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CONVERGENCE OF REMOTE PROJECTIONS
ONTO CONVEX SETS

PETR A. BORODIN* AND EVA KOPECKA

ABSTRACT. Let {Ca}acq be a family of closed and convex sets in a Hilbert space
H, having a nonempty intersection C. We consider a sequence {x,} of remote
projections onto them. This means, zo € H, and z,41 is the projection of =,
onto such a set Cy(n) that the ratio of the distances from z, to this set and
to any other set from the family is at least ¢, € [0,1]. We study properties of
the weakness parameters t,, and of the sets C, which ensure the norm or weak
convergence of the sequence {z,} to a point in C. We show that condition (T)
is necessary and sufficient for the norm convergence of z, to a point in C' for
any starting element and any family of closed, convex, and symmetric sets Cl.
This generalizes a result of Temlyakov who introduced (7T) in the context of
greedy approximation theory. We give examples explaining to what extent the
symmetry condition on the sets C, can be dropped. Condition (T) is stronger
than Y t2 = co and weaker than > t,/n = co. The condition 3 ¢2 = oo turns
out to be necessary and sufficient for the sequence {z,} to have a partial weak
limit in C for any family of closed and convex sets C, and any starting element.

1. INTRODUCTION

In the entire paper H is a real Hilbert space; its scalar product we denote by
(-,-) and the corresponding norm by | - |.

Let {Cq}acq be a family of closed and convex sets in H, |©2] > 2, so that C' =
ﬂaEQ Cy # 0. Let P, denote the metric projection onto C,. Sometimes we also
denote the metric projection onto a closed convex set A by Pj.

A fixed sequence {a(n)} C Q2 and a starting element xg € H generate the sequence
Tnt1 = Pymyn, n = 0,1,2,..., of consecutive projections that can be examined
for convergence.

In the case when C, are closed linear subspaces of H and (2 is a finite set the
convergence properties of the sequence {z,} are well understood. If the sequence
of indices {a(n)} is cyclic, that is, Q@ = {0,1,..., K — 1} and a(n) = n (mod K),
then {x,} converges in norm to a point of C' [19], [11]. The rate of convergence
depending on the position of the subspaces and of the initial point can be estimated
(see [6], [20], and the bibliography there). Already for three closed linear subspaces
divergence might occur if no extra information about the sequence of indices, or
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about the geometry of the subspaces is known (see [16], [17], and [15]). The sequence
{zn}, however, always converges weakly to a point in C' if ) is finite, each a € Q
occurs infinitely many times in the sequence {a(n)} and the sets C, are closed
linear subspaces [1].

In the lack of linearity, when the sets C}, are just closed and convex, the situation
is different. Already for |Q2| = 2 the sequence {x,,} might diverge in norm ( [12], see
also [14] and [18]). Weak convergence is known only under additional conditions [7]:
when [©2] < 3 [9], or when || < oo and the indices {a(n)} are cyclic [8], or when
|2] < oo and the sets are “somewhat symmetric” [9], or when € is arbitrary but
each successive projection takes place on the farthest set [8]. In this article we
develop the last plot.

For any starting element x¢g € H, we consider the sequence of remote projections

(0.1) Tn4+1 = Pa(n)xn, n = O, 1, 2, ey
where a(n) € Q is chosen so that

dist (75, Co(n)) > tnsupdist (zy,, Ca),

and t, € [0,1] are prescribed weakness parameters. If there is at least one n €
N with ¢, = 1, that is, when the nth projection is the remotest, we require the
maximum max, dist (z, Cy) to be attained for each z € H. Note that any sequence
of consecutive projections onto the family {C,} can be regarded as a sequence of
remote projections with some, possibly very small, t,’s.

We prove a convergence result for the remote projections (0.1). If all the convex
sets (', are closed subspaces of codimension one, this convergence theorem is already
known within the greedy approximation theory [24].

We recall the corresponding definitions. A subset D of the unit sphere S(H) =
{s € H : |s| = 1} is called a dictionary if Span D = H. For any dictionary D C
S(H), any sequence {t,} in [0,1] of weakness parameters, and any z¢o € H, the
Weak Greedy Algorithm (WGA) generates a sequence x,, defined inductively by

(02) T4l = Tn — <xnagn>gn7 n=0,12,...,
where the element g, € D is such that

‘<$n79n>| > tnsup{|<xn’g>| 1g € D}

The weakness parameters were introduced by Temlyakov in [22]. In the case when
t, = 1 of the Pure Greedy Algorithm, or even if t,, = 1 for at least one n, we require
the maximum max{|(xy, g)| : ¢ € D} to be attained for each = € H. We say that
the WGA converges if |z,| — 0.

Clearly, the WGA coincides with the process of remote projecting onto the family
of hyperplanes {g*- : g € D} orthogonal to the dictionary elements. Since D is
spanning, the origin is the only point in the intersection of these hyperplanes. The
other way round it works as well.

