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DIFFERENTIABILITY ALMOST EVERYWHERE OF WEAK
LIMITS OF BI-SOBOLEV HOMEOMORPHISMS

ANNA DOLEZALOVA AND ANASTASIA MOLCHANOVA

ABSTRACT. This paper investigates the differentiability of weak limits of bi-
Sobolev homeomorphisms. Given p > n — 1, consider a sequence of homeo-
morphisms fr with positive Jacobians Jy, > 0 almost everywhere and
supy, (|| fellwin—1 + || fx Hlw1.p) < 00. We prove that if f and h are weak limits
of fi and fk_l7 respectively, with positive Jacobians Jy > 0 and J, > 0 a.e., then
h(f(z)) =z and f(h(y)) = y both hold a.e. and f and h are differentiable almost
everywhere.

[Reshetnyak’s] synthesis of classical function theory and Sobolev function classes was so fruitful

that it was given a special name: quasiconformal analysis.

A.D. Aleksandrov, 1999 Russ. Math. Surv. 54 1069

1. INTRODUCTION

Let Q and € be domains, i.e. non-empty connected open sets, in R" and f €
WLP(Q,R") be a mapping from Q to €. According to classic results of Geomet-
ric Analysis, if p > n, the mapping f is differentiable almost everywhere. This
result was established in 1941 for n = 2 by Cesari [4] and later generalized to ar-
bitrary n by Calderén [2]. The a.e.-differentiability of continuous and monotone
mappings was studied from a geometrical perspective by Vaisila [29] and Reshet-
nyak [24, 25, 26]. This includes mappings with bounded distortion, also known as
quasiregular mappings, and mappings with finite distortion (even for p = n). Fur-
ther details on these results can be found in [25, 29]. The results also extend to
Wbl homeomorphisms in dimension n = 2, as shown by Gehring and Lehto [10],
and WP-homeomorphisms with p > n — 1 if n > 3, see Viisiild [29] (also Onninen
[22, Theorem 1.2 and Example 1.3]).

For W1m~1.Sobolev homeomorphisms with n > 3, the a.e.-differentiability was
established by considering the integrability of the inner distortion K; € L'(€),
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where J¢(x) := det D f(x) is the Jacobian, adj D f is the adjugate matrix of D f and

K, o ladi DI

Jy(z)nt
if f has finite inner distortion, e.g. adj Df(x) = 0 almost everywhere in the zero
set of the Jacobian {x € Q : Jy(x) = 0}, see [28]. This condition on in-
tegrability of distortion is sharp, meaning that for any 6 € (0,1) and n > 3
there exists a homeomorphism f which belongs to W1m~1((—1,1)",R") such that
K; € L%((—1,1)") and f is not classically differentiable on a set of positive mea-
sure [14]. The a.e.-differentiability of W!"~1-Sobolev maps also holds for continu-
ous, open, and discrete mappings of finite distortion with nonnegative Jacobian if a
particular weighted distortion function is integrable [31]. The condition K; € L'(f)
essentially means that f~! € Wi(f(Q),R") [30, Theorem 3], [20, Theorem 1.1],
see also [23]. The regularity of the inverse, together with the oscillation estimate
[23, Lemma 2.1}, gives

. OSCRB(x,r) /

limsup ———— < o0

r—0+ r

for almost all x € €2, and hence f is differentiable in x by the Stepanov theorem.
Thus, instead of assumptions on distortion, we can directly consider bi-Sobolev
homeomorphisms. Indeed, if f € Whr—1, Jr > 0 ae., and f7! € WP with
p > n — 1, then f~! has finite distortion, e.g. [12, Lemma 5.2], and hence both f
and f~! are differentiable almost everywhere [32, Theorem 27]. However, no similar
result holds for W1~ 1-bi-Sobolev homeomorphisms and we need the inverse to be
in Wb for p > n — 1. In fact, Csérnyei, Hencl, and Maly constructed in Example
5.2 in [5] a homeomorphism f € W1m=1((—1,1)",R"), n > 3, with J; > 0 a.e. that
is nowhere differentiable and its inverse f~1 € W1"=1((—1,1)" R") is also nowhere
differentiable.

In this work, we examine the a.e.-differentiability of a class of weak limits of
homeomorphisms. This class of mappings is well suited for the Calculus of Variations
approach and may serve as deformations in Continuum Mechanics models. For
further information, refer to [15, 17, 19]. Weak limits of Sobolev homeomorphisms
have received significant attention in recent years, with various studies conducted,
including [1, 3, 6, 7, 8, 9, 13, 16].

