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A POROSITY RESULT REGARDING UNIFORMLY LOCALLY
CONTRACTIVE MAPPINGS

SIMEON REICH® AND ALEXANDER J. ZASLAVSKI

ABSTRACT. In a 1961 paper by E. Rakotch it was shown that a uniformly locally
contractive mapping on a complete metric space has a fixed point. In a recent
paper of ours we have shown that for such a mapping, the fixed point problem
is well posed and that inexact iterates of such a mapping converge to its unique
fixed point, uniformly on bounded sets. In the present paper we show that the
complement of the set of uniformly locally contractive mappings in the complete
metric space of uniformly locally nonexpansive mappings is o-porous.

1. INTRODUCTION

For more than sixty years now, there has been considerable research activity
regarding the fixed point theory of various classes of nonexpansive (that is, 1-
Lipschitz) mappings. See, for instance, [2-4,6-10,13,14,16-18,20,22,24-29, 35, 36|
and references cited therein. This activity stems from Banach’s classical theorem [1]
concerning the existence of a unique fixed point for a strict contraction. It also con-
cerns the convergence of (inexact) orbits of a nonexpansive mapping to one of its
fixed points. Since that seminal result, many developments have taken place in this
field including, in particular, studies of feasibility, common fixed points and opti-
mization problems, which find important applications in engineering, medical and
the natural sciences [5,11,12,32,33,35,36].

In his 1961 paper, E. Rakotch [21] showed that a uniformly locally contractive
mapping on a complete metric space has a fixed point. This result was later im-
proved in [23]. In our recent paper [30], we have shown that for a uniformly locally
contractive mapping, the fixed point problem is well posed and that inexact iterates
of such a mapping converge to its unique fixed point, uniformly on bounded sets. In
the present paper we show that the complement of the set of uniformly locally con-
tractive mappings in the complete metric space of uniformly locally nonexpansive
mappings is o-porous.
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2. EXISTENCE OF A FIXED POINT, CONVERGENCE AND WELL-POSEDNESS
PROPERTIES

Assume that (X, p) is a complete metric space, A > 0, and that the following
assumption holds:
(A) For each x,y € X, there exist an integer ¢ > 1 and points z; € X,1=0,...,q,
such that
o=, Tg =Y, p(xia:EiJrl) < Aa (RS {Oa s aq} \ {Q}
For each x,y € X, define

p1(z,y) = inf{ p(xi,xiy1) : ¢ > 11s an integer,

[}
—_

@
Il
=)

(21) z;,€X,i=0,...,q, o=z, xg =y, p(xi,zit1) <A, i €{0,...,q}\ {q}}
It follows from assumption (A) and equation (2.1) that for each z,y,2z € X, p1(z,y)
is finite,
plz,y) < pr(z,y) < oo,
if p(z,y) <A, then pi(z,y) = p(z,y),
pi(z,y) = p1(y, ©),
p1(z,z) =0,
if p1(x,y) =0, then p(z,y) =0 and x = y,
and
p1(x,2) < p1(@,y) + p1(y, 2).

Clearly, p; is a metric on X.

Assume that K C X is a nonempty closed set and that the following assumption

holds:
(B) For each z,y € K,

q—1
p1(z,y) := inf { Zp(xi7$i+1) : ¢ > 1 is an integer,
i=0
€K, i=0,...,q, xo =2, xq=y, p(zi,zit1) <A, i € {O,...,q}\{q}}.
Let T : K — X be a mapping. We assume that for each x,y € X satisfying
p(z,y) < A, the inequality
p(T(z),T(y)) < p(z,y)

holds. In view of (B) and the above assumption, for each x,y € X, we have

p1(T(x),T(y)) < p1(z,y).

Such a mapping 7' is said to be uniformly locally nonexpansive.

We remark in passing that the smaller class of uniformly local (strict) contractions
was introduced in [9], while the larger class of locally nonexpansive mappings was
studied in [3]. The work [9] also contains an example of a uniformly local (strict)
contraction which is not nonexpansive.
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Assume that ¢ : [0, A] — [0, 1] is a decreasing function,
¢(t) < 1forall t € (0,A],
and that for each x,y € K satisfying p(z,y) < A, we have

p(T(z), T(y)) < d(p(z,y))p(z,y).

The following theorem is established in [31]. It shows the well-posedness of the
fixed point problem for the mapping 7.