Remark 1. Let {Cy} be a family of closed linear subspaces with (), Co = {0}.
Then \J,, Ci is spanning and the remote projections (0.1) correspond to the WGA
with respect to the dictionary |J,, C:-NS(H) with the same sequence {t,} of weakness
parameters.
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According to Temlyakov [23] the condition

m
. o Qm
>0: — =

(T) V{a,} € ¢y with a, >0 I%gglof = z:lay 0

on the sequence {t,,} is necessary and sufficient for the convergence of all realizations
of the WGA with the weakness sequence {t,,} for each xy € H and all dictionaries
D c S(H).

The condition (T) is rather subtle. For instance,

Ztﬂ:ooé(T)éZt?n:oo,

m
but none of the implications can be reversed.

In Section 1 we generalize the convergence theorem of [23] to the case of re-
mote projections onto a family of closed convex sets C, that are uniformly quasi-
symmetric with respect to their common point; see Theorem 1 below. Our proof
partially leans on Temlyakov’s paper [23] and on the proof of Jones’ theorem on
the convergence of the Pure Greedy Algorithm in Hilbert space [13], [24, Ch.2].
The quasi-symmetry condition is essential in view of Hundal’s example [12], [14].
In Corollary 1.1 we show that cyclic projections onto finitely many closed, convex
and quasi-symmetric sets converge in norm. This generalizes a result from [2].

In Section 2 we discuss different versions of the quasi-symmetry condition, and
show that the uniform quasi-symmetry is essential in Theorem 1.

Section 3 is devoted to the weak convergence of remote projections. In Theorem 2
we give a condition on {t¢,} sufficient for weak convergence to a point in C. As
Corollary 2.1 we get a result of [9]: quasi-periodic projections onto finitely many
closed and convex sets converge weakly to a point in their intersection. In Theorem 3
we give another condition on {t,} that is necessary and sufficient for all sequences
of remote projections to have a partial weak limit in C. We construct an example
showing certain sharpness of these theorems.

1. NORM CONVERGENCE

In this section we show when remote projections onto a family of closed and
convex sets converge. A symmetry assumption on the sets is needed; we define
this weakened symmetry below. In Section 2 we will show to what extent this
symmetry condition is necessary. We will also compare it to another weakened
symmetry condition.

In what follows B(a,r) denotes the closed ball with center a and radius r > 0.

Definition 1. Let C and C,, a € €, be closed convex sets in a Banach space X,
all containing the origin.
(i) We call the set C' quasi-symmetric, if
Vr>030=0(r)€(0,1]: € CNB(0,r) = —0xeC.
(ii) We say that the family of sets {Cy }aeq is uniformly quasi-symmetric if
Vr>030=0(r) € (0,1]Va: v € CyNB0,r) = —0z € C,.
Moreover, we say that C' is quasi-symmetric with respect to a point a € C if the
set (C' — a) is quasi-symmetric. Similarly, the family of sets {Cy}acq is uniformly
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quasi-symmetric with respect to a point a € (,cq Cq if the family {Cq — a}acq is
uniformly quasi-symmetric.

In the above definition we can equivalently write “3r > 0” instead of “Vr > 0”.
Indeed, 6(r) = 0y min{1,ro/r} works for a given r > 0, if 6y works for some ry > 0.

Theorem 1. For a sequence {t,}>°, C [0,1], the following two statements are
equivalent:

(i) The sequence {t,} satisfies the condition (T).

(ii) For any family {Cy}acq of closed and convez sets in a Hilbert space H which
is uniformly quasi-symmetric with respect to a point a € C = () cq Ca and
for any starting element xog € H the sequence {x,} of remote projections
(0.1) converges in norm to a point in C.

Proof. We will prove here that (i) = (ii). The implication (ii) = (i) follows from [23]
where Temlyakov shows that the condition (T') is necessary already when all Cy’s
are hyperplanes.

1. We can assume that a = 0. Let x,, — 241 = yn, £0zpi12, = 7/2 + €. We
have ¢, € [0,7/2]; otherwise x,41 is not the nearest point for z,, in the segment
[0, 2p41] and hence also in Cy(n). Consequently, |z,|* > |zn41]® + |ynl?, so that
the norms |z,| decrease to some R > 0. We suppose R > 0, otherwise z,, — 0.
Moreover,

o9 o
(1.1) D lyal? <Dzl = [enga[?) < oo
n=0 n=0

Consequently, since {t,,} satisfies (T), we can choose a subsequence A C N with
the property

m
(1.2) b, ::M2|y,j|—>0, m — oo, m € A.
tm =
2. Now we prove that
o
(1.3) Z |y | sine,, < oo.
n=0

By the law of cosines,

T
[2l” = lani 4 lyl” — 2 iallyl cos (5 +2n)
= |xn+1|2 + |yn‘2 + 2|xn+1||yn| sin ey,
so that
‘xn‘2 - |xn+1‘2 - ‘yn|2 |55n|2 - ’xn+1|2
2’.’En+1| - 2R ’

|yn|sine,, =

and (1.3) follows.
3. The vector y, is externally normal to a hyperplane supporting the set Cy,)
at the point z,1. Hence,

(1.4) (Y, 2 — Tyy1) <0
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for any z € Cy (), so that

s
Yy 2) < (Yo Tog1) = Yul|zpgi1]| cos (5 — €
2
= |yu||zpy1]sine, < |yullxolsine,.