Here we consider the energy functional

&)= [ 15 des [ 105 dy

for bi-Sobolev mappings f: Q — € such that f is invertible almost everywhere,
fewbtr=1(Q,R"), and f~1 € WHP(Q),R"™) for some p >n — 1.
The main result, which is proven in Section 1.2, reads as follows.
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Theorem 1.1. Letn > 2, p > n—1, Q, & C R™ be bounded domains and
fr € WHLHQ R, k =0,1,2..., be homeomorphisms of Q onto ¥ with Jp, >0
a.e. and
sup £(fr) < oo.
k

Assume that f: Q — R™ is a weak limit of {fi}tken in WHHQ,R™) with J; > 0
a.e. and h: Q' — R™ is a weak limit of {f, ' Yren in WIP(QU,R™) with Jy, > 0 a.e.
Then for a.e. x € Q we have h(f(x)) =z and for a.e. y € Q' we have f(h(y)) =y,
and both f and h are differentiable almost everywhere.

Let us note the following result, which better suits the Calculus of Variations
approach since it formulates the assumptions only for f.

Corollary 1.2. Letn>2,p>n—1, Q, Q' CR" be bounded domains and ¢ be a
positive convex function on (0,00) with

(1.1) lim ¢(t) =00 and lim 40} =00

t—0t t—oo ¢

Let fr, € WH=LHQ,R"), k = 0,1,2..., be homeomorphisms of Q onto ¥ with
Jg, > 0 a.e. such that supy, F(fi) < oo, where

D= [ pre+ 'af?pD{())' T oJs(@)) da.

Assume that f: Q — R™ is a weak limit of {fx}ren in WHL(Q,R?) and h: ' —
R" 4s a weak limit of {f; '}ren in WLP(Q,R"). Then for a.e. x € Q we have
h(f(x)) = = and for a.e. y € Q' we have f(h(y)) = y, and both f and h are

differentiable almost everywhere.

2. PRELIMINARIES

By B(e,r), we denote the open euclidean ball with centre ¢ € R™ and radius
r > 0, and by S(c,r) the corresponding sphere.

2.1. Topological image and (INV) condition. Although a weak limit of home-
omorphisms may not be a homeomorphism, it may possess an invertibility property
known as the (INV) condition. The (INV) condition states, informally, that a ball
B(z,r) is mapped inside the image of the sphere f(S(z,7)) and the complement
Q\ B(x,r) is mapped outside f(S(z,r)). This concept was introduced for W1'P-
mappings, where p > n — 1, by Miiller and Spector [21], although the fact that a
ball B(z,r) is mapped inside the image of a sphere f(S(a,r)) was known in litera-
ture before as monotonicity, see [25] and [33, §2]. Suppose that f: S(y,r) — R" is
continuous, we define the topological image of B(x,r) as

(2.1) fH(B(a,r)) = {z € R"\ f(S(x,r)) : deg(f, S(x,7), 2) # 0}

and the topological image of x as

ffay=" [ B (Sr),

r>0,rZ Ny

where a representative f* and a set N, will be defined further along.
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Definition 2.1. A mapping f: Q@ — R” satisfies the (INV) condition, provided
that for every x € € there exist a constant r, > 0 and an £'-null set N, such that
for all 7 € (0,7;) \ Ny, the restriction f|g(, ) is continuous and

(i) f(z) € fT(B(z,r)) U f(S(z,r)) for a.e. z € B(x,r),
(ii) f(z) € R\ fT(B(z,r)) for a.e. z € Q\ B(x,r).

Let us note that for a particular representative of a Sobolev mapping, Defini-
tion 2.1 allows for some points to escape their destiny, e.g. a null-set inside the ball
may be mapped outside the image of this ball. Thus, we also consider a stronger
version of the (INV) condition.

Definition 2.2. A mapping f: Q — R" satisfies the strong (INV) condition, pro-
vided that for every = € Q there exist a constant r, > 0 and an £'-null set N, such
that for all r € (0,7;) \ N, the restriction f|g(, ) is continuous and

(1) f(z) € fX(B(z,7)) U f(S(z,r)) for every z € B(z,7),
(i) f(z) e R*\ fI(B(z,r)) for every z € Q\ B(z,7).

