52 Pug,

%

Pure and Ajajffied Functional Anu[ysis Yokohama Puolishers

Volume 9, Number 2, 2024, 413-425 G @I /SSN 2189-3764  ONLINE JOURNAL
inee 199 .
© Copyright 2024

Yok,
fous™

THE GAUSS EQUATION ON SURFACES OF BOUNDED
INTEGRAL CURVATURE

DANIELE BARTOLUCCI

ABSTRACT. Based on some results of A. Huber and Y. G. Reshetnyak concern-
ing Surfaces of Bounded Integral Curvature, we show that even in such a weak
setting one can write down the ”Gauss” equation (which in the classical case
reads —Ap = 2Ke”, where A is the Euclidean Laplace operator), locally relating
the Gaussian curvature K to the metric and its weak Laplacian. This approach
naturally leads to the analysis of the regularity theory of singular Liouville type
equations as developed by H. Brezis and F. Merle. Several examples are provided
to illustrate the local regularity properties of this sort of singular surfaces.

1. INTRODUCTION

The geometry of surfaces carrying a wide variety of singularities, thereby general-
izing classical Riemannian theory, can be described through the concept of Surface
of Bounded Integral Curvature (SBC for short), as introduced by A.D. Alexandrov
[2], see [3], [19] for a complete account about the subject and [1] for a concise dis-
cussion about some of the main results. Due to a series of subtle contributions by
Huber and Reshetnyak (see [19] §7) an SBC without cusps (see (1.3) and Remark
1 below) can be equivalently defined as a Riemann surface M equipped with a
metric g, which admits an atlas of local charts U = {Uj, ®;};cs, such that each
®; is an isometry of U; on Q; = ®;(Uj), with Q; C R?(~ C), a smooth, open and
bounded set, such that g in local coordinates takes the form of a quadratic differ-
ential, (IDj (g) = e#i3)|dz|?, 2 = x + iy € C. Here * denotes the standard pull-back,
|dz|? is the Euclidean metric and

(1.1) pi=p=h+gy—g-

where h is harmonic in €2; and g+ are two superharmonic functions defined by,

(1.2) g+(2) = /F(z,y)dwi(y), [(z,y) = %log <ﬁ) )

Q;
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The singular behavior of the surface is locally encoded in w., which are mutually
orthogonal, regular, non negative and bounded measures on Q, wy(Q2) € (0, +00).
Equivalently one could have started with a signed measure w of bounded total
variation, to come up then with wy by the Jordan decomposition of w on €,
W=wy —w_.

Any such system of coordinates is said to be isothermal and any metric taking the
form e(*)|dz|? with p as in (1.2) is said to be subharmonic. We will focus on the
following local model of an SBC.

Definition 1.1. An Abstract Surface of Bounded Integral Curvature without Cusps
(ASBC for short) is a pair S = {Q,ep(z)|dz\2}, where Q is an open, smooth and
bounded domain and p = h+ gy —g—, h harmonic and bounded in 2 and g+ defined
as in (1.2), that satisfies the no cusp condition,

(1.3) VzeQ, wi(z) <A4m.

Soif § = {Q, ep(z)|dz\2} is an ASBC, then according to Reshetnyak (see [19] §8),
the total curvature on S, denoted by IC, is the measure of bounded total variation
defined as follows,

Definition 1.2. Let S = {Q,e?®)|dz|?} be an ASBC. The total curvature K(E) of
any Borel set E C () is defined by:

2K(E) :=w(F) = wi(F) —w_(E).
Remark 1. If for some zy € Q we had wy(z9) > 4w, then the lengths and areas of

sets containing zg, defined via the metric g = ep(2)|dz]2, would not be well defined
in general. Any point zy € Q which satisfies wy(z0) > 4w is said to be a cusp.

From now on we will assume that § = {Q, eP(?) |dz|?} is an ASBC. Surfaces with
conical singularities ([5], [22]) are classical examples of this sort, see also Example 1
below. The local regularity of subharmonic metrics has been also recently discussed
in [1], showing among other things that for any p € [1,2), there exists a discrete set
S, such that the metric is, locally far away from &,, of class VVlif with respect to
the intrinsic volume measure. Although our results are related to those in [1], we are
interested in a different problem. Indeed, as far as p € C?(Q), it is well known that
the Gaussian curvature can be defined in 2 by the ”Gauss” equation, K (z) = —%%,
which has a long history in mathematics and has been widely used to analyze the
local geometry of surfaces, see [4, 5, 6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 21]
and references quoted therein.