Since Cy,) is quasi-symmetric with respect to 0, we get
(15) ‘(yljazﬂ < 9_1‘yu|’x0’8in5w KAS Ca(u) mB(O,2’$0‘),

where 0 = 6(2|zo|) is from the definition of uniform quasi-symmetry.
4. Next, for any m and v,

Y| = dist (1, Co(m)) = tmsupdist (2, Co) > tipdist (2, Cor))

=ty min [T, —z| =tn, min |Tm — |
Zeoa(u) ZECQ<V)QB(0,2|CC0|)
> tm min (zm — 2,90/ 1y )|

ZGCQ(D)QB(O 2|zo])
max
ZECQ<V)0B(0,2|I0|)

> t, (Kfﬂfm,yu/lyubl -

>t (e, yo/lyu )| = 07 |zo| siney ) ;

we have used (1.5) in the last inequality. The above estimate implies that

I(z, yu/lyy|>|>

|ym|’yu‘

+ 9_1\x0\|yl,]sin5y
tm

(1.6) [(@m, yu)| <
for any m,v =0,1,2,...

5. Now we prove that {z,} is a Cauchy sequence and hence it converges to
some w € H. Given any n,k € N assume that m € A and m > max{n, k}. Since
|z — x| < |Tn — Tim| + |2k — T, 1t is enough to show that |z, — x| — 0 as
n,m — oo, n < m and m € A. We use the identity

|, — xm|2 = |acn|2 — |xm]2 —2(xp — Ty, Ty

Since |z,| — R, we have |z,|? — |7,,|> — 0 as n,m — oo. The last term we estimate
using (1.6) as follows:

m—1 m—1
[(Tn = Tm, Tm)| = Z(ywxm> < Z (Y, Tm)|
ry=n v=n

m— m—1
—m Z | 4 07 o Z lyy|sine,.

v=n

The first sum does not exceed by, by (1.2), so it tends to 0 as m — oo, m € A. The
second sum tends to 0 as n, m — oo in view of (1.3).

6. Finally we show that w = lim ), is contained in all C’s. If w ¢ Cj for some
B, then

dist (x,,Cg) >0 >0
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for all n > ng. This implies that
|xn—i-1‘2 < ‘xn‘2 - ‘yn|2 = |xn|2 — dist (xnaca(n))Z
< | |? — t2dist (25, Cp)? < |zn|? — 262

n
e N D DR 7

v=ng
Since (T) implies that 3" 2 = oo, this contradicts |x,| | R > 0. O

Assume C1, ..., Ck are closed linear subspaces of H. Assume {a(n)} is a quasi-
periodic sequence of the indices 1,..., K. This means that there is a constant
M € N so that for every interval I of length M the set {a(n) : n € I} contains all
of the indices:

{a(n): nel}={1,...,K}.
Then the sequence xp41 = Pyn)Zn of projections converges in norm [19], [11],
[21]. Already for two closed and convex sets this is not true, as the example of
Hundal exhibits [12], [14], [18]. Theorem 1 implies easily, that as soon as the
closed and convex sets C1,...,Ck are also quasi-symmetric, convergence occurs.
For symmetric in place of quasi-symmetric this was established in [2].

Corollary 1.1. Assume C4,...,Cg are finitely many closed, conver and quasi-
symmetric subsets of H with a nonempty intersection C = ﬂ{( Cj. Assume {a(n)}
is a quasi-periodic sequence of the indices 1,..., K. Then the sequence Tpy1 =
Po(n)Tn of nearest point projections converges in norm to a point in C for any
starting point ro € H.

Proof. The given sets are quasi-symmetric and there are only finitely many of them,
so the family is uniformly quasi-symmetric. We will show there are weakness pa-
rameters ¢, € [0, 1] satifying > ¢,/n = oo so that the sequence {x,} corresponds
to a sequence of remote projections with these parameters. Hence according to
Theorem 1 the sequence {z,} converges in norm.

We choose 5(n) € {1,..., K} and define b,, > 0 and t,, € [0, 1] as follows:

dist (zn, C(n)) = max dist (2, Ck) = by,

tn = |Tp+1 — Tn|/bn-

We will prove that for each interval I of length M there is an n € I so that
tn, > 1/(6M) and hence Y t,,/n = oo; here M is the constant of the quasi-periodicity
of {an}.

