I'F such that

1— 00

(3.2) liminf/pi ds =M € [1,00)
g

since otherwise AM,(I'¥) = 0, see Lemma 2.1 (h). Choose an integer m > M and
then disjoint intervals I; C [0,4(v)], j = 1,2, ...m. Let ; = 7|I;. Since each
v € re

1—00

liminf/ pids > 1
i

and so

m m

liminf/pidszliminf E / pids > g liminf/ pids >m > M

i—oo [, imoo — | — imoo [
Jg=17" Jj=1 J

which contradicts (3.2). O
Theorem 3.3. Ifp > 1 and E C X is an arbitrary set, then M,(I'(E)) € {0,00}.
Proof. Note first that T'(F) =T'(E, X \ E) UT'F.

If M,(I'F) = oo, then M,(I'(E)) = oo and thus by Lemma 3.2 we can assume

that M,(I'*) = 0 and it suffices to show that M,(T'(E,X \ E)) € (0,00) leads to
contradiction. Let p be an admissible function for I'(E, X \ E) with

/ PP dp < oo.
X
Now for a.e. path vy € I'(E, X \ E)

(3.3) [ypds < 00

because the family of those paths in I'(E, X \ E) for which the above integral is
= 00 has zero M, -modulus., see Lemma 2.1 (g).

Let v € I'(E,X \ E) satisfy (3.3). If v has a subpath which belongs to T'Z,
then by Lemma 2.1 (d) the family of these paths v has zero M,-modulus because
M,(T'F) = 0. If v does not belong to this subfamily, then there is to € [0, £(v)] such
that v(t9) € E and also a sequence of points t; € [0,4(v)] with v(¢;) € X \ E and
t; — to. The paths ~; obtained by restricting v to the intervals generated by the
points t; and tg belong to I'(E, X \ E) and hence

/pdle
Vi

and this contradicts (3.3) by the absolute continuity of an integral. O
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Theorem 3.3 is not true for the AM;—modulus measure. In [12] it is shown that
in a good metric space AM;(I'(E)) ~ coH!(E) for each Suslin set E.

4. Cap)l-capacrry

In this section we assume that X is a proper metric space with a Borel regular
measure p which is finite on compact sets. In a proper space closed bounded sets
are compact. Since the concept of the Capg[fcapacity is based on the modulus
theory, it is essential that X contains plenitude of paths and we assume that X is
qusiconvex. This means that there is ¢ € [1,00) such that for all z and y in X,
x # y, there is a path « joining x to y with () < c¢d(z,y). We do not assume that
X supports the p—Poincaré inequality nor that the measure p is doubling.

We first recall the basic properties of the Capg/[fcapacity from [15].

For a Lipschitz function u a non-negative Borel function ¢ is an upper gradient
of u if for every path v in X

[u(v(8)) — u(x(0))] < / gds,

see [3, Chapters 1-2] for the properties of functions and their upper gradients. The
lower pointwise dilatation

|Vu(z)| = liminf sup July) — w(@)]
r—0 yEB(z,r) r

is an upper gradient of u, see [3, Proposition 1.14]. In R", |Vu(z)| is a unique
minimal upper gradient for a Lipschitz function u, see [3, Examples Al].

Let G be a fixed bounded open set in X and F an arbitrary subset of G. An in-
creasing sequence (u;) of non—negative Lipschitz functions in X is called admissible,
(u;) € Ad(FE, G), for the condenser (E,G) if u; =0 in X \ G and lim;_,o ui(z) > 1
for x € E. For p > 1 we define

Cap}!(E,G) = inf { lim inf / g; dpu s (wi) € Ad(E, G) and
G

11— 00

g; is an upper gradient of uz}

The next theorem contains the basic properties of the Capg/I (E, G)-capacity from
[15] and for (d) see Lemma 3.3 in [13].