Our aim is to show that in fact we can write the Gauss equation even in the
very weak ASBC setting. The underlying idea is, starting just from a subharmonic
metric and its total curvature, to come up with a potential v and a ”regular”
Gaussian curvature function K satisfying the Gauss equation in a suitably defined
weak sense. Our argument relies in a crucial way on the regularity theory of solutions
of Liouville-type equations by Brezis and Merle in ([7]).

Here and in the rest of this paper H7, v > 0, denotes the y-dimensional Hausdorff
measure and Sor = {x € Q : wi(z) > 27}, Also LP(Q2), p € [1, +00), denotes the
usual space of measurable functions whose p-th power of the modulus is integrable
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in Q, (where two functions are identified if they agree a.e. in Q) while WkP(Q),
p € [1,+00), denotes the Sobolev space of functions weakly differentiable k& times
in Q, whose derivatives up to the order k are in LP(Q2). Finally L°°(€) denotes
the space of measurable functions bounded almost everywhere (where again two
functions are identified if they agree a.e. in ).

Theorem 1.3. Let S = {Q,e?®)|dz|?} be an ASBC. There ezists q1 > 1 such that
the following holds:

(a) e € L1(Q) for any ¢ < q1 and for any r > 0 small enough there ezists
pr > 2 such that e? € LP"(Q\ B, (S27));

(b) Let K = KePH? 4 ws be the Lebesque decomposition of K w.r.t. ePH? and
let ws = ws — ws,— be the Jordan decomposition of the singular part ws.
Define f = f1 — f—, f+ satisfying (1.2) with wy = 2ws +. Then

el e L1 (),
andu=p— f €LY Q)N VVI})S(Q) for any s € (1,2) is a solution of,
(1.4) —Au = 2K/t in Q,

in the sense of distributions, e!l"l € LY(Q) for any t > 1 and e**/ € LI(Q)
for any q < q1.

Moreover, if p=u+ f for a pair {u, f} as above, then, for any fixed h harmonic
and bounded in Q, the pair {up, fn} := {u — h, f + h} satisfies the same properties
with p = up + fp.

Needless to say, by definition K € L!'(Q;e”H?) and for any Borel set E C ) we
have,

K(E)= | Ke/T +w,(E).
/

Actually it is well known that p — h € W1$(Q) for any s € (1,2) which, together
with Theorem 1.3(a), implies that for any r small enough e?~" € W1(Q\ B,(Sa,))

2pr
for any 1 <t < b}

Remark that it is possible to construct an ASBC where the above decomposition
yields f = 0, Ke* € LY(Q), etl*l € L1(Q) for any ¢t > 1, but  is unbounded and
there is no s > 1 such that K" € L'(Q), see Examples 6 and 7 in section 3.
In particular (see Example 7) it is not true in general that e? € L% (). Better
estimates can be obtained via stronger assumptions on K.

Theorem 1.4. Let S = {Q,e”(z)|dz|2} be an ASBC and let p=u+ f, q1, pr and
K as determined by Theorem 1.3. Assume that

(1.5) K e L?(Q) for some s > n T
q1 —

then w is a strong solution of (1.4), u € W2H(Q) N LX(Q), V1 <t < 2L gnd

loc loc s+q1
o q1 .
e? € L) (). Moreover:

- if K € L™ (), then u € W21 (Q);

loc
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- if ¢ = 00 and (1.5) holds with some s > 1, then u € W25();

loc

- if (1.5) holds and for any r small enough there exists n, > p2rp_7'2 such that

K € L"(E\ B.(S2,)), VE € w, then u € W?F(E\ B,(S2x)), for any

Ny Pr
VE €Q and for any 2 < k < ;b

The proof of Theorems 1.3, 1.4 are discussed in section 2. Several examples are
provided in section 3 relevant to Theorems 1.3, 1.4.

2. THE PROOF OF THEOREMS 1.3 AND 1.4

We first discuss the summability properties of e9+. Remark that the estimates
about the local exponential integrability of e+ are essentially the same as those in
[23], [7], the underlying idea being the following:

Lemma 2.1. ([23], [7]) Let g take the form (1.2) and assume that w, (Q) € (0,4T).