Assume for a contradiction that there is m € N so that t,,4; < 1/(6M) for
all j € {0,...,M}. We will show that then f(m) ¢ {a(m+j): 7 =0,...,M}
contradicting the sequence {a(n)} of indices being quasi-periodic with constant M.
Indeed, by the triangle inequality,

b1 = [Tnt1 — Ping1)Tnt1l
< ’xn—i-l - 55n| + |=Tn - Pﬁ(n+1)$n| + |Pﬁ(n+1) (xn - $n+1)|

by, by, 1
< — LA -
< Dby (HBM)bn,
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for m <n <m+ M — 1. By induction, for any 1 < k < M,

1 M
< (14— m < 20,

Again by triangle inequalities

k
|:17m - xm—l—k’ < m2bm < bma

hence .11 & Caim)- O

Assume {C,}qecq is a family of closed subspaces in H and that |Q| > 2 is at
most countable. Assume that in a sequence {a(n)} C Q each element of §2 appears
infinitely many times. The sequence of consecutive projections Zpi1 = Py(y)Tn,
n=0,1,2,..., r9g € H, generated by a does not have to converge in general.
However, if the norm limit (or even just the weak limit) of the sequence exists, then
it is equal to Poxg, where C = (), Ca-

Already for three closed subspaces C7,Cs,C3 and the sequence of remote pro-
jections (0.1) we can choose some of the weakness parameters ¢, € [0,1] so small
that the subspace C5 can be completely avoided. This causes (0.1) to converge to
Pc,nc,x0 which can be arranged to differ from Poxzp.

Already for two closed convex sets things can go awry even for the remotest
projections, that is, if in (0.1) we set ¢, = 1 for all n € N.

Example 1. In the Euclidean plane H = R? there are two closed, convex and
symmetric sets C1 and Csy, and a starting point xo so that the limit point of the
remotest projections is not equal to Po,nc,xo.

Proof. In the coordinate representation (s,t) of vectors in R?, we set
01:{8:0}, 02:{8—2§t§8+2}.
The line C7 and the stripe Cs are both symmetric with respect to 0, and their
intersection is the segment C' = {(0,t) : ¢ € [—2,2]}. For the starting point z¢ =
(—4,4), we have
dist (l‘o, Cy) = 3v2 > 4 = dist (o, Cl)

Hence 1 = Paxg = (—1,1) and 22 = Piz; = (0,1) € C, whereas Pcxo = (0,2). O

Note that for finitely many closed convex sets there are special projection algo-

rithms converging to the projection of the starting point onto their intersection [3,
Ch. 30].

2. SYMMETRY CONDITIONS
Dye and Reich [9] introduced the following property of weakened symmetry.

Definition 2. Let C' be a closed convex set in a Banach space X. The origin is a
weak internal point (shortly WIP) of C' if

(2.1) VeeC3d=0(z)>0: —dz e C.

Moreover, we say that a € X is a WIP-point of C' if the origin is a WIP-point of
the set (C' — a).
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Clearly, the origin is a WIP-point of C' if and only if it is a WIP-point of C; =
CNB(0,1). It is also easy to see that the origin is a WIP-point of a quasi-symmetric
set: the condition (i) of Definition 1 seems to be stronger than (2.1). Surprisingly,
the converse is also true: d(z) in (2.1) can be chosen independently of z lying in
the unit ball, say. Closed convex sets in Banach spaces cannot be too asymmetric.

Remark 2. Let C be a closed and convex set in a Banach space X. A point a € X
is a weak internal point of C' if and only if C is quasi-symmetric with respect to a.

Proof. We show only the less obvious implication. We assume that a = 0 and that
C =CnNB(0,1). We take the maximal possible § which works in (2.1): for every
0 # z € C there exists §(z) > 0 so that

(i) =é(x)x € C,

(ii) if » > d(x), then —nz ¢ C.
We claim that infyec d(z) > 0 and give an elementary proof of this fact first. If
not, then there are non-zero elements e, € C' having d(e,) < 1/3", n € N. Then

and we may assume e # 0; otherwise we take (1 — ¢)e; instead of ey for sufficiently
small € > 0. Then —de € C for some § > 0. For a fixed £k € N we observe that

§
1+5u—4/% +N§;kr+51—ymﬂ2n_1’

all the summands on the left-hand side are positive. Consequently,

1 1 1)
1+6(1— 1/2k)<_56) +N£k T+o(1—1/2) 20" © “

that is,

1 en J B —5/2F
1+6(1—1/2F) 52;2n+N§;ka" “Trea-o1amk <Y

Hence,

§/2k 1
< —.
Troq— 120 = 0w <3

The last inequality implies that
0 146 o6
JE— < -
9ok 3k 6k’
which is impossible for large k’s; how large exactly depends on §.
Here is a “Baire category” proof of the fact that inf,cc 0(x) > 0 due to V.I. Bogachev.
According to [4, Proposition 2.5.1] both sets CN(—C) and conv (CU(—C')) generate
norms on span C in which span C is a Banach space. The open mapping theorem

implies that the two norms are equivalent, hence the above infimum is positive.
O
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Next we exhibit that the uniform quasi-symmetry assumption on the sets C,, in
Theorem 1 is essential. In [12] and [14], an example of a closed convex cone C
with the vertex at the origin was constructed so that iterating the nearest point
projection between C' and a hyperplane D converges weakly but not in norm for a
starting point g € D. In the example the hyperplane D = el foran 0 # e € H =/,
and the set C'is the epigraph in {2 = D +span {e} of a suitably chosen nonnegative
convex sublinear function defined on D. Those familiar with the example readily
“see”, that the family of closed convex sets consisting of D and C' — c,e for some
suitable ¢, Y\, 0 consists of quasi-symmetric sets for which the remote projections
algorithm starting at z( closely traces the iterates of nearest points projections of xq
between C and D. Consequently it converges weakly but not in norm. Rather than
writing this up rigorously we give here a construction which is easier to present.

