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Here Bn(0;R) denotes the ball in Rn, n ∈ N, n ⩾ 2, centered at the origin of
radius R ∈ (0,∞), the iterated logarithms lnk( · ), k ∈ N, are given by

(1.2) ln1( · ) = ln( · ), lnk+1( · ) = ln
(
lnk( · )

)
, k ∈ N,

and the iterated exponentials ej , j ∈ N0, are introduced via

(1.3) e0 = 0, ej+1 = eej , j ∈ N0.

Similarly, one has the following result.

Corollary 1.2. Let Ω ⊆ Rn be bounded, n ∈ N, n ⩾ 2, and assume that x0 ∈ Ω,
α ∈ (−∞, n− 2), N ∈ N, and Γ ∈ [eN diam(Ω),∞). Then, for all f ∈ C∞

0 (Ω), one
infers thatˆ

Ω
dnx |x− x0|−α|(∇f)(x)|2 ⩾ 4−1(n− 2− α)2

ˆ
Ω
dnx |x− x0|−α−2|f(x)|2

+ 4−1

ˆ
Ω
dnx |x− x0|−α−2

(
N∑
k=1

k∏
p=1

[lnp(γ/|x− x0|)]−2

)
|f(x)|2,

(1.4)

with optimal constants on the right-hand side of (1.4).

Regarding (1.1), we note that the special unweighted case α = 0 appeared in
[32]. For additional references discussing logarithmic refinements, see, for instance,
[2], [3], [4], [6], [9], [10], [18], [19], [23], [26], [27], [28], [31], [34], [36], [37], [38],
[39, Chs. 2, 4], [40], [43], [45], [46], [50], [52], [53], [64], [65], [67], [68], [69], and the
extensive literature cited therein. Some of these references treat the power weighted
case α ̸= 0, and some handle the inequalities in the Lp-context.

Given the power-weighted Hardy-type case with (repeated) logarithmic refine-
ments as a warmup, our principal new result on Rellich-type inequalities then reads
as follows:

Theorem 1.3. Let R ∈ (0,∞), α ∈ R, N ∈ N and γ ∈ [eNR,∞). Then, for all
f ∈ C∞

0 (Bn(0;R)\{0}), n ∈ N, n ⩾ 2, one hasˆ
Bn(0;R)

dnx |x|−α|(−∆f)(x)|2 ⩾ βn,α

ˆ
Bn(0;R)

dnx |x|−α−4|f(x)|2

+
{[
(n+ α)2 + (n− α− 4)2

]/
16
}

×
ˆ
Bn(0;R)

dnx |x|−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/|x|)]−2

)
|f(x)|2,

(1.5)

where

(1.6) βn,α = min
j∈N0

{∣∣4−1
[
(n− 2)2 − (α+ 2)2

]
+ j(j + n− 2)

∣∣2}.
Theorem 1.3 implies the following result:

Corollary 1.4. Let Ω ⊆ Rn be bounded, n ∈ N, n ⩾ 2, and assume that x0 ∈ Ω,
α ∈ (−∞, n− 4), N ∈ N, and Γ ∈ [eN diam(Ω),∞). Then, for all f ∈ C∞

0 (Ω), one
infers that ˆ

Ω
dnx |x− x0|−α|(−∆f)(x)|2(1.7)
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⩾ βn,α

ˆ
Ω
dnx |x− x0|−α−4|f(x)|2

+
{[
(n+ α)2 + (n− α− 4)2

]/
16
}

×
ˆ
Ω
dnx |x− x0|−α−4

(
N∑
k=1

k∏
p=1

[lnp(Γ/|x− x0|)]−2

)
|f(x)|2.

Caldiroli and Musina [22, Theorem 3.1 and p. 151], considering the case without
logarithmic refinements, proved that the constant βn,α in (1.6) and (1.7) is optimal
(see also [38], [39, Theorems 6.3.6, 6.5.2] in connection with inequality (1.7)).

For a variety of results in the context of Rellich-type inequalities with (repeated)
logarithmic refinements, we refer, for instance, to [5], [7], [16], [17], [20], [38], [39,
Chs. 6, 7], [53], [69], and the references cited therein. Once more, some of these
references treat the power weighted case α ̸= 0, and some handle the inequalities in
the Lp-context.

We note that the vast majority of these references, in both the Hardy and the
Rellich context, do not discuss repeated logarithmic refinements and power weights
simultaneously. The only notable exceptions known to us (in the multi-dimensional
context) are Michael [50] in the Hardy context, and Barbatis [17], Ghoussoub and
Moradifam [38], [39, Chs. 4, 6, 7] (see also Moradifam[53]), and Tertikas and Zo-
graphopoulos [69] (but we note that [17] and [69] employ a slightly different set of
logarithmic terms), who all also discuss an infinite sequence of higher-order Hardy
and Rellich-type inequalities. We will add some additional comments in the Rellich
context in Remark 3.7.

Due to the enormity of the literature on (power weighted) Hardy and Rellich type
inequalities without logarithmic refinements, we cannot possibly recall the pertinent
literature here and just refer to a few selected references and some monographs in
this context, such as, [8], [12], [13], [14], [15, Chs. 1, 3, 6], [22], [25], [29], [30], [33],
[42], [44, Ch. 6], [47, Sects. 1.3, 2.7], [48], [49], [51], [56], [57], [58, Ch. 2, Sect. 21],
[59], [60], [61, Sect. II.7], [62, Sects. 2.1.5, 2.3.1, 3.1, 3.3], [63], [66], [70], and the
references cited therein.

Section 2 collects preliminaries on L2-realizations of the Laplace and Laplace–
Beltrami differential expressions and lists some elementary facts to be used in our
principal Section 3 on power weighted Rellich-type inequalities with repeated log-
arithmic refinements. Appendix A introduces basic formulas regarding spherical
coordinates and the Laplace–Beltrami differential expression. The proof of Lemma
2.1 is presented in Appendix B.

We conclude this section by pointing out some of the notation employed in this
paper: We abbreviate N0 = N∪{0}, denote by Bn(x0, r0) the open ball centered at
x0 ∈ Rn, of radius r0 ∈ (0,∞), and denote by Sn−1 the unit sphere in Rn, n ∈ N,
n ⩾ 2. Additional notation is presented in Appendix A.

