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• The cone of 1-Lipschitz functions on a compact metric space Ω, as well as its
tangent cone at a given f , i.e., Af = {λ(f−g); λ ≥ 0, g is 1-Lipschitz on Ω}.

We are interested in balayage as a transport procedure between probability distri-
butions that are sometimes supported on different compact metric spaces X and Y .
We shall then consider closed convex cones A of lower semi-continuous functions
on the disjoint union Ω = X t Y and define a restricted balayage only on pairs of
probabilities (µ, ν) in P(X)× P(Y ) -as opposed to P(X t Y )- via:

(1.2) µ �A ν if and only if

∫
X
ϕdµ ≤

∫
Y
ϕdν for all ϕ ∈ A.

Note the difference between (1.1) and (1.2). For example, the first pre-order is a
transitive relation while the second is not, even if X = Y . Still, a celebrated theorem
of Strassen [25] can be applied whenever (1.2) holds to deduce the following (See
for example [10]).

Proposition 1.1. For every pair (µ, ν) in P(X) × P(Y ) with µ �A ν, where A
is a balayage cone on X t Y , there exists a Markov kernel (or a transport plan)
π ∈ P(X × Y ) whose marginals are (µ, ν) and such that the disintegration (πx)x∈X
of π with respect to µ, i.e,
(1.3)

π(X ×B) = ν(B) and π(A×B) =

∫
A
πx(B) dµ(x) for all Borel A ⊂ X, B ⊂ Y ,

also satisfies

(1.4) δx �A πx µ− a.e.

These are sometimes called A-dilations of µ into ν. The set of such A-dilations
will be denoted KA(µ, ν). The extreme points of the set {(µ, ν) ; µ �A ν} are then
pairs of the form (δx, η) where δx �A η.

In this paper, we consider the problem of finding A-dilations of µ into ν that
minimize appropriate cost functionals of the form c : X ×P(Y ) → R∪ {+∞}, that
is

(1.5) T (µ, ν) = inf{
∫
X
c(x, πx)dµ(x) ; π ∈ KA(µ, ν)}.

This can be seen as a problem of finding an optimal Strassen disintegration of trans-
port plans between two probability measures in balayage order. This is known as
the optimal martingale transport [16,21] whenever A is the cone of convex functions,
and c(x, σ) =

∫
Y d(x, y) dσ(y) with d(x, y) being the cost of moving mass from x to

y.
One of our objectives is to characterize those convex functions T on P(X)×P(Y )

that can be described as a value function of an optimal transport problem as in (1.5)
for a suitable cost function c and an appropriate balayage cone A. These turn out
to be the backward linear transfers between probability distributions, a notion we
introduced in [5, 6] in order to extend the theory of optimal mass transportation
while preserving the important duality established by Kantorovich.

Backward linear transfers are essentially lower semi-continuous convex function-
als T on P(X) × P(Y ) whose partial maps Tµ : ν 7→ T (µ, ν) are such that their
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Legendre-Fenchel transforms lead to a map µ→ T ∗
µ that is linear with respect to µ.

This class of functionals is rich enough to naturally extend the cone of convex lower
semi-continuous energies onWasserstein space, Markov operators, and cost minimiz-
ing mass transports, but also many other couplings between probability measures
to which Monge-Kantorovich theory does not readily apply. Examples include op-
timal martingale transports [16,21], optimal Skorokhod embeddings [17,18], optimal
stochastic transports [13, 19, 23] and the weak mass transports of Talagrand [26],
Marton [22], Gozlan et al. [20]. The class also includes various couplings such as
the Schrödinger bridge associated to a reversible Markov process [15]. Here is the
precise definition:

Let M(X) is the class of signed Radon measures on X. The domain of a func-
tional T : M(X)×M(Y ) → R ∪ {+∞} will be denoted

(1.6) D(T ) := {(µ, ν) ∈ M(X)×M(Y ); T (µ, ν) < +∞}.

We consider for each µ ∈ P(X) (resp., ν ∈ P(Y )), the partial maps Tµ on P(Y )
(resp., Tν on P(X)) given by ν → T (µ, ν) (resp., µ→ T (µ, ν)).

We let C(X) (resp., B(X)) (resp., USC(X)) (resp., LSC(X)) be the space of
continuous (resp., Borel measurable) (resp., bounded above, proper and upper semi-
continuous), (resp., bounded below, proper and lower semi-continuous) functions on
a compact space X.

Definition 1.2. A functional T : M(X) × M(Y ) → R ∪ {+∞} is said to be a
backward linear transfer (resp., forward linear transfer) if

(1) T : M(X)×M(Y ) → R ∪ {+∞} is a proper, convex, bounded below, and
weak∗ lower semi-continuous.

(2) D(T ) ⊂ P(X)× P(Y ).
(3) There exists a map T− (resp., T+) from C(Y ) (resp., C(X)) into the space

of bounded above (resp., below) Borel-measurable functions on X (resp.,
on Y ) such that for all µ ∈ P(X) and g ∈ C(Y ) (resp., ν ∈ P(Y ) and
f ∈ C(X)),

(1.7) T ∗
µ (g) =

∫
X
T−gdµ, (resp., T ∗

ν (f) = −
∫
Y
T+(−f)dν),

where T ∗
µ (resp., T ∗

ν ) is the Fenchel-Legendre transform of Tµ (resp., Tν)
with respect to the duality of C(X) and M(X) (resp., C(Y ) and M(Y ))).

Note that since D(T ) ⊂ P(X)× P(Y ), the Legendre transforms are simply
(1.8)

T ∗
µ (g) := sup

σ∈P(Y )
{
∫
Y
gdσ − T (µ, σ)} resp., T ∗

ν (f) := sup
σ∈P(X)

{
∫
X
fdσ − T (σ, ν)}.

The map T− (resp., T+) is then called the backward (resp., forward) Kan-
torovich operator associated to the transfer T . We shall restrict our analysis
to backward transfers since if T is a forward linear transfer with T+ as a forward
Kantorovich operator, then T̃ (µ, ν) = T (ν, µ) is a backward linear transfer with
T−f = −T+(−f) being the corresponding backward Kantorovich operator.
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Note that since T− and T+ arise from a Legendre transform, they must satisfy
certain additional properties that we exhibit in Section 2. These -mostly non-
linear- Kantorovich operators are important extensions of Markov operators and
are ubiquitous in mathematical analysis and differential equations. They appear
as the réduite operators in potential theory, as filling scheme operators in ergodic
theory, as well as in Monge-Kantorovich duality of optimal mass transport (hence
the name). They also include maps that associate to an initial (resp., final) state
the solution at a given time t (resp., initial time) of a first or second-order Hamilton-
Jacobi equation. They are actually general value functions in dynamic programming
principles ( [14] Section II.3) and also appear in the mathematical theory of image
processing [2].

Linear transfers that can only take 0 or +∞ values are particularly interesting
since we shall be able to characterize them completely in terms of the classical
notion of balayage.

Definition 1.3. Say that a subset S of P(X)× P(Y ) is a backward transfer set if
its characteristic function

(1.9) T (µ, ν) :=

{
0 if (µ, ν) ∈ S,
+∞ otherwise,

is a backward linear transfer.

Definition 1.4. 1) Say that a functional T : P(X)×P(Y ) → R∪{+∞} is standard
if

(1.10) for each x ∈ X, there is σ ∈ P(Y ) with T (δx, σ) < +∞.

2) A set S ⊂ P(X) × P(Y ) is then said to be standard1 if its characteristic
function is standard, that is if for each x ∈ X, there is σ ∈ P(Y ) with (δx, σ) ∈ S.

A typical example of a transfer set is given by the classical notion of convex order.

Balayage of measures in convex order: If X is a convex compact subset of a locally
convex topological vector space, consider the functional

(1.11) B(µ, ν) =
{

0 if µ ≺ ν
+∞ otherwise,

and where µ ≺ ν if and only if
∫
X ϕdµ ≤

∫
X ϕdν for all convex continuous functions

ϕ. It follows from standard Choquet theory [12], that B is a backward linear transfer

whose Kantorovich operator is T−f = f̂ , where f̂ is the upper semi-continuous
concave upper envelope of f . It is also a forward linear transfer with T+f being
the lower semi-continuous convex lower envelope of f . In other words,

(1.12) S = {(µ, ν) ∈ P(X)× P(X); µ ≺ ν}
is a standard transfer set.

Balayage orders (though “restricted”) with respect to appropriate cones turned
out to characterize transfer sets, as we shall prove in Section 3 the following. For

1It turned out that, motivated by some work of Dubins and Savage, Dellacherie-Meyer [8] had
called such sets gambling houses. We shall adopt this terminology throughout this paper.
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that, recall that a positively 1-homogenous operator T is one that verifies T (λf) =
λTf for any λ ≥ 0.

Theorem 1.5. Let S be a weak∗-compact convex subset of P(X) × P(Y ). The
following are then equivalent:

(1) S is a gambling house.
(2) S is a standard backward transfer set.
(3) S = {(µ, ν) ∈ P(X)×P(Y ); µ ≺A ν}, where A is a balayage cone on XtY .
(4) (µ, ν) ∈ S if and only if there exists π ∈ K(µ, ν) such that (δx, πx) ∈ S for

µ-almost x ∈ X.
(5) S = {(µ, ν) ∈ P(X) × P(Y ); ν ≤ T#µ}, where T : C(Y ) → USC(X) is a

positively 1-homogenous Kantorovich operator and T#µ(g) :=
∫
X Tg dµ for

every g ∈ C(Y ).

Definition 1.6. Sets of the form (1.12) will be called restricted (resp., true)
balayage sets if the cone A is in LSC(XtY ) (resp., if X = Y and A ⊂ LSC(X)).

Note the two basic differences between an extended balayage and a true balayage,
even when X = Y . For one, a probability measure is comparable to itself in a
true balayage order, that is the set of ordered pairs must containing the diagonal
{(µ, µ);µ ∈ P(X)}. Another difference is that a true balayage is clearly transitive,
that is if µ ≺A σ and σ ≺A ν then µ ≺A ν. Neither property makes sense for an
extended balayage, even if X = Y . We prove in Section 4 that these two properties
actually suffice to have a backward transfer set represented by a true balayage.

Definition 1.7. Say that a subset S of P(X)× P(X) is transitive if

(1.13) (µ, σ) ∈ S and (σ, ν) ∈ S ⇒ (µ, ν) ∈ S.

Theorem 1.8. Let S be a subset of P(X)×P(X). Then the following are equivalent:

(1) S is a transitive backward transfer set containing the diagonal {(µ, µ);µ ∈
P(X)}.

(2) S = {(µ, ν) ∈ P(X)×P(X); µ ≺A ν}, where A is a balayage cone in C(X).
(3) S = {(µ, ν) ∈ P(X)× P(X); ν ≤ T#µ}, where T : C(X) → USC(X) is an

idempotent positively 1-homogenous Kantorovich operator such that Tf ≥ f
for all f ∈ C(Y ).

Actually, we shall show that any standard backward transfer set is contained in
a minimal transfer set represented by a true balayage.

The following example illustrates the difference between these two notions of
balayage.

The prescribed Markov transfer: Let T : C(X) → C(X) be a bounded linear pos-
itive operator such that T1 = 1, i.e., a Markov operator, then one can associate a
backward linear transfer in the following way:

(1.14) TT (µ, ν) :=
{

0 if ν = T ∗(µ)
+∞ otherwise,

where T ∗ : M(X) → M(X) is the adjoint operator. This is an example of a transfer
set which cannot arise from a true balayage with respect to a cone A in C(X), unless
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T is the identity. On the other hand, we shall see in Section 4 that it is associated to
a restricted balayage, and that the smallest true balayage set containing it is the one
corresponding to balayage with respect to the cone of T -superharmonic functions.

So far, we have only encountered positively 1-homogenous Kantorovich operators.
The next examples are not.

Optimal mass transport: Cost minimizing mass transports à la Monge-Kantorovich
[27] are functionals on P(X)× P(Y ) of the form,

Tc(µ, ν) := inf
{∫

X×Y
c(x, y) dπ;π ∈ K(µ, ν)

}
,(1.15)

where c(x, y) is a lower semi-continuous cost function on the product measure space
X × Y , and K(µ, ν) is the set of probability measures π on X × Y whose marginal
on X (resp. on Y ) is µ (resp., ν) (i.e., the transport plans). A consequence of the
Monge-Kantorovich theory is that cost minimizing transports Tc are both forward
and backward linear transfers with Kantorovich operators given for any f ∈ C(X)
(resp., g ∈ C(Y )), by

(1.16) T+
c f(y) = inf

x∈X
{c(x, y) + f(x)} and T−

c g(x) = sup
y∈Y

{g(y)− c(x, y)}.

Optimal weak mass transport: A typical example of a backward linear transfer
is the following natural generalization of optimal transport: The optimal weak
transport, formally introduced by Gozlan et. al. [20], in order to include previous
work by Talagrand, Merton and others.

Definition 1.9. Let c : X × P(Y ) → R ∪ {+∞} be a bounded below, lower semi-
continuous function such that for each x ∈ X, the function σ 7→ c(x, σ) is proper
and convex. The optimal weak transport problem with cost c from µ ∈ P(X) to
ν ∈ P(Y ) is

(1.17) Vc(µ, ν) := inf
π
{
∫
X
c(x, πx) dµ(x);π ∈ K(µ, ν)}

where (πx)x is the disintegration of π with respect to µ.

As shown in [1] and [20], Vc(µ, ν) = sup{
∫
Y g dν −

∫
X T−g dµ}, where

(1.18) T−g(x) := sup{
∫
Y
gdσ − c(x, σ) ; σ ∈ P(Y )},

a duality that will be key to our study. The effective domain of Vc is not necessarily
a backward transfer set, but we shall show in Section 3 that the domain of every
backward linear transfer is contained in a minimal backward transfer set.

Optimal balayage transport with cost: This example which combines balayage and
optimal transport can be described as follows:

Definition 1.10. Assume A is a balayage cone in LSC(X t Y ), and let c : X ×
P(Y ) → R∪{+∞} be as in definition (1.9). The following is also a backward linear
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transfer:

(1.19) Bc,A(µ, ν) =

{
inf{

∫
X c(x, πx)dµ(x) ; π ∈ KA(µ, ν)} if µ �A ν,

+∞ otherwise.

The corresponding Kantorovich operator is then

(1.20) T−f(x) = sup{
∫
Y
f dσ − c(x, σ); (x, σ) ∈ X × P(Y ) and δx ≺A σ}.

We shall refer to it as an optimal restricted balayage transport with cost c.
If X = Y and A is a balayage cone in LSC(X), then Bc,A is said to be an

optimal balayage transport with cost c.

The following summarizes our main results. It roughly shows that mass transport
theory is essentially balayage theory (or potential theory) with a “cost” assigned
for moving distributions around.

Theorem 1.11. Let T be a standard functional on P(X) × P(Y ). Then the fol-
lowing are equivalent:

(1) T is a backward linear transfer.
(2) T is an optimal restricted balayage transport, i.e., T = Bc,A with cost func-

tion c(x, σ) := T (δx, σ) and where A is a balayage cone on X t Y .
Moreover, for any (µ, ν) ∈ D(T ), there exists π ∈ KA(µ, ν) such that

(δx, πx)∈D(T ), δx≺A πx for µ-a.e. x∈X and T (µ, ν) =
∫
X T (δx, πx) dµ(x).