2.2. Precise, super-precise, and hyper-precise representative of a Sobolev
mapping. Let 1 < p < n and f € WIP(R"), then the precise representative of f
is given by

dx  if the limit exists,

(2.2) Fa) == Bl |/ (@)

otherwise.

Note that the representative f* is p-quasicontinuous (see remarks after [21, Propo-
sition 2.8]).

Let now f: Q — R"™ be a W!P-weak limit of homeomorphisms f: Q — R” with
p € (n—1,n] forn > 2or p € [1,2] for n = 2. Then by [1, Theorem 5.2] there
exists an H" P-null set NC C Q and a representative f** of f such that f** is
continuous at every x € Q\NC, a set-valued image f”(z) is a singleton for every
y € Q\NC, f*™* = f*cap,-a.e., and f** can be chosen so that f**(z) € fT(x) for
every x € (. We will call f** the super-precise representative of f.

The hyper-precise representative f is defined as

(2.3) f(a) := hrni}%lip]Bal,M/ L f(z)dx.

We need the following monotonicity property of mappings satisfying the strong
(INV) condition.

Lemma 2.3. Let n > 2 and @ C R"™ be a bounded domain. If h: Q' — R"
satisfies the strong (INV) condition, then h is monotone for almost all radii, i.e., for
y € Q there exists an L*-null set Ny such that for all v € (0,7,) \ Ny it holds that
08CR(y,r) b < 08Cg(y r) h-

If, moreover, h € WHP(Q) R™) with p > n—1, then for any r € ( ) the following

estimate holds y
P
0sCp(y,) h < Cr (r‘” /B(y . |Dh]p> .
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Proof. Let Ny be a set from Definition 2.2. Then for y € @' and r € (0,ry) \ Ny it
holds that h is continuous on the sphere S(y,r) and h(z) € hT(B(y,r)) UR(S(y,r))
for every z € B(y,r). In this case, h(S(y,r)) is a compact set and k7 (B(y,r)) C
R™\ A, where A is the unbounded component of R™ \ h(S(y,r)) (since by the basic
properties of the topological degree [12, p. 48(d)] we have deg(h, S(y,r),&) = 0 for
all £ € A), and therefore oscp(, .y h < oscg(y,r) b

Further, for y € Q' and r > 0, and for a.e. t € [r,2r), it holds that
08CB(y,r) I < 08Cp(y,) b < 0scg(y 1) I

Then by the Sobolev embedding theorem on spheres [12, Lemma 2.19], following
the proof of [12, Theorem 2.24], we obtain that

1/p
08Cp(y,r) h < oscgryny h < Ct <t"+1 /S(y ) Dh|p>

1/p
<Cr (r_"/ \Dh’?) _
B(y,2r)

g

Remark 2.4. In case p > n, h* = h** = h is the continuous representative of h
and h* is differentiable almost everywhere [2] and satisfies the Lusin (N) condition
in Q [18]. Moreover, due to compact embedding of W' into the Holder space C%2,
weak convergence in W1 implies uniform convergence on compact sets. With these
properties, the subsequent analysis becomes simplified, and the details are left to
the reader.

3. A.E.-INVERTIBILITY OF f

Since a limit of homeomorphisms may not be a homeomorphism, we need to define
a weaker notion of an inverse mapping. First recall that a mapping f: Q — ' is
called injective a.e. in domain if there exists a null set ¥ C Q, |X| = 0, such that
the restriction flo\x: Q\X — f(Q2\X) is injective. A mapping f: Q — Q' is called
injective a.e. in image if there exists a null set ¥’ C ', |3'| = 0, such that for any
y € f(Q)\ X' the preimage f~!(y) := {x € Q: f(x) = y} consists of precisely one
point. Note that if f is injective a.e. in image and satisfies the (N)fl condition,
then f is injective a.e. in domain. If instead f is injective a.e. in domain, f satisfies
the (N) condition, and || = |f(2)| then f is injective a.e. in image. We say that
h: Q' — Qis the a.e.-inverse to f: Q — Q' if for a.e. x € Q we have h(f(z)) = x and
for a.e. y € Q' we have f(h(y)) = y. Note that if f satisfies the (N)™' condition,
then f is injective a.e. in image if and only if there exists the a.e.-inverse to f.

The following lemma provides some additional conditions that guarantee the a.e.-
invertibility of f in our setting.