Theorem 2.1. Given e > 0, there exists & > 0 such that for each x,y € K satisfying

max{p(T(z),z), p(T(y),y)} <4,
the inequality

p(x,y) <e
holds.

Our next theorem was also proved in [31].

Theorem 2.2. Let ¢, M > 0 be given. Then there exist a number § € (0,¢) and
an integer ng > 1 such that for each integer n > ng and each finite sequence
{ai}i o C K which satisfies

p1(zo, 1) < M
and

p(Tip1, T (x;) <6,i=0,...,n—1,

the inequality

p(Ti, wiy1) < €
holds for all i =ng,...,n—1.

Theorems 2.1 and 2.2 easily imply the following two results regarding the exis-
tence of a unique fixed point and the convergence of inexact iterates.

Theorem 2.3. Assume that for each integer n > 1, there exists a finite sequence
{z™}n  C K such that

sup{pl(x((]n),xgn)) :n=12...} <o0

and
nh_)n;o sup{p(xgi)l, Txl(n)) :i1=0,...,n—1}=0.
Then there exists a unique point x, € K such that T(x,) = x..
Theorem 2.4. Let the point x4 € K satisfy
T(xy) = x4

and let e, M > 0 be given. Then there exist a number 6 > 0 and an integer ng > 1
such that for each integer n > ng and each finite sequence {z;}!, C K which
satisfies
p1(wo, r1) < M
and
p(.%'i+1,T(.%'i)) < (5, 1= 0, cee, N — 1,
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the inequality
plos ) < e
holds for all i =ng, ..., n.

Note that in [30] the results of this section were obtained in the case where
K=X.

3. HYPERBOLIC SPACES AND POROSITY

In the present paper we consider a complete metric space of uniformly locally
nonexpansive self-mappings of a bounded and closed subset of a complete hyperbolic
space.

Let (X,p) be a metric space and let R! denote the real line. We say that a
mapping ¢ : R! — X is a metric embedding of R! into X if p(c(s),c(t)) = |s —¢t| for
all real s and t. The image of R! under a metric embedding is called a metric line.
The image of a real interval [a,b] = {t € R' : a <t < b} under such a mapping is
called a metric segment.

Assume that (X, p) contains a family M of metric lines such that for each pair
of distinct points x and y in X, there is a unique metric line in M which passes
through x and y. This metric line determines a unique metric segment joining z
and y. We denote this segment by [z,y]. For each 0 <t < 1, there is a unique point
z in [z, y] such that

p(ﬂf, Z) = tp(wa y) and ,O(Z,y) = (1 - t)p(.fC, y)
This point is denoted by (1 —t)x @ ty. We say that X, or more precisely (X, p, M),

is a hyperbolic space if

1 @1 1 @1 <1 (v, 2)
~TD Y,z =2 = z
P35 5¥ 5 5% ) =3P

for all x,y and z in X. An equivalent requirement is that

p (193 &1y twe 12) < l(p(ﬂf w) + p(y,2))
2 2772 2 )72 ’ ’
for all z,y,z and w in X. A set K C X is called p-convex if [z,y] C K for all x and
yin K.

It is clear that all normed linear spaces are hyperbolic. A discussion of more
examples of hyperbolic spaces and, in particular, of the Hilbert ball can be found,
for example, in [14,24].

We now recall the notion of porosity. Let (Y, D) be a complete metric space. We
denote by B(y,r) the closed ball of center y € Y and radius r > 0. A subset £ C Y
is called porous in (Y, D) [29] if there exist a € (0, 1) and 79 > 0 such that for each
r € (0,7r9] and each y € Y, there exists a point z € Y for which

B(z,ar) C B(y,r) \ E.

A subset of the space Y is called o-porous in (Y, D) if it is a countable union of
porous subsets of (Y, D).

Since porous sets are nowhere dense, all o-porous sets are of the first Baire
category. If Y is a finite-dimensional Euclidean space, then o-porous sets are of
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Lebesgue measure 0. In fact, the class of o-porous sets in such a space is much
smaller than the class of sets which have Lebesgue measure 0 and are of the first
Baire category. The porosity notion has been used in analysis and in optimization
theory [7,15,19,29,34].

4. THE POROSITY RESULT

Let (X, p, M) be a complete hyperbolic space and let K be a nonempty, closed
and bounded subset of (X, p). Assume that

A>00e K
and that for each v € (0,1) and each z € K,
(4.1) Y& (1 —v)r € K.
Set
(4.2) diam(K) = sup{p(z,y) : =,y € K}.