2. Preliminaries

Let Sn−1 denote the (n − 1)-dimensional unit sphere in Rn, n ∈ N, n ⩾ 2, with
dn−1ω the usual volume measure on Sn−1. Given the Laplace–Beltrami differen-
tial expression −∆Sn−1 in Appendix A, we abbreviate the associated nonnegative
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Laplace–Beltrami operator1 in L2(Sn−1; dn−1ω), that is, the Friedrichs extension
of −∆Sn−1 |C∞

0 (Sn−1), by the symbol −∆Sn−1,F . We refer to Appendix A for more
details and notational conventions in connection with spherical coordinates.

Let

λj = j(j + n− 2), j ∈ N0,(2.1)

be the eigenvalues of −∆Sn−1,F of multiplicity

(2.2) m(λj) =
2j + n− 2

j + n− 2

(
j + n− 2

n− 2

)
, j ∈ N0,

with corresponding eigenfunctions φj,ℓ, ℓ ∈ {1, . . . ,m(λj)}, j ∈ N0. In particular,
{φj,ℓ}ℓ∈{1,...,m(λj)},j∈N0

represents an orthonormal basis of L2(Sn−1; dn−1ω). Let

Ff,j,ℓ(r) = (φj,ℓ, f(r, ·))L2(Sn−1,dn−1ω) =

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)f(r, θ),

f ∈ C∞
0 (Rn\{0}), r > 0, ℓ ∈ {1, . . . ,m(λj)}, j ∈ N0.

(2.3)

We start with the following result:

Lemma 2.1. Let f ∈ C∞
0 (Rn\{0}), then the following items (i)–(iv) hold:

(i) Ff,j,ℓ ∈ C∞
0 ((0,∞)) for all ℓ ∈ {1, . . . ,m(λj)}, j ∈ N0.

(ii) Let TSn−1,F ⩾ 0 be the Friedrichs extension in L2(Rn; dnx) of the symmetric
operator defined on C∞

0 (Rn\{0}) by

(TSn−1,F g)(x) =
(
−∆Sn−1g(r, ·)

)
(θ), g ∈ C∞

0 (Rn\{0}),
x = rω ∈ Rn\{0}, ω ∈ Sn−1.

(2.4)

Then, for any k ∈ N0,

T k
Sn−1,F f =

∑
j∈N0

m(λj)∑
ℓ=1

λk
jFf,j,ℓφj,ℓ in L2(Rn; dnx).(2.5)

(iii) Let m ∈ N and k ∈ N0. Let p1, . . . , pm ∈ C∞((0,∞)). Then, for all ℓ ∈
{1, . . . ,m(λj)}, j ∈ N0, one has

Fp1
∂
∂r

p2
∂
∂r

···pm−1
∂
∂r

pmTk
Sn−1,F

f,j,ℓ =

(
p1

∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmFf,j,ℓ(r)

)
λk
j .(2.6)

(iv) One has, in the sense of L2(Rn; dnx),

(−∆f)(x)(2.7)

=
∑
j∈N0

m(λj)∑
ℓ=1

[
− r1−n ∂

∂r

(
rn−1 ∂

∂r

(
Ff,j,ℓ(r)

))
+ λjr

−2Ff,j,ℓ(r)

]
φj,ℓ(θ),

x = (r, θ) ∈ Rn\{0}.

1We will call −∆ the Laplacian to guarantee nonnegativity of the underlying L2(Rn; dnx)-
realization and analogously for the L2(Sn−1; dn−1ω)-realization of the Laplace–Beltrami operator
−∆Sn−1 .



EXTENDED POWER WEIGHTED RELLICH-TYPE INEQUALITIES 73

The proof of Lemma 2.1 is deferred to Appendix B.
We continue with some elementary facts and for the remainder of this paper let

R ∈ (0,∞) be fixed.

Lemma 2.2. For all α ∈ R, f ∈ C∞
0 ((0, R)), f real-valued, one verifies that items

(i)–(iii) hold:

(i)

ˆ R

0
dr r−α+n−3f ′′(r)f(r)

=
1

2
(−α+ n− 3)(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2

−
ˆ R

0
dr r−α+n−3[f ′(r)]2.

(2.8)

(ii)

(2.9)

ˆ R

0
dr r−α+n−2f ′′(r)f ′(r) = −1

2
(−α+ n− 2)

ˆ R

0
dr r−α+n−3[f ′(r)]2.

(iii)

(2.10)

ˆ R

0
dr r−α+n−4f ′(r)f(r) = −1

2
(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2.

Proof. (i) One verifies that

ˆ R

0
dr r−α+n−3f ′′(r)f(r) = −

ˆ R

0
dr f ′(r)

(
r−α+n−3f(r)

)′
= −
ˆ R

0
dr f ′(r)

{
(−α+ n− 3)r−α+n−4f(r) + r−α+n−3f ′(r)

}
= −
ˆ R

0
dr

{
1

2
(−α+ n− 3)r−α+n−4

[
f(r)2

]′
+ r−α+n−3[f ′(r)]2

}
=

1

2
(−α+ n− 3)(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2

−
ˆ R

0
dr r−α+n−3[f ′(r)]2.

(2.11)

(ii) One computes,

ˆ R

0
dr r−α+n−2f ′′(r)f ′(r) =

1

2

ˆ R

0
dr r−α+n−2 d

dr

[(
f ′(r)

)2]
= −1

2
(−α+ n− 2)

ˆ R

0
dr r−α+n−3[f ′(r)]2.

(2.12)
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(iii) One obtains,
ˆ R

0
dr r−α+n−4f ′(r)f(r) =

1

2

ˆ R

0
dr r−α+n−4 d

dr

(
f(r)2

)
= −1

2
(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2.