’p
Then 5
/6P9+ S 5 T (d0)207

— 0
Q

where dg, is the diameter of Q and o = uJJr(Q)Q£ € (0,2).
7r

However we provide a detailed proof of the Proposition 2.2 below since our
statement is slightly different from those in [7], [23]. Let g+ be two superhar-
monic functions satisfying the assumptions of Definition 1.1 and let us recall that
Sor ={z € Q : wy(x) > 2n}. Obviously Sa, is finite.

Proposition 2.2.

(j) €79 € L*™(Q) and for any r small enough there exists p, > 2 such that
ed+ € LPr(Q\ B,(S2r))-

(jj) Assume that the no cusp condition (1.3) holds. Then e9+ € L1(Q) for some
qg > 1.

(Gii) In particular let wy = po + p1 be the Lebesgue decomposition of wy w.r.t.
H?, where py denotes the singular part of wy and accordingly define g, =
9+,0+ 9g+1. Then ed+0 € LI(Q) for any ¢ > 1.

Proof. (j) Clearly for z € Q we have
) _(Q
5-) = [ o) > min {5 tog(an). 0}
Q

whence e™9- € L>®(Q).

Concerning g, by definition we can write g1 = g4 0 + g+.1, where g4 o(resp. g4 1)
takes the form (1.2) in Q with w replaced by po(resp. pi1). First of all, since
po € LY(Q), for any ¢ > 1 we can write 19 = foe + Ho,00, Where ltoell i) <
e < %r, Ho,0o € L(R2), and correspondingly define gy 0. and ¢4 000. Clearly
J+,0,00 € L(2) while, by Lemma 2.1, g4 o satisfies [|e9+0<| 14y < C(€, €), which,

in view of g4 0 = g+.0.c + 9+.0,00, Proves (jjj).
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Next let us set Qg = {x € Q : dist(x,9) < d} and observe that, by the inner
regularity of wy, for any fixed ¢ > 1 we can find d; > 0 such that wy(Q4q,) <
wi(q,) < 47”. Assume w.l.o.g. that 4d, < 1, then we have

w4 (2 1 1 1
g+1(x) — ;Er) IOg(ﬁ) <w(x) = 27r/Q log <|:L‘—y|> dwy, Vx € Qaq,.
q 4dq

Assuming w.l.o.g. that wi(2d,;) > 0 and putting o = w;(2dy)5- € (0,2), by the
Jensen inequality and Fubini-Tonelli we can estimate,

/ edw </ dx/ < 1 >a dW+(y)

Qoa, S, Qua, |z —yl) wi(Suaq,)
< / dwi(y) / < 1 )U dx
= Joua, @+ (Qua,) Jay,, \|z =yl

S/ d“”r(y)/ < 1 )gdx
Qua, W+ (Qd,) JBa, @) \ |z =yl

2T

- 2—U(dQ

)2—0'

Therefore e9+1 € L9(fyq,) for any such ¢. Fix any ¢ > 6 and pick any 7 € (0,d,)
small enough such that Q4q, N B,.(S2;) = (0, which of course can always be done
since Sy is a finite set. Next let Q = Q\ {€Q4,U B;(S27)}, which is by construction
compact, and let us fix zg € Q. Since by assumption w4 (zg) < 2, then by outer
regularity there exists p > 2 such that there exists R > 0 depending on zy and
p, such that the ball centered at xg, Bagr := Bar(zo), satisfies Bog € Q \ S2, and
wy(Bagr) < %’. Assume w.l.o.g. that R < 1, then we have,

wi(Q) 1 1/ 4R
— —) < = — _ .
9ea(0) = P ont ) < vy = o [ tog () e, € Batm)

Assuming w.l.o.g. that wy(Bag) > 0 and putting o9 = wy (B2g)4= € (0,2), by the
Jensen inequality and Fubini-Tonelli we can estimate as above

/ ePv < 2m (dQ)inO.
Br(zo) 2-00

Therefore e9+1 € LP(Br(zp)) for some p > 2 and R > 0 depending only by z¢ and
p. N

At this point, since € is compact, we deduce by a covering argument that ef+! €
L (Q), for some ¢, > 2. Thus, by defining p, = min{g,,q}, we have e9t! €
LPr(Q\ B,(S2x)) which completes the proof of (7).

At last (j7) follows by a covering argument as above, where the no cusp condition
(1.3) replaces w (zo) < 27 in the compact set € \ Qaq,. The proof is exactly the
same as above and we omit the details to avoid repetitions. ]
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Next we prove Theorems 1.3, 1.4. Our arguments rely in a crucial way on the
regularity theory of solutions of Liouville-type equations as developed in [7].