It follows from (4.1) and the boundedness of K in (X, p) that
sup{pi(z,y) : =,y € K} < 0.
Denote by A the set of all mappings T : K — X such that
(4.3) p(T(x),T(y)) < p(z,y) for each =,y € K satisfying p(z,y) < A.
For each A, B € A, define
d(A, B) :=sup{p(A(z),B(z)) : x € K}.

Since K is bounded in (X, p1), d(A, B) is finite for each A, B € A. It is not difficult
to see that (A,d) is a complete metric space.

A mapping T € A is said to be uniformly locally contractive if there exists a
decreasing function ¢ : [0, A] — [0, 1] such that

¢(t) < 1forall t € (0,A]
and for each z,y € K satisfying p(x,y) < A, we have

p(T(x), T(y)) < d(p(x,y))p(z,y).

Denote by F the set of all uniformly locally contractive mappings A € A.
We are now ready to first state and then establish our main result.

Theorem 4.1. The set A\ F is o-porous.

We may assume that
A < diam(K).
Given A € A and v € (0, 1), define
(4.4) Ay(z) == (1 —v)A(z) &0, = € K.
In view of (4.4), for each z,y € K satisfying p(z,y) < A,

(4.5) p(Ay(z), Ay(y)) < (1 =)p(A(z), A(y)) < (1 =)p(z,y),
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and for each = € K,

y PA(2), Ay(2)) = p(A(), (1 —7)Alz) © 6)
(49) < 1p(A(2),0) < rdiam(K).
By (4.6),

(4.7) d(A, A,) < vydiam(K).

In the sequel we use the convention that the supremum over the empty set is zero.
Theorem 4.1 can easily be deduced from the following two propositions.
For each integer n > 1, denote by F,, the set of all A € A such that

sup{p(A(z), A(y))p(z,y) " :

(4.8) z,y € K and A > p(z,y) > An~(diam(K) + 1)1} < 1.
Set
(49) F = 0720:1]:”.

Proposition 4.2. Assume that A € F. Then there exists a decreasing function
¢ :[0,A] = [0,1] such that

o(t) <1 forallt € (0,A]
and for each x,y € K satisfying p(z,y) < A, we have
p(A(z), A(y)) < o(p(z,y))p(z,y).
Proof. Set ¢(0) = 1. For each t € (0, A], define

o(t) == sup{p(A(z), A(y))p(z,y) " :
(4.10) z,y € K and A > p(z,y) > t}.
By (4.8)—(4.10),
o(t) <1, t € (0,A]
It is clear that ¢ : [0, A] — [0, 1] is a decreasing function. Let z,y € K satisfy
0<p(z,y) <A.
Set t = p(z,y). By (4.10),
3(p(x,y)) = &(t) > p(A(x), Ay))p(z, )~
This completes the proof of Proposition 4.2. 0

Proposition 4.3. Let n be a natural number. Then A\F,, is a porous set in (A,d).

Proof. Set
(4.11) o = A(8n) " (diam(K) +1)~2.
Assume that
Ae A re(0,1].
Set

(4.12) v =27 (diam(K) 4 1) 'r.
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Define

Ay(z) == (1—v)A(z) 10, = € K.
In view of (4.7) and (4.12), we have

(4.13) d(Ay, A) < vdiam(K) < r/2.
Assume now that B € A satisfies
(4.14) d(B,Ay) < ar.

It follows from (4.11), (4.13) and (4.14) that
d(A,B) <d(A,A,)+d(A, B)

(4.15) <ar+r/2<r.

By (4.4), (4.5) and (4.14), for each z,y € K satisfying
(4.16), A > p(z,y) > An~ ! (diam(K) + 1)~
we have

p(Ay(z), Ay(y)) + 2ar
(1 =)p(z,y) + 2ar
and in view of (4.11)-(4.12) and (4.16),

p(B(x), B(y))p(z,y) " < 1=+ 2arp(z,y) "

<1 -7+ 2arA™'n(diam(K) + 1)
<1 -2 diam(K) + 1) "' + 2ran(diam(K) + 1)A™!
<1-—2"Y(diam(K) +1)"'r + 47! (diam(K) + 1) r
=1 -4 (diam(K) +1)"'r.

Thus

BeF,
and
{BeA: d(B,Ay) <ar}Cc{BeA: d(A,B) <r}nF,.
Therefore A\ F, is a porous set. This completes the proof of Proposition 4.3. [
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