(2.13)

□

Lemma 2.3. For all α ∈ R, f ∈ C∞
0 ((0, R)), f real-valued, and λ ∈ [0,∞), one

infers that
ˆ R

0
rn−1dr r−α

[
− r1−n d

dr

(
rn−1 d

dr

(
f(r)

))
+ λr−2f(r)

]2
=

ˆ R

0
dr r−α+n−1[f ′′(r)]2

+ [2λ+ (n− 1)(α+ 1)]

ˆ R

0
dr r−α+n−3[f ′(r)]2

+ λ[λ+ (−α+ n− 4)(α+ 2)]

ˆ R

0
dr r−α+n−5f(r)2.(2.14)

Proof. One observes that
ˆ R

0
rn−1dr r−α

[
− r1−n d

dr

(
rn−1 d

dr

(
f(r)

))
+ λr−2f(r)

]2
(2.15)

=

ˆ R

0
rn−1dr r−α

[
− f ′′(r)− (n− 1)r−1f ′(r) + λr−2f(r)

]2
=

ˆ R

0
dr r−α+n−1

{
[f ′′(r)]2 + 2(n− 1)r−1f ′′(r)f ′(r)− 2λr−2f ′′(r)f(r)

+ (n− 1)2r−2[f ′(r)]2 − 2λ(n− 1)r−3f ′(r)f(r) + λ2r−4f(r)2
}

=

ˆ R

0
dr r−α+n−1[f ′′(r)]2 + 2(n− 1)

ˆ R

0
dr r−α+n−2f ′′(r)f ′(r)

− 2λ

ˆ R

0
dr r−α+n−3f ′′(r)f(r) + (n− 1)2

ˆ R

0
dr r−α+n−3[f ′(r)]2

− 2λ(n− 1)

ˆ R

0
dr r−α+n−4f ′(r)f(r) + λ2

ˆ R

0
dr r−α+n−5f(r)2.

Applying Lemma 2.2 (i)–(iii) to the integrals in (2.15), one obtains
ˆ R

0
rn−1dr r−α

[
− r1−n d

dr

(
rn−1 d

dr

(
f(r)

))
+ λr−2f(r)

]2
(2.16)

=

ˆ R

0
dr r−α+n−1[f ′′(r)]2 − (n− 1)(−α+ n− 2)

ˆ R

0
dr r−α+n−3[f ′(r)]2

− λ(−α+ n− 3)(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2



EXTENDED POWER WEIGHTED RELLICH-TYPE INEQUALITIES 75

+ 2λ

ˆ R

0
dr r−α+n−3[f ′(r)]2 + (n− 1)2

ˆ R

0
dr r−α+n−3[f ′(r)]2

+ λ(n− 1)(−α+ n− 4)

ˆ R

0
dr r−α+n−5f(r)2

+ λ2

ˆ R

0
dr r−α+n−5f(r)2

=

ˆ R

0
dr r−α+n−1[f ′′(r)]2

+
[
2λ− (n− 1)(−α+ n− 2) + (n− 1)2

] ˆ R

0
dr r−α+n−3[f ′(r)]2

+
[
λ2 + λ(n− 1)(−α+ n− 4)− λ(−α+ n− 3)(−α+ n− 4)

]
×
ˆ R

0
dr r−α+n−5f(r)2

=

ˆ R

0
dr r−α+n−1[f ′′(r)]2

+ [2λ+ (n− 1)(α+ 1)]

ˆ R

0
dr r−α+n−3[f ′(r)]2

+
[
λ2 + λ(−α+ n− 4)(α+ 2)

] ˆ R

0
dr r−α+n−5f(r)2.

□

3. The Principal Result

Definition 3.1. For k ∈ N we introduce the iterated logarithms lnk( · ) by

(3.1) ln1( · ) = ln( · ), lnk+1( · ) = ln
(
lnk( · )

)
, k ∈ N.

Similarly, for j ∈ N0, we define the iterated exponentials ej by

(3.2) e0 = 0, ej+1 = eej , j ∈ N0.

Lemma 3.2 ([35], Theorem 3.1 (iii)). Let ν ∈ R, N ∈ N. If γ ∈ [eNR,∞), then,
for all f ∈ C∞

0 ((0, R)), one obtains the following items (i) and (ii):

(i)
ˆ R

0
dr rν

∣∣f ′′(r)
∣∣2 ⩾ A(2, ν)

ˆ R

0
dr rν−4|f(r)|2(3.3)

+B(2, ν)

ˆ R

0
dr rν−4

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2,

where

A(2, ν) = (ν − 1)2(ν − 3)2
/
16 = (ν2 − 4ν + 3)2

/
16,(3.4)

B(2, ν) =
[
(ν − 1)2 + (ν − 3)2

]/
16 =

(
ν2 − 4ν + 5

)/
8.(3.5)
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(ii)

ˆ R

0
dr rν

∣∣f ′(r)
∣∣2 ⩾ 1

4
(ν − 1)2

ˆ R

0
dr rν−2|f(r)|2(3.6)

+
1

4

ˆ R

0
dr rν−2

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2.

Corollary 3.3. Let α ∈ R, N ∈ N. If γ ∈ [eNR,∞), then, for all f ∈ C∞
0 ((0, R)),

one infers the following items (i) and (ii):

(i)

ˆ R

0
dr r−α+n−1

∣∣f ′′(r)
∣∣2

⩾
[
(2 + α− n)2(4 + α− n)2

/
16
] ˆ R

0
dr r−α+n−5|f(r)|2

+
{[

(2 + α− n)2 + (4 + α− n)2
]/
16
}

×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2.(3.7)

(ii)

ˆ R

0
dr r−α+n−3

∣∣f ′(r)
∣∣2dr ⩾ 1

4
(4 + α− n)2

ˆ R

0
dr r−α+n−5|f(r)|2

+
1

4

ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2.(3.8)

Proof. Corollary 3.3 follows from Lemma 3.2 by replacing ν by −α+ n− 1 and by
−α+ n− 3. □

Lemma 3.4. Let α ∈ R, N ∈ N, and λ ∈ [0,∞). If γ ∈ [eNR,∞), then, for all
f ∈ C∞

0 ((0, R)), one concludes that

ˆ R

0
rn−1dr r−α

∣∣∣∣− r1−n d

dr

(
rn−1 d

dr

(
f(r)

))
+ λr−2f(r)

∣∣∣∣2
⩾ (γn,α + λ)2

ˆ R

0
dr r−α+n−5|f(r)|2

+
{{[

(n+ α)2 + (n− α− 4)2
]/
16
}
+ (λ/2)

}
×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2,(3.9)

where

γn,α =
[
(n− 2)2 − (α+ 2)2

]/
4.(3.10)
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Proof. From Lemma 2.3 and Corollary 3.3 one infers thatˆ R

0
rn−1dr r−α

∣∣∣∣− r1−n d

dr

(
rn−1 d

dr

(
f(r)

))
+ λr−2f(r)

∣∣∣∣2(3.11)