Example 2. In any infinite dimensional Hilbert space H, there exists a countable
family of closed, convex and quasi-symmetric sets so that the sequence of remotest
projections on this family does not converge in norm for a certain starting point.

Proof. We assume that H is separable as if it is not, then we build the example in a
closed separable infinite dimensional subspace of H. Also, we construct a family of
sets and a point in their intersection so that each set in the family is quasi-symmetric
with respect to this point. To center at the origin, we translate, if need be.

We use as a building stone an example constructed in [5]; we first recall its
relevant properties.

Let {e,er : k € N} be an orthonormal basis of H. For each k € N, we choose
vectors v’f,...,vﬁk € span{eg,ex+1} as in [5]. Their number ny increases in a
particular way, the norms |v*| decrease in a particular way. Their only property

relevant here are their directions:

(2.2) argvfl:—z—i—@, keNn=1,...,n

2 ng

here the polar angle arg in the plane span {ex, ex11} is measured from the positive
direction of ey.

The diverging greedy algorithm with respect to the dictionary containing +e and
all vectors (e + vF)/|e + vF| which is constructed in [5] can be interpreted as the
process of remotest projections onto the family of closed convex sets consisting of
the hyperplane D = e+ and the half-spaces

C’mk:{yeH:(y,e—i—vb < 0}.

Starting with zo = e1, the remotest projections algorithm generates z,4+1 = Po, , @m
for even m (k and n depending on m) and x,,+1 = Ppxy, for odd m. For all m and
k, the inequalities (@, ex) > 0 and (x,,,e) < 0 hold. The sequence {x,,} converges
to 0 weakly but not in norm; for more details see [5].

The hyperplane D and all the half-spaces C), ;, are quasi-symmetric with respect
to any point

a€DN(MiCyy),
where CZ, .. denotes the interior of the half-space C,, .. We define the coordinates of
such a point
a=(0,a',a?,...)
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with respect to the basis {e, e : k € N}, recursively:

1 1’ ak+1

s
a = — :aktan—

4ny’
Clearly, a € {2, a € D, and (2.2) implies that

(a,e +vp) = {a, ) = (a"ep + " e, vp) <0,

since -
arg(akek + akﬂekH) =—T4+ —
4nk
in the plane span {ej, ex4+1}. Hence, a € C; . for each k and n. O

If the interior of the intersection of a family of closed convex sets is non-empty,
then, clearly, the family is uniformly quasi-symmetric. In such a case, any sequence
of projections onto these sets converges. For remote projections we even give an
estimate of the rate.

Remark 3. Let each closed convex set Cy, contain the ball B(a,r), a € H, r > 0.

(a) The sequence (0.1) of remote projections converges in norm for each starting
element xy € H and for any sequence {t,}. In particular, random projec-
tions converge.

(b) If, moreover, > t2 = oo, then the limit point w belongs to (,cq Ca, and
the rate of convergence is estimated by

n—1 1272 1/2
(2.3) |z — w| < 2lz0 —a ] (1 - ’ﬂ) .
k=0

The statement (b) clarifies a result from [10]. There the convergence to a point
in the intersection was shown under the condition sup,, dist (z,,, Cy) — 0 as n — oo.
Also, an exponential rate of convergence was established for remotest projections
(t, = 1) with an estimate similar to ours.

Proof. (a) We assume a = 0 and use the notations y, = =, — Tp41, €n = 7/2 —
Z0xyp 112y, and also several inequalities from the proof of Theorem 1.
In view of (1.4), we have (y,,z — xp41) < 0 for any z € B(0,r). Consequently,

[Ynl|Znt1]|sinen, = (Yn, Tnt1) > sup  (Yn, 2) = rlynl,
z€B(0,r)

so that
r

sineg, > —— > —.

|Znta] [0l
This estimate together with (1.3) yields Y |y,| < oo, meaning that z,, converge in
norm.

(b) To prove that the limit point w belongs to C' = (,cq Ca in case > t2 = oo,
one can use the same arguments as in part 6 of the proof of Theorem 1.

