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multiple zeta value by

ζt(k) =
∑

1≤n1≤···≤nr

te(n1,...,nr)

nk1
1 · · ·nkr

r

∈ Z[t],

where e(n1, . . . , nr) denotes the number of i = 1, . . . , r − 1 for which ni = ni+1.
Note that ζ0(k) = ζ(k) and ζ1(k) = ζ⋆(k).

Following Kaneko and Zagier [7], we define for each index k = (k1, . . . , kr) the
symmetric multiple zeta value and symmetric multiple zeta-star value by

ζS(k) =

r∑
i=0

(−1)ki+1+···+krζ(k1, . . . , ki)ζ(kr, . . . , ki+1) ∈ Z,

ζ⋆S(k) =
r∑

i=0

(−1)ki+1+···+krζ⋆(k1, . . . , ki)ζ
⋆(kr, . . . , ki+1) ∈ Z,

where in the right-hand side we extend ζ and ζ⋆ to non-admissible indices by using
the harmonic regularization (see [6] for further details), so that k need not be
admissible. Note that some papers use the term “the symmetric multiple zeta(-star)

values” to mean ζ
(⋆)
S (k) mod ζ(2)Z in Z/ζ(2)Z, as opposed to our terminology.

Following our previous works [3] and [4], we define for each index k = (k1, . . . , kr)
the polynomial multiple zeta value and polynomial multiple zeta-star value by

ζx,y(k) =
r∑

i=0

ζ(k1, . . . , ki)ζ(kr, . . . , ki+1)x
k1+···+kiyki+1+···+kr ∈ Z[x, y],

ζ⋆x,y(k) =
r∑

i=0

ζ⋆(k1, . . . , ki)ζ
⋆(kr, . . . , ki+1)x

k1+···+kiyki+1+···+kr ∈ Z[x, y].

Note that ζ1,0(k) = ζ(k), ζ⋆1,0(k) = ζ⋆(k), ζ1,−1(k) = ζS(k), and ζ⋆1,−1(k) = ζ⋆S(k).

Finally we define for each index k = (k1, . . . , kr) the interpolated polynomial
multiple zeta value by

ζtx,y(k) =
r∑

i=0

ζt(k1, . . . , ki)ζ
t(kr, . . . , ki+1)x

k1+···+kiyki+1+···+kr ∈ Z[t, x, y].

Note that ζ0x,y(k) = ζx,y(k), ζ1x,y(k) = ζ⋆x,y(k), and ζt1,0(k) = ζt(k), so that the
interpolated polynomial multiple zeta values generalize all values defined above.

1.3. Ohno-Zagier theorem and its generalization. For each index k =
(k1, . . . , kr), we define its weight wt(k), depth dep(k), and height ht(k) by

wt(k) = k1 + · · ·+ kr, dep(k) = r, ht(k) = #{i = 1, . . . , r | ki ≥ 2},

and we put

uk = Xwt(k)−dep(k)−ht(k)Y dep(k)−ht(k)Zht(k) ∈ Q[X,Y, Z].

Note that writing uk = u(k) for every positive integer k, we have u(k1,...,kr) =
uk1 · · ·ukr for every index (k1, . . . , kr).
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Let I denote the set of all nonempty admissible indices. Ohno and Zagier [9]
computed the generating function

Φ(X,Y, Z) =
∑
k∈I

ζ(k)uk ∈ Z[[X,Y, Z]]

and obtained the following formula:

Theorem 1.1 (Ohno and Zagier [9]). We have

Φ(X,Y, Z) =
Z

XY − Z

(
1− Γ(1−X)Γ(1− Y )

Γ(1− α)Γ(1− β)

)
=

Z

XY − Z

(
1− exp

( ∞∑
k=2

ζ(k)

k
(Xk + Y k − αk − βk)

))
,

where α and β satisfy α+ β = X + Y and αβ = Z.

Aoki, Kombu, and Ohno [1] obtained an analogous theorem by computing the
generating function

Φ⋆(X,Y, Z) =
∑
k∈I

(−1)dep(k)ζ⋆(k)uk ∈ Z[[X,Y, Z]].