⩾
{[
(2 + α− n)2(4 + α− n)2

]/
16
} ˆ R

0
dr r−α+n−5|f(r)|2

+
{[
(2 + α− n)2 + (4 + α− n)2

]/
16
}

×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2

+ [2λ+ (n− 1)(α+ 1)]

{
1

4
(4 + α− n)2

ˆ R

0
dr r−α+n−5|f(r)|2

+
1

4

ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2

}

+
[
λ2 + λ(−α+ n− 4)(α+ 2)

] ˆ R

0
dr r−α+n−5|f(r)|2

=
{
16−1(2 + α− n)2(4 + α− n)2

+ 4−1[2λ+ (n− 1)(α+ 1)](4 + α− n)2

+ λ2 + λ(−α+ n− 4)(α+ 2)
} ˆ R

0
dr r−α+n−5|f(r)|2

+
{
16−1

[
(2 + α− n)2 + (4 + α− n)2

]
+ 4−1[2λ+ (n− 1)(α+ 1)]

}
×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2

=
{
16−1

[
16α2 + 32nα+ 16n2 + 8α3 + 8nα2 − 8n2α− 8n3 + α4

− 2n2α2 + n4
]
+ λ

[
2−1(4 + α− n)2 + (−α+ n− 4)(α+ 2)

]
+ λ2

}
×
ˆ R

0
dr r−α+n−5|f(r)|2 +

(
1 + 1

2α− 1
2n+ 1

8α
2 + 1

8n
2 + 1

2λ
)

×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2

=
[
γ2n,α + 2λγn,α + λ2

] ˆ R

0
dr r−α+n−5|f(r)|2

+
{
16−1

[
(n+ α)2 + (n− α− 4)2

]
+ (λ/2)

}
×
ˆ R

0
dr r−α+n−5

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|f(r)|2.

□
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Given these preparations, we are in a position to state our principal new result:

Theorem 3.5. Let R ∈ (0,∞), α ∈ R, N ∈ N and γ ∈ [eNR,∞). Then, for all
f ∈ C∞

0 (Bn(0;R)\{0}), n ∈ N, n ⩾ 2, one has
ˆ
Bn(0;R)

dnx |x|−α|(−∆f)(x)|2 ⩾ βn,α

ˆ
Bn(0;R)

dnx |x|−α−4|f(x)|2

+
{[
(n+ α)2 + (n− α− 4)2

]/
16
}

×
ˆ
Bn(0;R)

dnx |x|−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/|x|)]−2

)
|f(x)|2,

(3.12)

where

(3.13) βn,α = min
j∈N0

{∣∣4−1
[
(n− 2)2 − (α+ 2)2

]
+ j(j + n− 2)

∣∣2},
Proof. Without loss of generality, we may assume that f is real-valued. Since f ∈
C∞
0 (Rn\{0}), Lemma 2.1 (iv) implies that

|x|−α/2(−∆f)(x) =
∑
j∈N0

m(λj)∑
ℓ=1

|x|−α/2

[
− r1−n ∂

∂r

(
rn−1 ∂

∂r

(
Ff,j,ℓ(r)

))

+ λjr
−2Ff,j,ℓ(r)

]
φj,ℓ(θ)(3.14)

in L2(Rn; dnx). Thus, applying Lemma 3.4, one infers that

ˆ
Bn(0;R)

dnx |x|−α|(−∆f)(x)|2 =
ˆ R

0
rn−1dr

ˆ
Sn−1

dn−1ω(θ)
∑
j∈N0

m(λj)∑
ℓ=1

r−α

×
∣∣∣∣− r1−n ∂

∂r

(
rn−1 ∂

∂r
(Ff,j,ℓ(r))

)
+ λjr

−2Ff,j,ℓ(r)

∣∣∣∣2|φj,ℓ(θ)|2

=
∑
j∈N0

m(λj)∑
ℓ=1

ˆ R

0
rn−1dr r−α

∣∣∣∣− r1−n ∂

∂r

(
rn−1 ∂

∂r
(Ff,j,ℓ(r))

)

+ λjr
−2Ff,j,ℓ(r)

∣∣∣∣2
⩾
∑
j∈N0

m(λj)∑
ℓ=1

(γn,α + λj)
2

ˆ R

0
rn−1dr r−α−4|Ff,j,ℓ(r)|2

+
∑
j∈N0

m(λj)∑
ℓ=1

{{[
(n+ α)2 + (n− α− 4)2

]/
16
}
+ (λj/2)

}

×
ˆ R

0
rn−1dr r−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|Ff,j,ℓ(r)|2
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⩾ min
{
(γn,α + λj)

2
∣∣ j ∈ N0

} ∑
j∈N0

m(λj)∑
ℓ=1

ˆ R

0
rn−1dr r−α−4|Ff,j,ℓ(r)|2

+min
{{[

(n+ α)2 + (n− α− 4)2
]/
16
}
+ (λj/2)

∣∣∣ j ∈ N0

}
×
∑
j∈N0

m(λj)∑
ℓ=1

ˆ R

0
rn−1dr r−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|Ff,j,ℓ(r)|2

= βn,α

ˆ R

0
rn−1dr

ˆ
Sn−1

dn−1ω(θ)
∑
j∈N0

m(λj)∑
ℓ=1

r−α−4|Ff,j,ℓ(r)|2|φj,ℓ(θ)|2

+
{[
(n+ α)2 + (n− α− 4)2

]/
16
} ˆ R

0
rn−1dr

ˆ
Sn−1

dn−1ω(θ)

×
∑
j∈N0

m(λj)∑
ℓ=1

r−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/r)]
−2

)
|Ff,j,ℓ(r)|2|φj,ℓ(θ)|2

= βn,α

ˆ
Bn(0;R)

dnx |x|−α−4|f(x)|2 +
{[
(n+ α)2 + (n− α− 4)2

]/
16
}

×
ˆ
Bn(0;R)

dnx |x|−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/|x|)]−2

)
|f(x)|2.(3.15)

Here we used the abbreviation γn,α introduced in (3.10). □

Remark 3.6. It was shown by Caldiroli and Musina [22, Theorem 3.1 and p. 151]
(considering the case without logarithmic refinements) that the constant βn,α in
(3.12) is optimal. ⋄

Remark 3.7. For α ∈ (−∞, n−4), (3.12) was proved in [38, Theorem 3.15] (see also
[39, Theorem 6.3.6]). We note that in [38, Theorem 3.15], (3.12) was proved for f
belonging to the larger space of functions, namely for f ∈ C∞

0 (Bn(0;R)). For this
larger function space, their range of α ∈ (−∞, n− 4) is optimal.

