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MINIMAL INTEGRITY BASES OF INVARIANTS OF SECOND
ORDER TENSORS IN A FLAT RIEMANNIAN SPACE

LIQUN QI AND ZHENG-HAI HUANG

ABSTRACT. In this paper, we study invariants of second order tensors in an
n-dimensional flat Riemannian space. We define eigenvalues, eigenvectors and
characteristic polynomials for second order tensors in such an n-dimensional Rie-
mannian space and show that the coefficients of the characteristic polynomials are
real polynomial invariants of that tensor. Then we give minimal integrity bases
for second order symmetric and antisymmetric tensors, respectively, and study
their special cases in the Minkowski space and applications in electrodynamics,
etc.

1. INTRODUCTION

Classical invariant theory was well developed in the nineteenth century. It was
initiated by Gauss [15]. Cayley [4,5], Lagrange [15], Boole [15] and Hilbert [12]
made fundamental contributions to this development. In the twentieth century,
tensor function representation theory was further developed, and found important
applications in theoretical and applied mechanics. Complete and irreducible polyno-
mial and function representations of vectors, second order tensors and some special
fourth order tensors in two- and three-dimensional Euclidean spaces, as well as com-
plete and irreducible tensor function representations involving third order tensors
in two-dimensional Euclidean spaces, have been established [21]. At the end of the
last century and in the recent years, minimal integrity bases of isotropic invariants
of third and fourth order tensors in the three-dimensional Euclidean spaces were
further developed [13,14,18]. Some related works and their extensions can also be
found in [1,2,10,16,19].

On the other hand, Einstein’s relativity theories were developed with the tool
of tensors in the Minkowski and Riemannian spaces [3,7,17]. Invariants were also
encountered there. For example, the squares of the norms of the electrical and
magnetic field 3-vectors e and b are no longer invariant in the Minkowski space.
However, the difference of these two squares is an invariant of the electromagnetic
field tensor in the Minkowski space [3,17]. The electromagnetic field tensor is a
second order antisymmetric tensor in the Minkowski space, while the energy tensor
of the electromagnetic field is a symmetric and traceless tensor in the Minkowski

2020 Mathematics Subject Classification. 15A72, 53A45, 141.24.

Key words and phrases. Flat Riemannian space, second order tensors, eigenvalues, characteristic
polynomials, invariants, minimal integrity bases.

This author’s work was supported by the National Natural Science Foundation of China (Grant
No. 11871051).



1466 L. QI AND Z. H. HUANG

space. May we develop a minimal integrity basis theory for second order tensors
in the Minkowski space or a flat Riemannian space? Such a theory will help us to
understand more about invariants in the Minkowski and Riemannian spaces and
thus provides a tool for the physics theories in these spaces.

This paper is devoted to this purpose. We study minimal integrity bases of second
order tensors in an n-dimensional flat Riemannian space V for n > 2.

Though Riemannian spaces are much more complicated compared with Euclidean
spaces, spectral theory is still valid in Riemannian spaces. Thus, we start our work
by defining eigenvalues, eigenvectors and characteristic polynomials for second order
tensors in such an n-dimensional Riemannian space.

In the next section, we define invariants, polynomial invariants, integrity bases,
minimal integrity bases for tensors in V. We show that the number of invariants of
each degree in a minimal integrity basis is fixed.

In Section 3, we define powers and traces of second order tensors in V. We show
that for a second order symmetric or antisymmetric tensor A, for each degree k > 1,
there is only one independent invariant trace(A*). Any other invariant of degree k
is proportional to trace(A¥). Furthermore, we show that trace(A*) = 0 if k is odd
and A is antisymmetric.

We define eigenvalues, eigenvectors and characteristic polynomials for second
order tensors in V in Section 4. We show that the coefficients of the characteristic
polynomial of a second order tensor A in V are polynomial invariants of A. In
this way, we show that if A is symmetric, then {trace(A*) : k = 1,...,n} is a
minimal integrity basis of invariants of A, if A is symmetric and traceless, then
{trace(A*) : k = 2,...,n} is a minimal integrity of invariants of A, and if A is
antisymmetric, then {trace(A2¥) : 2 < 2k < n} is a minimal integrity of invariants
of A. We also show that the coefficients of their characteristic polynomials also
form their minimal integrity bases.

