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APPROXIMATE SOLUTIONS OF A SET-VALUED INCLUSION

IN A METRIC SPACE

ALEXANDER J. ZASLAVSKI

ABSTRACT. In our recent research we studied a feasibility problem with infinitely
many sets in a metric space, presented a novel algorithm and analyzed its conver-
gence taking into account computational errors. We showed that our algorithm
generates a good approximate solution, if computational errors are bounded from
above by a small positive constant. In the present paper we generalize these re-
sults a larger class of fixed point problems induced by a set-valued inclusion.

1. INTRODUCTION

During more than sixty years now, there has been a lot of activity regarding the
fixed point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example,
(3,5,12,14,15,18-20,22-25, 28,29 and the references cited therein. This activity
stems from Banach’s classical theorem [1] concerning the existence of a unique fixed
point for a strict contraction. It also covers the convergence of (inexact) iterates
of a nonexpansive mapping to one of its fixed points. Since that seminal result,
many developments have taken place in this field including, in particular, studies of
feasibility and common fixed point problems, which find important applications in
engineering and medical sciences [9-11,13,16,26-29].

The convex feasibility problem is to find a feasible point in the intersection of
finitely many convex and closed sets. This problem, which was studied in [2,4-7,9],
finds important applications in engineering, medical and the natural sciences [11,13,
17,21]. The convex feasibility problem is a special case of a more general common
fixed point problem for which we need to find a common fixed point of a family of
operators [26-29].

Assume that C;, i = 1,...,m, where m > 2 is a natural number, are closed
and convex sets in a real Hilbert space endowed with an inner product (-,-) and a
complete norm || - || which is induced by the inner product. We consider the problem

Find z € N2, C;

under the assumption that N ,C; is nonempty. It is well-known that for each
i€{l,...,m} and each = € X, there exists a unique element P, (x) € C; such that

|z = Pe,(x)]| = inf{[lz —y[| : y € Ci},
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|1 Pc,(z) — Po,()|| < [lz —yll, z,y € X
and
Iz = z)|* > ||z = Pi(2)|]* + ||z — Pi()|?

for each x € X and each z € (. In practice for solving convex feasibility problem
the following iterative method is used.

Fix an integer N > m and denote by R the collection of all maps r : {1,2,...,} —
{1,...,m} such that for every positive integer s,

{1,...,m} C {r(s),...,r(s + N —1)}.

We associate with any map r € R the following iterative algorithm:
Initialization: choose any starting point zg of the space X.
Iterative step: given a current iterate xj; € X calculate

Trr1 = Prgny (r)-

It is known that iterates obtained by this method converge weakly to a solution
of our feasibility problem. The same result is also guaranteed by the well-known
Cimmino algorithm described below:

Initialization: choose any starting point zg of the space X.

Iterative step: given a current iterate x; € X calculate

m
Tht1 = Zm_lpi($k)-
i=1
In [8] Y. Censor, T. Elfving, and G. T. Herman introduced dynamic string-
averaging methods, which are in some sense a combination of the iterative algorithm
and the Cimmino algorithm. In these dynamic string-averaging methods, which
became very popular in the literature, a family of sets is divided into blocks and the
algorithms operate in such a manner that all the blocks are processed in parallel.
In [30] we studied a feasibility problem with a collection of sets which is not
necessarily finite. Clearly, the algorithms described above cannot be applied if the
collection of sets is infinite. The main feature of these algorithms is that for iterative
steps we need to calculate the values of all the operators belonging to our family of
maps and even their sums with weighted coefficients. Of course, this is impossible
if the family of maps is not finite. In [30] we introduced a new algorithm for solving
feasibility problems with infinite families of sets and studied its convergence. It
turns out that our results hold for feasibility problems in a general metric space.
In this paper we use the following notation.
For each z € R! set

|z] = sup{i: ¢ is an integer and i < z}.

Let (X, p) be a metric space endowed with a metric p. For every element z € X
and every positive number r put

B(z,r)={y € X: p(z,y) <r}.
For every element « € X and every nonempty set D C X define

p(z, D) = inf{p(z,y) : y € D}.
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Fix 6 € X. Denote by Card(E) the cardinality of a set E. We assume that the sum
over an empty set is zero.

The following feasibility problem was considered in [30]. Assume that A is a
nonempty set, for each @ € A, C, C X is a nonempty, closed set and that there
exists P, : X — C, such that

Py(x) =z, x € C,,.
We also assume that there exists ¢ € (0, 1) such that for each o € A, each z € C,
and each z € X,

p(2,2)" = p(z, Pa(®))* + Gp(, Pa())*
and that there exists
2 € maeACa.
In [30] we consider the problem
Find 2z € NaesCy

and use the following algorithm.
Let a sequence {A;}2, C (0, 00) satisfy
71— 00
Initialization: choose any element zg € X.
Iterative step: given a current iterate x; calculate oy € A such that

p(zk, Pa, (zr)) > sup{p(zg, Pa(zr)) : o € A} — Appq
and calculate
Thy1 = Poy (21).
It was shown in [30] that for each sequences {z:};°, C X generated by the
algorithm we have

tlglolo p(zt, re11) =0

and
lim sup{p(ar, Po(21)) : @€ A} =0.