Furthermore,

• D(T ) = D(Bc,A) ⊂ {(µ, ν) ∈ P(X)× P(Y ); µ ≺A ν}, and we have equality
if and only if D(T ) is a backward transfer set, in which case,

D(T ) = {(µ, ν) ∈ P(X)× P(Y ); ∃ π ∈ KA(µ, ν), δx ≺A πx for µ-a.e. x ∈ X}.

• If X = Y , then D(T ) ⊂ D̂(Bc,Â) := {(µ, ν) ∈ P(X) × P(X); µ ≺Â ν},
where Â is a cone of lower semi-continuous functions on X.

• D(T ) = D̂(Bc,Â) if and only if D(T ) is a transitive backward transfer set

containing the diagonal {(δx, δx);x ∈ X}.

Note that (2) can be seen as an extension of Strassen’s theorem since the latter
correspond to when T is the zero-cost balayage transfer.

There are two important connections that emerge from our analysis:

(1) The class K(Y,X) of backward Kantorovich operators in the smallest “man-
ageable” convex set in the space F(Y,X) of maps from C(Y ) to USC(X)
that is stable under pointwise suprema, while containing the Markov oper-
ators.

(2) Essentially any map T : C(Y ) → USC(X) has a lower “envelope” that is
a backward Kantorovich operator. Moreover, K(Y,X) is an important sub-
class of functional capacities that could be called “convex functional Cho-
quet capacities,” since essentially any functional capacity has a backward
Kantorovich operator lower envelope for the standard order on capacities.



1686 NASSIF GHOUSSOUB

These connections make the cone of Kantorovich operators particularly rich and
flexible as it echoes the role of convex functions vis-a-vis general numerical functions.

Here is an outline of the paper. In Section 2, we exhibit the duality between
linear transfers and Kantorovich operators as well as some of their properties that
will be needed later. We also show that backward Kantorovich operators are Cho-
quet functional capacities. In Section 3, we prove Theorem 1.5 and show that if
T is a standard backward linear transfer, then its effective domain D(T ) is con-
tained in a minimal restricted balayage set. In Section 4, we prove Theorem 1.8
and show that if X = Y , then D(T ) is contained in a minimal true balayage set.
In Section 5, we show that if T is a standard backward linear transfer, then it can
be represented as an optimal weak transport, and characterize those whose domains
D(T ) are backward transfer sets. This is then used in Section 6 to construct back-
ward Kantorovich operators (resp., Choquet-Kantorovich operators) as envelopes
of general maps from C(Y ) to USC(X)(resp., functional capacities).

2. Duality and Kantorovich operators as Choquet functional
capacities

We shall restrict our study throughout to the case where X and Y are two
compact metric spaces. Extensions to the non-compact case are of course possible
and sometimes desirable, but could add complications and technical hypotheses
that would take a way from this natural setting. Recall that USC(X) is the cone
of proper, bounded above, upper semi-continuous functions on X.

Definition 2.1. A backward Kantorovich operator is a map T− : C(Y ) →
USC(X) that satisfies the following properties:

(1) T− is monotone, i.e., if g1 ≤ g2 in C(Y ), then T−g1 ≤ T−g2.
(2) T− is affine on the constants, i.e., for any c ∈ R and g ∈ C(Y ), T−(g+ c) =

T−g + c.
(3) T− is a convex operator, that is for any λ ∈ [0, 1], g1, g2 in C(Y ), we have

T−(λg1 + (1− λ)g2) ≤ λT−g1 + (1− λ)T−g2.

(4) T− is lower semi-continuous in the sense that if gn → g in C(Y ) for the sup
norm, then lim infn→∞ T−gn ≥ T−g.

Similarly, a forward Kantorovich operator is is a map T+ : C(X) → LSC(Y )
that satisfies (1)and (2) above, but instead of (3) and (4), it satisfies:

(3’) T+ is a concave operator.
(4’) T+ is upper semi-continuous.

This class of operators is in a way “dual” to the class of backward linear transfers.

Theorem 2.2. Let X and Y be two compact metric spaces. Then, the following
assertions are equivalent:

(1) T− is a backward Kantorovich operator from C(Y ) to USC(X).
(2) There exists a backward linear transfer T : P(X)×P(Y ) → R∪{+∞} such

that for all µ ∈ P(X) and g ∈ C(Y ),

(2.1) T ∗
µ (g) =

∫
X
T−g dµ.
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(3) There exists a proper lower semi-continuous function c : X × P(Y ) → R ∪
{+∞} such that for all x ∈ X, the functional σ 7→ c(x, σ) is convex, and
for any g ∈ C(Y ),

(2.2) T−g(x) := sup{
∫
Y
gdσ − c(x, σ) ; σ ∈ P(Y )}.

We shall need the following lemma.

Lemma 2.3. Let T : C(Y ) → USC(X) be a backward Kantorovich operator, and
suppose x ∈ X is such that T0(x) > −∞.Then, there exists σ ∈ P(Y ) such that

(2.3) sup
g∈C(Y )

{
∫
Y
gdσ − Tg(x)} < +∞.

Proof: Note first that the hypothesis yields that Tg(x) > −∞ for every g ∈ C(Y ),
since by the first 2 properties of a Kantorovich operator, we have for every g ∈ C(Y ),
Tg − infY g = T (g − infY g) ≥ T0. It follows that the functional Φx : C(Y ) → R
defined by Φx(g) = Tg(x) is clearly convex, lower semi-continuous and finite. Hence,
by the Hahn-Banach theorem, it is the supremum of all affine functionals below it,
that is, for every g ∈ C(Y ),

Φx(g) = sup{
∫
Y
gdσ + k;σ ∈ M(Y ), k ∈ R, σ + k ≤ Φx onC(Y )}.

By compactness, there is k0 ∈ R and σ0 ∈ M(Y ) such that σ0 + k0 ≤ Φx and

Φx(0) = k0 = sup{k;σ ∈ M(Y ), k ∈ R, σ + k ≤ Φx onC(Y )}.
Since Φx is affine on constants, we have σ0(Y ) + k0 ≤ Φx(1) = 1 + Φx(0) = 1 + k0,
hence σ0(Y ) ≤ 1. On the other hand,

Φx(−1) + 1 = Φx(0) =

∫
Y
(−1) dσ0 + k0 + σ0(Y ) ≤ Φx(−1) + σ0(Y ),

hence σ0(Y ) ≥ 1 and therefore it is equal to 1.
To show that σ0 is a non-negative measure, let f ∈ C(Y ) with 0 ≤ f ≤ 1, then

1− σ0(f) = σ0(1)− σ0(f) = σ0(1− f) ≤ Φx(1− f)− k0.

Using the monotonicity of Φx, we obtain

σ0(f) ≥ 1− Φx(1− f) + k0 = −Φx(−f) + k0 ≥ −Φx(0) + k0 = 0.

It follows that σ0 ∈ P(Y ), σ0+ k0 ≤ Φx on C(Y ) and therefore for every g ∈ C(Y ),
we have

Tg(x) = sup{
∫
Y
gdσ + k;σ ∈ M(Y ), k ∈ R, σ + k ≤ Φx onC(Y )} ≥

∫
Y
gdσ0 + k0.

Proof of Theorem 2.2: (1) ⇒ (2) since if T− is a backward Kantorovich oper-
ator then T−0 ∈ USC(X), that is (2.3) holds for some x ∈ X, and the following
functional
(2.4)

T (µ, ν) =

{
supg∈C(Y ){

∫
Y gdν −

∫
X T−gdµ} for all (µ, ν) ∈ P(X)× P(Y )

+∞ otherwise,
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is therefore proper. T is also bounded below since

inf{T (µ, ν); (µ, ν) ∈ P(X)× P(Y )} ≥ inf{−
∫
X
T−0 dµ;µ ∈ P(X)}

> − sup
X
T (0)

> −∞,

because T−0 is upper semi-continuous. It is clear that T is jointly convex and lower
semi-continuous on M(X)×M(Y ) since T− is valued in USC(X). Now define for
µ ∈ P(X), the functional Fµ(g) :=

∫
X T−gdµ.

Assuming Fµ(g) 6= −∞ for some g ∈ C(Y ) and since g 7→ T−g is convex and
lower semi-continuous in the sense defined above, Fµ is then a convex and lower
semi-continuous on C(Y ). By Fenchel-Moreau duality, we will be done if we show
that F ∗

µ(ν) = T (µ, ν) for all ν ∈ M(Y ), where

F ∗
µ(ν) = sup{

∫
Y gdν −

∫
X T−gdµ ; g ∈ C(Y )} on M(Y ).

The equality holds when ν ∈ P(Y ) by the definition of T , so suppose ν ∈ M(Y )
with ν(Y ) = λ 6= 1. Taking g(x) ≡ n ∈ Z, we have T−(g) = T−(0+n) = n+T−(0),
and therefore

F ∗
µ(ν) ≥ nλ−

∫
X
T−(n)dµ = n(λ− 1)−

∫
X
T−(0)dµ.

With n → ±∞, depending on if λ < 1 or λ > 1, we deduce F ∗
µ(ν) = +∞. Hence

F ∗
µ(ν) = T (µ, ν) for all ν ∈ M(Y ), and it follows that

Fµ(g) = sup
ν∈M(Y )

{
∫
Y
gdν − F ∗

µ(ν)} = sup
ν∈M(Y )

{
∫
Y
gdν − T (µ, ν)} = T ∗

µ (g).

If now Fµ ≡ −∞, that is if Fµ(g) =
∫
X T−gdµ = −∞ for every g ∈ C(Y ), then

formula (2.4) gives that Tµ ≡ +∞, and again T ∗
µ (g) = −∞ =

∫
X T−gdµ.

(2) ⇒ (1): Suppose now T is a backward linear transfer, and let T− be the
operator associated to it in Definition 1.2. Since T is proper, we have T (µ, ν) < +∞
for some (µ, ν) ∈ P(X)× P(Y ), hence∫

X
T−0 dµ = T ∗

µ (0) = sup{−T (µ, σ);σ ∈ P(Y )} ≥ −T (µ, ν) > −∞,

from which follows that there is x ∈ X such that T−0(x) > −∞.
To show that T− is a Kantorovich operator, note that for every g ∈ C(Y ) and

any x ∈ X,

(2.5) T−g(x) = T ∗
δx(f) = sup

ν∈P(Y )
{
∫
Y
gdν − T (δx, ν)}.

It is clear that T− is monotone, convex and affine on the constants. To show
that T−g ∈ USC(X) for every g ∈ C(Y ), note first that T−g is proper since
T−0(x) > −∞ and the monotonicity yields that it is also the case for any g ∈ C(Y ).
Moreover, if xn → x in X so that -up to a subsequence- lim supn→∞ T−g(xn) =
limj→∞ T−g(xnj ), then there is nothing to prove if the latter is equal to −∞. How-

ever, if limj→∞ T−g(xnj ) > −∞, then we let νj achieve the supremum above when



LINEAR TRANSFERS AS MINIMAL COSTS OF DILATIONS OF MEASURES 1689

x = xnj (the supremum is achieved by upper semi-continuity of ν 7→
∫
Y gdν −

T (δx, ν) on the compact space P(Y )). By the weak∗ compactness of P(Y ), we may
extract a further subsequence if necessary and assume νj → ν̄ for some ν̄ ∈ P(Y ).
It follows from the weak∗- lower semi-continuity of T

lim sup
n→∞

T−g(xn) = lim
j→∞

T−g(xnj ) ≤
∫
Y
gdν̄ − T (δx, ν̄)

≤ sup
ν∈P(Y )

{
∫
Y
gdν − T (δx, ν)}

= T−g(x),

hence T−g ∈ USC(X).
This also yields the following Lipschitz property: for any g, h in C(Y ), and any

x ∈ X, where T−h(x) > −∞,

(2.6) T−g(x)− T−h(x) ≤ ‖g − h‖∞,

since if T−g(x) > −∞ (otherwise there is nothing to prove), then

T−g(x) = sup
σ∈P(Y )

{
∫
Y
gdσ − T (δx, σ)}

≤ sup
σ∈P(Y )

{
∫
Y
hdσ − T (δx, σ)}+ ‖g − h‖∞

= T−h(x) + ‖g − h‖∞.

This immediately yields the lower semi-continuity property since if gn → g ∈ C(Y ),
then, T−g(x) ≤ T−gn(x) + ‖g − gn‖∞, and T−g ≤ lim infn→∞ T−gn(x).

(2) ⇒ (3) is immediate by taking c(x, σ) = T (δx, σ) and using the definition of a
Legendre transform.

That (3) ⇒ (1) is immediate from expression (2.2), which was used in (2) ⇒ (1)
to establish the 4 properties of a Kantorovich operator.

Finally, note that for each µ ∈ P(X), Tµ is convex, lower semi-continuous and
bounded below such that T ∗

µ (g) =
∫
X T−g dµ. It follows that for each ν ∈ P(Y ),

T (µ, ν) = Tµ(ν) = T ∗∗
µ (ν) = sup

g∈C(Y )
{
∫
Y
g dν−T ∗

µ (g)} = sup
g∈C(Y )

{
∫
Y
gdν−

∫
X
T−gdµ}.

Proposition 2.4. Consider the class K(Y,X) of backward Kantorovich operators
from C(Y ) to USC(X). Then,

(1) If T1 and T2 are in K(Y,X), and λ ∈ [0, 1], then λT1+(1−λ)T2 ∈ K(Y,X).
(2) If λ ∈ R+ and T ∈ K(Y,X), then the map (λ · T )f := 1

λT (λf) for any
f ∈ C(Y ), belongs to K(Y,X).

(3) If T1 and T2 are in K(Y,X), then the map T1 ⋆T2 defined for f ∈ C(Y ) and
x ∈ X by

(T1 ⋆ T2)f(x) := sup
σ∈P(Y )

inf
g,h∈C(Y )

∫
Y
(f − g − h) dσ + T1g(x) + T2h(x)

is in K(Y,X)
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(4) If T1 and T2 are in K(Y,X), then the map (T1∨T2)f(x) := T1f(x)∨T2f(x)
for any f ∈ C(Y ), and x ∈ X belongs to K(Y,X).

(5) If (Ti)i∈I is a family in K(Y,X), such that for every f ∈ C(Y ), the function
supi∈I Tif is bounded above on X, then the operator f → supi∈I Tif is a
Kantorovich operator, where here g(x) = inf{h(x);h ∈ C(X), h ≥ g onX}
is the smallest upper semi-continuous function above g.