In Section 5, we study the special cases in the Minkowski space and applications
in electrodynamics, etc. Section 6 is the conclusion section of this paper.

2. BASIC DEFINITIONS

We use the notation of [17]. The summation convention is used. Suppose that V'
is an n-dimensional real flat Riemannian space for n > 2, with a metric tensor g;;,
where g;; = g;; and det(g;;) # 0. The inverse of g;; is g*/ such that

97 gjk = 6%,
where dik is the Kronecker symbol such that

52-'_57_{ 1 ifi=yj,

J v 0 otherwise.
Let A,...,G be tensors in V. A function f(A,...,G) is called an invariant of
A, ..., G if its value is not changed under any smooth nonsingular transformation of

the coordinates. We now explain this definition in more detail. Assume that in the
coordinate system {z'}, A has the form A; ). Then in another coordinate system
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{a:i/} after a smooth nonsingular transformation, A should have the form
AT g it R I
k.o = g P - P PPy

where

-/ 8xi/ ; 8.’132 - ;
P = Dz’ Py = oz’ p;,p;- = 5.23'-

See Page 132 of [17] for these expressions. If

F(A - G) = FIA - GEn) = F(A - Gl
then f is called an invariant of A4,...,G.

If f is resulted by tensor operations of A,...,G and some real scalars, then f
is called a polynomial invariant of A,...,G. If f is resulted by contractions of
A, ..., G, multiplied with some real scalars, where each of A,...,G can be used
several times, then f is called a monomial invariant. The degree of a monomial
invariant is the times of A, ..., G appearing there. A monomial invariant is called
an irreducible monomial invariant if it is not a product of monomial invariants
of lower degrees. The sum of monomial invariants with the same degree is a ho-
mogeneous polynomial invariant. The sum of irreducible monomial invariants
with the same degree is an irreducible homogeneous polynomial invariant.
A homogeneous polynomial invariant with degree 1 is called a linear invariant.
Then, a polynomial invariant is always the sum of some homogeneous polynomial
invariants with different degrees.

A set of polynomial invariants {f1,..., f.} of tensors A,...,G is called an in-
tegrity basis of A, ..., G, if any polynomial invariant f is a polynomial of fi,..., f;.
It is further called a minimal integrity basis of A4, ..., G, if none of f1,..., f, can
be expressed as a polynomial of the other » —1 invariants. According to Hilbert [21],
A, ..., G always have a finite integrity basis. Also, we may only consider integrity
bases consisting of homogeneous polynomial invariants. Thus, we may talk about
degrees of invariants in a minimal integrity basis.

Proposition 2.1. Suppose that A,...,G are tensors in V. Then for any positive
integer m, the number of invariants of degree m in any minimal integrity basis of

A, ..., G is fixed.

Dixmier and Lazard [6] also made an observation on this proposition. We now
sketch the proof of this proposition. Given a minimal integrity basis L of A, ..., G,
we may always replace each homogeneous polynomial invariant in L by an irre-
ducible homogeneous polynomial invariant with the same degree. Thus, we may
assume that L consists of only irreducible homogeneous polynomial invariants. Let
M be the set of all irreducible homogeneous polynomial invariants of A, ..., G, with
degree m. Then M is a linear space. By linear algebra, any base of M has the same
cardinality, which is the dimension of M. On the other hand, the irreducible ho-
mogeneous polynomial invariants of A, ..., G, in L with degree m, forms a base of
M.
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3. TRACES OF POWERS OF SECOND ORDER TENSORS IN V

There are four kinds of forms of second order tensors in V: a second order
contravariant tensor A, a second order covariant tensor A;;, a second order mixed

tensor A7, where the covariant index comes first, and a second order mixed tensor
A", where the contravariant index comes first. Their transposes are defined as:

] )
T g - T . T y
(A”) = A]Z7 (Alj) = Ajzv (Az]) = A]@a (AZ]) = Ajl'
If
then AY is called a second order symmetric contravariant tensor. If
then AY is called a second order antisymmetric contravariant tensor. Similarly, if
T
Aij = (Aij) " = Aji,
then A;; is called a second order symmetric covariant tensor. If
Ay = —(Ai)T = —A;i,

then Aj;; is called a second order antisymmetric covariant tensor. There is no second
order mixed symmetric or antisymmetric tensor since switching indices of a mixed
tensor would change its type.