Now we proceed to prove (2.3). Note that for any n € N we have

(2.4) |z, —w| < 2dist (x,, C),

otherwise
|33m - w[
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for some y € C' and m € N, so that
[Tn =yl = [0 —y| = |zm —w| = |om —y[ > |zm —yl,

which contradicts the fact that the sequence {|x,, — y|} is decreasing.
Let n € N and
dy, = supdist (z,,, Cy).
(03

The ball B(z,,d,) contains a point p, € C, for each «. Since the point

dy, LT
Up = a x
" dy dy+1""
belongs to conv {p, B(a,r)} for each p € B(x,,d,), we get u, € C, so that
. d
dist (25, C) < |2y, — up| = |z — al - i i —

Consequently,
rdist (z,, C) - rdist (z,, C)
"=y — a| — dist (z,,C) T |z — al
Let Pow, = b. Since b € Cy(y,), the angle Zz,,11b is not less than 7/2, so that

dist (zn+1, 0)2 < |zn41 — b|2 < lzn — b|2 — |z — $n+1|2

d

t27‘2
< dist (z,,, C)? — t3d2 < dist (z,,, C)? (1 - |xna|2> :
o=

Hence,

n 1272 1/2
dist (xp41, C) < dist (29, C) H <1 - k2> ,
Py w0 — a
which together with (2.4) gives (2.3).
U

Assume that unlike the assumption in Remark 3 we deal with a family of slim
sets: all C, are hyperplanes g.. Then remote projections implement the Weak
Greedy Algorithm with respect to the dictionary D = {£g, : @ € Q} and there are
estimates of the rate of convergence for starting elements from conv D [24, Ch.2].
We wonder if any such estimates can be shown for a class of starting elements in
the general setting of Theorem 1.

3. WEAK CONVERGENCE

Bregman [8] proved that for any family of general (non-symmetric) closed convex
sets with nonempty intersection the remotest projections (0.1) with ¢, = 1 always
converge weakly. He assumed that max, dist (x,C,) is attained for each z € H. It
is quite natural to generalize this result to remote projections by slightly changing
his arguments.

Theorem 2. Assume {Cy} is a family of closed and convex sets in a Hilbert space
H with a nonempty intersection C = (\,cq Ca. Let the sequence {t,} in [0,1] satisfy
the following condition: there are 6 > 0 and K € N so that for any n € N at least
one of the values ty, ..., th 1k is greater than 6. Then the sequence (0.1) of remote
projections converges weakly to some point of C' for any starting element xg € H.
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Proof. Take any n € N and k € {n,...,n+ K} so that t; > 6. We use the notation
Yy = Ty — Ty41. For any « € 2, we have

dist (zg, C,
dist (zp, Co) < |zpn — xf| + dist (zg, Cy) < Z || + k—(’“))

n+K—1 1/2 ka\
2

SVK(Z;WA) +o5 =0 (o),
since Y |y, |? < oo in view of (1.1). Consequently, each partial weak limit w of the
xy’s belongs to C. In its turn, this implies that the whole sequence |z, — w| is

decreasing, since each P, is a 1-Lipschitz retraction onto C,.
A partial weak limit does exist, so we have to prove its uniqueness. Let v and
w be two partial weak limits, so that z,, converge weakly to v and z,; converge

weakly to w. The numbers
dp = |zn —v* = |z —w|* = 2(v — 20, v —w) — |v —w|* = 2(xp —w,w—v) + |w—v|?

tend to a single limit, as we have just mentioned. On the other hand, d,,, — —|v—w|?
and dy,; — |w — v|*. Hence, v = w. O

The following result was established by Dye and Reich in [9].

Corollary 2.1. Assume C1,...,Ck are finitely many closed and convex subsets of
H with a nonempty intersection C = (& C;. Assume {a(n)} is a quasi-periodic
sequence of the indices 1,..., K. Then the sequence Tpny1 = Pyn)Tn of nearest point
projections converges weakly to a point in C for any starting point xo € H.

Proof. The sequence {«(n)} is quasi-periodic, which means that there is a constant
M € N so that for every interval I of length M the set {a(n) : n € I} contains all of
the indices 1,..., K. As in the proof of Corollary 1.1 we choose 3(n) € {1,..., K}
and define b, > 0 and weakness parameters ¢, € [0, 1] as follows:

dist (-’Ena Cﬁ(n)) = m]?,X dist ({En, Ck) = by,

tn = |Tn+1 — zn|/bn-

Then for each interval I of length M there is an n € I so that t, > 1/(6M), as
shown in the proof of Corollary 1.1. According to Theorem 2 the sequence {z,}
converges weakly to a point of C. O

We do not know if the condition on the sequence {t,,} in Theorem 2 is necessary
for the weak convergence of remote projections. It is much stronger than the con-
dition (T) implying the norm convergence of remote projections in the uniformly
quasi-symmetric case. We do not know of an equivalent condition for the weak con-
vergence in the uniformly quasi-symmetric case either. We give, however, criteria
for remote projections to have a partial weak limit in the intersection of the sets
considered.

Theorem 3. For a sequence {t,}5°, C [0, 1], the following statements are equiva-
lent:

(i) Yot7 = oo;
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(ii) the sequence {x,} of remote projections (0.1) with parameters t, has a par-
tial weak limit in () cq Ca for any starting element xo € H and any family
{Cu}acq of closed and convex sets in H with nonempty intersection;

(iii) the residuals {zn} in the Weak Greedy Algorithm (0.2) with parameters
tn have a partial weak limit 0 for any starting element xg € H and any
dictionary D C S(H).