In fact, if α ∈ [n− 4,∞), then even the basic power weighted Rellich inequality,ˆ
Bn(0;R)

dnx |x|−α|(−∆f)(x)|2 ⩾ C

ˆ
Bn(0;R)

dnx |x|−α−4|f(x)|2(3.16)

does not hold for all f ∈ C∞
0 (Bn(0;R)) with any C > 0. To see this let α ∈

[n−4,∞), R = 1, and f0 ∈ C∞
0 (Bn(0; 1)) be a radially symmetric function satisfying

f0(x) ≡ f0(|x|) =

{
1, 0 ⩽ |x| ⩽ 1/4,

0, 3/4 ⩽ |x| < 1.
(3.17)

Then −∆f0 ∈ C∞
0 (Bn(0; 1)\{0}), hence the left-hand side of (3.16) is finite. But

on the right-hand side of (3.16) one obtains
ˆ
Bn(0;1)

dnx |x|−α−4|f0(x)|2 ⩾ ω(Sn−1)

ˆ 1/4

0
r−α+n−5dr = ∞.(3.18)
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Moreover, since [38, Theorem 3.15] (see also [39, Theorem 6.3.6] and [53, Theo-
rem 3.9]) does not imply (3.12) when f ∈ C∞

0 (Bn(0;R)\{0}) and α ∈ [n − 4,∞),
Theorem 3.5 is new for α ∈ [n− 4,∞).

On the other hand, Theorem 3.5 implies [38, Theorem 3.15] (see also [39, The-
orem 6.3.6] and [53, Theorem 3.9]) as a corollary, that is, if (3.12) holds for all
f ∈ C∞

0 (Bn(0;R)\{0}), then it holds for all f ∈ C∞
0 (Bn(0;R)) provided that

α ∈ (−∞, n − 4). To see this, let α ∈ (−∞, n − 4), R = 1 (without loss of
generality), and f ∈ C∞

0 (Bn(0; 1)). Let φ ∈ C∞(R) be a non-decreasing function
satisfying

φ(r) =

{
0, r ⩽ 1,

1, r ⩾ 2.
(3.19)

For 0 < ε < 1/4 let

φε(r) = φ(r/ε) =

{
0, r ⩽ ε,

1, r ⩾ 2ε,
(3.20)

and put

fε(x) = f(x)φε(|x|), x ∈ Bn(0; 1),(3.21)

so that fε ∈ C∞
0 (Bn(0; 1)\{0}). Without loss of generality, we will assume that f

is real-valued for the remainder of Remark 3.7. Writing

Dk =
∂

∂xk
, k = 1, . . . , n.(3.22)

Then, for ε ∈ (0, 1/4) and k ∈ {1, . . . , n},
|Dkφε(|x|)| =

∣∣ε−1xk|x|−1φ′(|x|/ε)
∣∣ ⩽ C1ε

−1,∣∣D2
kφε(|x|)

∣∣ ⩽ ∣∣ε−1(x21 + · · ·+ x2i−1 + x2i+1 + · · ·+ x2n)|x|−3/2φ′(|x|/ε)
∣∣

+
∣∣ε−2x2k|x|2φ′′(|x|/ε)

∣∣
⩽ C2ε

−3/2 + C3ε
−2 ⩽ C4ε

−2,(3.23)

for some C1, C2, C3, C4 ∈ (0,∞), hence∣∣D2
kfε(x)

∣∣2(3.24)

=
[
(D2

kf(x))φε(|x|) + 2(Dkf(x))(Dkφε(|x|)) + f(x)(D2
kφε(|x|))

]2
=
(
D2

kf(x)
)2
φε(|x|)2 + 4(Dkf(x))(D

2
kf(x))φε(|x|)(Dkφε(|x|))

+ 2f(x)(D2
kf(x))φε(|x|)(D2

kφε(|x|)) + 4
(
Dkf(x)

)2(
Dkφε(|x|)

)2
+ 4f(x)(Dkf(x))(Dkφε(|x|))(D2

kφε(|x|)) + f(x)2
(
D2

kφε(|x|)
)2
.

Thus, ∣∣∣∣ ˆ
Bn(0;1)

dnx |x|−α|(−∆f)(x)|2 −
ˆ
Bn(0;1)

dnx |x|−α|(−∆fε)(x)|2
∣∣∣∣

⩽
∣∣∣∣ ˆ

Bn(0;1)
dnx |x|−α|(−∆f)(x)|2

(
1− φε(|x|)2

)∣∣∣∣
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+ 4C1ε
−1

ˆ
Bn(0;2ε)

dnx |x|−α

∣∣∣∣ n∑
k=1

(Dkf(x))
(
D2

kf(x)
)∣∣∣∣

+ 2C4ε
−2

ˆ
Bn(0;2ε)

dnx |x|−α

∣∣∣∣ n∑
k=1

f(x)
(
D2

kf(x)
)∣∣∣∣

+ 4C2
1ε

−2

ˆ
Bn(0;2ε)

dnx |x|−α

∣∣∣∣ n∑
k=1

(Dkf(x))
2

∣∣∣∣
+ 4C1C4ε

−3

ˆ
Bn(0;2ε)

dnx |x|−α

∣∣∣∣ n∑
k=1

f(x)(Dkf(x))

∣∣∣∣
+ nC2

4ε
−4

ˆ
Bn(0;2ε)

dnx |x|−α|f(x)|2

= I1,ε + I2,ε + I3,ε + I4,ε + I5,ε + I6,ε.(3.25)

By dominated convergence, one infers that

lim
ε↓0

I1,ε = 0.(3.26)

In addition, there exists a constant D = D(f, C1, C2, C3, C4, n) > 0 such that, for
k = 2, . . . , 6,

0 ⩽ Ik,ε ⩽ Dε−4

ˆ
Bn(0;2ε)

dnx |x|−α

= Dω(Sn−1)ε−4

ˆ 2ε

0
r−α+n−1dr

= 2−α+n(n− α)−1Dω(Sn−1)ε−α+n−4

−→
ε↓0

0.(3.27)