Theorem 4.1. Let E and E;, i =1, 2, ... be subsets of G and p > 1.
(a) By CEa C G = Cap%/l(El,G) < Capll;/I(Eg,G) (monotonicity).
(b) K1 D K D ... compact sets in G =

. M/ 7, _ M ,
’Lli}rgo Capp (KZ7 G) Capp (O K27 G)

(¢) There is a Borel set E' such that E C E' C G and
M _ M
Cap, (F',G) = Cap,, (E,G).
(d) Capg[(K, G)=M,(I'(K,X\G)) if K C G is compact.
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(e) AM,(T'(E,X \ G)) < Capy(E,G) < My(I'(E,X \ G)) and for p > 1 the
inequalities are equalities.

Since for p > 1, Capp (E,G) = M,(I'(E, X\G)) for all sets E C G, the properties
of the M, modulus imply the followmg

Theorem 4.2. Ifp > 1 then:
(a) CapgI is subadditive. i.e. if B; CG,1=1,2, ..., then

Cap?f(U E;,G) < anpgd(EmG)-

(b) Capg/I is a Choquet capacity, i.e. for a Suslin set E C G,
Capf)/[(E, G) = sup { Capg[(K, G): K C E compact}.

Proof. The subadditivity of the M,-modulus, see Lemma 2.1 (c), implies (a). By
the Choquet capacitibility theorem, see [5] and [4], for (b) it suffices subadditivity,
monotonicity and (b) in Theorem 4.1. O

5. SETS OF ZERO M),~MODULUS MEASURE AND ZERO Capg/IfCAPACITY

In this section we assume that X is proper, quasiconvex and the measure p
supports the Vitali covering theorem. Note that if u is doubling, then this comes
for free, see Theorem 1.6 and Remark 1.13 in [9)].

A set E C X has zero p—capacity if for all bounded open sets G, Cap%/I (ENG,G) =

0. It is clear that a subset of a set of zero capacity has also zero Capglfcapacity.

Theorem 5.1. Suppose that p > 1 and E C X is an arbitrary set. Then E has
zero Cap) —capacity if and only if My(I'(E)) < oo or, in order words, E has zero
M, ~modulus measure.

Proof. Suppose that E has zero Capglfcapacity. We first show that Mp(FE ) = 0.
For each « € E and for r > 0 the set S(z,7) = {z: |z — x| = r} has zero y—measure
for at most countably many values of r > 0. Hence by the Vitali covering theorem
for each j =1, 2, ... there is a collection of closed balls B(zl,r]),i=1,2, .. such

that r] <1/, u(S (l, Z))—Oamd
((F;) = 0 where Fj = E\UB alrl).

Let I'; be the family of all paths v in I'E with diam(y) > 2/j. Now I'; = I‘l U F2
where v € I‘jl meets B(a: T ) N E for some ¢ and v € F2 lies in the set F N E

R )

Now M, (FZ) =0 because p(Fj) = 0. On the other hand each € Fl meets both
S(z?,r)) and B(2?,r!) N E for some i and hence v € T'(E N B(x? x;, Z) X\B( x;, 1))

NOV\ZI ' Y
MP(FJl UFEQB( Lis z)X\B L5y Z))):()

because by Theorem 4.1 (e) for each i
My(T(E 0 B, ), X\ B(ad, rf)) =0
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and hence M,(I';) = 0 for each j. By the subadditivity of the M, modulus
M,(T'F) = 0 because I'P = U,T;.