Note that we may convert these different kinds of second order tensor forms from
one to another, such as

A7 = Ayt

Also we see that the contravariant form of a second order tensor is symmetric or
antisymmetric if and only if its covariant form is symmetric or antisymmetric respec-
tively. Thus, we may say that a second order tensor is symmetric or antisymmetric
if its contravariant form /covariant form is symmetric or antisymmetric respectively.

The products between vectors and second order tensors follow tensor algebra.
The product of two second order mixed tensors also follow tensor algebra. In this
way, we may define the squares of second order tensors

y . , . g " Iy 0l
(A7)? = AfFA, (A1) = AL AN, (AV)? = A%guAY, (Ay)? = Auwg™ Ayj.

We may define higher powers of second order tensors similarly.

The trace of a second order tensor A" or A;; or A? or A?j is defined as

A; = AZZ = Aijgij = Aijgij.
Hence, we may simply denote it as trace(A). Since
G i g
Aj’ = Ajpi Dirs
under any smooth nonsingular transformation, trace(A) is a linear invariant of a
second order tensor A. A second order tensor is called a traceless tensor if its trace

is equal to zero. A second order antisymmetric tensor is always traceless as for such
a tensor A we have

trace(A) = A¥g;; = —AT'g;; = —trace(A).
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Since
Allgij = AVgj = A gyj,

any linear invariant of a second order tensor A is proportional to its trace. Then
trace(A™) is a monomial invariant of A with degree m. In general, for m > 2,
there are more than one linearly independent monomial invariants. For example, in
general,

A9 g5, A gy # trace(A%) = AY g5, AM gy,
However, we have the following theorem.

Theorem 3.1. Suppose that A is a second order symmetric tensor or a second order
antisymmetric tensor in V. Then any irreducible homogeneous polynomial invariant
of A with degree m, where m is a positive integer, is proportional to trace(A™). If
A is antisymmetric and m is odd, then trace(A™) = 0.

Proof. Consider the case that m = 2. Let f be an irreducible monomial invariant
of A, with degree 2. Then f is proportional to one of the following three forms:

trace(A2) = AijgjkAklgli,

Al g A gy
and

Adig, Alkg,.
If A is symmetric, then

A g A% g, = ATg A% g = AY g AM gy = trace(A?).
If A is antisymmetric, then
AY gy A gy = — AV g AM g = —trace(A?)
and
Al g A gy = AY g AM g = trace(A?).

Thus, any irreducible monomial invariant of A with degree 2 is proportional to
trace(A?). Since an irreducible homogeneous polynomial invariant is a sum of irre-
ducible monomial invariants, it is also proportional to trace(A4%). We may see that
the above proof can be extended to m > 2.

Now let m be odd and A be antisymmetric. Then

trace(A™) = trace(A')™ = —trace(A™).

Thus,
trace(A™) = 0.
The proof is complete. 0
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4. EIGENVALUES AND EIGENVECTORS OF SECOND ORDER TENSORS

We now extend V' to an n-dimensional complex flat Riemannian space Vg such
that we may study eigenvalues and eigenvectors of second order tensors in V.

Definition 4.1. Consider a second order real mixed tensor A?j. If there exist a
A € C and a nonzero contravariant vector z/ € Vg such that
(4.1) Aljad = Ao,
then X is called an eigenvalue of A,ij and 27 is called an eigenvector associated with
the eigenvalue \. (), z7) is called an eigenpair of A?j.
Remark 4.2. (4.1) can be replaced by its contravariant form:
(4.2) Al = Ag'* .
In fact, if (4.1) holds, then
Allg; = Agah = Alal = ot = Ag¥a;,
e., (4.2) holds; and if (4.2) holds, then
A.ij:cj = Aikgijj = A%z, = g™z = A,

e., (4.1) holds.
Equation (4.1) can also be replaced by its mixed form:

Jon .
Al = Ay,
or its covariant form:
j k
Aijﬂfj = )\gikx .

The eigenvalue equation (4.1) is a tensor equation. Hence eigenvalue A is an
invariant of the second order tensor A. However, the eigenvalue ) is not a polynomial
invariant of A, and may not be real.