Thus, by (3.25), (3.26), (3.27), one obtains that

lim
ε↓0

ˆ
Bn(0;1)

dnx |x|−α|(−∆fε)(x)|2 =
ˆ
Bn(0;1)

dnx |x|−α|(−∆f)(x)|2.(3.28)

Again, applying the dominated convergence theorem, one concludes that

lim
ε↓0

ˆ
Bn(0;1)

dnx |x|−α−4|fε(x)|2 =
ˆ
Bn(0;1)

dnx |x|−α−4|f(x)|2,

lim
ε↓0

ˆ
Bn(0;1)

dnx |x|−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/|x|)]−2

)
|fε(x)|2

=

ˆ
Bn(0;1)

dnx |x|−α−4

(
N∑
k=1

k∏
p=1

[lnp(γ/|x|)]−2

)
|f(x)|2.(3.29)

Since fε ∈ C∞
0 (Bn(0; 1)\{0}), (3.12) holds for fε by Theorem 3.5. Thus (3.28) and

(3.29) imply that (3.12) also holds for f ∈ C∞
0 (Bn(0; 1)). ⋄

As a consequence of Remark 3.7, one has the following result:
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Corollary 3.8. Let Ω ⊆ Rn be bounded, n ∈ N, n ⩾ 2, and assume that x0 ∈ Ω,
α ∈ (−∞, n− 4), N ∈ N, and Γ ∈ [eN diam(Ω),∞). Then, for all f ∈ C∞

0 (Ω), one
infers thatˆ

Ω
dnx |x− x0|−α|(−∆f)(x)|2

⩾ βn,α

ˆ
Ω
dnx |x− x0|−α−4|f(x)|2

+
{[
(n+ α)2 + (n− α− 4)2

]/
16
}

×
ˆ
Ω
dnx |x− x0|−α−4

(
N∑
k=1

k∏
p=1

[lnp(Γ/|x− x0|)]−2

)
|f(x)|2,(3.30)

where βn,α, given by (3.13), is optimal.

Proof. By Theorem 3.5, (3.30) holds for all f ∈ C∞
0 (Bn(x0; diam(Ω))\{x0}). Since

α ∈ (−∞, n − 4), the discussion in Remark 3.7 implies that (3.30) holds also for
all f ∈ C∞

0 (Bn(x0; diam(Ω))). The obvious fact C∞
0 (Ω) ⊆ C∞

0 (Bn(x0; diam(Ω)))
then implies (3.30). Once again, optimality of βn,α was already proven in [22, The-
orem 3.1 and p. 151] for the smaller spaces of functions f ∈ C∞

0 (Bn(x0;R)\{x0}),
R > 0, but in the context of balls Bn(0;R) this was also proven in [38], [39, Theo-
rems 6.3.6, 6.5.2]. □

We conclude with elementary applications of the inequalities (3.12) and (3.30)
to lower semiboundedness of differential operators naturally connected to these in-

equalities. Introducing the preminimal operator
.
Tα,γ,R,min in L2(Bn(0;R); dnx) by( .

Tα,γ,R,minf
)
(x) =

(
−∆ |x|−α(−∆)f

)
(x) + |x|−α−4

[
− βn,α(3.31)

−
{[
(n+ α)2 + (n− α− 4)2

]/
16
}( N∑

k=1

k∏
p=1

[lnp(γ/|x|)]−2

])
f(x),

R ∈ (0,∞), α ∈ R, N ∈ N, γ ∈ [eNR,∞), x ∈ Bn(0;R)\{0},

f ∈ dom
( .
Tα,γ,R,min

)
= C∞

0 (Bn(0;R)\{0}),
with βn,α given by (3.13). Integrating by parts in the left-hand side of (3.12) then

yields that
.
Tα,γ,R,min is bounded from below by zero, that is,

(3.32)
.
Tα,γ,R,min ⩾ 0.

Thus, defining the minimal operator associated with
.
Tα,γ,R,min as the (operator)

closure of
.
Tα,γ,R,min in L2(Bn(0;R); dnx),

(3.33) Tα,γ,R,min =
.
Tα,γ,R,min,

and denoting by Tα,γ,R,F the Friedrichs extension of Tα,γ,R,min, one infers by general
principles that

(3.34) Tα,γ,R,min ⩾ 0, Tα,γ,R,F ⩾ 0.



EXTENDED POWER WEIGHTED RELLICH-TYPE INEQUALITIES 83

The analogous result can be proved in connection with integrations by parts in
(3.30) upon introducing the following operators in L2(Ω; dnx), Ω ⊂ Rn open and
bounded, n ∈ N, n ⩾ 2,( .

Tα,Γ,Ω,minf
)
(x) =

(
−∆ |x− x0|−α(−∆)f

)
(x) + |x− x0|−α−4

[
− βn,α(3.35)

−
{[
(n+ α)2 + (n− α− 4)2

]/
16
}( N∑

k=1

k∏
p=1

[lnp(Γ/|x− x0|)]−2

])
f(x),

R ∈ (0,∞), α ∈ (−∞, n− 4), N ∈ N, Γ ∈ [eN diam(Ω),∞),

x0 ∈ Ω, x ∈ Ω\{x0},

f ∈ dom
( .
Tα,Γ,Ω,min

)
= C∞

0 (Ω),

Tα,Γ,Ω,min =
.
Tα,Γ,Ω,min,(3.36)

and the Friedrichs extension Tα,Γ,Ω,F of Tα,Γ,Ω,min, such that

(3.37) Tα,Γ,Ω,min ⩾ 0, Tα,Γ,Ω,F ⩾ 0.

Appendix A. Spherical Coordinates and the Laplace–Beltrami
Differential Expression

In this appendix we summarize some conventions regarding spherical coordinates
and the Laplace–Beltrami operator on the unit sphere Sn−1 in dimensions n ∈ N,
n ⩾ 2, following [11, Chs. 2, 3], [24, Ch. 1], and [41, Ch. 2].