The proof of Theorem 1.3. STEP 1. Recall that p = h + g4 — g— where h is har-
monic and bounded in €. Therefore Proposition 2.2-(jj) implies that e” € L% (Q)
for some gy > 1 and consequently it is well defined the Lebesgue decomposition of
KC with respect to e?H?,

(2.1) K=KeH? +w, KelL! (Q;e”?—ﬂ), ws L ePH?,

where w; is a bounded Radon measure. Next observe that, since p € L(Q), then
—Ap = wy —w_ holds in the sense of distributions in 2, whence, by (2.1) and the
definition of I, we see that the following equality,

—Ap =2KeP + 2w,

holds as well in the sense of distributions in 2. Let ws = ws 1 — ws — be the Jordan
decomposition of ws and fi+ be defined by (1.2) with wy = 2w, 1. Then let us set
f=fi—f and

u:=p-—f.
Since u € L'(2) and since —A f = 2w in the sense of distributions, then we deduce
that,

—Au =2Ke/ T 4 2w, + Af = 2Ke/ T,

that is, u satisfies (1.4) in the sense of distributions in .

Obviously 2w satisfies the no cusp condition (1.3) as well. At this point, since
ws is bounded, then we can apply Proposition 2.2 to 2ws, thereby deducing that
ef € L9(Q) for some ¢; > 1, which completes the proof of (b).

STEP 2. We conclude the proof of (a) and (c). Since K € L*(Q;e/*“H?) and
u € L' (Q) is a solution of (1.4) in the sense of distributions, then by Remark 2
in [7] we have eIl € Ll (Q) for any ¢t > 1. Therefore by the Holder inequality
e? = efev € L*, for any s < ¢;. This fact shows a posteriori that in fact gy in STEP
1 could be any ¢ < q;.
Next, let 21 € Q be any open, smooth and relatively compact subset. Set us =
u — up, where uy is the unique weak solution (in the sense of Stampacchia [20]) of
the Dirichlet problem,
—Au; = 2Keftv  in Q,
{ uy = 0 on Ql.
By the Weyl Lemma us coincides a.e. with an harmonic function in €2, and since
it is well known (]20]) that u; € W&’S(Ql) for any s € (1,2), then we deduce that
u e WE5(Q). In view of STEP 1, these facts prove (c).

loc

Finally, it is obvious that the representation p = u + f with all the properties
established above still holds for {up, fi,} where h is any harmonic and bounded
function in 2. O

Next we prove Theorem 1.4.
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The proof of Theorem 1.4. We assume first that K € L*(Q), for some s > qlq—il.

Recall that ef € L9(Q). Then by the Hélder inequality we have Kel/ € L(9),

Vi<t< sff;l. On the other hand, since by Theorem 1.3(b) we have e € L ()
t

for any p > 1, then, for fixed 1 < ¢t < s‘fﬂél, in particular we have e € Lfo? (Q)

and then we can apply Remark 5 in [7] which yields u € L. (€2). So we find

Keltv e Lt (Q) for any 1 < t < +fo and by standard elliptic estimates we
Sq1

conclude that u € I/VliCt(Q) for any 1 <t < rrw and in particular that u is a strong

solution of (1.4). Therefore, in particular if K € LS (Q) then Ke/™* € L¥ ()

and u € Wflicql(Q) by standard elliptic theory. On the other side, it is readily seen
by the same argument that u € L;< (£2) whenever ¢; = 400 and s > 1. Therefore,

in this case, Ke/t* € L3 (Q) and u € W;2%(Q) by standard elliptic theory.
At last, recall that p, is given by (a) in Theorem 1.3 and assume that for any r
small enough there exists n, > pQij 5 such that K € L (E\ B;(S2,)) for any E € ).

Since ;P > 2 then Kelt € L¥(E\ B, (S2:)), V2 < k < 7te-. As a consequence,

by standard elliptic estimates, we conclude also that u € W2*(E\ B,(Sa,)) for any
E e 0

3. EXAMPLES

We discuss some examples relevant to Theorems 1.3, 1.4. Recall that an ASBC
is said to have a conical singularity at point p if in local subharmonic coordinates
(2,9) around p, such that z(p) = 0, the metric takes the form,

1z]2@e¥|dz)?, 2z € Q\ {0},

for some 0 # o € (—1,4+00) (o is said to be the order of the conical singularity) and
some u € C°(Q)NC%(Q\ {0}). The well known geometric interpretation is that the
surface admits a tangent cone at p whose opening angle is 2 arcsin(1 + «).