Proof. (1) and (2) are immediate, while (3) follows from the fact that

T1 ⋆ T2f(x) = sup
σ∈P(Y )

{
∫
Y
f dσ − T1(x, σ)− T2(x, σ},

where T1 and T2 are the linear transfers corresponding to T1 and T2 respectively. In
other words, in view of Theorem 2.2, the convex cost associated with T1 ⋆ T2 is

c(x, σ) = T1(δx, σ) + T2(δx, σ),

hence T1 ⋆ T2 is a Kantorovich operator.
4) is immediate from the definition of a Kantorovich operator, while for 5) first

notice that the operator T∞f := supi∈I Tif clearly satisfies properties (1), ..., (4)
of a backward Kantorovich operator. Indeed, the monotonicity, convexity, and
affine with respect to constants, properties of S∞ are readily inherited from each
Si being Kantorovich. The map f → T∞f(x) is also lower semi-continuous. The
first three properties extend to the operator f → T∞f . It remains to check the
lower semi-continuity. For this, suppose gk → g in C(X) for the sup norm. If
lim infk T∞gk(x) = +∞, there is nothing to prove. Otherwise, we have from (2.6)
that Tig(x) ≤ Tigk(x) + ‖g − gk‖∞, so that supi Tig(x) ≤ supi Tigk(x) + ‖g − gk‖∞
and therefore

sup
i
Tg(x) ≤ sup

i
Tigk(x) + ‖g − gk‖∞,

since f + c = f + c for any constant c, hence T∞g(x) ≤ lim infk→∞ T∞gk(x). □

Remark 2.5. The duality allows to construct and identify new Kantorovich oper-
ators. Indeed, let I : P(Y ) → R ∪ {+∞} be a bounded below, convex, weak∗-lower
semi-continuous function on P(Y ) and consider

(2.7) I(µ, ν) := I(ν) for all (µ, ν) ∈ P(X)× P(Y ),

so that I is a backward linear transfer with corresponding backward Kantorovich
operator T−g ≡ I∗(g) (hence a constant function of x). If now T is a general linear
transfer, then the following functional on P(X)× P(Y ),

(2.8) TI(µ, ν) := inf{
∫
X
[T (x, πx) + I(πx)] dµ(x);π ∈ K(µ, ν)}

is also a linear transfer, and if T is given by an optimal mass transport Tc associated
to a proper lower semi-continuous cost function c : X × Y → R ∪ {+∞}, whose
backward Kantorovich operator is Tcg(x) := sup{g(y)− c(x, y); y ∈ Y }, then

(2.9) TI(µ, ν) = inf{
∫
X
[c(x, y) dπx(y) + I(πx)] dµ(x);π ∈ K(µ, ν)},
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and the associated Kantorovich operator is given by

T−
I g(x) := T− ⊕ I∗(g)(x) = sup

σ∈P(Y )
{
∫
Y
gdσ − T (x, σ)− I(σ)}

= sup{
∫
Y
(g(y)− c(x, y))dσ(y)− I(σ) ; σ ∈ P(Y )}

= I∗(gc,x),

where gc,x is the function y 7→ g(y)− c(x, y).

(1) If I is the potential energy functional I(ν) = ϵ
∫
Y V (y) dν(y), where V is a

bounded below lower semi-continuous potential on Y , then T−
I g = T−

c (g −
ϵV ).

(2) Less obvious is the case when I is the relative entropy Hν0 with respect to
ν0, i.e.,

(2.10) Hν0(ν) :=

{∫
Y

dν
dν0

log( dν
dν0

)dν0 if ν << ν0

+∞ otherwise.

In this case, TϵHf(x) = ϵ log
∫
Y e

g(y)−c(x,y)
ϵ dν0(y), which corresponds to an

entropic regularization of Tc.

Denote by USCf (X) (resp., USCb(X)) the cone of functions in USC(X) that
are finite (resp., bounded below), and by USCσ(X) the closure of USC(X) with
respect to monotone increasing limits.

Definition 2.6. Say that a Kantorovich operator T is standard (resp., regular)
if T maps C(Y ) to USCf (X) (resp., USCb(X)).

The following proposition follows readily from the above theorem.

Proposition 2.7. Let T be a Kantorovich operator and T its associated linear
transfer. Then, the following are equivalent:

(1) T is standard (resp., regular).
(2) The function T (0) is finite (resp., bounded below).
(3) The corresponding linear transfer T satisfies

(2.11) inf
σ∈P(Y )

T (x, σ) < +∞ for all x ∈ X,

(2.12) (resp., k := sup
x∈X

inf
σ∈P(Y )

T (x, σ) < +∞.)

If T is a standard Kantorovich operator, then T is a contraction from C(Y ) to
USCf (X), that is

(2.13) sup
x∈X

|T−g(x)− T−h(x)| ≤ ‖g − h‖∞.

A regular operator is clearly standard and T + k then maps C+(Y ) to USC+(X)
Let F (X) (resp F+(X)) (resp., Fb(X)) denote the class of all extended numerical
(resp., non-negative) (resp., bounded below) functions on X.
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Definition 2.8. A Choquet functional capacity is a map T : F+(Y ) → F+(X)
such that

(1) T is monotone, i.e., f ≤ g ⇒ Tf ≤ Tg.
(2) T maps USC(Y ) to USC(X) and if gn, g ∈ USC(Y ) and gn ↓ g, then

T−gn ↓ T−g.
(3) If gn, g ∈ F+(Y ) with gn ↑ g, then T−gn ↑ T−g.

The class USCσ(X) will denote the closure of USC(X) with respect to monotone
increasing limits.

Theorem 2.9. Let T be a backward linear transfer and let T− : C(Y ) → USC(X)
be the associated Kantorovich operator. Then

(1) T− can be extended to be a functional from F (Y ) to F (X) via the formula

(2.14) T−g(x) = sup{
∫ ∗

Y
gdν − T (δx, ν); ν ∈ P(Y ), (δx, ν) ∈ D(T )},

where
∫ ∗
Y gdν is the outer integral of g with respect to ν.

Moreover, T− maps bounded above functions on Y to bounded above func-
tions on X. It is monotone and satisfies T−g + c = T−(g + c) for every
g ∈ F (Y ) and c ∈ R.

(2) For any upper semi-continuous functions g on Y , we have

(2.15) T−g(x) := inf{T−h(x) ; h ∈ C(Y ), h ≥ g},

and T− maps USCb(Y ) to USC(X).
(3) If T− is standard (resp., regular), then it maps USCb(Y ) to USCf (X)

(resp., USCb(Y )).
(4) If T− is regular, then the map T− + k is a functional capacity that maps

F+(Y ) to F+(X), and consequently, if g is a K-analytic function that is
bounded below on Y , then

(2.16) T−g(x) := sup{T−h(x) ; h ∈ USC(Y ) , h ≤ g}.

Proof. 1) Note first that formula (2.14) makes sense for any function g : Y →
R+∪{+∞} provided one uses the outer integral

∫ ∗
g dν in formula (2.14). Moreover,

T−g(x) ≤ supy∈Y g(y)−mT , wheremT is a lower bound for T , hence if g is bounded

above then, T−g is also bounded above. The monotonicity and the affine properties
on constants are clear. Finally note that since there exists (δx, σ) ∈ D(T ), we have
for any g ∈ Fb(Y ), T−g(x) ≥ infY g − T (δx, σ) > −∞, hence T−g is proper.

2. We now show that the extension as defined in (2.14) and still denoted T−,
maps USC(Y ) to USC(X). Indeed, if g ∈ USC(Y ) and hn ↘ g is a decreasing
sequence of continuous functions converging to g, then, T−g ≤ infn T

−hn so that
if infn T

−hn(x) = −∞, we have equality at that point. On the other hand, if
infn T

−hn(x) > −∞, then

T−g(x)≤ inf
n
T−hn(x)=inf

n
sup

σ∈P(Y )
{
∫
Y
hndσ − T (δx, σ)}=inf

n

∫
Y
hndσn − T (δx, σn),
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where the supremum is achieved for some probability measure σn because σ 7→∫
Y hndσ−T (δx, σ) is weak

∗ upper semi-continuous and bounded above on the com-
pact set P(Y ).

Let (nk)k be a subsequence such that infn
∫
Y hndσn − T (δx, σn) =

limk→∞
∫
Y hnk

dσnk
−T (δx, σnk

) and by weak∗ compactness of P(Y ), extract a fur-
ther increasing subsequence (that we call again nk) so that σnk

→ σ. For any
j ≤ k, we have hnk

≤ hnj , hence for this fixed j, we have that hnj ∈ C(Y ) and so∫
hnjdσnk

→
∫
hnjdσ as k → ∞, and since T is lower semi-continuous, we obtain

inf
n

∫
Y
hndσn − T (δx, σn) ≤ lim

k→∞

∫
Y
hnjdσnk

− T (δx, σnk
) ≤

∫
Y
hnjdσ − T (δx, σ).

Finally
∫
Y hnjdσ →

∫
Y gdσ by monotone convergence, and we obtain

T−g(x) ≤ inf
n
T−hn(x) ≤ inf

n

∫
Y
hndσn − T (δx, σn)

≤ sup
σ∈P(Y )

{
∫
Y
gdσ − T (δx, σ)}

= T−g(x).

It follows that T−g(x) := inf{T−h(x) ; h ∈ C(Y ), h ≥ g}, and T−g is upper semi-
continuous. If now g ∈ USCf (Y ), then T−g is proper and therefore belongs to
USC(X).

3) Suppose now that gn, g ∈ USC(Y ) are such that gn ↘ g. We claim that
T−gn ↘ T−g. Indeed, by the monotonicity property of T−, we have T−g(x) ≤
lim infn T

−gn(x). If for some n, T−gn(x) = −∞, then T−g(x) = −∞ and there is
nothing to prove. Otherwise, T−gn(x) > −∞ for all n, in which case the expression
(2.14) is finite. The map σ 7→

∫
Y gndσ − T (δx, σ) is weak∗ upper semi-continuous

(since σ 7→
∫
Y hdσ is weak∗ upper semi-continuous for any h ∈ USC(Y )), so it

achieves its supremum at some σn, i.e., T
−gn(x) =

∫
gndσn − T (δx, σn).

Extract now an increasing subsequence nk so that lim supn T
−gn(x) = limk T

−gnk
(x)

and σnk
→ σ̄. Similarly to the proof above, we get by the monotonicity of gn, that

(2.17) T−gnk
(x) ≤

∫
gnjdσnk

− T (δx, σnk
) for fixed j ≤ k.

As gnj ∈ USC(Y ) and σnk
→ σ̄, it follows that lim supk→∞

∫
gnjdσnk

≤
∫
gnjdσ̄.

Hence upon taking lim supk→∞ in (2.17), we get that lim supn T
−gn(x) ≤

∫
Y gnjdσ̄−

T (δx, σ̄). Now let j → +∞ and use monotone convergence to conclude that

lim sup
n

T−gn(x) ≤ sup
σ∈P(Y )

{
∫
gdσ − T (δx, σ)} = T−g(x).

Suppose now gn, g ∈ F (Y ) with gn ↗ g, we shall show that T−gn ↗ T−g. Indeed,
again, by the monotoncity property for T−, we have T−g(x) ≥ lim supn T

−gn(x).
On the other hand,

T−gn(x) = sup
σ∈P(Y )

{
∫ ∗

Y
gndσ − T (δx, σ)} ≥

∫ ∗

Y
gndσ − T (δx, σ) for all σ ∈ P(Y ),
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hence by monotone convergence, lim infn T
−gn(x) ≥

∫ ∗
gdσ−T (δx, σ) for all σ. Tak-

ing the supremum over σ yields lim infn T
−gn(x) ≥ supσ∈P(Y ){

∫ ∗
Y gdσ−T (δx, σ)} =

T−g(x).
4) If now T is a regular Kantorovich operator, then T maps USCb(Y ) to USCb(X)

and T + k maps F+(Y ) to F+(X). It follows from the above established properties
that T + k is a functional capacity. Note that for each x ∈ X, the set function
T x(A) = T (χA)(x) + k is then a non-negative regular Choquet capacity. Moreover,
for any Radon measure µ, the functional (T + k)#µ defined as (T + k)#µ(f) =∫
X(Tf(x) + k) dµ(x) is also a regular capacity.
A celebrated theorem of Choquet now yields that any K-analytic function g ∈

F+(Y ), is “capacitable”, that is

T−g(x) = sup{T−h(x) ; h ∈ USC(Y ) , h ≤ g}.

This holds in particular for any bounded above function g ∈ USCσ(Y ), i.e., the
closure of USC(Y ) with respect to monotone increasing limits. Actually, it can
be readily be seen that T−g(x) ≥ sup{T−h(x) ; h ∈ USC(Y ) , h ≤ g}, and for an
increasing hn ↗ g, with hn ∈ USC(Y ), we have T−g = supn T

−hn by the 3rd
property of the capacity. □

Corollary 2.10. Let T : P(X)×P(Y ) → R∪{+∞} be a backward linear transfer.
Then,

(1) For any (µ, ν) ∈ P(X)× P(Y ), we have

T (µ, ν) = sup
{∫

Y
g dν −

∫
X
T−g dµ; g ∈ USCb(Y )

}
.

(2) The Legendre transform formula (1.7) for Tµ extends from C(Y ) to USC(Y );
that is, for µ ∈ P(X), we have for any g ∈ USC(Y ),

(2.18) T ∗
µ (g) := sup{

∫
Y
gdσ − T (µ, σ);σ ∈ P(Y )} =

∫
X
T−g dµ.

Proof. 1. For g ∈ USCb(Y ), take a monotone decreasing sequence gn ∈ C(Y ) with
gn ↓ g. Since T− is a capacity, we have

lim
n→∞

(∫
Y
gndν −

∫
X
T−gndµ

)
=

∫
Y
gdν −

∫
X
T−gdµ,

from which we conclude T (µ, ν) ≥ sup
{∫

Y g dν −
∫
X T−g dµ; g ∈ USCb(Y )

}
. The

reverse inequality is immediate since C(Y ) ⊂ USCb(Y ).
2. Let g ∈ USC(Y ) and take gn ↘ g with gn ∈ C(Y ). We have∫

Y
gndσ − T (µ, σ) ≤ sup{

∫
Y
gndσ − T (µ, σ);σ ∈ P(Y )} =

∫
X
T−gn dµ

so that by the capacity property of T−, we have
∫
Y gdσ − T (µ, σ) ≤

∫
X T−g dµ,

and consequently

(2.19) sup{
∫
Y
gdσ − T (µ, σ);σ ∈ P(Y )} ≤

∫
X
T−g dµ.
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On the other hand, by monotonicity, T−g ≤ T−gn, so

(2.20)

∫
X
T−g dµ ≤

∫
X
T−gn dµ ≤ sup{

∫
Y
gndσ − T (µ, σ);σ ∈ P(Y )}.

If now sup{
∫
Y gndσ − T (µ, σ);σ ∈ P(Y )} = −∞ for some n, there is nothing left

to prove. Otherwise, The supremum on the right-hand side of (2.20) is achieved by
some σn. Extract an increasing subsequence nj so that σnj → σ for some σ ∈ P(Y ).
Then if i ≤ j, we have gnj ≤ gni , so that

∫
X
T−g dµ ≤

∫
Y
gnidσnj − T (µ, σnj ) for i ≤ j

where upon sending j → ∞ yields
∫
X T−g dµ ≤

∫
Y gnidσ − T (µ, σ), and finally as

i→ +∞, monotone convergence yields the reverse inequality of (2.19). □

Now that standard Kantorovich operators can be extended so as to map USCb(Y )
into USCb(X), we can compose them in the following way.