Lemma 3.1. Let n > 2, Q and Q' be bounded domains in R", p > n —1, and
let f € W= Q,R™) be homeomorphisms of 2 onto ¥ with Jr, > 0. Let also
[ Q = R"™ be a weak limit of {fx}ren in WEHQR™) with Jf > 0 a.e. Assume
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also that the sequence {f,;l}keN converges WYP-weakly to h: Q' — R™ with J, > 0
a.e. Then W*(f(x)) =z a.e. in Q and f(K**(y)) =y a.e. in .

Proof. Let p > n — 1, and fix a representative of f, which we denote by the same
symbol. If needed, we pass to a subsequence so that f; — f and f,~ L' h pointwise
a.e. Since h is a WlP-weak limit of Sobolev homeomorphisms with p > n — 1, the
super-precise representative h** satisfies the strong (INV) condition [1, Theorem
5.2 and Lemma 5.3]. Then there exists a set G} C € of full measure |G| = [V']:
Jpe=(y) > 0 for all y € G}, h™ is injective in G} (see [21, Lemma 3.4] and [,
Theorem 1.2]) and f; *(y) — h**(y) for all y € GY.

Step 1. A**(f(x)) =z a.e.: By Lemma 2.3, we  know  that
0scg(y,r) M m 0 for a.e. y € Q. Since J; > 0 a.e. (and therefore f satisfies

the (N)~! condition), OSCB(f(z),r) N — 0 for a.e. x € Q.
r—

Let G C f~1(G}) be a set such that |G| = |Q| and for all x € Gy it holds that

fe(w) — f(z) and oscp(f(z)m) h** — 0.

For z € Gy and r > 0, by the pointwise convergence of f in x € G and f; Lin
f(z) € G, we can find ko € N big enough such that

fu(z) € B(f(z),r) and  fi'(f(2)) € B(h*(f(x)),7)

for all k& > ko. Moreover, by [21, Lemma 2.9] (though it is formulated for the
precise representative h*, it holds also for the super-precise representative h** with
an analogous proof), there exists a subsequence { fx;}jen (that depends on 7) and
a number jo € N big enough such that for all j > jg

OSCS( f(x),r) fk_j1 < 08Cy(f(a)r) BT
Then we have
1 iy () =R ((2))

< i) Uiy (@) = fi (F@)| + | (F () = h**(f ()]
< 0SCB(f(@) ) fr, TS OSCs(s ) fi)| T
< 08Cg(f(a),r) M+ 1+ 1 Z 0SCR(f(a),2r) BT+ 21

Therefore, by definition of Gy,

o= K (@) = 1 iy @) = B (F@)] < lim(0565(500y0 h** +2r) = 0

for all x € Gy, which concludes Step 1.
Step 2. f(h*(y)) = y a.e.. We know that h** is injective a.e. on G’ and both f
and h** satisfies the (N) ™! condition, so when we set

Gy = (G N (K)7HG)) \ (W) I\ GY)),

we know it is a set of full measure. Let us take y € G5. Since f, ! is a homeomor-
phism onto €, we can find ¥, € Q' such that f,;l(yk) = h**(y). Therefore,

e = fe(fe () = (B () = F(h*(y)),
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so yy converges to some gy = f(h**(y)). We apply h** to both sides to get h**(y) =
R**(f(h**(y))). From y € GY we have that h**(y) € G1. Since h**(f(z)) = = on Gy
we get h**(g) = h**(f(h**(y))) = h**(y). Now we can have either § € G| or § ¢ G.
In the first case, § = y as h*™* is injective on G, so f(h**(y)) = y. In the other case,
f(h**(y)) € @\ G, which is a contradiction to y € GY.

]

Remark 3.2. If p > n, equality h™*(f(x)) = x can be derived easily from
o = B (F@)] < f (Frl@) = f (F@) + 1 (@) = R (@),

using uniform convergence f;- = (up to subsequence) and the Morrey inequal-
ity for f,~ . The other relation f(h**(y)) = y follows the same way as above.

Remark 3.3. Since both f and h satisfy the (N)™' condition, the identities
h(f(z)) = x a.e. in Q and f(h(y)) = y a.e. in ' hold for arbitrary representa-
tives.

4. DIFFERENTIABILITY

First, let us notice the following well-known fact.