Example 1. We illustrate Theorems 1.3, 1.4 for a metric with constant Gaussian
curvature and one conical singularity. Let us consider the ASBC {Bi,e”|dz|*}
where p satisfies (1.1)-(1.2) with h = log(1 — a)?, w_ = 0 and
A(1 — o)

=2V, H? + dArad,—g, Vo= :
W4 + 4T ,—0 (1+’z‘2(1_a))2

ac (0,1).

Clearly
wy = 2K = 2KePH? + 2w,, 2ws = 4mad,—o,
where K = Voe™# € LY(By,ePH?). Therefore, setting f = f as in (1.2) with
wi = 2w, and ug = p — f we have e/ = |2[72* € LI(B) for any ¢ < 1, and
(3.1) —Aug = 2Kef = 2K el T = K| 2| 2% in By,

in the sense of distributions. On the other side, since by definition u, = log(1 —
@)? + [ I'(z,y)2Va(y)dy, we have that u, is radial and continuous in By. Thus

By
41—a)?

_ 200, —Uq __
(32) K= VCY’Z‘ € - (1 + ‘Z|2(1—a))2 € ’
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and K is radial and positive in B; and in particular constant on B;. Since —Au, =
2V, in By, then by a straightforward evaluation we find Alog(K) = 0 in By, whence
K is constant in By. Therefore, since

ua(0) = log (1~ o) = - [ log (u)2Va(ul)dy = log 4(1 - a)®,

By

we deduce from (3.2) that K = K(0) = 1 which yields at once the explicit expression
of uq, €' = V,|z[**. Clearly uq € W24(By) for any ¢ < L.

It is readily seen that, modulo minor changes, the same construction works for
any a < 0 as well, yielding the classical example of a conical singularity where the
surface (of constant Gaussian curvature) ”winds” around the singular point more
than once.

Example 2. We provide an example of an ASBC where the decomposition of
Theorems 1.3, 1.4 yields the same equation of Example 1 (see (3.1)) but without a
conical singularity. Of course in this case K is not constant.

Let us consider the ASBC {Bi,e”|dz|*} where p satisfies (1.1)-(1.2) with h =

log(1 — a)?, w_ =0 and

(1 —ap?s] 2
(L)

wy =2V, 12, Vo= a € (0,1).

Clearly
wy = 2K = 2KePH?,
where K =V, e ? € Ll(Bl, ep’HQ). In this case we just set uq = p and then we have
—Auy, = 2KeP = 2Ke" in Bj,
in the sense of distributions. As above, since u,, is radial and continuous, then
4(1 — a)?|z| 2

(3.3) K=Voe "o = 1+ ‘z‘2(1—a))2e i

is radial and constant on dB;. In particular |z|>**K is radial, positive in B
and constant on dB;. Therefore, since —Au, = 2V, in Bj, then as above we
find Alog(|z|?**K) = 0 in Bj, whence |z|>**K is constant in B; and since once
more we have u,(0) = log4(1 — a)?, then we deduce from (3.3) that [2|**K =
|2'|2°“K(z:)}zz0 = 1 which yields at once K(z) = |2|72%. Clearly we have that
e = Vy|2**, uq € W23(By) for any s < 2 in this case as well, but this time K is

just in L*(By), for any s < é
Remark. We see from Examples 1 and 2 that the ” Gauss” equation
—Au = |z| 72"

need not be associated to a conical singularity. In Example 1 the metric has a
conical singularity (i.e. |z|72% is part of the conformal factor e” ) and K is constant
while in Example 2 the singular part of w (whence of p) vanishes and K = |z|~2%.
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Example 3. We provide an example relevant to Theorems 1.3, 1.4, showing a
possible mechanism to trigger the dependence of the exponent p, by r. Let us
consider the ASBC {Bj,e”|dz|*} where p satisfies (1.1)-(1.2) with h =0, w_ =0
and

+00 1 +oco 1
wy = 2VH? + dmagd.—o + 4n Z Wndz=zn, V= BER H |z — zp|20n°
n=1 n

n=1
where ap = 1, o, € (0, 1) is any sequence such that o := 3"y, < 3, and |2,| is any
n
strictly decreasing sequence such that % < |zn| = 0, as n — +oo. Clearly