Proposition 2.11. Let X1, ...., Xn be n compact spaces, and suppose for each i =
1, ..., n, Ti is a regular backward linear transfer on P(Xi−1)×P(Xi) with Kantorovich
operator T−

i : C(Xi) → USCf (Xi−1). For any probability measures µ on X1 (resp.,
ν on Xn), define

T1 ⋆ T2... ⋆ Tn(µ, ν)
:= inf{T1(µ, σ1) + T2(σ1, σ2)...+ Tn(σn−1, ν); σi ∈ P(Xi), i = 1, ..., n− 1}.

Then, T := T1 ⋆ T2... ⋆ Tn is a linear backward transfer with a Kantorovich operator

(2.21) T− = T−
1 ◦ T−

2 ◦ ... ◦ T−
n .

In other words, the following duality formula holds:

(2.22) T (µ, ν) = sup
{∫

Xn

g(y) dν(y)−
∫
X1

T−
1 ◦ T−

2 ◦ ... ◦ T−
n g(x); g ∈ C(Xn)

}
.

Proof. By an obvious induction, it suffices to show the proposition for two trans-
fers. For that, note that since T1 (resp., T2) is jointly convex and weak∗-lower
semi-continuous on P(X1) × P(X2) (resp., P(X2) × P(X3)), then (T1 ⋆ T2)µ :
ν → (T1 ⋆ T2)(µ.ν) is convex and weak∗-lower semi-continuous. Consider their
corresponding Kantorovich operator T−

1 (resp., T−
2 ) from USCb(X2) to USCb(X1)

(resp., USCb(X3) to USCb(X2) and calculate the following Legendre transform:
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For g ∈ C(X3),

(T1 ⋆ T2)∗µ(g) = sup
ν∈P(X3)

sup
σ∈P(X2)

{∫
X3

g dν − T1(µ, σ)− T2(σ, ν)
}

= sup
σ∈P(X2)

{(T2)∗σ(g)− T1(µ, σ)}

= sup
σ∈P(X2)

{∫
X2

T−
2 (g) dσ − T1(µ, σ)

}
= (T1)∗µ(T−

2 (g))

=

∫
X1

T−
1 ◦ T−

2 g dµ.

In other words, T1 ⋆T2(µ, ν) = sup
{ ∫

X3
g(x) dν(x)−

∫
X1
T−
1 ◦T−

2 g dµ; f ∈ C(X3)
}
,

which means that T1 ⋆T2 is a backward linear transfer on X1×X3 with Kantorovich
operator equal to T−

1 ◦ T−
2 . □

3. Gambling houses and positively homogenous Kantorovich
operators

In this section we study {0,+∞}-valued linear transfers, i.e., those corresponding
to a 0-cost c in expression (2.2).

Definition 3.1. Let S be a non-empty subset of P(X)× P(Y ).

(1) Recall that S is a gambling house if for every x ∈ X, there exists σ ∈ P(Y )
such that (δx, σ) ∈ S, that is, if its characteristic function

TS(µ, ν) :=
{

0 if (µ, ν) ∈ S
+∞ otherwise,

is a standard functional.
(2) Say that a subset S of P(X) × P(Y ) is a backward transfer set if its

characteristic function TS is a backward linear transfer.

It is clear that transfer sets are convex weak∗-compact subsets of P(X)×P(Y ).

Proposition 3.2. A standard backward Kantorovich operator T is 1-positively ho-
mogenous if and only there exists a closed gambling house S such that

(3.1) T−g(x) = sup{
∫
X
g dσ; (δx, σ) ∈ S},

in which case

(3.2) conv(S) = {(µ, ν) ∈ P(X)× P(Y ); ν ≤ T#µ on C(Y )},

where T#µ(g) :=
∫
X Tg dµ for every g ∈ C(Y ).

Proof. Note that if T− is a 1-positively homogenous Kantorovich operator, then the
corresponding backward linear transfer

(3.3) T (µ, ν) = sup
g∈C(Y )

{
∫
Y
gdν −

∫
X
T−gdµ} for all (µ, ν) ∈ P(X)× P(Y )
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can only take values in {0,+∞}, since then

T (µ, ν) ≥ n sup
g∈C(Y )

{
∫
Y
gdν −

∫
X
T−gdµ},

for every n, which means it is +∞ unless
∫
Y gdν −

∫
X T−gdµ ≤ 0 for every g ∈

C(Y ). □

In other words,

T (µ, ν) =

{
0 if (µ, ν) ∈ D
+∞ otherwise,

where D := {(µ, ν) ∈ P(X) × P(Y ); ν ≤ T#µ on C(Y )}. It is clear that if T− is
standard, then S := D is a closed and convex gambling house.

Conversely, if S is a closed gambling house, then (3.1) defines a standard map that
satisfies properties (1)—(4) of a backward Kantorovich operator. It remains to show
that for a fixed g ∈ C(Y ), T−g is upper semi-continuous. For that assume xn → x
in X. Assuming lim supn→∞ T−g(xn) > −∞ (since otherwise there is nothing to
prove), consider a subsequence such that lim supn→∞ T−g(xn) = limj→∞ T−g(xnj ).
Since S is closed, the set Sj := {σ ∈ P(Y ); (xnj , σ) ∈ S} is compact in P(Y ), hence
there is νj in Sj such that

T−g(xnj ) = sup{
∫
X
g dσ; (δxnj

, σ) ∈ S} =

∫
X
g dνj .

By the weak∗ compactness of P(Y ), we may extract a further subsequence if neces-
sary and assume νj → ν̄ for some ν̄ ∈ P(Y ). Since S is closed, we have (δx, ν̄) ∈ S.
It follows that

lim sup
n→∞

T−g(xn)= lim
j→∞

T−g(xnj )=

∫
Y
gdν̄≤ sup

ν∈P(Y )
{
∫
Y
gdν; (δx, ν) ∈ S}=T−g(x),

hence T−g ∈ USC(X).

It is clear that S, hence conv(S) is contained in D := {(µ, ν) ∈ P(X)×P(Y ); ν ≤
T#µ on C(Y )}. Conversely, by the Hahn-Banach theorem, every (δx, ν) in D belongs

to S, hence conv(S) = D since the extreme points of the latter are of the form (δx, ν)
for some x ∈ X and ν ∈ P(Y ).

Theorem 3.3. Let S be a non-empty subset of P(X) × P(Y ). The following are
then equivalent:

(1) S is a convex weak∗-closed gambling house.
(2) S is a standard backward transfer set.
(3) S = {(µ, ν) ∈ P(X) × P(Y ); ν ≤ T#µ}, where T : C(Y ) → USCf (X) is a

positively 1-homogenous Kantorovich operator and T#µ(g) :=
∫
X Tg dµ for

every g ∈ C(Y ).
(4) S = {(µ, ν) ∈ P(X)×P(Y ); µ ≺A ν}, where A is a balayage cone on XtY .
(5) S is convex weak∗-compact in P(X) × P(Y ) and (µ, ν) ∈ S if and only if

there exists π ∈ K(µ, ν) such that (δx, πx) ∈ S for µ-almost x ∈ X, where
(πx)x is a disintegration of π with respect to µ.
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Proof. Note that 1), 2) and 3) follow from the above proposition, while the restricted
Strassen theorem mentioned in the introduction yields that 4) implies 5). In order
to show that 5) implies 2), we compute the Legendre transform of Bµ where B is
the characteristic function of S and show that it is a backward linear transfer with
Kantorovich operator

(3.4) T−g(x) := sup
(δx,σ)∈S

∫
Y
g(y)dσ(y).

Indeed, B∗
µ(g) = sup

{∫
Y gdν ; ν ∈ P(X), (µ, ν) ∈ S

}
while Strassen’s theorem gives

that for any (µ, ν) ∈ S, there is (x, πx) ∈ S such that∫
Y
g(y)dν(y) =

∫
Y

[∫
X
g(y)dπx(y)

]
dµ(x) ≤

∫
X

(
sup

(δx,σ)∈S

∫
Y
g(y)dσ(y)

)
dµ(x).

hence B∗
µ(g) ≤

∫
X T−g(x) dµ.

On the other hand, for each x ∈ X, the supremum of σ →
∫
X g(y)dσ(y) is

achieved on the set {σ ∈ P(X); (δx, σ) ∈ S} since the latter is weak∗ closed in
P(X) and therefore is weak∗ compact. By a standard selection theorem, there
is a measurable selection x → σx, where for each x, σx is where the maximum
is achieved. Note that since δx ≺A σx, we have that µ ≺A ν̃, where ν̃(A) :=∫
X σx(A)dµ(x). It follows that∫

X
T−g(x) dµ ≤

∫
X

(
sup

(δx,σ)∈S

∫
X
g(y)dσ(y)

)
dµ(x) =

∫
X
g(y)dν̃(y) ≤ B∗

µ(g).

Note that the above also show that D1(B) = P(X), that is S is a gambling house,
where

D1(T ) = {µ ∈ P(X); ∃ν ∈ P(Y ), (µ, ν) ∈ D(T )}.

It remains to define a suitable balayage cone. For that, we establish the following
general result. □

Theorem 3.4. Let T be a standard backward linear transfer on P(X)×P(Y ) with
backward Kantorovich operator T−, then D(T ) ⊂ D(Tr), where Tr is a backward
linear transfer on P(X)×P(Y ) whose Kantorovich operator is given by the positively
1-homogenous recession operator associated with T−, i.e.,

(3.5) T−
r g(x) := lim

λ→+∞

T−(λg)(x)

λ
.

Moreover, there is a balayage cone A on XtY such that the following are equivalent:

(1) (µ, ν) ∈ D(Tr).
(2) µ ≺A ν.
(3)

∫
X T−

r g dµ ≥
∫
Y g dν for every g ∈ C(Y ).

Furthermore, D(Tr) is the smallest transfer set containing D(T ), hence D(T ) is a
transfer set if and only if D(Tr) = D(T ).
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Proof. Without loss of generality, we may assume T ≥ 0 (otherwise consider T −C
where C ∈ R is a lower bound for T ). Let

(3.6) Tfinite(µ, ν) :=

{
0 if (µ, ν) ∈ D(T ),

+∞ otherwise.

It is immediate that Tfinite is a proper, bounded below, convex, and weak∗ lower
semi-continuous function with D1(Tfinite) = D1(T ). We have for µ ∈ D1(Tfinite),

(3.7) (Tfinite)∗µ(g) = sup{
∫
Y
gdν ; ν ∈ P(Y ), T (µ, ν) < +∞}.

Since for λ > 0, we have∫
X

T−(λg)

λ
dµ = sup

σ∈P(Y )
{
∫
Y
g dσ − 1

λ
T (µ, σ)},

it follows that lim infλ→+∞
∫
X

T−(λg)
λ dµ ≥ sup{

∫
Y gdσ ; T (µ, σ) < +∞} =

(Tfinite)∗µ(g). On the other hand, since T is non-negative, we have

lim sup
λ→+∞

∫
X

T−(λg)

λ
dµ ≤ sup{

∫
Y
g dσ ; σ ∈ P(Y ), T (µ, σ) < +∞} = (Tfinite)∗µ(g),

so we conclude that for µ ∈ D1(Tfinite),

(3.8) (Tfinite)∗µ(g) = lim
λ→+∞

∫
X

T−(λg)

λ
dµ.

To show that (Tfinite)∗µ(g) =
∫
X T−

r g dµ, it remains to justify that

lim
λ→+∞

∫
X

T−(λg)

λ
dµ =

∫
X

lim
λ→+∞

T−(λg)

λ
dµ.

This is simply by monotone convergence, since as T is non-negative, the function

λ→ T−(λg)(x)
λ is monotone increasing, i.e., if λ2 ≥ λ1,

T−(λ2g)(x)

λ2
= sup

ν∈P(Y )
{
∫
Y
gdν − 1

λ2
T (δx, ν)}

≥ sup
ν∈P(Y )

{
∫
Y
gdν − 1

λ1
T (δx, ν)}

=
T−(λ1g)(x)

λ1
.

Note now that T−
r is a positively 1-homogenous Kantorovich operator, hence by

Proposition 2.2, the functional defined on P(X)× P(Y ) by

Tr(µ, ν) = sup{
∫
Y
gdµ−

∫
X
T−
r gdν; g ∈ C(Y )}

and +∞ outside P(X)×P(Y ), is a backward linear transfer that can only take values
0 or +∞. Moreover, D(T ) ⊂ D(Tr) since if T (µ, ν) < +∞, then µ ∈ D1(Tfinite) and

0 = Tfinite(µ, ν) = (Tfinite)∗∗µ (ν) = sup
g∈C(Y )

{
∫
Y
g dν −

∫
X
T−
r g dµ},
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hence for all g ∈ C(Y ), we have
∫
X T−

r g, dµ ≥
∫
Y g dν and therefore Tr(µ, ν) ≤ 0.

Consider now the cone
(3.9)
A := {ϕ ∈ LSC(X tY ) ; T−

r (−ϕY ) ≤ −ϕX} = {ϕ ∈ LSC(X tY ) ; T+
r (ϕY ) ≥ ϕX},

where ϕX (resp., ϕY ) is the restriction of ϕ to the component X (resp., Y ) and
T+
r g = −T−

r (−g). Then A is a balayage cone and the following holds:

(µ, ν) ∈ D(Tr) if and only if µ �A ν.

Indeed, the convexity, lower semi-continuity and positive homogeneity of T−
r clearly

yield that A is a closed convex cone of LSC(X t Y ) containing the constants. The
fact that T−

r is monotone increasing yields that if ϕ1, ϕ2 are in A, then

T−
r (−(ϕ1Y ∨ ϕ2Y )) = T−

r ((−ϕ1Y ) ∧ (−ϕ2Y )) ≤ T−
r (−ϕ1Y ) ∧ T−

r (−ϕ2Y )
≤ (−ϕ1X) ∧ (−ϕ2X) = −(ϕ1X ∨ ϕ2X).

It follows that A is a balayage cone.
Suppose now that (µ, ν) ∈ D(Tr), then

(3.10) 0 = Tr(µ, ν) = sup
g
{
∫
Y
gdν −

∫
X
T−
r (g)dµ},

hence
∫
X T−

r (g)dµ ≥
∫
Y gdν for all g ∈ C(Y ). Take now any ϕ ∈ A, then by

assumption,

(3.11)

∫
X
−ϕXdµ ≥

∫
X
T−
r (−ϕY )dµ ≥

∫
Y
(−ϕY )dν,

which translates into
∫
X ϕXdµ ≤

∫
Y ϕY dν for every ϕ ∈ A, hence µ ≺A ν.

Conversely, suppose µ �A ν. For g ∈ C(Y ), consider the function ϕ ∈ LSC(X t
Y ) defined by ϕX := −T−

r g and ϕY := −g. Then ϕ ∈ A, so that

(3.12) −
∫
X
T−
r gdµ =

∫
X
ϕXdµ ≤

∫
Y
ϕY dν = −

∫
Y
gdν,

hence
∫
X T−

r gdµ ≥
∫
Y gdν, which implies that Tr(µ, ν) = 0 and so (µ, ν) ∈ D(Tr).