Lemma 4.1. Letn > 2, p > n—1 and Q' be a bounded domain in R"™. If h €
WP (Y R™) satisfies the strong (INV) condition, then h is differentiable a.e. in €Y.

loc

Proof. By Lemma 2.3 we have

1/p
oscg(y,) h < Cr (7'_" /B(y . \Dh]p> ,

which implies by setting r = |z — y| that
h(z) —h
i sup 122) = 16

< C|Dh(y)| < o0
z—y ’Z - y!

for any Lebesgue point y of |Dh|P and, therefore, h is differentiable a.e. by the
Stepanov theorem [27], see also [12, Theorem 2.23].
O

We also need the following modification of [12, Lemma A.29], which gives us the
a.e.-differentiability of mapping f from Theorem 1.1 — but the derivative is only
with respect to a set of full measure.

Lemma 4.2. Let n > 2 and Q, € be bounded domains in R™. Let A C Q, A’ C
be sets of full measure and h: Q' — Q such that h: ' — A = h(A') is differentiable
with respect to the relative topology in A, i.e., induced by the topology in R™, and
Jrn(y) > 0 for all y € N. Assume also that h|pn is injective, and the inverse
mapping f = h™' is continuous in A with respect to the relative topology in A.
Then f is differentiable on A with respect to the relative topology in A and D f(z) =
(Dh(f(2)))~" for all z € A.
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Proof. Since h: A’ — A is a homeomorphism, the proof of this lemma follows the
lines of the proof of [12, Lemma A.29]. We present it here for the convenience of
the reader.

By the differentiability of h we know that for y € A’

(41) fim M8 = h(y) — Dh{y)(5 — y)
Gy, gEN =yl
For z, x € A denote g = f(z), y = f(x) € A/, then
h(y) — h(y) = h(f(Z)) — h(f(2)) = Z — =.
Since Jp,(y) > 0 we obtain for g close to y enough that
|7 — x| = [h(y) — h(y)| = [Dh(y)([§ —y)| = |7 — yl.
Then from (4.1) it follows

(Dh(y))~" (h(y) — h(y) — Dh(y)(5 — y))

=0.

gy, gEN ly' —yl

oy (PR (@)~ ) ~ @ —w)
G-y, geN sl

o PRE@)) (@ —2) - (f(2) — f(@)
T, TEA |z — x| ’

which concludes the proof.

The following proposition is a version of an inverse function theorem.

Proposition 4.3. Letn > 2, p > n—1, Q and Q' be bounded domains in R",
A CQand N C Q be sets of full measure and h € WHP(QY, Q) satisfy the strong
(INV) condition and be differentiable with Jn(y) > 0 for any y € A'. Assume also
that the restriction hlp: A" — A is one-to-one. Then for any yo € N there exists
a sequence {TmYmen N\ 0 such that the topological image h™(B(yo,™m)) contains

B (h(yO)v %n) .

Proof. Without loss of generality, by a translation and a linear change of variables,
we may assume that yo = 0, h(yo) = 0, and Dh(yo) = Id. Since h is differentiable
at 0, it holds that h(y) = y + o(|y|) if y — 0. That means that there exists ro > 0
such that

(4.2) |h(y) —y| < g| for all y € B(0,79) C Q.

Consider a sequence {7, }men \ 0 such that h is continuous on S(0,r,,) and Def-
inition 2.2 (i)—(ii) is fulfilled. Let now z € B(0,%) C Q, the inequality (4.2)
implies z ¢ h(S(0,7y,)). Since dist(z,S(0,7,)) > rm/2, from (4.2) we know that
1 = deg(z,Id, S(0,7m)) = deg(z, h, S(0,7)). Therefore, B (0, %) C hT(B(0,r)),
see Figure 1 for illustration. Il

The closing theorem of this section concludes the differentiability part of Theo-
rem 1.1.
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FIGURE 1. Mapping h maps the red sphere S(0,7,,) to h(S(0,7y))
(blue); the grey ball B(0, r,,/3) does not intersect h(S(0,7y,)), since
its distance from 0 is at least 7, /2 (denoted by the dotted sphere).

Theorem 4.4. Letn > 2, p > n—1, Q and Q' be bounded domains in R"™ and
fr € WH=L(Q R™) be homeomorphisms of Q onto SV with Jp, > 0. Let f: Q — R"
be a weak limit of { f}ren in WHH(Q,R") with J; > 0 a.e. Assume also that the
sequence {f,;l}keN converges WYP-weakly to h: ' — R™ with J, > 0 a.e. Then
h** is differentiable a.e. in Q' and f is differentiable a.e. in €.