From (4.1) it follows that

(4.3) (A% — A%)2? = 0.
Since #7 # 0, it follows from (4.3) that
B(A) := det(A5; — A%;) = 0.

The one dimensional polynomial ¢(\) is called the characteristic polynomial of the
second order tensor A. We may write that

B(A) = A\"+ > (—1)Far(A)A"F,
k=1

According to the relationship between the coefficients and roots of a polynomial,
ax(A),k =1,...,n, are real polynomial invariants of A. In particular,

a1 (A) = trace(A),
and we may define a,(A) as the determinant of A, i.e.,

an(A) = det(A).
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We see that the Cayley-Hamilton theorem still holds for A, i.e.,
B(AL) = (A" + Y (=) far(A) (A" = 0L,
k=1

where
i\0 _ i
(A%)" = 8.
We now have the following theorem.

Theorem 4.3. If A is a second order symmetric tensor in V, then {trace(A*) :
k= 1,...,n} is a minimal integrity basis of A, and {ar(A) : k = 1,...,n} is
another minimal integrity basis of A. If A is a second order symmetric and traceless
tensor in V, then {trace(A¥) : k = 2,...,n} is a minimal integrity basis of A, and
{ar(A) : k = 2,...,n} is another minimal integrity basis of A. If A is a second
order antisymmetric tensor in 'V, then

ar(A) =0,

when k is odd, {trace(A%*) : 2 < 2k < n} is a minimal integrity basis of A, and
{ax(A) : 2 < 2k < n} is another minimal integrity basis of A.

Proof. Suppose that A is a second order symmetric tensor in V. Let Ly = {trace(A*) :
k=1,...,n}. Suppose that f is an irreducible homogeneous polynomial invariant
of degree m. Then by Theorem 3.1, f is proportional to trace(A™). By the Cayley-
Hamilton theorem, A™ is a polynomial of A, A%,..., A”. Thus, f is a polynomial
of the invariants of Ly. This shows that Lg is an integrity basis of A. As trace(A¥)
for k = 1,...,n, are irreducible monomial invariants, we see that Ly is a minimal
integrity basis. It is known that trace(A¥) is a polynomial of ai(A),...,ax(A) for
E=1,...,n[20], {ax(A): k=1,...,n} is also an integrity basis of A. By Theorem
2.1, it is also a minimal integrity basis of A.

The conclusions for a second order symmetric and traceless tensor follow directly.

We also know that ai(A) is a polynomial of trace(A),...,trace(A) [20]. If k
is odd and A is antisymmetric, by Theorem 3.1, we have ax(A) = 0. The other
conclusions can be proved similarly as above. O

As Theorem 3.1 is not true for general second order tensors in V, this theorem
is also not true for general second order tensors in V.

5. THE MINKOWSKI SPACE

Let V be the Minkowski space. Then n = 4. Instead of using i = 1,2, 3,4,
people use a = 0,1, 2,3 in the Minkwski space, where o = 0 corresponds the time
component ct with ¢ as the speed of light, and o = 1,2,3 corresponds the space
components. The metric tensor in the Minkowski space V has the form

1 0 0 O

0 -1 0 0 1 of

_ af _ _ _

G=9"=95=19 0 -1 o0 _<0 —I>’
0 0 0 -1

where O is the zero 3-vector, and I is the identity 3-tensor.
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The contravariant form of a second order antisymmetric tensor in V' has the form

0 —€1 —€y —€3
€1 0 *bg b2
€2 b3 0 —bl
ez —by by 0

A8 =

The most well-known example of such a second order antisymmetric tensor is the
electromagnetic tensor in electrodynamics [3,8,17]. Then

e1
e = €2
es
is the electric field 3-vector and

b1
b= by
b3

is the magnetic field 3-vector. The characteristic polynomial of A%? is
B(A) = A + az(A)N° + as(A),
where as(A) = —trace(A?) and as(A) = det(A). We have
(A°F) = 479, , AP

6% + 6% + 6% eabs — eszbo —e1bg + esby e1by — eoby

. eabs — eszbo —6% + b% + b% —ejeg — biby  —ejes — bibs

o —61b3 + 63()1 —€1€2 — blbg —6% + b% + b% —€g2€3 — b2b3 ’
e1bs — eaby —ejez — bibs  —eges — bobs —6% + b% + b%