Proof. (i) = (ii). Let Y t2 = 00,0 € C' = (,cq Ca and {z,,} be the sequence (0.1).
We denote 4, = T, — Tn41 again. Since Y |yn|? < oo in view of (1.1), we can choose
a subsequence A C N with the property |y,|/t, — 0, n € A, n — oco. Taking any
a € Qandn € A, we get
dist(a:n,Ca)gw:M%O, n — oo.
ln 128

Consequently, any partial weak limit of {x,, },ea belongs to C. In fact, this partial
weak limit in C' is unique, as we have seen in the proof of Theorem 2. However,
there may be other partial weak limits outside of C, as Example 3 below shows.

(ii) = (iii). This is obvious, since the WGA is a particular case of remote pro-
jections onto a family of hyperplanes having unique common point 0.

(iii) = (i). Let >.#2 < co. In what follows we construct a countable family
{C},} of one-dimensional subspaces and a sequence (0.1) of remote projections onto
this family with parameters t¢,,, which does not converge weakly and does not have
0 as a partial weak limit. Remark 1 then supplies an example of the WGA with
parameters t,, whose residuals do not have 0 as a partial weak limit.

We choose a sequence {7,,} with the properties 7, > t, for all n, > 72 < oo,
> 7, = 00, and fix m so that

- 1
2
(3.1) ;17'” <7

We fix a point s on the unit sphere of H and take the spherical cap

V(s) = {v € S(H): (v,s) > \23}

We choose two opposite points a and b on the boundary of the cap: (a,s) = (b,s) =
V/3/2. We also choose a sequence {s,}5°, C V(s) so that s,, = a and (s, Sp41) =
\/1 =72 for all n > m. This sequence can be constructed inductively: the choice
of each next s, 11 € V (s) is possible, since \/1 — 72 > v/3/2 by (3.1). Moreover, we

have
[sn — Snt1] = /2= 2V/1 =72 > 7y,

so that {s,}>2,, may be made dense in V(s), since ) 7, = oc.
Denoting by L(v) := span {v} the line spanned by a vector v € S(H ), we consider
the family of lines

L(a)7L(b)7L(5n)7 nzm,m—i—l,...,

and the following sequence of remote projections onto this family of lines with
starting element rg = s. The projections zi,...,z,, alternately lie on the lines
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L(a) and L(b) so that they are remotest and satisfy the inequalities needed for any
given parameters tg,...,t,_1. We choose the first projection z1 lying either on
L(a) or L(b) so that z,, € L(a), depending on the parity of m. As for n > m, we
set x,41 to be the projection of x,, onto L(sp41):

dist (zp, L(Sn+1)) =|zn|sin £(5,08541)

=|zp|Tn > |n|tn > t, sup dist (z,, L(v))
veV(s)

Clearly, the sequence {z,} is contained in the cone {\v : v € V(s), A > 0}. For
any n > m, we have

3
|xn|2 = |xm’2 Z |$k|2 > ]xm]2 (1 - Z Tk) > E‘xm|2

This means that |z,| — r > 07 and the set of all partial weak limits of the sequence
{zn} is the closed convex hull of the cap rV(s).
O

The following Example shows that the conditions on the sequence {t¢,} in Theo-
rem 2 cannot be replaced by liminf, .. t, > 0 and that in Theorem 3 one cannot
claim the uniqueness of the weak limit.

Example 3. Let H be an infinite dimensional Hilbert space. Then there exists
a countable family of closed convex sets in H with non-empty intersection and a
sequence (0.1) of remote projections on this family which does not converge weakly
and its weakness parameters satisfy liminf, .o t, > 0.

Proof. 1. We use the following local construction.

Lemma A. [14, Section 2.2] Let a,b,c € H be such that |a| = [b] # 0 and
0 # c € {a,b}*+. Foreverye > 0 there exists a convex closed cone C = C(a,b,c,e) C
span {a, b, c} with vertex 0 so that alternating projections between C' and the plane
D = span {a, b} move the point a close to the point b:

(3.2) |(PpPc)"a—b| < e
for some m = m(a,b,c,e).
The cone from Lemma A also satisfies
(3.3) dist (a, C) < v/2ale,
since otherwise
|(PpPc)™a| < |Peal = \/]a2 — dist (a,0)2 < |a| — e = |b] — ¢,
which contradicts (3.2). Similarly,
|Pc(PpPe)™ 'a — (PpPc)™a| = dist (Pe(PpPe)™ 'a, D) < v/2|ale,

and hence

dist (b, C) < |b— Po(PpPc)™ 'a| < |b— (PpPc)"dl

(3.4)
+|Pc(PoPe)™ a — (PpPo)™a| < e + v/2|ale.
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2. We may assume that H is separable and fix an orthonormal basis {u, v, e :
k € N} of H. We choose a decreasing sequence &, N\, 0 so that

s 1
;\/5< o
We set
D = vt =span{u, ey : k € N},
Cy =C(e1,u,v,e1) +spanie, : n € Nyn # 1},
m(er,u,v,e1),
Cy = C(u,e2,v,e9) +5panie, : n € Nyn # 2},
)

mo = m(ua €2,V,€2),
Cop—1 = C(eg, u,v,e95_1) +5panie, : n € N,n # k},

+span{e,:ne€N,n#k+1},

mag = m(u, €k+1,V,€2k),

)
Mak—1 = m(eg, u,v,25-1),
Cor, = C(u, €41, v, €21,)
)