It follows that D(Tr) is a balayage, hence a transfer set.
Suppose now that S is a transfer set containing D(T ), then its Kantorovich

operator is given by

TSf(x) = sup{
∫
Y
g dσ; (δx, σ) ∈ S} ≥ sup{

∫
Y
g dσ; (δx, σ) ∈ D(T )} = T−

r f(x).

If (µ, ν) ∈ D(Tr), then

0 = sup{
∫
Y
g dµ−

∫
X
T−
r g dν; g ∈ C(Y )} ≥ sup{

∫
Y
g dµ−

∫
X
TSg dν, g ∈ C(Y )},

which means that (µ, ν) ∈ S and therefore D(T ) ⊂ D(Tr) ⊂ S. □
Now we explore when the domain D(T ) of a linear transfer is a transfer set.

Proposition 3.5. Let T be a standard backward linear transfer, T− the corre-
sponding Kantorovich operator, and T−

r the associated recession operator. Then the
following properties are equivalent:



LINEAR TRANSFERS AS MINIMAL COSTS OF DILATIONS OF MEASURES 1701

(1) D(T ) is a transfer set.
(2) D(T ) = D(Tr) := {(µ, ν) ∈ P(X)×P(Y );

∫
Y gdν ≤

∫
X T−

r gdµ, ∀g ∈ C(Y )}.
(3) D(T ) is weak∗-closed in P(X)× P(Y ).
(4) D1(T ) is weak∗-closed in P(X).
(5) D1(T ) = P(X).

Proof. That (1) and (2) are equivalent follows from the preceding proposition. 2)
yields 3) since T−

r g is upper semi-continuous for every g ∈ C(Y ). 3) implies 4) is
immediate. For 5) note that E := {δx;x ∈ X} is the set of extreme points of P(X)
and E ⊂ D1(T ) since T is standard. The rest follows from Krein-Milman’s theorem
and the fact that D1(T ) is closed and convex.

If now (5) holds, then by the above proposition, we have (Tfinite)∗µ(g) =
∫
X T−

r g dµ,
for any µ ∈ D1(Tfinite) = P(X). It follows that D(T ) = D(Tr), hence it is a transfer
set. □

Remark 3.6. Note that in general D(T ) 6= D(Tr) and D(T ) is not necessarily a
transfer set, since we cannot say much about (Tinf)∗µ when µ /∈ D1(T ). However,

suppose for every µ ∈ D1(T ), there exists α ∈ L1(µ) such that

(3.13) T (x, σ) ≤ α(x) for all σ ∈ P(Y ) such that T (x, σ) < +∞,

then D(T ) = D(Tr) and D(T ) is a transfer set. Indeed, in this case

T−g(x) = sup{
∫
Y
g dσ − T (x, σ);σ ∈ P(Y )}

≥ sup{
∫
Y
g dσ; T (x, σ) < +∞}− α(x)

≥ T−
r g(x)− α(x),

from which follows that if Tr(µ, ν) < +∞, then T (µ, ν) ≤ Tr(µ, ν) +
∫
X α(x) dµ <

+∞.
Conversely, if D(T ) is a transfer set then we shall see that in this case

D(T ) = {(µ, ν) ∈ P(X)× P(Y ); ∃π ∈ K(µ, ν), T (δx, πx) < +∞ µ−a.s}(3.14)

= {(µ, ν) ∈ P(X)× P(Y ); ∃π ∈ K(µ, ν),

∫
X
T (δx, πx) dµ(x) < +∞},(3.15)

which indicates a type of uniform boundedness on T that is slightly weaker than
(3.13).

4. Transfer sets and true balayage of probability measures

We now consider the case where we can have a true balayage.

Theorem 4.1. Let S be a standard backward transfer subset of P(X)×P(X) and
let T− be its associated Kantorovich operator. Then

(1) S is contained in a true balayage set Ŝ = {(µ, ν) ∈ P(X)×P(X); µ ≺C̄ ν},
where A is the balayage cone of lower semi-continuous T+-superharmonic
functions on X.
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The Kantorovich operator associated to Ŝ, is given for every f ∈ C(X) and
every x ∈ X by the expression,

(4.1) T̂ f(x) := inf{φ(x); −φ ∈ A and φ ≥ f on X}.

(2) Ŝ is minimal in the sense that if R is any other true balayage set containing

S, then R ⊃ Ŝ.

Proof. Since S ⊂ P(X)×P(X) is a backward transfer set, we let T be its character-
istic function in such a way that S = D(T ), with backward Kantorovich operator

T−g(x) := sup
(δx,σ)∈S

∫
X
g(y)dσ(y),

which is positively 1-homogenous. According to Theorem 3.4, there is also a cone
C ⊂ LSC(X tX) such that

S = D(T ) = {(µ, ν) ∈ P(X)× P(X); µ ≺C ν},
and that µ ≺C ν if and only if

∫
X T−gdµ ≥

∫
X gdν for every g ∈ C(X). Consider

the cone

C̄ = {f ∈ LSC(X); T (−f) ≤ −f} = {f ∈ LSC(X); T+(f) ≥ f}
and the set S̄ := {(µ, ν) ∈ P(X)× P(X);µ ≺C̄ ν}.

Note that S̄ ⊃ S, since if
∫
X T−gdµ ≥

∫
X gdν for every g ∈ C(X), then for any

f ∈ C̄, we have

−
∫
X
fdµ ≥

∫
X
T (−f)dµ ≥

∫
X
−fdν.

Moreover, C̄ is a balayage cone on X and therefore S̄ is a transfer set containing
the diagonal {(µ, µ);µ ∈ P(X)}. Let now

T̄−f(x) = sup
(δx,σ)∈S̄

∫
X
f(y)dσ(y)

be the Kantorovich operator corresponding to S̄, and consider the cone

(4.2) A = {g ∈ LSC(X); g(x) ≤
∫
X
g dν for all (δx, ν) ∈ S̄}.

It is clear that A is a closed convex balayage cone. We claim that for any f ∈ C(X),

(4.3) f(x) ≤ T̄−f(x) ≤ f̂(x) := inf{φ(x); −φ ∈ A and φ ≥ f on X}.
Indeed, since (δx, δx) ∈ S̄, we have that T̄−f(x) ≥ f(x). Moreover, for any ϕ ∈ −A,
ϕ ≥ f on X, we have

T̄−f(x) = sup
(δx,σ)∈S

∫
X
f(y)dσ(y) ≤ sup

(δx,σ)∈S̄

∫
X
ϕ(y)dσ(y) ≤ ϕ(x),

the last inequality holding since ϕ ∈ −A. Hence (4.3) is verified.

Now the mapping f → f̂ is a backward Kantorovich operator, hence the func-
tional

T̂ (µ, ν) := sup
f∈C(X)

{
∫
X
f dν −

∫
X
f̂ dµ}
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is a backward linear transfer, and since f → f̂ is positively 1-homogenous, T̂ is
necessarily {0,+∞}-valued. We let Ŝ := D(T̂ ) and claim that

(4.4) Ŝ = {(µ, ν) ∈ P(X)× P(X); µ ≺A ν}.

Indeed, if (µ, ν) ∈ Ŝ, then
∫
X f̂ dµ ≥

∫
X f dν for every f ∈ C(X), hence for every

ψ ∈ A, we have
∫
X −ψdµ =

∫
X (̂−ψ)dµ ≥

∫
X −ψdν, that is

∫
X ψdµ ≤

∫
X ψdν,

hence µ ≺A ν.
For the reverse implication assume (µ, ν) /∈ Ŝ, then

sup
f∈C(X)

{
∫
X
fdν −

∫
X
f̂dµ} = +∞,

hence there is f ∈ C(X) such that

(4.5)

∫
X
f̂dν ≥

∫
X
fdν ≥

∫
X
f̂dµ+ 1.

Note now that for every ϵ > 0, and for each x ∈ X, we may choose ϕϵ,x ∈ −A, ϕϵ,x ≥
f , such that ϕϵ,x(x) ≤ f̂(x)+ ϵ

2 . By continuity, there exists an open neighbourhood
Brx(x) ⊂ X such that ϕϵ,x(x

′) ≤ f(x′) + ϵ for all x′ ∈ Brx(x). The collection
{Brx(x)}x∈X is an open cover of X, hence by compactness, there exists a finite
subcover {Brxi

(xi)}ni=1 of X. Define

ϕϵ(x) := min{ϕϵ,x1(x), . . . , ϕϵ,xn(x)}

It follows that ϕϵ ∈ −A since A is closed under maxima. Moreover, each x ∈ X
belongs to Brxi

(xi) for some i ∈ {1, . . . , n}, hence

f̂(x) ≤ ϕϵ(x) ≤ f̂(x) + ϵ for all x ∈ X.

Combining this with (4.5), we get∫
X
ϕϵdν ≥

∫
X
f̂dν ≥

∫
X
f̂dµ+ 1 ≥

∫
X
ϕϵdµ− ϵ+ 1.

In other words, there is a function ψ ∈ A, namely ψ = −ϕϵ such that
∫
X ψdµ >∫

X ψdν, which contradicts the fact that µ ≺A ν.
We now show that

(4.6) S̄ = Ŝ, A = C̄, and T̄−f = f̂ for all f ∈ C(X).

Indeed, S̄ ⊂ Ŝ, since T̄−f ≤ f̂ , hence T̂ ≤ T̄ , S̄ = D(T̄ ) ⊂ D(T̂ ) = Ŝ and T̄ f ≤ f̂ .
On the other hand, if ϕ ∈ C̄, then ϕ(x) ≤

∫
X ϕdµ for every (δx, µ) ∈ S̄, hence

C̄ ⊂ A, from which follows that T̄−f ≥ f̂ and Ŝ ⊂ S̄. Therefore, A = C̄, the latter
being the cone of T+-superharmonic functions, and (4.6) is established.

(2) To show that S̄ is minimal, assume B is a balayage cone in C(X) such that

R := {(µ, ν) ∈ P(X)× P(X);µ ≺B ν},

and S ⊂ R. For every ϕ ∈ B, we then have ϕ(x) ≤
∫
X ϕdµ for every (δx, µ) ∈ S ⊂ S̄,

hence B ⊂ A, from which follows that Ŝ = S̄ ⊂ R. □
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Remark 4.2. There are actually several other transfer sets between S and Ŝ.
Indeed, let

T1f := T−f ∨ f , T2f := limn ↑ Tn
1 f , and T3f := limn ↓ Tn

1 f̂ .

They are all positively 1-homogenous Kantorovich operators such that

(4.7) T−f ≤ T1f ≤ T2f ≤ T3f ≤ T̄ f = f̂ .

Indeed, the relation between T, T1 and T2 is immediate. Also, for any f ∈ C(X),
we have

T−f(x) = sup
(δx,σ)∈S

∫
X
f(y)dσ(y) ≤ sup

(δx,σ)∈S̄

∫
X
f(y)dσ(y) = T̄−f(x) = f̂(x),

hence T1f ≤ f̂ , and therefore T1f̂ ≤ f̂ , Tn
1 f ≤ f̂ , and Tn+1

1 f̂ ≤ Tnf̂ ≤ f̂ , since

T̄ f = f̂ is idempotent. It follows that T2 and T3 are well defined, are Kantorovich
operators, and are both below T̄ f = f̂ . Finally, note that Tn

1 f ≤ Tn
1 f̂ , hence the

inequalities in (4.7) hold.
For i = 1, 2, 3, let

Si = {(µ, ν) ∈ P(X)× P(X); ν ≤ Ti#µ},
where Ti#µ(f) =

∫
X Tifdµ. It is clear that they are all transfer sets with

S ⊂ S1 ⊂ S2 ⊂ S3 ⊂ Ŝ,

where S1 amounts to adding the diagonal to S, while Ŝ = {(µ, ν) ∈ P(X) ×
P(X); ν ≤ µ̂}, with the familiar sublinear functional µ̂(f) = µ(f̂) from Choquet
theory.

Finally, we note why the process does not necessarily stop at T2. Indeed, by
setting U∞f := limn ↑ Tn

1 f , we can use that T1 is a functional capacity to deduce

that T1(U∞f) = U∞f and U∞◦U∞f = U∞f . It is clear that U∞f ≤ f̂ . On the other
hand, since U∞f = U(U∞f) = T−(U∞f) ∨ U∞f , it follows that T

−(U∞f) ≤ U∞f .
The process would stop if U∞f were upper semi-continuous, since then U∞f ∈

−C̄, and since U∞f ≥ f , it would follow that U∞f ≥ f̂ and therefore U∞f = f̂ .
This happens for instance if T− satisfies for any f ∈ C(X), x, y ∈ X,

(4.8) T−f(x)− T−f(y) ≤ ω(d(x, y)),

where d is the metric on X and ω is the modulus of uniform continuity of f . This
occurs for example in the case where X is the closure of an open bounded domain
O in Cn (resp., Rn), and the Kantorovich operators are of the form

T−f(x) := sup
v∈Rn

{∫ 2π

0
f(x+ eiθv)

dθ

2π
; x+ ∆̄v ⊂ O

}
,

(resp.,

T−f(x) = sup
r≥0

{∫
B
f(x+ ry) dm(y); x+ rB} ⊂ O

}
,

where ∆ = {z ∈ C, |z| < 1} is the open unit disc in C, , B is the open unit ball in
Rn centered at 0, and m is normalized Lebesgue measure on Rn. Condition (4.8)

is verified in either case, and we have limn ↑ Tnf = f̂ , where in the first case the
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envelope f̂ corresponds to teh cone of plurisubharmonic functions on O, while in the
second it corresponds to the cone of subharmonic functions on O. In other words,
T = T1 and T2 = T3 = T̄ . However, it is not always the case and we had to add the
upper semi-continuous regularization to be able to define T2f = U∞f .

Corollary 4.3. Let S be a subset of P(X)× P(X). Then the following are equiv-
alent:

(1) S is a transitive backward transfer set containing the diagonal {(µ, µ);µ ∈
P(X)}.

(2) S is a backward transfer set with a Kantorovich operator T satisfying T 2 =
T ≥ I.

(3) S = {(µ, ν) ∈ P(X) × P(X); µ ≺A ν}, where A is a balayage cone in
LSC(X).

Proof. That 3) implies 1) follows from Proposition 1.5 with the two facts that the
diagonal is now contained in S and that the latter is transitive, following readily
from the true balayage relation with respect to a cone in LSC(X).

To show that 1) implies 2), we consider for all (µ, ν) ∈ P(X) × P(X), the func-
tional

T2(µ, ν) = inf{T (µ, σ) + T (σ, ν);σ ∈ P(X)}.
It is a backward linear transfer with Kantorovich operator T 2 = T ◦T by Proposition
2.11. Since T is transitive, it is clear that D(T2) ⊂ D(T ). On the other hand, since
T2(µ, ν) ≤ T (µ, µ) + T (µ, ν) and D(T ) contains the diagonal, we have D(T ) ⊂
D(T2). Since both T and T2 are valued in {0,+∞}, it follows that T = T2 and
consequently, T = T 2.