Proof. We again pass to a subsequence (if needed) so that fi — f and f_ L h
pointwise a.e. Since h is a W1P-weak limit of Sobolev homeomorphisms with p >
n — 1, the super-precise representative h** is continuous on almost all spheres [11,
Lemma 2.19], satisfies the strong (INV) condition [1, Theorem 5.2 and Lemma 5.3],
and is injective a.e. (see [21, Lemma 3.4] and [1, Theorem 1.2]). By Lemma 4.1, h
is differentiable a.e. in ©'. Moreover, since Jy(y) > 0 a.e. in €', by the change-of-
variables formula we conclude that h satisfies the (N) ™ condition.

Step 1. Finding sets A, A’: Let f be an arbitrarily fixed representative, and let
us introduce good sets G C , G' C Q' as

G:={zeQ: " (f(zx)) =2} CQ,
G ={y e : f(h™(y) =y} C Q.

It is easy to check that f(G) = G', h**(G') = G, and by Lemma 3.1, |G| = |Q],
|G'| = |€|. And we define bad sets ¥ C G, ¥/ C G’ as

Y:=G\{z e : Jg(x) >0, frlzx) = f(x)},
¥ =G\ {y € : k™ is differentiable in y, Jp(y) > 0,
I ) = 7 ()}
Clearly [X| = |¥'| = 0. Then very good sets A C G, A’ C G’ are defined by
AN:=G\(ZUf () and A:=hn"™().
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By Lemma 3.1 and the (N)f1 condition for f and h**, it is not difficult to see that
(A= |G =[], |Al = |G| = | and f(A) = A".

Step 2. f|a is continuous: The restriction f|5: A — A’ is continuous with respect
to the relative topology in A. Indeed, let f|s be not continuous in some point zp € A,
then there exists a sequence {zy}reny C A, T — zo, but f(zr) - f(xo). We set
yr = f(zx) € A and yo := (R**) 7 a(20) = f(x0). Since h**|nr = (f|a)~!, we have
h**(yk) = ™ (yo), but yx = yo.

By Proposition 4.3 there exists a sequence {7, }men \ 0 such that

B (1™ (). ) < (") (B(yo. ).

Let m and kg € N be big enough so that infinitely many y are outside of B(yo, 7:m)
for k > ko and h**(yy,) € B (h*™*(yo), "&). Passing to a subsequence, we can, for
now, assume that yi ¢ B(yo,m) for all k. Then we can find r > 0 such that

B(ykovr) N B(y(),?“m) =9

and, since h**|5/ is continuous,

*k *k m
W (Bl ) NA) € B (W (). 5 )

Summarizing the above, we obtain
kk / kk Tﬂ kk Tﬂ
B (Blykyr) NA) € B (™ (), ) € B (0™ (30), )
C (W) (B(yo, rm))-
Thus, for every
2 € (B(yky:r) NA) € ('\ B(yo,mm))

it holds that h**(z) € (h**)T(B(yo,rm)), the latter contradicts the strong (INV)
condition for h**, since a set of positive measure B(yk,,r) N A’ from outside of the
ball B(yo, ) is mapped inside the topological image of this ball.

Therefore, f is continuous on A with respect to the relative topology, and by
Lemma 4.2, we conclude that f is differentiable on A with respect to the relative
topology.

Step 3. f is differentiable a.e.: It is left to show that a hyper-precise representa-

tive f, given by (2.3), is differentiable at xy € A with respect to Q. Since A is a set
of full measure and f is continuous on A with respect to the relative topology, any
point « € A is a Lebesgue point of f, and therefore f=fonA.

Fix g € A and ¢ > 0. By differentiability of f on A with respect to the relative
topology, there exists s > 0 such that for any x € B(xg, s) N A it holds that

|f(x) = f(z0) = Df (o) (2 — x0)|

|z — 0]

(4.3)

_ |f(@) — f(zo) — Df (w0)(z — x0)] €

|z — 0] 2’

where D f(xo) denotes the derivative D f|a(xo) with respect to the relative topology.
To prove differentiability of f, we need to show that for an arbitrary z’ close to xg
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it holds that

(4.4) f()) — f(iUo') - Dfixo)(xl — z0)| .
xr — X

If 2/ € A, (4.4) follows immediately from (4.3). In the other case, roughly speaking,

we want to find a point z € A such that |f(x (| - J; (|Z)| and IL::C’I:;JI are small, and so we

can estimate

|f(') — f(z0) — Df(wo) (2’ — x0)]

|2 — x|
< If(fv’)—f(Z)|I7L|Df|(avo)(fv’—2)l N f(Z)—f(:ro|)l—Df§xo)(z—wo)|
' — xg r — o

< e.