Furthermore, Li and Qin [8] computed the generating function

Φt(X,Y, Z) =
∑
k∈I

(1− 2t)dep(k)ζt(k)uk ∈ Z[t][[X,Y, Z]]

and obtained the following formula:

Theorem 1.2 (Li and Qin [8]). We have

Φt(X,Y, Z) =
Z

(1− Y )(1− βt)
3F2

(
1 + αt−1 − βt, 1 + βt−1 − βt, 1

2− Y, 2− βt
; 1

)
,

where αs and βs satisfy αs + βs = X + sY and αsβs = s(XY − Z).

1.4. Statement of our main theorem. In this paper, we compute the generating
function

Φt
x,y(X,Y, Z) =

∑
k∈I

(1− 2t)dep(k)ζtx,y(k)uk.

and prove the following theorem:

Theorem 1.3 (Main theorem). We have

Φt
x,y(X,Y, Z)

= Φt(xX, xY, x2Z)

− Φ1−t(yX, yY, y2Z) exp

( ∞∑
k=2

ζ(k)

k
(xk + yk)(γkt + δkt − γk1−t − δk1−t)

)
,
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where γt = αt(1−2t) and δt = βt(1−2t).

Remark 1.4. In terms of the gamma function and Euler’s constant γ, we can write

exp

( ∞∑
k=2

ζ(k)

k
(xk + yk)(γkt + δkt − γk1−t − δk1−t)

)

=
Γ(1− xγt)Γ(1− xδt)Γ(1− yγt)Γ(1− yδt)

Γ(1− xγ1−t)Γ(1− xδ1−t)Γ(1− yγ1−t)Γ(1− yδ1−t)
e−γ(x+y)(γt+δt−γ1−t−δ1−t)

=
Γ(1− xγt)Γ(1− xδt)Γ(1− yγt)Γ(1− yδt)

Γ(1− xγ1−t)Γ(1− xδ1−t)Γ(1− yγ1−t)Γ(1− yδ1−t)
e−γ(x+y)(1−2t)Y

since

γt + δt − γ1−t − δ1−t = αt(1−2t) + βt(1−2t) − α(1−t)(2t−1) − β(1−t)(2t−1)

= (X + t(1− 2t)Y )− (X + (1− t)(2t− 1)Y )

= (1− 2t)Y.

With the aid of Theorem 1.2, our main theorem allows us to compute Φt
x,y(X,Y, Z)

completely explicity.

2. Proof of our main theorem

In this section, we give a proof of our main theorem (Theorem 1.3) by showing
the following two lemmas:

Lemma 2.1. We have

Φt(xX, xY, x2Z)− Φt
x,y(X,Y, Z)

= Φ1−t(yX, yY, y2Z)
∑
k

(1− 2t)dep(k)ζtx,y(k)uk.

Lemma 2.2. We have

∑
k

(1− 2t)dep(k)ζtx,y(k)uk

= exp

( ∞∑
k=2

ζ(k)

k
(xk + yk)(γkt + δkt − γk1−t − δk1−t)

)
.

Here and in the sequel,
∑

k denotes a sum over all indices k.
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2.1. Proof of Lemma 2.1.

Lemma 2.3. Let (k1, . . . , kr) be a nonempty index. Then we have

r∑
j=0

(−1)r−jζt(kj , . . . , k1)ζ
1−t(kj+1, . . . , kr) = 0.

Proof. This is essentially the same as the formula given in [10, Proposition 3.9]. □

Proof of Lemma 2.1. Let A denote the right-hand side of the desired equality. Since
uk with (X,Y, Z) replaced by (yX, yY, y2Z) is equal to ywt(k)uk for every index k,
we have

A =

(∑
k2∈I

(1− 2(1− t))dep(k2)ζ1−t(k2)y
wt(k2)uk2

)

×

(∑
k1

(1− 2t)dep(k1)ζtx,y(k1)uk1

)
=
∑
k1

∑
k2∈I

(−1)dep(k2)(1− 2t)dep(k1,k2)ζtx,y(k1)ζ
1−t(k2)y

wt(k2)u(k1,k2)

=
∑

k=(k1,...,kr)∈I

(1− 2t)dep(k)