To show that 2) implies 3), we use Theorem 4.1 to write S ⊂ Ŝ, where Ŝ =
{(µ, ν) ∈ P(X) × P(X); µ ≺A ν}, and A = {g ∈ LSC(X); g(x) ≤

∫
X g dν

for all (δx, ν) ∈ S}. Moreover, Tf(x) ≤ f̂ . Since Tf(x) = T 2f(x) =
sup(δx,σ)∈S

∫
X Tf(y)dσ(y), it follows that Tf ∈ −A, and since Tf ≥ f , we con-

clude that Tf ≥ f̂ . In other words, Tf = f̂ and S = Ŝ. □
The following is now immediate.

Corollary 4.4. Let T : C(Y ) → C(X) be a Markov operator (i.e., T positive linear
continuous and T1 = 1), and consider the set

S := {(µ, ν) ∈ P(X)× P(Y ); ν = T ∗(µ)},
where T ∗ : M(X) → M(Y ) is the adjoint operator. Then,

(1) S is a backward linear transfer, whose Kantorovich operator is T itself.
(2) S cannot be a true balayage set with respect to a cone A in C(X), unless

X = Y and T is the identity.
(3) S is a restricted balayage set for the cone A = {(f, g) ∈ LSC(X tX); f ≤

Tg}.
(4) The smallest true balayage set containing T is the one corresponding to the

cone of superharmonic functions, i.e., C̄ = {f ∈ LSC(X); f ≤ Tf}.

Corollary 4.5. Let T be a standard backward linear transfer on P(X)×P(X) and
let T be the corresponding Kantorovich operator. Then,
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(1) There exists a true balayage cone A in C(X) such that

D(T ) ⊂ D(Tr) ⊂ D̂(Tr) = {(µ, ν) ∈ P(X)× P(X);µ ≺A ν},
where D(Tr) is the domain of the recession operator Tr of T .

(2) D̂(Tr) is the smallest true balayage set containing D(T ).
(3) If D(T ) is a transitive transfer set containing the diagonal, then D(T ) =

D(Tr) = D̂(Tr) and the true balayage with respect to A is equivalent to the
restricted balayage associated with T−

r .

Proof. By Theorem 3.4, D(Tr) is the smallest transfer set containing D(T ), with
the recession operator T−

r being the corresponding Kantorovich operator for Tr.
The transfer set D̂(Tr) is the balayage set associated to D(Tr) by Theorem 4.1.

If D(T ) is a transitive transfer set, then by the minimality properties of both

D(Tr) and D̂(Tr), we obtain that D(T ) = D(Tr) = D̂(Tr). By the uniqueness of
the Kantorovich operator associated to a transfer set, we have T−

r g = ĝ.
Finally, consider the cone C ⊂ LSC(X tX) such that D(Tr) = {(µ, ν) ∈ P(X)×

P(X); µ ≺C ν}, and that µ ≺C ν if and only if
∫
X T−

r gdµ ≥
∫
X gdν for every

g ∈ C(X). We claim that µ ≺A ν if and only if µ ≺C ν, which means that
the restricted balayage is equivalent to the true balayage. Indeed, if µ ≺A ν, i.e.∫
X φdν ≤

∫
X φdµ for all functions φ in −A, then for all g ∈ C(X),∫

X
gdν ≤

∫
X
ĝdν ≤

∫
X
ĝdµ =

∫
X
T−
r gdµ,

hence µ ≺C ν. On the other hand, if µ ≺C ν then
∫
X ĝdµ =

∫
X T−

r gdµ ≥
∫
X gdν

for every g ∈ C(X), the inequality holds for all g ∈ −A in which case g = ĝ. This
implies µ ≺A ν. □

5. Representation of linear transfers as optimal balayage transport
with cost

In this section we show that every backward linear transfer can be represented as
the minimal cost of an optimal balayage transport of measures, by combining our
previous results with the following properties of optimal weak transports established
in [20] and [1]. We shall sketch a proof of the latter fact using results in [4] since we
can then exhibit another interesting representation of a linear transfer as a somewhat
classical mass transport of measures but on the enlarged state space X × P(Y ).

Theorem 5.1. Let c : X × P(Y ) → R ∪ {+∞} be a bounded below, lower semi-
continuous functional such that for each x ∈ X, σ → c(x, σ) is proper and convex.
Consider the value functional of an optimal weak transport, i.e, for a pair (µ, ν) ∈
P(X)× P(Y ),

(5.1) Vc(µ, ν) := inf
π
{
∫
X
c(x, πx) dµ(x);π ∈ K(µ, ν)},

where (πx)x is the disintegration of π with respect to µ, Then,

(1) Vc is a standard backward linear transfer with corresponding Kantorovich
operator given by T−g(x) := sup{

∫
Y gdσ − c(x, σ) ; σ ∈ P(Y )}.



LINEAR TRANSFERS AS MINIMAL COSTS OF DILATIONS OF MEASURES 1707

(2) Conversely, if T is a standard backward linear transfer, then T = Vc, where
Vc is the optimal weak transport associated with the cost function c(x, σ) :=
T (δx, σ).

Moreover, for any (µ, ν) in D(T ), there exists a transport π ∈ K(µ, ν) such that
(δx, πx) ∈ D(T ) for µ-almost x ∈ X and

(5.2) T (µ, ν) =

∫
X
T (δx, πx) dµ(x).

Furthermore, D(T ) is a backward transfer set if and only if

D(T ) = {(µ, ν) ∈ P(X)× P(Y ); ∃π ∈ K(µ, ν), T (δx, πx) < +∞ µ−a.s}.(5.3)

Lemma 5.2. Under the above hypothesis on the cost c, we have Vc(µ, ν) = V̂c(µ, ν),
where

(5.4) V̂(µ, ν) := inf
P∈Λ(µ,ν)

∫
X×P(Y )

c(x, p)dP (x, p),

(5.5) Λ(µ, ν) :=
{
P ∈ P(X × P(Y )) | projXP = µ, b(projP(Y )(P )) = ν

}
,

and b is the barycentric map on probability measures.

Proof. Recall that for a probability measure P ∈ P(P(Y )), its barycenter b(P ) is
the unique probability in P(Y ) determined by

b(P )(g) =

∫
P(Y )

p(g)dP (p) ∀g ∈ C(Y ).(5.6)

For any π ∈ K(µ, ν), we let (πx)x∈X be its disintegration with respect to µ,
and consider the measurable map κπ : X → X × P(Y ) defined by x 7→ (x, πx).
Let now J(π) := (κπ)#(µ), which yields a map from P(X × Y ) to P(X × P(Y ))
such that for π ∈ K(µ, ν), we have J(π) ∈ Λ(µ, ν) and

∫
X c(x, πx)µ(dx) =∫

X×P(Y ) c(x, p)J(π)(dx, dp), hence

Vc(µ, ν) = inf
π∈ K(µ,ν)

∫
X
c(x, πx)µ(dx) ≥ inf

P∈Λ(µ,ν)

∫
X×P(Y )

c(x, p)P (dx, dp) = V̂c(µ, ν).

For the converse, associate to any probability measure P ∈ P(X × P(Y )), its
intensity, which is the unique measure I(P ) ∈ P(X × Y ) such that

∫
X×Y

f(x, y)I(P )(dx, dy) =

∫
X×P(Y )

∫
Y
f(x, y)p(dy)P (dx, dp) ∀f ∈ C(X × Y ).

(5.7)

Now letting P ∈ Λ(µ, ν), we easily see that I(P ) ∈ K(µ, ν) and I(P )x =∫
P(Y ) pPx(dp) for µ-a.e x. Using convexity we get that∫

X×P(Y )
c(x, p)P (dx, dp) =

∫
X

∫
P(Y )

c(x, p)Px(dp)µ(dx) ≥
∫
X
c(x, I(P )x)µ(dx)

≥ inf
π∈K(µ,ν)

∫
X
c(x, πx)µ(dx).

It follows that V(µ, ν) = V̂(µ, ν). □
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Lemma 5.3. Let c : X × P(Y ) → R ∪ {+∞} be as above, then

(1) The map π →
∫
X c(x, πx) dµ(x) is weak∗-lower semi-continuous and convex

on K(µ, ν).
(2) For µ ∈ P(X), the map ν → Vc(µ, ν) is convex and weak∗-lower semi-

continuous on P(Y ).

Proof. (1) To show lower semicontinuity of the map π →
∫
X c(x, πx) dµ(x), let π

k →
π in K(µ, ν) and set P k = J(πk). We may assume that lim infk

∫
X c(x, πkx)dµ =

limk

∫
X c(x, πkx)dµ by selecting a subsequence. Since P(X × P(Y )) is compact, let

P be an accumulation point of {P k}k and consider a subsequence converging to P .
Observe that ∫

X
c(x, πkx)dµ =

∫
X×P(Y )

c(x, p)P k(dx, dp).

Since P →
∫
X×P(Y ) c(x, p)P (dx, dp) is lower semi-continuous, we have

lim inf
k

∫
X×P(Y )

c(x, p)P k(dx, dp) ≥
∫
X×P(Y )

c(x, p)P (dx, dp).

The X-marginal of P equals the X-marginal of π, which is µ. Letting Px(dp) be
a disintegration of P with respect to µ, we get from the convexity of c(x, ·) that

lim inf
k

∫
X
c(x, πkx) dµ ≥

∫
X

∫
P(Y )

c(x, p)Px(dp)dµ ≥
∫
X
c
(
x,

∫
P(Y )

p(dy)Px(dp)
)
dµ.

Now we note that πx(dy) =
∫
P(Y ) p(dy)Px(dp) for µ-a.e. x. Indeed, if f ∈ C(X×Y ),

then ∫
X×Y

f(x, y)πk(dx, dy) →
∫
X×Y

f(x, y)π(dx, dy).

Moreover, the function F (x, p) :=
∫
Y f(x, y)p(dy) is also continuous on X × P(Y ),

hence
∫
FdP k →

∫
FdP . We then deduce∫

X×Y
f(x, y)π(dx, dy) =

∫
X×P(Y )

FdP =

∫
X×P(Y )

∫
Y
f(x, y)p(dy)P (dx, dp),

hence πx(dy) =
∫
P(Y ) p(dy)Px(dp) for µ-almost every x. We finally obtain

lim inf
k

∫
X
c(x, πkx)dµ ≥

∫
X
c(x, πx)dµ.

The convexity follows from the convexity of c in the second variable.
(2) To prove the convexity of ν → Vc(µ, ν), fix ν1, ν2 ∈ P(Y ) and find for a fixed

ϵ > 0, π1 ∈ K(µ, ν1) and π2 ∈ K(µ, ν2) such that
∫
X c(x, πix) dµ(x) ≤ Vc(µ, νi) +

ϵ for i = 1, 2. Define π ∈ P(X ×Y ) via dπ(x, y) := (λdπ1x(y)+ (1−λ)dπ2x(y))dµ(x).
With νλ := λν1 + (1− λ)ν2, we have π ∈ K(µ, νλ), and therefore, by convexity of c
in the second variable, we have

Vc(µ, νλ) ≤
∫
X
c(x, πx) dµ(x) ≤

∫
X
λc(x, πix) dµ(x) +

∫
X
(1− λ)c(x, πix) dµ(x)

≤ λVc(µ, ν1) + (1− λ)Vc(µ, ν2) + ϵ.
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We now show that ν 7→ Vc(µ, ν) is weak∗ lower semi-continuous. Using Lemma

5.2, it suffices to show that ν 7→ V̂c(µ, ν) is weak∗ lower semi-continuous. For
that, let νn → ν and for ϵ > 0, select for each n, Pn ∈ Λ(µ, νn) such that∫
X×P(Y ) c(x, p)P

n(dx, dp) ≤ V̂(µ, νn)+ϵ. Now use the compactness of P(X×P(Y ))

to find a further subsequence (which we again relabel to n) so that Pn → P for
some P , which is necessarily in Λ(µ, ν) since the intensity function is continuous.
It follows that

V̂(µ, ν) ≤
∫
X×P(Y )

c(x, p)P (dx, dp)

≤ lim inf
n→∞

∫
X×P(Y )

c(x, p)Pn(dx, dp)

≤ lim inf
n→∞

V̂(µ, νn) + ϵ,

which concludes the proof of lower semi-continuity. □

Proof of Theorem 5.1: To show that V := Vc is a backward linear transfer,
note first that the above lemma yields that ν → Vc(µ, ν) is convex and lower semi-
continuous. We now show that for every µ ∈ P(X), its Legendre transform is
g →

∫
X T−gdµ, where

T−g(x) = sup
σ∈P(Y )

{
∫
Y
gdσ − c(x, σ)}.

Indeed, if µ ∈ D1(Vc), then for g ∈ C(Y ),

−∞ < V∗
µ(g) = sup

ν∈P(Y )
{
∫
Y
g dν − V(µ, ν)}

= sup
ν∈P(Y )

sup
π∈K(µ,ν)

{
∫
Y
g(y) dν(y)−

∫
X
c(x, πx) dµ(x)}

= sup
π∈K(µ,·)

{
∫
X

[∫
Y
g(y)dπx(y)− c(x, πx)

]
dµ(x)}(5.8)

≤
∫
X

sup
σ∈P(Y )

{
∫
Y
gdσ − c(x, σ)}dµ(x)(5.9)

=

∫
X
T−gdµ.

On the other hand, the lower semi-continuity of c yields that for each x the supre-
mum in (5.9) is achieved by some πx in a measurable way so that

T−g(x) =

∫
Y
g(y)dπx(y)− c(x, πx) for every x ∈ X.

Define π ∈ P(X × Y ) via dπ(x, y) := dπx(y)dµ(x). Denoting ν := ProjY #π, we

have π ∈ K(µ, ν). Hence, by using (5.8), we get that

V∗
µ(g) ≥

∫
X

[∫
Y
g(y)dπx(y) dµ(x)−

∫
X
c(x, πx)

]
dµ(x) =

∫
X
T−g(x)dµ(x),
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and V∗
µ(g) =

∫
X T−g(x)dµ(x), hence Vc is a backward linear transfer and

Vc(µ, ν) = sup
g∈C(X)

{
∫
X
gdν −

∫
X
T−gdµ} for all (µ, ν) ∈ P(X)× P(Y ).

If now µ /∈ D1(Vc), that is if Vc(µ, ν) = +∞ for every ν ∈ P(Y ), then we claim that∫
X T−g dµ = −∞ for all g ∈ C(Y ). Indeed if not, we have for some g ∈ C(Y ),

−∞ <

∫
X
T−g(x) dµ(x) =

∫
X
sup
σ
{
∫
Y
gdσ − Vc(δx, σ)} dµ

=

∫
X

∫
Y
{g(y)dσx(y)− Vc(δx, σx)}dµ(x),

where x → σx is a measurable selection of where σ → supσ{
∫
Y gdσ − Vc(δx, σ) is

attained on P(Y ). Let now ν :=
∫
X σx dµ(x) and note that by the definition of Vc,

we have Vc(µ, ν) ≤
∫
X Vc(δx, σx)dµ(x), hence∫

X
T−g(x) dµ(x) =

∫
Y
g(y)dν(y)−

∫
X
Vc(δx, σx)dµ(x) ≤

∫
Y
g(y)dν(y)− Vc(µ, ν).