Now we prove the above paragraph rigorously. Let 2’ € B (a:o, %) By (2.3), there
exists a sequence {ry}ren N\ 0 such that rj, < 27%|2’ — 20| and

- 1 -
4.5 f(@) — —— f(z)dz| < 27%|2" — ).
) ‘ B Jarnn v
In the following, we proceed coordination-wise for i € {1,...,n}. Denote by afg and
bi points in B(z’,7;) N A such that

. 1
(4.6) filay) =2 75— filx) dx — 272" — o),

b |B($,>Tk)’ B(z',rp)NA
1

(4.7) Fi(bh) < fiw) do +27F |2’ — o|.

|B($ Tk)’ B(z!,r)NA

If there is an equality in (4.6) or (4.7), we define z} as al, or b}, correspondingly. Oth-
erwise, by continuity of f; on A, there exist two balls B B(at, p(at)) and B (bi, p(bi)),
contained in B(z',rg), such that (4.6) holds for any a € B(ak, p(at)) N A and
(4.7) holds for any b € B(bz,, (bi)) N A. Without loss of generality, we may

assume ai = (0,...,0) and b. = (b1,0,...,0). Let us now consider the lines
lg == (t,da,...,d,) connecting B(al,p(al)) and B(b,p(b%)). Since A is of full
measure, for £ -a.e. d := (da,...,dy) a line lg contains z, € B(al,p(al)) N A

and x;, € B(bl, p(bi)) N A, and L(l3\ A) = 0. Moreover, f; € W1 and hence
Ji 1s absolutely continuous on L7 La.e. lg. Therefore, by the intermediate value
property, there is a point cj € [; such that

fi &) — / x)dx
( k) 33 y Tk | (! rk)mA

Moreover, there exists a:}€ €lgNA C B(a/,ry) such that

(4.9) [f(ck) = Flai)] < 27F|2 — @ol.

(4.8) < 27M2) — o]
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Then, by (4.5), (4.8), and (4.9),

(410)  |filat) = file")] < |filah) = filci) + |filek) — file)] < 2772|a — o],
Further,

|fi(2") = fi(wo) — D fi(wo)(z' — x0)|

(4.11) R
Tr — X0
< |fi(@') = Fiw)| + D filwo) (& — )]
- |2 — o]
n |fi(a}) — fi(wo) — Dfi(xo)(x}, —$0)|.

|2 — o
Since z% € B(a',r)) and (4.10) holds, the first term in (4.11) can be estimated as
|fi(@") = fil@i)| + D fixo) (' — z})]

: < 27K 4 9K D f (o).
|x" — xo]

While to estimate the second term in (4.11), we note that
= wo| < |z, —a'| + [a” — w0 < (L+27F)|2" — zo| < 202’ — o] < s,
since 2 € B(z/,7%). And hence, by (4.3), we conclude

|fi(x) = filzo) — Dfi(wo)(af — x0)]

2" — o

_ 21fite}) ~ filzo) = Do) e o)l _ _

B \mk — 20

Summarizing the above, we obtain that for g € A and any £ > 0 there exists
s > 0 such that for any 2’ € B (:z:g, %) it holds

|fi(a") = fi(wo) — D fi(wo) (2’ — xo)]

|z’ — x|

< lim inf(27%(4 4 |Dfi(zo)|) + ) =¢
—00

Therefore, f; is differentiable in any zp € A with respect to € and, moreover,

Dfi(z0) = D fi|a(x0). O

5. PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

Proof of Theorem 1.1. Theorem 1.1 immediately follows from Lemma 3.1 and The-
orem 4.4. O

Proof of Corollary 1.2. Let us first note that following the proof of [20, Theorem
1.1] with substituting n by p, we obtain

| adj D fk|p
D P(
| fk | / 'jfk
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Hence, &(fx) < F(fx) and the sequence {f; '}ren is bounded in WHP(Q/,R") and,
passing to a subsequence if needed, there exists a weak limit h. Moreover, by [8,
Lemma 2.3] and (1.1), the inequality

/ e(Jp(x))de < C
Q

guarantees that J¢ > 0 a.e. in Q and Jj, > 0 a.e. in . To finish the proof, we apply
Theorem 1.1. O
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