Now it suffices to show that M,(I'(E,X \ E) = 0. Since X is proper for each
integer j we can choose a covering of E by balls B (xg , rg ) such that r{ < 1/j for every
i. Let Fz be the family of all paths in I'(E, X \ E') which belong to F(EQB(:L‘?, T{), X\

B(z?,77)). Since E has zero Caplg/lfcapacity, Mp(F(EﬂB(xj ), X\B(xf, rf)) =0

and thus by Theorem 4.1(e), Mp(Fg ) = 0 for each i. By the subadditivity of the

M, -modulus M,(T7) = 0 where IV = U,I'). Let IV be the family of all paths

v € I'(E, X \ E) with diam({y)) > 2/j. Since each path v € 7 belongs to I,
M,(T'j) = 0. Now we obtain

My(T (B, X\ E)) = My(JT) = 0

and hence M, (I'(E)) = 0.
If M,(I'(E)) < oo, then from Theorem 3.3 it follows that M,(I'(E)) = 0 and then
by Theorem 4.1 (e), CapgA(E NG, X \ G) = 0 for each bounded open set G and

consequently E has zero Capglfcapacity. U
Lemma 5.2. If K C X is compact and has zero Capllvlfcapacity, then My(T'K) = 0.

Proof. We first show that
(5.1) M (I'(K N B(z,r), X \ B(z,r))) =0

for every ball B(x,7). Choose 0 < t1 < t3... <7 with lim;#; = . Now K N B(z,t;)
is compact and by Theorem 4.1 (d)

M (T(K N B(z,t;), X \ B(z,r))) = Capll\/I(K N B(z,t;), B(z,r)) =0

because each subset of a set of zero Cap}-capacity has zero Cap}!-capacity. On
the other hand

Um( NB(x,t;), X \ B(x,7))) = (K N B(z,r), X \ B(z,r))

and by the subadditivity of the M;—modulus we obtain (5.1).
Now we can proceed as in the proof of Theorem 5.1 to conclude M;(I'*) =0. O

The next theorem gives a sufficient condition for zero Capllylfcapacity in the case
of compact sets. This result is well known in R”, see Lemma 2.34 in [8].

Theorem 5.3. If K C X is compact, MP(FK) =0, p > 1 and for some sequence
of bounded open sets

GiDoGyD ...DK, ﬂGi = K and Capgl(K,Gi) <M<

for all i, then K has zero Canpg/I ~capacity and M,(I'(K)) = 0.
Proof. Since

D(K, X\ Gi) C T(K,X \ Gi1) and | JD(K, X\ Gy) =T (K, X \ K),
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by Lemma 2.1 (f)
M > lim My(D(K, X \ Gy)) = My(I'(K, X \ K)),

1—00
and because M,(I') = 0 we have M,(T'(K)) = 0 by Theorem 3.3. Now Theorem
5.1 implies that K has zero Caplr\)/lfcapacity. O

Remark 5.4. (a) Theorem 5.3 is not true for p = 1. For the simplest example take
X =R, K = {0}, and G; = (—1/i,1/i). Then M;(T'®) = 0 because K does not
contain paths and it easily follows Cap}!(K,G;) = 2 for all i but

M(D(E, R\ K)) > lim My (D(K, R\ G)) = 2

and hence M;(T'(K)) > 0.

(b) The subspace X = {(z,y) € R?: 0 < y < |z| < 1} of R? equipped with the
Lebesgue measure mo is a proper, 2—quasiconvex metric space and my is a doubling
measure in X. Set G; = {(z,y) € X : * > —1/i} and K = {(z,y) € X : x > 0}.
Now for each i and 1 < p < 2, CapM(K,G;) = 0, since I'(K, X \ G;) € T'({(0,0)})
and M,(T'({(0,0)})) = 0, see e.g. (3.1). In this case M,(I'*) = oo and thus
M,(T'K) = 0 is a necessary condition in Theorem 5.3. Note that ma(K) > 0 and X
does not support the p—Poincaré inequality.

6. SETS OF ZERO M;—MODULUS MEASURE AND ZERO Cap)}-CAPACITY

Relations between the Capllwfcapacity and the M;—modulus measure are more
complicated than those in the case p > 1. However, Theorem 4.1 (d) makes it
possible to extend Theorem 5.3 to the M;-modulus measure with slightly stronger
assumptions. We assume that X is a proper quasiconvex metric space with a Borel
regular measure y finite on compact sets.