×

(
r−1∑
j=0

(−1)r−jζtx,y(k1, . . . , kj)ζ
1−t(kj+1, . . . , kr)y

kj+1+···+kr

)
uk,

where (k1,k2) denotes the concatenation of the indices k1 and k2. Here for each
k = (k1, . . . , kr) ∈ I, we have

r−1∑
j=0

(−1)r−jζtx,y(k1, . . . , kj)ζ
1−t(kj+1, . . . , kr)y

kj+1+···+kr

=
r−1∑
j=0

(−1)r−j

(
j∑

i=0

ζt(k1, . . . , ki)ζ
t(kj , . . . , ki+1)x

k1+···+kiyki+1+···+kr

)
× ζ1−t(kj+1, . . . , kr)

=
r−1∑
i=0

ζt(k1, . . . , ki)

(
r−1∑
j=i

(−1)r−jζt(kj , . . . , ki+1)ζ
1−t(kj+1, . . . , kr)

)
× xk1+···+kiyki+1+···+kr

= −
r−1∑
i=0

ζt(k1, . . . , ki)ζ
t(kr, . . . , ki+1)x

k1+···+kiyki+1+···+kr

= ζt(k)xwt(k) − ζtx,y(k),
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where the third equality follows from Lemma 2.3. Therefore multiplying by (1 −
2t)dep(k)uk and summing over all k ∈ I, we obtain

A =
∑
k∈I

(1− 2t)dep(k)(ζt(k)xwt(k) − ζtx,y(k))uk

= Φt(xX, xY, x2Z)− Φt
x,y(X,Y, Z),

as required. □

2.2. Proof of Lemma 2.2. We write |P | for the cardinality of a finite set P . For
each positive integer r, we write Pr for the set of all partitions of the set {1, . . . , r}
(recall that a partition of a set S is a family of nonempty disjoint subsets of S whose
union is S), and we put cr(t) = (r − 1)!(tr − (t− 1)r) ∈ Z[t].

Lemma 2.4. Let r be a positive integer and (k1, . . . , kr) be an index. Then we have

∑
σ∈Sr

ζtx,y(kσ(1), . . . , kσ(r)) =
∑
Π∈Pr

∏
P∈Π

c|P |(t)ζx,y

(∑
i∈P

ki

)
,

where Sr denotes the symmetric group of degree r.

Proof. The lemma follows from [5, Theorem 13]; see [5, Equation (8.4)] for further
details and note that ζt and ζtx,y enjoy the same t-harmonic product rule. □

Proof of Lemma 2.2. Lemma 2.4 implies that

∑
k ̸=∅

(1− 2t)dep(k)ζtx,y(k)uk

=

∞∑
r=1

(1− 2t)r
∑

k1,...,kr≥1

ζtx,y(k1, . . . , kr)u(k1,...,kr)

=
∞∑
r=1

(1− 2t)r

r!

∑
k1,...,kr≥1

σ∈Sr

ζtx,y(kσ(1), . . . , kσ(r))uk1 · · ·ukr

=
∞∑
r=1

(1− 2t)r

r!

∑
k1,...,kr≥1

Π∈Pr

∏
P∈Π

(
c|P |(t)ζx,y

(∑
i∈P

ki

)∏
i∈P

uki

)
.
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Now for each positive integer r, we have

∑
k1,...,kr≥1

Π∈Pr

∏
P∈Π

(
c|P |(t)ζx,y

(∑
i∈P

ki

)∏
i∈P

uki

)

=
∑
Π∈Pr

∏
P∈Π

(
c|P |(t)

∑
dep(k)=|P |

ζx,y(wt(k))uk

)

=

r∑
l=1

∑
Π∈Pr
|Π|=l

∏
P∈Π

(
c|P |(t)

∑
dep(k)=|P |

ζx,y(wt(k))uk

)

=

r∑
l=1

1

l!

∑
f∈Surj(r,l)

l∏
j=1

(
c|f−1(j)|(t)

∑
dep(k)=|f−1(j)|

ζx,y(wt(k))uk

)

=

r∑
l=1

1

l!

∑
r1,...,rl≥1

r1+···+rl=r

r!

r1! · · · rl!

l∏
j=1

(
crj (t)

∑
dep(k)=rj

ζx,y(wt(k))uk

)
,

where Surj(r, l) denotes the set of all surjections from the set {1, . . . , r} to the set
{1, . . . , l}. It follows that∑

k ̸=∅

(1− 2t)dep(k)ζtx,y(k)uk

=
∞∑
r=1

(1− 2t)r

r!

r∑
l=1

1

l!