1 1
as(A) = —§trace(A2) = —§Aa7gﬂ,gAaﬁgﬁa =b-b—e-e

and
as(A) = det(A) = (e - b)%

By Theorem 4.3, {e-e — b -b, (e-b)?} is a minimal integrity basis of A*?. This
shows that e-e and b - b are not invariants in V', but e-e — b - b is an invariant in
V, and it forms a minimal integrity basis of the electromagnetic tensor A%%, with
another invariant (e - b)2. In [3,8], e - b is called a pseudoscalar invariant. It is
invariant under the Lorentz transformations whose determinants are equal to 1. In
a certain sense, a pseudoscalar invariant is corresponding to a hemitropic invariant
in [21].

Another example of a second order antisymmetric tensor in the Minkowski space
is the acceleration tensor in covariant theory of gravitation [9]. Then e and b here
are the acceleration field strength 3-vector and the solenoidal acceleration 3-vector.

The contravariant form of a second order symmetric tensor in V' has the form

.
af __ d p
4 _(p T>’

where d is the (0,0) component of A, p is a 3-vector, and T is a symmetric 3-tensor.
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The most well-known example of a second order symmetric and traceless tensor
A is the electromagnetic stress-energy tensor in electrodynamics [3,17]. In this case,
d is the energy density and p is the Poynting vector, and T is the Maxwell stress
tensor. In this case, we have a;(A) = trace(A) = 0. The characteristic polynomial
of A% ig

AN) = A+ ag(A)A? — az(A)N3 + ayg(A),
where

ax(A) = —%trace(AQ) = —% [dQ —2p ' p+ trace(TQ)} ,

1 1
az(A) = gtrace(A?’) =3 [d?’ —3dp'p—3p'Tp + trace(T3)}
and
as(A) = det(A)
1 1
= 3 [trace(AQ)]2 - Ztrace(A4)
= —d*+12p"p—4d’p"p —2(p " p)? + (trace(T?))?
+2d*trace(T?) — 4p ' p - trace(T?) + 8dp ' Tp
+4p " T?p — trace(T?).
We also have

d = trace(A) + trace(T) = trace(T),

which is always nonnegative.
An example of a second order symmetric tensor is the stress-energy tensor in
gravitation theory [11]. In this case, we have

a1(A) = trace(A) = d — trace(T),

az(A) = [(trace(A))2 - trace(AQ)]

N~ N -

[2pr — 2d - trace(T) + (trace(T))? — trace(TQ)} ,

as(4) = é [(trace(A)3 — 3trace(A)trace(A?) + 2trace(A3)]
= % [—3d(traee(T))2 — (trace(T))? — 3dtrace(T?)

+6p ' p - trace(T) — 3trace(T)trace(T?) — 6p ' Tp + 2trace(T3)]
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and
as(A) = det(A)

1 1
= ﬂ(trace(A))A‘ + gtrace(A)trace(As) ~1 [trace(A))* trace(A?)

1 1
—|—§ [trace(AQ)]2 - Ztrace(A4)

1
21 [4d(traee(T))3 + (trace(T))* — 12d - trace(T)trace(T?)
+12p " p(trace(T))? — 6(trace(T))>*trace(T?) + 8d - trace(T?)
—24p " Tp - trace(T) + Strace(T)trace(T?) + 3(trace(T?))?
—12d*p "p +24p 'p — 12p "p - trace(T?)

—12(p"p)* + 24p ' T?p — 6trace(T4)] .

We do not go to more details.

6. CONCLUSIONS

In this paper, we studied the invariant theory for second order tensors
in an n-dimensional flat Riemannian space. Very basic definitions such as eigen-
value/eigenvector etc were built. We further studied the invariants and minimal
integrity bases for second order tensors. In particular, we showed that if A is a
second order symmetric tensor in an n-dimensional flat Riemannian space V', then
{trace(A*) : k = 1,...,n} is a minimal integrity basis of A, and {ax(A) : k =
1,...,n} is another minimal integrity basis of A, where a;(A) are the coefficients of
the characteristic polynomial of A. Applications in electrodynamics were addressed.
Some future possible works include the invariant theory of fourth order tensors in
a Riemannian space.
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