It follows that Vc(µ, ν) < +∞, hence µ ∈ D1(Vc), which is a contradiction. This
means that V∗

µ(g) =
∫
X T−gdµ for every µ ∈ P(X) and Vc is a linear backward

transfer.
(2) For the reverse implication, assume T is a standard backward linear transfer

with backward Kantorovich operator T−, and define c(x, σ) := T (δx, σ). Then c is
bounded below, lower semi-continuous such that σ 7→ c(x, σ) is proper and convex.
By the first part, Vc is a standard backward transfer with Kantorovich operator
T−g(x) = supσ∈P(Y ){

∫
Y gdσ − c(x, σ)} for every x ∈ X, which is the same for T .

Hence, for all (µ, ν) ∈ P(X)× P(Y ), we have

T (µ, ν) = sup
g∈C(Y )

{
∫
Y
gdν −

∫
X
T−gdµ} = Vc(µ, ν) and T = Vc.

The attainment in the disintegration (5.2) follows from the lower semi-continuity of
π →

∫
X T (δx, πx)dµ, which implies that the infimum in (5.1) is attained. Note now

that

D(T ) = D(Vc) = {(µ, ν); ∃π ∈ K(µ, ν)with (x, πx) ∈ D(T ) and T (δx, πx) ∈ L1(µ)},
and by Theorem 1.5,

D(T ) ⊂ D(Tr) = {(µ, ν); ∃π ∈ K(µ, ν)with (δx, πx) ∈ D(Tr) µ− a.s}.
If now D(T ) is a backward transfer, then D(Vc) = D(T ) = D(Tr), which establishes
(5.3).

Proof of Theorem 1.11. To prove that Bc,A is a backward linear transfer, we con-
sider the zero-cost balayage transfer associated to the balayage cone A, that is

cA(x, σ) =

{
0 if δx ≺A σ,
+∞ otherwise.

We can then write

(5.10) Bc,A(µ, ν) := inf{
∫
X

{
c(x, πx) + cA(x, πx)

}
dµ(x);π ∈ K(µ, ν)}.
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Note that the cost c̃(x, σ) = c(x, σ) + cA(x, σ) is a proper, bounded below, lower
semi-continuous functional that is convex in the second variable. and therefore
Theorem 5.1 applies to yield that Bc,A is a backward linear transfer on P(X)×P(Y )
with backward Kantorovich operator

T−g(x) = sup{
∫
Y
gdσ − c(x, σ); σ ∈ P(Y ), δx ≺A σ}.

(ii) Suppose now T is a backward linear transfer, then by Theorem 5.1, we can write

T (µ, ν) = inf{
∫
X
T (δx, πx) dµ(x);π ∈ K(µ, ν)}.

By Theorem 3.4, D(T ) is contained in a balayge set S := {(µ, ν) ∈ P(X) ×
P(Y );µ ≺A ν}, where A is a cone on X t Y . This means that if (µ, ν) ∈ D(T ),
then there exists π ∈ K(µ, ν) whose disintegration (δx, πx) ∈ S. Now let c(x, σ) =
T (δx, σ) and consider the optimal restricted balayage transfer

Bc,A(µ, ν) :=

{
inf{

∫
X c(x, πx) dµ(x);π ∈ KA(µ, ν)} if µ ≺A ν

+∞ otherwise,

Note that Bc,A can be written as in (5.10) and therefore T ≤ Bc,A.
On the other hand, we claim that Bc,A ≤ T . Indeed, it is clearly the case when

(µ, ν) /∈ D(T ). If however (µ, ν) ∈ D(T ), then µ ≺A ν and since

KT (µ, ν) := {π ∈ K(µ, ν); (x, πx) ∈ D(T ),

∫
X
T (x, πx)dµ(x) < +∞} ⊂ KA(µ, ν),

we have
T (µ, ν) = inf{

∫
X
c(x, πx) dµ(x);π ∈ KT (µ, ν) ≥ Bc,A(µ, ν),

and we are done.
If nowD(T ) is a transfer set, then D(T ) = D(Tr) = {(µ, ν) ∈ P(X)×P(Y );µ ≺A

ν}, and
T (µ, ν) = inf{

∫
X
c(x, πx) dµ(x);π ∈ KA(µ, ν)}.

The remaining case is similar. □

6. The Kantorovich envelope and the Choquet-Kantorovich capacity

In this section, we show how the duality between Kantorovich operators and
linear transfers give this subclass of Choquet functional capacities a great flexibility
for constructing new ones.

The above observations motivate the search for Kantorovich operators as lower
envelopes of arbitrary (standard) maps from C(Y ) to USC(X). This will be done
in the sequel. We shall make frequent use of the following lemma.

Lemma 6.1. Let M be a weak∗-compact set of P(Y ) and consider the following
functional on C(Y )

(6.1) Pf := sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ∈M}.

Then, P is a positively 1-homogenous subadditive functional from C(Y ) to R and

(6.2) Pf = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤ P on C+(Y )}.
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Proof. The claimed Kantorovich properties of P are obvious. Since P is also sub-
additive, then by the Hahn-Banach theorem, we have for any f ∈ C(K),

Pf = sup{
∫
Y
f dσ; σ ∈ M(Y ), σ ≤ P on C+(Y )}.

If now f ∈ C(Y ), there exists σ ∈ M(Y ), σ ≤ P such that

P (f + 1) = sup{
∫
Y
(f + 1)dτ ; τ ∈ M(Y ), τ ≤ P} =

∫
Y
fdσ + σ(Y ).

It follows that

1 + Pf = P (f + 1) =

∫
Y
f dσ + σ(Y ) ≤ Pf + σ(Y ) ≤ Pf + P1 ≤ Pf + 1,

hence σ(Y ) = 1 and
∫
Y f dσ = Pf . Moreover, since σ ≤ P , we have for any open

set O, 1− σ(O) = σ(Y \O) ≤ P (Y \O), hence 0 ≤ 1− P (Y \O) ≤ σ(O) and σ is
therefore a probability measure. Claim (6.2) follows. □

Definition 6.2. Say that a map T : C(Y ) → USC(X) is standard if for every
x ∈ X, there is ν ∈ P(Y ) such that

(6.3) sup
g∈C(Y )

{∫
Y
g dν − Tg(x)

}
< +∞.

Theorem 6.3. Let T : C(Y ) → USC(X) be a standard map. Then,

(1) The map T defined for every g ∈ C(Y ) by the expression

(6.4) T g(x) := sup
σ∈P(Y )

inf
h∈C(Y )

{
∫
Y
(g − h) dσ + Th(x)}

is a Kantorovich operator such that T ≤ T .
(2) For every g ∈ C(Y ), we have

(6.5) T g(x) = sup{Sg(x);S Kantorovich operator S ≤ T},

and T = T if and only if T is a Kantorovich operator.
(3) If T is positively 1-homogenous, then T is also positively 1-homogenous and

(6.6) T f(x) = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤ T x on C+(Y )}.

(4) If X = Y and T ≥ I, where I is the identity operator, then T ≥ I. Similarly,
if T ≥ T 2, then T ≥ T 2.

We shall say that T is the Kantorovich envelope of T .

Proof. 1) Consider the following cost functional c : X × P(Y ) → R ∪ {+∞},

c(x, σ) := sup
g∈C(Y )

{∫
Y
g dσ − Tg(x)

}
,

and note that c is weak∗-lower continuous on X×P(Y ) and is bounded below since
T (0) ∈ USC(X), hence bounded above. Moreover, for every x ∈ X, c(x, ·) is convex
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and by condition (6.3) it is proper. Theorem 5.1 then yields that the weak optimal
transport

T (µ, ν) := inf{
∫
X
c(x, πx) dµ;π ∈ K(µ, ν)}

is a standard backward linear transfer, with a corresponding backward Kantorovich
operator

T g(x) = sup
σ∈P(Y )

{
∫
Y
gdσ − c(x, σ)} = sup

σ∈P(Y )
inf

h∈C(Y )
{
∫
Y
(g − h) dσ + Th(x)}}.

Note that for any g ∈ C(Y ),

T g(x) = sup
σ∈P(Y )

inf
h∈C(Y )

{
∫
Y
gdσ −

∫
Y
hdσ + Th(x)}

≤ inf
h∈C(Y )

sup
σ∈P(Y )

{
∫
gdσ −

∫
hdσ + Th(x)}

= inf
h∈C(Y )

{sup(g − h) + Th(x)}

≤ Tg(x).

2) If now S is another backward Kantorovich operator such that S ≤ T , then use
Sion’s min-max principle [24], that h→ Sh(x) is convex and lower semi-continuous
on C(Y ) and that S(h+ c) = Sh+ c whenever c is a constant, to write

T g(x) = sup
σ∈P(Y )

inf
h∈C(Y )

{
∫
Y
gdσ −

∫
Y
hdσ + Th(x)}

≥ sup
σ∈P(Y )

inf
h∈C(Y )

{
∫
gdσ −

∫
hdσ + Sh(x)}

= inf
h∈C(Y )

sup
σ∈P(Y )

{
∫
gdσ −

∫
hdσ + Sh(x)}

= inf
h
{sup(g − h) + Sh(x)}

= inf
h
{S[sup(g − h) + h](x)}

≥ Sg(x).

Consider now the operators

S∞f(x) = sup{Sf(x);S Kantorovich S ≤ T} and Ŝ∞f(x) = Ŝ∞f(x),

where here ĝ is the upper semi-continuous envelope of g. It is clear that T ≤ S∞ ≤
Ŝ∞ ≤ T , and that T = S∞ since Ŝ∞ is a Kantorovich operator.

3) Finally, if T is positively 1-homogenous, then formula (6.4) yields immediately
that T is positively 1-homogenous. In this case,

Txg := Tg(x) = Trg(x) = sup{
∫
Y
fdσ;σ ∈ P(Y ), T (x, σ) < +∞}.

Use now Lemma 6.1 to write for every x ∈ X,

Tg(x) = sup{
∫
Y
gdσ;σ ∈ P(Y ), σ ≤ Tx} ≤ sup{

∫
Y
gdσ;σ ∈ P(Y ), σ ≤ T x}.
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On the other hand,

Tg(x) = sup
σ∈P(Y )

inf
h∈C(Y )

{
∫
Y
gdσ −

∫
Y
hdσ + Th(x)}

≥ sup
σ∈P(Y ),σ≤Tx

inf
h∈C(Y )

{
∫
Y
gdσ −

∫
Y
hdσ + Th(x)}

≥ sup{
∫
Y
gdσ;σ ∈ P(Y ), σ ≤ T x},

which establishes (6.6).
4) If T ≥ I, then T ≥ I since the identity operator I is clearly a Kantorovich

operator. Now suppose T 2 ≤ T . Since T2 is a Kantorovich operator, it suffices to
note that T2 ≤ T 2 ≤ T , hence T2 ≤ T. □

Dually, we have implicitly shown the existence of an upper linear transfer envelope
associated to any standard bounded below, weak∗ lower semi-continuous functional
on P(X)× P(Y ). Indeed, we have the following.

Proposition 6.4. Let T : P(X) × P(Y ) → R ∪ {+∞} be a standard, convex,
bounded below and weak∗ lower semi-continuous functional, and let T be the op-
timal weak transport associated to the cost c(x, σ) := T (δx, σ), that is T (µ, ν) :=
inf{

∫
X c(x, πx) dµ;π ∈ K(µ, ν)}. T is then a standard backward linear transfer sat-

isfying T ≤ T . Moreover, if S is any standard backward linear transfer such that
T ≤ S, then T ≤ S

Proof. Note that by the first part of Theorem 5.1, T is a backward linear transfer
with backward Kantorovich operator T−g(x) = supσ∈P(Y ){

∫
Y g dσ − c(x, σ)}. To

show that T ≤ T , note that since T is jointly convex and lower semi-continuous,
then for each g ∈ C(Y ), the functional

µ→ (Tµ)∗(g) = sup
σ∈P(Y )

{
∫
Y
gdσ − T (µ, σ)}

is upper semi-continuous and concave. It follows from Jensen’s inequality that

(Tµ)∗(g) ≥
∫
X
(Tδx)∗(g)dµ(x) =

∫
X
T−g(x)dµ(x),

hence T (µ, ν) = (Tµ)∗∗(ν) ≤ supg∈C(Y )

{∫
Y gdν −

∫
X T−gdµ

}
= T (µ, ν).

T is the smallest backward linear transfer greater than T , since if S is a backward
linear transfer and T ≤ S, then T ≤ S, and S = S by Theorem 6.3. □
Remark 6.5. Suppose T is any convex, bounded below, and weak∗ lower semi-
continuous functional on P(X) × P(Y ) that is finite on the set of Dirac measures
{(δx, δy) ; x ∈ X, y ∈ Y }. One can then define a cost function c(x, y) = T (δx, δy),
and the associated optimal transport Tc(µ, ν). To compare T with Tc, note that

T ∗
δx(g) = sup{

∫
Y
gdν − T (δx, ν); ν ∈ P(Y )} ≥ sup{g(y)− c(x, y); y ∈ Y } = T−

c g(x)

and so T (µ, ν) ≤ T (µ, ν) ≤ Tc(µ, ν). In many cases, it is not possible to define a
proper cost c(x, y) = T (δx, δy), i.e. c is identically +∞. This is the case for many
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stochastic transport problems where, for example, transport via Brownian motion
makes it impossible for a Dirac measure to be transported to another Dirac measure;
see for instance [17]. □
The Choquet-Kantorovich envelope of a functional capacity

Given two real-valued set functions S, T on a compact space Y , we shall say that

S ≤K T if and only if S(K) ≤ T (K) for any compact set K ⊂ Y .

For any set function P on Y , we follow Choquet and associate the functional

(6.7) P̂ (f) =

∫ +∞

0
P (f ≥ α) dα,

on the set of non-negative functions f on Y . We call P̂ the Choquet extension
of P . Note that

S ≤K T if and only if Ŝ(f) ≤ T̂ (f) for all f ∈ USC+(Y ).

Definition 6.6. Say that a functional P : USC(Y ) → R is saturated if for any
σ ∈ P(Y ),

(6.8) σ ≤K P if and only if σ ≤ P on USC+(Y ).

If P is a capacity, then P̂ is also a capacity that coincides with P on the character-
istic functions of sets. P̂ can be seen as an extension of P to non-negative functions
in such a way that it is still monotone increasing, satisfies P̂ f = limn ↑ P̂ fn if
f = limn ↑ fn, and P̂ f = limn ↓ P̂ fn if f, fn are upper semi-continuous and
f = limn ↓ fn. We also note that P̂ is positively 1-homogenous, and that it is
saturated.

Similarly to the Choquet functional extension P̂ of P , we follows Dellacherie [9]

and introduce the following functional extension P̃ of the set function P .

Definition 6.7. Say that a set function P is common if there is ν ∈ P(Y ) such
that ν ≤K P .

For such set functions, we define for f ∈ USC(Y ),

(6.9) P̃ f = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤K P}.

Lemma 6.8. Let P be a non-negative common set function. Then,

(1) P̃ is a saturated functional on USC(Y ).