In [31] we studied our algorithm introduced in [30] for common fixed problems
taking into account computational errors which always present in practice. In this
case the convergence to a solution does not take place. We showed that our algo-
rithms generate a good approximate solution, if computational errors are bounded
from above by a small positive constant. Clearly, in practice it is sufficient to find
a good approximate solution instead of constructing a sequence which converges to
a solution. On the other hand in practice computations induce numerical errors
and if one uses methods in order to solve problems these methods usually provide
only approximate solutions. Our main goal is, for a known computational error, to
find out what an approximate solution can be obtained and how many iterates one
needs for this.

Assume that (X, p) is a metric space. For each S: X — X set

Fix(S) ={z€ X : S(z) = z}.
Fix
0eX.
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Assume that A is a nonempty set and that for each a € A, P, : X — X satisfies
Fix(P,) # 0.

Assume that ¢ € (0,1) and the following assumption holds:
for each o € A, each z € Fix(P,) and each z € X,

p(z, x)Q > p(z, Poc(x))Q + ep(z, Pa(x))Q-
Assume that z, € X, ¢ € (0,1] and that for each a € A,
B(z«,0¢) NFix(Py,) # 0.
The next theorem is the main result of [31].

Theorem 1.1. Let
M > max{1, p(, z«)},
40,61, € (0,1),
co = max{(8(4M + 8)(8 + dc)e )2, 8}
and
no = [32M%c eg?) + 1.
Assume that {z:}2) C X, {4 }52, C A,
p(zo,0) < M
and that for each integer t > 0,
01+ p(xt, Po,(x¢)) > p(a, Palzyr)), o € A,

P(Te41, Poy (1)) < do-
Then there exists an integer q € [0,n9 — 1] such that
p(.’I}Z,Q) < 3M7 (S {077q}
and
p(Tg, Tg11) < €0-
Moreover, if an integer q € [0,n9 — 1] and the inequality above holds, then
p(xq, Pa(zq)) < 3¢y for each o € A.

In order to study the problem discussed above we can use another framework.
For each x € X, define
T(x) ={Pa(z): o€ A}, z € X.

Now we can study the behavior of the iterative process induced by the map T.
Assume that M > p(60, z,). For each a € A there is

za € Fix(Py)
such that

P(Z*vza) <c.
Let a € A. Clearly,

p(0,24) < M+ 1.

Assume that
x € B(O,M).
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We have
P(Za; $)2 > p(2a; Pa(x))z + ep(, Pa(x))2

and
P(2a; Pa(z)) < p(2a0; 7).

By the equations above,

(s )? = (20 @) 2 < (20, 70) (20 @) + P20, 7))

< 0c(AM + 1), |p(za; Pa(2))? = p(24, Pa())[?
< p(24: 2a) (020, Pa(@)) 4 p(24, Pa(2)))
< éc(4M + 3)

and

p(2e, )% > p(2a, )% = 6c(AM + 1) > ép(x, Po(x))? + p(2a, Pa(x))? — 6c(4M + 1)

Thus
p(z0s )2 = 0p(w, Pal))2 + pl2, Pa(@))? — G0 (SM +4)
x € B(O,M).
In this paper we consider a set-mapping 1 satisfying the equation above and
obtained a generalization of Theorem 1.1.

2. THE MAIN RESULT

Let (X, p) be a metric space. We use the notation and definitions introduced in
Section 1. Assume that

T:X —2\{0},
ze € X, M > 1, 0p € (0,1], c€ (0,1) and
(2.1) p(z4,0) < M.
and that for each x € B(0,3M + 2) and each y € T(z),
(22) pz,2)? 2 p(av,y)® + (e, y)® — dur.
We prove the following result.
Theorem 2.1. Let

0,901, € (0,1),
(2.3) €0 = max{20y, (8¢ H)V2, (1667 160(4M + 5))Y/2, 61}
and
(2.4) no =1+ [16(2M +2)%¢ eg?] + 1.
Assume that {z:}72, C X,
(2.5) p(z0,0) < M

and that for each integer t > 0,
(2.6) B(ziy1,00) N {y € T(@e) © p(we,y) + 01 > pla,§), £ € T(x)} # 0.
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Then there exists an integer q € [1,ng] such that
p(x,0) <3M +2,t€{0,...,q}
and
p(g, Tq+1) < €o.
Moreover, if an integer ¢ > 0 and the inequality above holds, then
T(xq) C B(zq,3€0).

Proof. By (2.5), for each integer ¢ > 0 there exists

(2.7) yr € T'(z¢) N B(z4+1,00)
such that
(2.8) p(@e,yt) + 01 > p(wt,E), § € T(wy).
In view of (2.7),
(2.9) yo € T'(zo).
By (2.2), (2.5) and (2.9),
(2.10) p(zes20) > (24, 90)* + €p(0,90)° — Oar.
Equations (2.1), (2.5) and (2.10) imply that
(2.11) (2, 90) < p(ze,x0) +1 < 2M + 1.
It follows from (2.1), (2.7) and (2.11) that
(2.12) p(za, 1) < 2M + 2, p(0,21) < 3M + 3.
Assume that s is a natural number and that for each integer k € [1, s],
(2.13) (T, Tig1) > €0-
Assume that
ke{l,... s}
and
(2.14) p(xg, z) < 2M + 2.