Assuming n ∈ N, n ⩾ 2, cartesian and polar coordinates (cf. e.g., [21]) on Rn\{0}
are given by

x = (x1, . . . , xn) ∈ Rn\{0},(A.1)

x = rω, ω = ω(θ) = ω(θ1, θ2, . . . , θn−1) = x/|x| ∈ Sn−1,

xk ∈ R, 1 ⩽ k ⩽ n, r = |x| ∈ (0,∞), θ1 ∈ [0, 2π), θj ∈ [0, π], 2 ⩽ j ⩽ n− 1,

where (cf., e.g., [21], [24, Sect. 1.5])

(A.2)



x1 = r sin(θ1)
n−1∏
j=2

sin(θj),

x2 = r cos(θ1)
n−1∏
j=2

sin(θj),

...

xn−1 = r cos(θn−2) sin(θn−1),

xn = r cos(θn−1).

The surface measure dn−1ω on Sn−1 and the volume element in Rn then read

(A.3) dn−1ω(θ) = dθ1

n−1∏
j=2

[sin(θj)]
j−1dθj , dnx = rn−1dr dn−1ω(θ),
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in particular, the area ωn of the unit sphere Sn−1 in Rn is given by (cf. [54, p. 2])

ω
(
Sn−1

)
=

ˆ
Sn−1

dn−1ω(θ) = 2πn/2/Γ(n/2),(A.4)

with Γ( · ) the Gamma function (see, e.g., [1, Ch. 6]).
Next, we recall the expression of the Laplace–Beltrami differential expression on

Sn−1 in spherical coordinates. From [11, p. 94], [24, Lemma 1.4.2], one obtains the
recursion

−∆S1 = − ∂2

∂θ21
,(A.5)

−∆S2 = − 1

sin(θ2)

∂

∂θ2

(
sin(θ2)

∂

∂θ2

)
− 1

sin2(θ2)

∂2

∂θ21
,

−∆Sn−1 = − ∂2

∂θ2n−1

− (n− 2) cot(θn−1)
∂

∂θn−1
− [sin(θn−1)]

−2∆Sn−2 ,

n ⩾ 3.

Explicitly (cf. [24, p. 19]),

−∆Sn−1 = −[sin(θn−1)]
2−n ∂

∂θn−1

[
[sin(θn−1)]

n−2 ∂

∂θn−1

]
−

n−2∑
j=1

( n−1∏
k=j+1

[sin(θk)]
−2

)
[sin(θj)]

1−j ∂

∂θj

[
[sin(θj)]

j−1 ∂

∂θj

]

= −
n−1∑
j=1

( j−1∏
k=1

[sin(θn−k)]
−2

)
[sin(θn−j)]

1−j−n

× ∂

∂θn−j

[
[sin(θn−j)]

n−j−1 ∂

∂θn−j

]
.

(A.6)

Finally, we recall the connection of −∆Sn−1 with the Laplace differential expres-
sion2 in Rn

−∆n = − ∂2

∂r2
− (n− 1)r−1 ∂

∂r
− r−2∆Sn−1

= −r1−n ∂

∂r

(
rn−1 ∂

∂r

)
− r−2∆Sn−1 .

(A.7)

Appendix B. Proof of Lemma 2.1

We will break up the proof of Lemma 2.1 in a few steps.

Lemma B.1. Let f ∈ C∞
0 (Rn\{0}), then

(B.1) f =
∑
j∈N0

m(λj)∑
ℓ=1

Ff,j,ℓ φj,ℓ in L2(Rn; dnx).

2For clarity we indicate the space dimension n ∈ N as a subscript in the Laplacian −∆n in this
appendix.
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Proof. Since by hypothesis {φj,ℓ}ℓ∈{1,...,m(λj)},j∈N0
represents an orthonormal basis

of L2(Sn−1; dn−1ω), one obtains for all r ∈ (0,∞), J ∈ N0,

(B.2)

∥∥∥∥f(r, · )− J∑
j=0

m(λj)∑
ℓ=1

Ff,j,ℓ φj,ℓ

∥∥∥∥2
L2(Sn−1;dn−1ω)

⩽ ∥f(r, · )∥2L2(Sn−1;dn−1ω)

and

(B.3) lim
J→∞

∥∥∥∥f(r, · )− J∑
j=0

m(λj)∑
ℓ=1

Ff,j,ℓ φj,ℓ

∥∥∥∥2
L2(Sn−1;dn−1ω)

= 0.

Next, suppose that supp (f) ⊆ {x ∈ Rn\{0} | |x| ∈ [a, b]} for some a, b ∈ (0,∞),
a < b. Then an application of the dominated convergence theorem yields

lim
J→∞

∥∥∥∥f −
J∑

j=0

m(λj)∑
ℓ=1

Ff,j,ℓ φj,ℓ

∥∥∥∥2
L2(Rn;dnx)

(B.4)

= lim
J→∞

ˆ b

a
rn−1dr

ˆ
Sn−1

dn−1ω(θ)

∣∣∣∣f(r, θ)− J∑
j=0

m(λj)∑
ℓ=1

Ff,j,ℓ(r)φj,ℓ(θ)

∣∣∣∣2
= 0.

□

Lemma B.2. Let f ∈ C∞
0 (Rn\{0}) and p ∈ C∞((0,∞)). Then for all r ∈ (0,∞),

ℓ ∈ {1, . . . ,m(λj)}, j ∈ N0, one obtains

Fpf,j,ℓ(r) = p(r)Ff,j,ℓ(r),(B.5)

FTSn−1,F f,j,ℓ(r) = λjFf,j,ℓ(r),(B.6)

F ∂
∂r

f,j,ℓ(r) = F ′
f,j,ℓ(r).(B.7)

Proof. (i) One computes

Fpf,j,ℓ(r) =

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)p(r)f(r, θ)

= p(r)

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)f(r, θ) = p(r)Ff,j,ℓ(r).

(B.8)

(ii) One confirms that

FTSn−1,F f,j,ℓ(r) =

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)(TSn−1,F f)(r, θ)

=

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)(−∆Sn−1f)(r, θ)

=

ˆ
Sn−1

dn−1ω(θ) (−∆Sn−1φj,ℓ)(θ)f(r, θ)

= λj

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)f(r, θ) = λjFf,j,ℓ(r).(B.9)
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(iii) Without loss of generality, we assume f ∈ C∞
0 (Rn\{0}) to be real-valued. Since

(∂f/∂r) ∈ C∞
0 (Rn\{0}), an application of the dominated convergence theorem

implies for r ∈ (0,∞),

lim
h→0

h−1[Ff,j,ℓ(r + h)− Ff,j,ℓ(r)]

= lim
h→0

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)h
−1[f(r + h, θ)− f(r, θ)]

= lim
h→0

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)
∂f

∂r
(r + η(θ)h, θ) (for 0 ⩽ η(θ) ⩽ 1)

=

ˆ
Sn−1

dn−1ω(θ)φj,ℓ(θ)
∂f

∂r
(r, θ) = F ∂

∂r
f,j,ℓ(r).(B.10)

□

Lemma B.3. Let f ∈ C∞
0 (Rn\{0}), then the following items (i)–(iii) hold:

(i) Ff,j,ℓ ∈ C∞
0 ((0,∞)) for all ℓ ∈ {1, . . . ,m(λj)}, j ∈ N0.