(2) If P originates from a saturated functional on USC(Y ), then P̃ ≤ P on
USC+(Y ).

(3) If P is given on USC(Y ) by Pf = sup{
∫
Y fdσ;σ ∈M}, where M is weak∗-

compact subset of P(Y ), then P ≤ P̃ on USC+(Y ), hence if P is also

saturated then P = P̃ on USC+(Y ).

(4) We always have P̃ = ˜̃P on USC+(Y ).

Proof. 1) That P̃ is saturated is clear. 2) If now P is saturated, then P̃ ≤ P , since

P̃ f = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤K P} = sup{

∫
Y
fdσ;σ ∈ P(Y ), σ ≤ P}.
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3) If Pf = sup{
∫
Y fdσ;σ ∈ M}, where M is weak∗-compact subset of P(Y ),

then Lemma 6.1 gives that

Pf = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤ P} ≤ sup{

∫
Y
fdσ;σ ∈ P(Y ), σ ≤K P} = P̃ f,

and therefore if P is also saturated, then P = P̃ .

4) Since P̃ is saturated, we always have ˜̃P ≤ P̃ by the first item. On the other

hand, the set M = {σ ∈ P(Y );σ ≤K P} is equal to {σ ∈ P(Y );σ ≤ P̂}, where P̂
is the Choquet extension of P , hence it is weak∗-compact. It follows from item 3)

that P̃ ≤ ˜̃P , hence we have equality. □
Definition 6.9. Say that a map T : F+(Y ) → F+(X) is common (resp., satu-
rated) if for every x ∈ X, T x is common (resp., saturated).

Theorem 6.10. Let T be a common functional capacity from F+(Y ) → F+(X).
Then,

(1) The map T̃ defined for every g ∈ C(Y ) by the expression

(6.10) T̃ f(x) = T̃ x(f) = sup{
∫
Y
fdσ;σ ∈ P(Y ), σ ≤K T x}

is a saturated positively 1-homogenous Kantorovich operator such that T̃ ≤K
T .

(2) If T is a positively 1-homogenous Kantorovich operator, then T ≤ T̃ on
C+(Y ), and for any g ∈ C(Y ),

(6.11)

T̃ g(x) = sup{Sg(x);S is a positively 1-homogenous Kantorovich operator Ŝ ≤ T̂}.
(3) If T is saturated, then T̃ ≤ T .
(4) If T is a saturated positively 1-homogenous Kantorovich operator, then T =

T̃ on C+(Y ).

(5) T̃ is minimal among saturated positively 1-homogenous Kantorovich opera-
tors greater than T .

We shall say that T̃ is the Dellacherie envelope of T .

Proof. 1) Note first that T̃ as defined in (6.10) is clearly a saturated positively 1-

homogenous operator such that T̃ ≤K T . To show that it is a Kantorovich operator,
it suffices to prove that the corresponding cost functional

(6.12) c̃(x, σ) =

{
0 if σ ≤K T x

+∞ otherwise,

is lower semi-continuous. Note that c̃ is proper since T is common. Let now xn → x
in X and νn → ν weak∗ in P(Y ). For any compact set K ⊂ Y and any ϵ > 0,
and since T x is a capacity, there is an open set O2ϵ ⊃ Ōϵ ⊃ Oϵ ⊃ K such that
T x(O2ϵ)− T x(K) < ϵ. Since σ → σ(Oϵ) is lower semi-continuous, and x→ T x(Ōϵ)
is upper semi-continuous, we have

σ(K) ≤ σ(Oϵ) ≤ lim inf
n

σn(Oϵ) ≤ lim inf
n

T xn(Oϵ) ≤ lim sup
n

T xn(Ōϵ) ≤ T x(Ōϵ) ≤ T x(K)+ϵ.

It follows that σ ≤K T x and c̃ is therefore lower semi-continuous.



LINEAR TRANSFERS AS MINIMAL COSTS OF DILATIONS OF MEASURES 1717

2) If now S is positively 1-homogenous Kantorovich operator such that S ≤K T ,
then since

Sg(x) = Srg(x) = sup{
∫
Y
g dσ; TS(x, σ) < +∞},

we can apply Lemma 6.1 and write

Sg(x) = sup{
∫
Y
gdσ; σ ≤ Sx}

≤ sup{
∫
Y
gdσ; σ ≤K Sx}

≤ sup{
∫
Y
gdσ; σ ≤K T x}

= T̃ g(x).

Formula (6.11) follows along the same line as the proof of (6.5)
3) follows from Lemma 6.8.
4) follows from 2) and 3).
5) Finally, if R is a saturated positively 1-homogenous Kantorovich operator such

that R ≥ T , then clearly R = R̃ ≥ T̃ . □
If now T : F+(Y ) → F+(X) is a functional capacity, then

T̂ f(x) := T̂ x(f) =

∫ +∞

0
T x(f ≥ α) dα,

is a functional capacity that is positively 1-homogenous and saturated (i.e., for each
x ∈ X, T x is a saturated capacity). The following notion of saturation is more
appropriate for functional capacities.

Definition 6.11. Say that a functional capacity T : F+(Y ) → F+(X) is K-
saturated if for any Kantorovich operator S : USC(Y ) → USC(X) we have that

(6.13) S ≤K T if and only if S ≤ T on USC+(Y ).

Let us also say that a functional capacity T : F+(Y ) → F+(X) is compactly
standard if for every x ∈ X, there is ν ∈ P(Y ) such that

(6.14) sup
K compact

{σ(K)− TχK(x)} < +∞.

Theorem 6.12. Let T : F+(Y ) → F+(X) be a compactly standard functional
capacity. Then,

(1) The map T̄ defined for every g ∈ C(Y ) by the expression

(6.15) T̄ g(x) := sup
σ∈P(Y )

inf
O open

{
∫
Y
(g − χO) dσ + TχŌ(x)},

is a K-saturated Kantorovich operator such that T ≤K T .
(2) If T is a Kantorovich operator then T ≤ T , and for any g ∈ C(Y ), we have

(6.16) T̄ g(x) = sup{Sg(x);S Kantorovich operator with Ŝ ≤ T̂}.
(3) If T is K-saturated, then T ≤ T .
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(4) If T is a K-saturated Kantorovich operator, then T = T .
(5) T is minimal among K-saturated Kantorovich operators greater than T .

We shall then say that T̄ is the Choquet-Kantorovich envelope of T .

Lemma 6.13. Let T be a functional capacity from F+(Y ) to F+(X).

(1) If for some x ∈ X and σ ∈ P(Y ), c̄(x, σ) := sup
K compact⊂Y

{σ(K)− T x(K)} <

+∞, then

(6.17) c̄(x, σ) = sup
O open inY

{σ(O)− T x(Ō)}.

(2) If T is a standard functional capacity, then (x, σ) → c̄(x, σ) is lower semi-
continuous such that for each x ∈ X, σ → c̄(x, σ) is convex and proper.
Moreover,

(6.18) c̄(x, σ) ≤ sup
f∈C(Y )

{
∫
Y
fdσ − Tf(x)}.

Proof. 1) Note that

sup
O open

{σ(O)− T x(Ō)} ≤ sup
O open

{σ(Ō)− T x(Ō)} ≤ sup
K compact inY

{σ(K)− T x(K)}.

On the other hand, if c̄(x, σ) < +∞, then since T x is a capacity, we have for
every Kϵ compact such that c̄(x, σ) − ϵ ≤ σ(Kϵ) − T x(Kϵ) ≤ c̄(x, σ), an open set
O2ϵ ⊃ Ōϵ ⊃ Oϵ ⊃ Kϵ such that T x(O2ϵ)− T x(Kϵ) < ϵ, hence

c̄(x, σ)− 2ϵ ≤ σ(Oϵ)− T x(O2ϵ) ≤ σ(Oϵ)− T x(Ōϵ) ≤ sup
O open

{σ(O)− T x(Ō)},

which implies (6.17).
2) It follows that c̄ is lower semi-continuous since σ → σ(O) is lower semi-

continuous for every open set, and x → T x(Ō) is upper semi-continuous since T
maps USC(Y ) to USC(X) and Ō is compact. Also, σ → c(x, σ) is clearly convex.

Now again, since T is a functional capacity, we have for every open O such that

c̄(x, σ)− ϵ ≤ σ(Oϵ)− T x(Ōϵ) ≤ c̄(x, σ),

a continuous function fϵ ≥ χŌϵ
such that T x(fϵ)− T x(Ōϵ) ≤ ϵ, hence

c̄(x, σ)− 2ϵ ≤
∫
Y
fϵ dσ − T x(fϵ) ≤ sup

f∈C(Y )
{
∫
Y
fdσ − Tf(x)},

which implies (6.18). □
Proof. (of Theorem 6.12) Consider the cost functional c̄ : X ×P(Y ) → R ∪ {+∞},

c̄(x, σ) := sup
K compact

{σ(K)− T x(K)},

and note that condition (6.3) ensures that for every x ∈ X, c̄(x, · ) is proper. Propo-
sition 6.4 then yields that the weak transport T̄ (µ, ν) := inf{

∫
X c̄(x, πx) dµ;π ∈

K(µ, ν)} is a standard backward linear transfer, with a corresponding backward
Kantorovich operator

T̄ g(x) = sup
σ∈P(Y )

{
∫
Y
gdσ − c̄(x, σ)} = sup

σ∈P(Y )
inf

O open)
{
∫
Y
(g − χO) dσ + TχŌ(x)}.
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We now claim that T̄ is K-saturated. Indeed, if S is a Kantorovich operator such
that Ŝ ≤ T̂ , then again use Sion’s min-max theorem and the properties of S to
write for any g ∈ USC(Y ),

T̄ g(x) = sup
σ∈P(Y )

{
∫
Y
gdσ − c̄(x, σ)}

= sup
σ∈P(Y )

inf
K compact

{
∫
Y
gdσ − σ(K) + T x(K)}

≥ sup
σ∈P(Y )

inf
K compact

{
∫
Y
gdσ − σ(K) + Sx(K)}

≥ sup
σ∈P(Y )

inf
f∈C(Y )

{
∫
Y
gdσ −

∫
Y
f dσ + Sf(x)}

= inf
f∈C(Y )

sup
σ∈P(Y )

{
∫
Y
gdσ −

∫
Y
f dσ + Sf(x)}

= inf
f∈C(Y )

{sup
y∈Y

(g − f) + Sf(x)}

= inf
f∈C(Y )

{S[sup
y∈Y

(g − f) + f ](x)}

≥ Sg(x).

Write now for any g ∈ USC(Y ),

T̄ g(x) = sup
σ∈P(Y )

inf
K compact

{
∫
Y
gdσ − σ(K) + T x(K)}

≤ inf
K compact

{sup
Y

(g − χK) + T x(K)},

which yields that T̄ x(A) ≤ T x(A) for any compact set A in Y .
2) The proof of (6.16) follows the same lines as the proof of (6.5).
3) If T is K-saturated, then T ≤ T since T ≤K T .
4) follows by combining 2) and 3). 5) If R is a K-saturated Kantorovich operator

such that R ≥ T , then clearly R = R ≥ T . □

Definition 6.14. A capacity P on a compact space Y is said to be:

(1) Subadditive of order infinity if for every compact set K ⊂ Y , any n ∈ N, and
any finite family of compact sets (Ki)

m
i=1 such that nχK ≤ Σm

i=1χKi , then

(6.19) nP (K) ≤ Σm
i=1P (Ki).

(2) Strictly subadditive of order infinity if for every compact set K ⊂ Y , any
n ∈ N, any k ∈ N ∪ {0}, and any finite family of compact sets (Ki)

m
i=1 such

that k + nχK ≤ Σm
i=1χKi , then

(6.20) kP (Y ) + nP (K) ≤ Σm
i=1P (Ki).

(3) Strongly subadditive if for any two compact subsets A,B of Y ,

(6.21) P (A ∪B) + P (A ∩B) ≤ P (A) + P (B).

It is known that (6.21) ⇒ (6.20) ⇒ (6.19) and that
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• P is subadditive of order infinity if P (A) = sup{σ(A);σ ∈ M(Y ), σ ≤K P}
for any compact set A ⊂ Y (Anger and Lembcke [3]) .

• P is strictly subadditive of order infinity if P (A) = sup{σ(A);σ ∈ P(Y ), σ ≤K
P} for any compact set A ⊂ Y (Anger and Lembcke [3]) .

• P is strongly subadditive capacity if and only if P̂ is subadditive on C(Y )
(Choquet [11]).

If now T : F+(Y ) → F+(X) is a functional capacity, then say that T is subadditive
of order infinity (resp., strictly subadditive of order infinity) (resp., strongly subad-
ditive), if for any x ∈ X, T x is a regular capacity that satisfies (6.19) (resp., (6.20)),
(resp., (6.21)).

Theorem 6.15. Let T : F+(Y ) → F+(X) be a functional capacity, then

(1) T is strictly subadditive of order infinity if and only if T̂ = Ŝ for some
saturated positively 1-homogenous Kantorovich operator S, in which case T
is also strictly subadditive of order infinity.

(2) T is strongly subadditive if and only if T̂ is a Kantorovich operator, in which
case T is also strongly subadditive.

Proof. 1) If T is strictly subadditive of order infinity then for any compact set A in
Y ,

T x(A) = sup{σ(A);σ ∈ P(Y ), σ ≤K T x},
which means that T̃ and T̄ exist, T̃ ≤ T̄ by the maximality of the latter, and

T̃ (χA) = T (χA) = T (χA) for any compact A, that is, T̂ = ˆ̃T . Note that this implies
that T is strictly subadditive of order infinity since then,

T
x
(A) = T x(A) = sup{σ(A);σ ∈ P(Y ), σ ≤K T x}

≥ sup{σ(A);σ ∈ P(Y ), σ ≤K T
x}

≥ sup{σ(A);σ ∈ P(Y ), σ ≤ T̃ x}

= T̃ x(A)

= T
x
(A).

Conversely, if T̂ = Ŝ for some positively 1-homogenous Kantorovich operator S,

then by the maximality property of T̃ , we have S ≤ T̃ . It follows that T̂ = Ŝ ≤ ˆ̃T ≤
T̂ ≤ T̂ , and therefore we have equality, from which follows that for every compact
set A,

T x(A) = T̃ x(A) = sup{σ(A);σ ∈ P(Y ), σ ≤K T x},
which means that T is strictly subadditive of order infinity,

2) If now T is strongly subadditive, it is then strictly subadditive of order infinity

and T̂ = ˆ̃T = T̂ . Moreover, T̂ is subadditive and therefore ˆ̃T is subadditive, and T̃
is then strongly subadditive. By a remark of Dellacherie [9], since T̃ is a supremum

of measures over a weakly compact subset in P(Y ), T̃ is strongly subadditive if and

only if ˆ̃T = T̃ . It follows that T̂ = T̃ . Note that this implies that T is strongly

subadditive since T̂ = T̃ and the latter is subadditive.
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Conversely, assume T̂ is a Kantorovich operator. Since it is also positively 1-
homogenous, it is subadditive and therefore T is then strongly subadditive by Cho-
quet’s criterium. □

References
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