Theorem 6.1. Suppose that a compact set K C X satisfies M1 (') =0. Then K
has zero Cap)-capacity if and only if My (I'(K, X \ K)) =0 or M1(T'(K)) =0, i.e.
K has zero Mj—modulus measure.

Proof. Suppose first that K has zero Cap}!-capacity. Since M;(I') = 0 it suffices
to show that M;(I'(K, X \ K)) = 0. Choose bounded open sets G; D G2 D ... D K
such that N;G; = K. If now v € I'(K, X \ K) then v meets some X \ G; and hence
v €K, X \ G;). By Theorem 4.1 (d), M;(I'(K, X \ G;)) = 0 for each i and since

I(K,X\K)=|JI(K,X\G),

the subadditivity of the Mj—modulus yields M;(I'(K, X \ K)) = 0.

Suppose that M (I'(K, X\ K)) = 0. Since also M7 (T') = 0 we have M;(I'(K)) =
0 and for an arbitrary bounded open set G, I'(K N G,X \ G) C I'(K) and thus
M (I'(K NG, X \ G)) =0. This implies that K has zero Cap}!-capacity. O

REFERENCES

[1] L. Ambrosio, S. Di Marino, and G. Savaré, On the duality between p-modulus and probability
measures, J. Eur. Math. Soc. 17 (2015), 1817-1853.

[2] A. Bjorn, J. Bjorn and J. Maly, Quasiopen and p—path open sets, and characterization of
quasicontinuity, Potential Anal. 16 (2017), 181-199.



MODULUS AND CAPACITY 539

[3] A. Bjorn and J. Bjorn, Nonlinear Potential Theory on Metric Spaces, EMS Tracts Math.,
vol. 17, European Mathematical Society (EMS), Zurich, 2011.

[4] M. Brelot, Lectures on potential theory, Notes by K. N. Gowrisankaran and M. K. Venkatesha
Murthy, second edition, revised and enlarged with the help of S. Ramaswamy, Tata Institute
of Fundamental Research Lectures on Mathematics, no. 19 Tata Institute of Fundamental
Research, Bombay, 1967.

] G. Choquet, Theory of capacities, Ann. Inst. Fourier (Grenoble) 5 (1953-54), 131-295.
[6] G. B. Folland, Real Analysis, 2nd ed., Wiley, New York, 1999.
] B. Fuglede, Ezxtremal length and functional completion, Acta Math. 98 (1957), 171-219.
] J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degenerate El-
liptic Equations, Dover Publications Inc., New York, 2006.
[9] J. Heinonen, Lectures on Analysis on Metric Spaces, Universitext, Springer, 1999.

[10] J. Heinonen, P. Koskela, N. Shanmugalingam and J. Tyson, Sobolev Spaces on Metric Mea-
sure Spaces, Cambridge University Press, 2015.

[11] V. Honzlovd-Exnerova, J. Maly and O. Martio, Functions of bounded variation and the
AM -modulus in R™, Nonlinear Anal. 177 (2018), 553-571.

[12] V. Honzlové-Exnerov HlI; O. Kalenda, J. Mal # and O. Martio, Plans of measures and
AM-modulus, J. Funct. Anal. 281 (2021): 109205.

[13] V. Honzlovd-Exnerov Al; J. Mal # and O. Martio, AM-modulus and Hausdor[f measure of
codimension one in metric measure spaces, Math. Nachr. 295 (2022), 140-157.

[14] O. Martio, Functions of bounded variation and curves in metric measure spaces, Adv. Calc.
Var. 9 (2016), 305-322.

[15] O. Martio, An alternative capacity in metric measure spaces, Journal of Mathematical Sci-
ences 258 (2021), 303-312.

Manuscript received February 20 2022
revised February 24 2022

O. MARTIO
Department of Mathematics and Statistics, FI-00014 University of Helsinki, Finland
FE-mail address: 011i.martio@helsinki.fi