(ii) For any k ∈ N0,

T k
Sn−1,F f =

∑
j∈N0

m(λj)∑
ℓ=1

λk
jFf,j,ℓ φj,ℓ in L2(Rn; dnx).(B.11)

(iii) Let m ∈ N, k ∈ N0, and p1, . . . , pm ∈ C∞((0,∞)). Then, for all ℓ ∈
{1, . . . ,m(λj)}, j ∈ N0, one has

Fp1
∂
∂r

p2
∂
∂r

···pm−1
∂
∂r

pmTk
Sn−1,F

f,j,ℓ =

(
p1

∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmFf,j,ℓ(r)

)
λk
j .(B.12)

Proof. (i) This follows from Lemma B.2 (iii).
(ii) The case k = 0 follows from Lemma B.1. Since T r

Sn−1,F f ∈ C∞
0 (Rn\{0}),

r ∈ N0, Lemma B.1 and (B.6) imply

T k
Sn−1,F f =

∑
j∈N0

m(λj)∑
ℓ=1

FTk
Sn−1,F

f,j,ℓ φj,ℓ =
∑
j∈N0

m(λj)∑
ℓ=1

λjFTk−1

Sn−1,F
f,j,ℓ φj,ℓ

= · · · =
∑
j∈N0

m(λj)∑
ℓ=1

λk
jFf,j,ℓ φj,ℓ, k ∈ N.(B.13)

(iii) Repeatedly using (B.6), one obtains

(B.14) FTk
Sn−1,F

f,j,ℓ = λk
jFf,j,ℓ, k ∈ N0,

and repeatedly using (B.5) and (B.7) in Lemma B.2 one gets

FpmTk
Sn−1,F

f,j,ℓ = pmFTk
Sn−1,F

f,j,ℓ = pmFf,j,ℓλ
k
j ,

F ∂
∂r

pmTk
Sn−1,F

f,j,ℓ =
∂

∂r
FpmTk

Sn−1,F
f,j,ℓ =

∂

∂r

(
pmFf,j,ℓ

)
λk
j ,

Fpm−1
∂
∂r

pmTk
Sn−1,F

f,j,ℓ = pm−1F ∂
∂r

pmTk
Sn−1,F

f,j,ℓ
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=

(
pm−1

∂

∂r
pmFf,j,ℓ

)
λk
j ,

...

Fp1
∂
∂r

p2
∂
∂r

···pm−1
∂
∂r

pmTk
Sn−1,F

f,j,ℓ =

(
p1

∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmFf,j,ℓ

)
λk
j .(B.15)

□
Lemma B.4. Let f ∈ C∞

0 (Rn\{0}).
(i) Let m ∈ N, k ∈ N0 and p1, . . . , pm ∈ C∞((0,∞)). Then

p1
∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmT k

Sn−1,F f

=
∑
j∈N0

m(λj)∑
ℓ=1

(
p1

∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmFf,j,ℓ

)
λk
j φj,ℓ in L2(Rn; dnx).

(B.16)

(ii) Let r ∈ N, then, in the sense of L2(Rn; dnx),

(−∆)rf =
∑
j∈N0

m(λj)∑
ℓ=1

[
− r1−n ∂

∂r

(
rn−1 ∂

∂r

)
+ r−2TSn−1,F

]r
(Ff,j,ℓ φj,ℓ).(B.17)

Proof. (i) Given f ∈ C∞
0 (Rn\{0}), one notes that

(B.18) p1
∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmT k

Sn−1,F f ∈ C∞
0 (Rn\{0}),

and hence applying Lemma B.1 and Lemma B.3 (iii) one obtains

p1
∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmT k

Sn−1,F f(B.19)

=
∑
j∈N0

m(λj)∑
ℓ=1

Fp1
∂
∂r

p2
∂
∂r

···pm−1
∂
∂r

pmTk
Sn−1,F

f,j,ℓ φj,ℓ

=
∑
j∈N0

m(λj)∑
ℓ=1

(
p1

∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmFf,j,ℓ

)
λk
j φj,ℓ in L2(Rn; dnx).

(ii) One expands (−∆)rf , f ∈ C∞
0 (Rn\{0}), into a finite sum of terms of the form

(B.20) p1
∂

∂r
p2

∂

∂r
· · · pm−1

∂

∂r
pmT k

Sn−1,F f,

where k ∈ N0 and p1, . . . , pm ∈ C∞((0,∞)). Denoting the finite sum by
∑

ν , one
has

(−∆)rf =
∑
ν

p1,ν
∂

∂r
p2,ν

∂

∂r
· · · pm(ν)−1,ν

∂

∂r
pm(ν),νT

k(ν)
Sn−1,F

f(B.21)

=
∑
ν

∑
j∈N0

m(λj)∑
ℓ=1

(
p1,ν

∂

∂r
p2,ν

∂

∂r
· · · pm−1(ν),ν

∂

∂r
pm(ν),νFf,j,ℓ

)
λ
k(ν)
j φj,ℓ

(by item (i))
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=
∑
j∈N0

m(λj)∑
ℓ=1

∑
ν

p1,ν
∂

∂r
p2,ν

∂

∂r
· · · pm(ν)−1,ν

∂

∂r
pm(ν),νT

k(ν)
Sn−1,F

(Ff,j,ℓφj,ℓ)

=
∑
j∈N0

m(λj)∑
ℓ=1

(−∆)r(Ff,j,ℓφj,ℓ)

=
∑
j∈N0

m(λj)∑
ℓ=1

[
− r1−n ∂

∂r

(
rn−1 ∂

∂r

)
+ r−2TSn−1,F

]r
(Ff,j,ℓ φj,ℓ).

□
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