+oo
wy = 2K = 2KePH? + 2w,, 2w, = 4magda—o + 4T Y oz,
n=1
where K = Ve ™ € LY(By,ePH?). Putting f = f4 as in (1.2) with w = 2wy and
u=p— f we have ef =V and

K=Ve ?=Ve I74 =%
Therefore we have,
—Au =2Ke? = 2Kel T in By

in the sense of distributions. Since ap = 5 then w({0}) = 27 but for any r € (0, 1)

we have w(B,) > 27. On the other side it is not difficult to see that e/ = V € LI(B)

for any ¢ < 2 and that for any 0 < r < %, V € LPr(B;\ B,) for some p, > 2 and then,

since u = [ T'(z,y)2V (y)dy, by standard elliptic estimates we have u € W29(By)
B1

for any ¢ < 2 and u € W?Pr(B; \ B,.) for any 0 < r < % We deduce in particular
by the Sobolev embedding that v € L°°(B;) and then we have that

e S K(2) <et,ex = fuzlloo

This ASBC has a sequence of conical singularities converging to the origin of orders
. As a consequence u is not of class C?(Bj \ {0}) and in particular the origin
cannot be said to be a conical singularity, although it looks like a conical singularity
of order «y.

Example 4. Similar to Example 3, we provide an ASBC relevant to Theorems
1.3,1.4, still with a non trivial dependence of the exponent p, by r, but without
conical singularities.
Let us consider the ASBC {Bj,e”|dz|*} where p satisfies (1.1)-(1.2) with h = 0,
w— =0 and

1 =1

_ 2 _
we =2WHE, V= oo 1T P
n=1
where ag = %, ayp € (0,1) is any sequence such that a 1= )" ay, < %, and |z,| is any
n
strictly decreasing sequence such that % < |zn| = 0, as n — +oo. Clearly

wy = 2K = 2KePH?,



422 DANIELE BARTOLUCCI

where K = Ve " € LY(By, e’H?). Putting u = p we have K = Ve ” = Ve~ and
—Au=2Ke’ =2Ke" in By

in the sense of distributions. Since ap =  then w({0}) = 27 but for any r € (0, 1)

we have w(B;) > 27. On the other side it is not difficult to see that V' € LY(B;) for

any ¢ < 2 and that for any 0 < r < %, V € LPr(B; \ B,) for some p, > 2 and then,

since u = [ T'(z,y)2V (y)dy, by standard elliptic estimates we have u € W24(By)
By

for any ¢ < 2 and u € W?Pr(By \ B,) for any 0 < r < 1. We deduce in particular

by the Sobolev embedding that u € L*(B;) and then we have that

e T V(z) S K(2) <e™V(2),  cx = [luzoo,

so that this time there are no conical singularities, while K has the same regularity
properties as V' does.

Remark. The same arguments of Examples 1 and 2 with minor changes can be used
to produce examples of an ASBC with or without conical singularities and negative
Gaussian curvature, which is done essentially by setting w, = 0 and w_ = 2W,H?>
where

4(1 — a)?|z| 2 1
(1 o |Z|2(1ia))2’ |Z| < 5? « G (07 1)

Analogously, slight changes to Examples 3 and 4 yield an ASBC with the same sort
of singularities and negative Gaussian curvature.

Wo =

Example 5. We provide an example of an ASBC where the Gaussian curvature is
in L>(Q) with a jump discontinuity along a circle. Let us set Q@ = {3 < |z| < 2}
and consider the ASBC {€, e”|dz|?} where p satisfies (1.1)-(1.2) with w_ = 0,
wy = QwQHQ, where a = (a1, a2) and for fixed 0 < ag < a3 < 1 we define,

n() = A
YT (g | pmen)

3 <l <1,

4(1 — 2| | —2a2
wale) = LT Q2T oy
(1+ [=[201-0)

Clearly
wy = 2K = 2KePH?,
where K = wye™” € LY(Q,e?H?). Let us set

4(1 — 2| 5| —2a1
10g ( 041) ‘Z’ = % < |Z| < 1’
(1 + [z[2(1=e))

u(z) =

41— ay)?| 2
"\ [0’

), 1<zl <2.