Clearly, (3.2) works for the extended cones Co_1 and Cyy as well:
(35) }(PDPCQk_l)m%*lek — u‘ < €9k—1,

(3.6) |(PpPc,, )" u — ept1| < €2k
3. We have e € D for all k£ and e, € C, for n # 2k — 2,2k — 1 by construction,

hence also
dist (e, Cor—1) < v/2€2k-1,

dist (ex, Cop—2) < \/269k—2 + €2k—2
by (3.3) and (3.4). This implies for P being a projection onto C,, or D that

(3.7) lex — Peg| < 3\/E2x—a, k=2,3,....
4. Now we define the required sequence of remote projections on the family
{D, Cp: n €N}

We start with zg = e; and make m; alternating projections on Cy and D:
y1 = (PpPc,)™ e1.

Then we make mgy alternating projections on Cy and D:
y2 = (PpFe,)™y1.

Then we make the projection P» on one of the sets C,, so that
1 .
Y2 — Payz| = 5 supdist (y2, Cn),
n

and we set
29 = Poys.
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We proceed by induction: having defined y1,yo, ..., y2r_2 and
29,24, . .., 29k_9, we make mog_1 alternating projections on Coi_1 and D:

Yok—1 = (PDPCQk_l)m%’lzzkfz,
then moy, alternating projections on Cy and D:
Yor = (PpPoy, )" yok—1,

and then one projection Py on one of the sets C), so that
1 .
(3-8) ok — Paryor| > 5 sup dist (Y2, Cn),
n

and we set
2ok = Papyok-
For this sequence of projections, containing subsequences {yx} and {29}, we have
1
liminft¢, > -,
n—o00 2

since projections via Psy have ¢, > 1/2 by (3.8).

5. At last we have to prove that the sequence {y;} does not converge weakly,
and hence the whole sequence of projections has no weak limit.

We have |y; — u| < €1 by (3.5) for k£ = 1. Using (3.6) for k = 1, we get

ly2 — e2| < |[(PpPc,)"™ (y1 — u)| + [(PpPcy)™ u — e2] < &1+ e2,
which together with (3.7) implies that
‘22 — 62‘ = ’P2y2 — 62’ < ’PQ(yQ — 62)| + ‘PQ@Q — 62‘ < €1 +é&9+ 3\/5

In the same way, by induction on k, we get

2k—1

k—1

|y2k—1 - ’U,‘ < Z €y +3 Z VE2u,
v=1 v=1
2k k—1

Yok — ens1l <D e +3Y Ve,
v=1 v=1

2k k
|20 — €py1] < ZEV + 32 VEw.
v=1 v=1

Consequently,
|yor—1 — u| < 0.4 = (yag—1,u) > 0.6
lyak — exv1| < 0.4 = (yog,u) < 0.4
and the sequence {y,} does not converge weakly. O

The following statement is a parallel to Remark 3 (a). We consider here weak con-
vergence instead of norm convergence. The intersection of the sets is not contained
in any affine hyperplane in place of having non-empty interior.
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Remark 4. Let {C,} be a family of closed convex subsets of a Hilbert space H.
Assume that the affine hull of the intersection C = (Cy is dense in H. Then
the sequence (0.1) of remote projections converges weakly for each starting element
xg € H and for any sequence {t,} of weakness parameters. In particular, random
projections converge weakly in this case.

Proof. Fix a point a € C. Then span{v —a:v € C'} = H. For each v € C and any
n € N, we have v € Cy(y,), hence Zvr, 12, > 7/2, so that |z, —v| > [zp41 — v,
and the decreasing sequence

(3.9) |20 —v|? = |zn — a|* — 2(xp, — a,v — a) + v — af?

has a limit. In particular, the sequence {|z,, —a|?} has a limit, which together with
(3.9) implies that the sequence of scalar products

(xp —a,v —a)

has a limit as well. The sequence {x,,—a} is bounded and the set span {v—a : v € C'}
is dense in H, hence the sequence {x, — a} converges weakly, and so does the
sequence {z,}. O

Dye and Reich [9] proved weak convergence of random projections on a finite
family of closed convex sets that are all WIP sets with respect to their common
point, see also [7]. Such sets are uniformly quasi-symmetric with respect to this
point by Remark 2. We wonder if Theorem 2 and Theorem 3 can be clarified
under the additional condition of uniform quasi-symmetry of the sets C,. We also
note that the problem of weak convergence of random projections, that is, remote
projections with arbitrary t,’s, onto a finite family of closed convex sets having
nonempty intersection is still open [7].
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