∑
r1,...,rl≥1

r1+···+rl=r

r!

r1! · · · rl!

l∏
j=1

(
crj (t)

∑
dep(k)=rj

ζx,y(wt(k))uk

)

=
∞∑
l=1

1

l!

∑
r1,...,rl≥1

l∏
j=1

(
(1− 2t)rj

rj !
crj (t)

∑
dep(k)=rj

ζx,y(wt(k))uk

)

=
∞∑
l=1

1

l!

( ∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r

ζx,y(wt(k))uk

)l

= exp

( ∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r

ζx,y(wt(k))uk

)
− 1.

Therefore it suffices to show that

∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r

ζx,y(wt(k))uk

=
∞∑
k=2

ζ(k)

k
(xk + yk)(γkt + δkt − γk1−t − δk1−t).
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Since in Q[X,Y, Z][[T ]] we have

∞∑
k=1

( ∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r
wt(k)=k

uk

)
T k

=
∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
k1,...,kr≥1

uk1 · · ·ukrT k1+···+kr

=

∞∑
r=1

(1− 2t)r

r!
cr(t)

( ∞∑
k=1

ukT
k

)r

=

∞∑
r=1

(t(1− 2t))r − ((1− t)(2t− 1))r

r

(
Y T +

ZT 2

1−XT

)r

= − log
1− t(1− 2t)

(
Y T + ZT 2

1−XT

)
1− (1− t)(2t− 1)

(
Y T + ZT 2

1−XT

)
= − log

1− (X + t(1− 2t)Y )T + t(1− 2t)(XY − Z)T 2

1− (X + (1− t)(2t− 1)Y )T + (1− t)(2t− 1)(XY − Z)T 2

= − log
(1− γtT )(1− δtT )

(1− γ1−tT )(1− δ1−tT )

=
∞∑
k=1

γkt + δkt − γk1−t − δk1−t

k
T k,

we obtain
∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r

ζx,y(wt(k))uk

=
∞∑
k=1

( ∞∑
r=1

(1− 2t)r

r!
cr(t)

∑
dep(k)=r
wt(k)=k

uk

)
ζx,y(k)

=

∞∑
k=1

γkt + δkt − γk1−t − δk1−t

k
ζx,y(k)

=

∞∑
k=1

ζ(k)

k
(xk + yk)(γkt + δkt − γk1−t − δk1−t),

as required. □

3. Corollaries

We write Φt
S(X,Y, Z) = Φt

1,−1(X,Y, Z) and Φ⋆
S(X,Y, Z) = Φ1

S(X,Y, Z).

Corollary 3.1. We have

Φt
S(X,Y, Z) ≡ Φt(X,Y, Z)− Φ1−t(−X,−Y, Z) (mod ζ(2)Z).
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Proof. Set x = 1 and y = −1 in Theorem 1.3, and observe that ζ(k) belongs to
ζ(2)Z whenever k is a even positive integer. □

Corollary 3.2. We have∑
k∈I

(ζ⋆S(k)− ζ⋆(k))uk ≡ Z

XY − Z

(
Γ(1 +X)Γ(1− Y )

Γ(1− η)Γ(1− γ)
− 1

)
(mod ζ(2)Z),

where η and ξ satisfy η + ξ = −X + Y and ηξ = −Z.

Proof. Since uk with (X,Y, Z) replaced by (X,−Y,−Z) is equal to (−1)dep(k)uk,
we have ∑

k∈I
(ζ⋆S(k)− ζ⋆(k))uk = Φ⋆

S(X,−Y,−Z)− Φ⋆(X,−Y,−Z)

≡ −Φ(−X,Y,−Z) (mod ζ(2)Z)

by Corollary 3.1 with t = 1. Therefore the corollary follows from Theorem 1.1. □

Remark 3.3. Fujita and Komori [2] computed the same sum∑
k∈I

(ζ⋆S(k)− ζ⋆(k))uk

modulo ζ(2)Z using differential equations, in contrast to the algebraic nature of our
proof.
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