(In view of (2.12), our assumption holds for k£ = 1.) By (2.3), (2.7) and (2.14),

p(xk, yk) > p(@k, Trt1) — P(Tkt1, Yk)
> €y — (5() > 60/2.

Equations (2.1) and (2.14) imply that
(2.16) p(xk, 0) < p(zk, 2¢) + p(24,0) < 3M + 2.
It follows from (2.2), (2.3), (2.7), (2.15) and (2.16) that
p(zes2k)? > p(zeyr)? + ep(an, yi)® — m
(2.17) > p(24, yi)? + €0 /%4 — Oy
> p(ze, yk)” + Ceo/?8.

(2.15)

In view of (2.14) and (2.17),
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By (2.17) and (2.18),

(2.19) P2, Tpg1) < p(205 Yk) + P(Y, Thr) < 2M + 3.
By (2.7), (2.18) and (2.19),
‘p<z*7 Z/k)z - p(z*7 $k+1>2’

< (24 yi) = p(20, g1 | (0(24, Yi) + p(24; Tg1))

< p(@pg1,yk) (4M +5)
< (50(4M + 5).

Equations (2.3), (2.17) and (2.20),

(2 th11)° < P2, yp)* + Go(AM + 5) < plz, 2x)? — 265 /8 + So(4M + 5)
< p(zx, $k)2 - 56(%/16'

(2.20)

In view of (2.21),
p(2, Thy1) < p(2s, Tg).-
Thus by induction we showed that for each k € {1,...,s+ 1},
Pz, xr) <2M 4+ 2, p(0,x) < 3M + 2
and that for each k € {1,....s}.
(2.21) p(2e, Tpi1)? < pl2e, 1) — Ce2/16.
It follows from (2.4), (2.12) and (2.21) that
@M + 2 > plse,1)? > plew 21)? — pl2n, 2551)?

=30z )’ — plasiin)?)

k=1
> 16_15638

and

5 < 16(2M +2)%¢ teg? <mg — 1.
This implies that there exists an integer ¢ € {1,...,n9} such that
(2.22) p(Tq Tq+1) < €0
and

p(0,z) <3M +2, ke€{0,....q}.

Assume that ¢ € {0,1,...,} and that (2.22) holds. It follows from (2.7) and
(2.22) that

P(Yg: Tq) < €0+ do
and that for each § € T'(xy),

p(xq,€) < p(xg,yq) + 01 < €9+ 6o+ 61 < 3ep.
Theorem 2.1 is proved. U
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3. AN EXTENSION

We use all the notation introduced in Sections 1 and 2 and assume that all the
assumptions made in Section 2 holds.

Theorem 3.1. Let

(3.1) M > M > max{1, p(6, z.)},70 € (0,1],60,01 € (0,1),

(3.2) {z€X: p(z,6) <rp, £€T(2)} C B, M),

(3.3) € :=max{20y, (86yc )2, (166 6o(4M +5)Y2, 61} < ro/3

and

(3.4) no = [16(2M + 2)%c teg?] + 1.
Assume that {x}2, C X,

and that for each integer t > 0,

(3.6) B(x¢41,00) N{y € T(xe) = plae,y) + 61 > pla, ), & € T(ay)} # 0.
Then for each integer t > 0,

(3.7) p(xe,0) < 3M +2
and there exists a strictly increasing sequence of natural numbers {qp}goz1 such that
(3.8) 1 <gp<mng
and that for each integer p > 1,
(3.9) 1 < gp1 — gp < 1o,
(3.10) p(Zq,, Tg,+1) < €0
and
(3.11) p(zg,,€) < 3eo, § € T(zy).
Proof. By Theorem 2.1, there exists an integer

q1 € [1,ng]
such that

P(Tqr, Tqi+1) < €0, T(2q,) C B(xg,, 3€0)

and

p(l't,g) < 3M+27 te {07~-'7QI}'
Together with (3.2) this implies that
p($q1,9) < M < M.

Assume that £ > 1 is an integer and we defined natural numbers g,, p =1,...,k
such that (3.8) holds, for each integer p € {1,...,k} \ {k}, (3.9) holds and (3.10)
and (3.11) hold for p=1,...,k and

p(xi,0) <3M+2,i=0,...,q.
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(Clearly our assumption holds for k = 1.) It follows from (3.2) and (3.11) that

p(xq,,0) < M < M.

By Theorem 2.1 applied to {z;}32, there exits an integer

Qk+1 € [1+ g, no + i)

such that
p(xia 0) S 3M + 27 1€ {Qk:a cee 7Qk+1}7
p(ka+17$Qk+1+1) <€
and
T($Qk+1) C B($Qk+1 ) 360)'
Thus by induction Theorem 3.1 is proved. O
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