which is radial, of class C' in Q and is a solution of —Au = 2w, in {2 in the sense
of distributions. Remark that, by standard elliptic theory, since w, € L*°(€2), then
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pis C'in Q. By the Weyl lemma h = p — u is harmonic in ). In particular h is
continuous in € and

(3.4) —Au =2Ke” = 2Kele" in Q,
in the sense of distributions. At this point, since p is radial, by setting c¢; =
p(2) ||;j=1, we have that
K =wq.e™?,

is radial, continuous in § < [z| < 1 and in 1 < |z| < 2 and satisfies

lim K(2) = (1 —ag)?e™, lim K(z) = (1—ap)?e .

r—1- r—1+t
In other words K has a jump discontinuity at the circle |z| = 1 while, by standard
elliptic theory, u € W2P() is a strong solution of (3.4).

Example 6. We use Example 1 in [7] to construct an ASBC {By,e”|dz|*} such
that {u, f, K,ws} = {u4,0,K,0} as obtained in Theorem 1.3 have the following
properties:

-ef € L®(By);

- K € LY(By) but there is no s > 1 such that K € L*(By);

- u is not locally bounded;

- u has all the properties claimed in Theorem 1.3.

Let p satisfy (1.1)-(1.2) with wy =0,

-2
=2V, M2, V-—|42<ng|)> , a€(0,1),

1 _
—— [Hewo ), He) - log( yD e BLyc By
B

Since H(z,y) is the regular part of the Green’s function on Bj, and since V is
bounded far away from the origin, then h is harmonic and bounded in B;. Clearly
V. € L' (By) and
w=2K = 2KePH?,
where K = —V,e™” ¢ Ll(Bl, epHQ). Therefore, setting u, = p we have
—Au, = 2Kef = 2Ke" in By,
in the sense of distributions. Actually, since for z € 9B; we have I'(z,y) + H(z,y) =

0, Yy € By, and since V, is bounded far away from the origin, then u,(z) = 0 for
z € 0B;. Therefore u, is the unique (radial) function that satisfies Au, = 2V, in

B1, ug = 0 on 0By, which is u, = —alog (log (ﬁ)), z € B1\{0}. As a consequence

we have
a —(2—a)
K(z) :—§|Z|72 <log<| |>> ,

and we see that K € L1(By), e € L*(B;) and ug(z) — —o00 as z — 0. On the
other side there is no s > 1 such that K € L*(By), so there is no chance that K
satisfies the assumption (1.5) of Theorem 1.4. On the other side, it is easy to check
that u, has all the properties claimed in Theorem 1.3.
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Example 7. We use again Example 1 in [7] to construct an ASBC {B,e”|dz|*}
such that {u, f, K, ws} = {u4, 0, K,0} as obtained in Theorem 1.3 have the following
properties:

-ef ¢ L>®(By), e € L1(By), for any q > 1;

- K € LY(ePH?, B1) N L' (By) but there is no s > 1 such that K € L*(B);

- u is not locally bounded;

- u has all the properties claimed in Theorem 1.3.

Let p satisfy (1.1)-(1.2) with w_ =0,

-2
wy =2V, H?, V= %]2\72 (log (|ze|)> , a>0,

and

0 = [ Hedon ), He) = 5o 1
By

z S
W— ’), ZeBl7y€Bl.

Since H(z,y) is the regular part of the Green’s function on Bj, and since Vj is
bounded far away from the origin, then h is harmonic and bounded in Bj.
Clearly V, € L'(B;) and

w = 2K = 2K ePH?,
where K = V,e™? € LY(By, ePH?). Therefore, setting u, = p we have
—Au, = 2KeP = 2Ke" in By,

in the sense of distributions. Actually, since for z € 9B; we have I'(z,y) + H(z,y) =
0, Vy € Bj, and since V, is bounded far away from the origin, then wu,(z) = 0 for
z € 0Bjy. Therefore u, is the unique (radial) function that satisfies —Au, = 2V, in

By, uq = 0 on 0B, which is u, = alog (log (ﬁ)), z € B1\ {0}. Thus we also have

K(2) = 1l (1og (;))(M) ,

and we see that K € LY(By), e¥ € LI(By) for any ¢ > 1 and ug(z) — +oo as
z — 0. However, as in Example 2, there is no s > 1 such that K € L*(B) while it
is easy to check that u, has all the properties claimed in Theorem 1.3. Remark that,
with the notations of Theorem 1.3, since f = 0 we have ¢; = oo but in particular it
is not true that e” = et/ € LU (By).
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