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ABSTRACT. We consider a generalization of stochastic optimization problems
based on randomized first stage decisions. To estimate the objective uniformly,
we address the problem in reproducing kernel Hilbert spaces. It is demonstrated
that the estimator, which is often derived by employing Gaussian random fields,
converges in mean norm of the reproducing kernel Hilbert space to the conditional
expectation and this implies local and uniform convergence of this function
estimator. By preselecting the kernel, the problem does not suffer from the
curse of dimensionality.

The paper analyzes the statistical properties of the estimator. We derive
convergence properties and provide a conservative rate of convergence for
increasing sample sizes.

1. INTRODUCTION

Programming under uncertainty, since its early occurrence in [27|, has seen an
enormous development with applications in economics and various industries. This
paper extends the stochastic optimization problem for nonlinear objectives, which
are not known explicitly, but need to be estimated themselves.

The classical optimization problem under uncertainty (cf. [21]) is

(1.1) minimize f(z) = E¢ f(z,§)
subject to x € X,

where the expectation IE is with respect to the random variable £ (that is, E¢ f(z,€) =
[ f(z,§)P(d€)) and the set X collects possible first stage decisions.

The genuine problem exposition (1.1) requires to evaluate the function f(z) =
E¢ f(x,&) for varying € X. However, most often, the measure P is not available
explicitly but instead, only random iid observations &;, i = 1,...,n, are accessible.
Sample average approximation investigates the statistical properties of the solutions
of (1.1) with expectation replaced by the sample mean.

This paper builds on random observations

(1.2) (X, fi)EX xR, i=1,...,n,
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and does not assume any explicit functional relation of the form f; = f(X;,&).!
With that, the objective in (1.1) reduces to the conditional expectation

(1.3) f@)=E(f| X =),
where the random vector/random pair (X, f) has the same distribution as (Xj, f;)
for all i = 1,...,n, and the problem formulation considered here thus goes beyond

the classical stochastic optimization problem (1.1). Note, in addition, that estimating
the conditional expectation (1.3) based on samples is challenging in general, and
particularly crucial in the context of optimization considered here.

To solve the optimization problem (1.1) it is crucial to estimate the conditional
expectation [E ( fl1X ), i.e., (1.3), uniformly on its entire support. The estimator we
consider here derives from Gaussian random fields and is central in support vector
machines as well. Here, the estimator is often inferred with least squares errors and
by involving a regularization term based on a reproducing kernel Hilbert space. The
literature frequently employs loss and risk functionals, and involves an L?-error to
investigate this estimator. However, this error is not adequate to investigate (1.1),
where uniform convergence is crucial, and our results thus consider the estimator in
its natural, genuine norm. They enable us to establish uniform convergence of the
estimator by moderately regularizing the objectives.

Explicit convergence rates are presented for increasing sample sizes. The results
and convergence rates correspond to other rates known from non-parametric statistics,
particularly to density estimation when employing the mean (integrated) squared
error.

We derive error bounds with respect to the mean of the underlying norm. This
is the usual error measure for many statistical techniques, including, for example,
kernel density estimation. Our methods build on conditional expectation and thus
complement the predominant literature which is mainly based on concentration type
results. Using this setting allows us to prove error bounds directly, without involving
auxiliary quantities such as covering numbers.

[6] provide an introduction to approximation theory in a random framework.
The excellent book [4, Section 2.3| gives very concrete applications in statistical
learning theory, while [26] provide the mathematical foundations for approximations
in reproducing kernel Hilbert spaces. The monograph [24]| introduces to support
vector machines, which employ kernel functions similarly to our approach presented
below, see also [8]. A study, comparably to ours but employing a simpler norm,
is [28]. [5] provide the state of the art for an analysis in L? involving the kernel
operator, see also [9].

Outline of the paper. The following Section 2 repeats elements from reproducing
kernel Hilbert spaces, which are of importance throughout this paper. Section 3
introduces the elementary estimator, which is employed in statistical learning. Sample
average approximation (Section 3.2) address this estimator with random samples
from both dimensions and Section 4 reveals related statistical results. The Sections 5
and 6 derive our main results, which is, for short, convergence of the sample average

IThat is, the observations are (Xi, fi) instead of (X;, f(X5,&:)); the latter would require
involving a function f.
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optimizer in mean norm and weak consistency (Section 6.2) of this estimator. Section 7
concludes with a summary.

2. REGULARIZATION WITH REFERENCE TO REPRODUCING KERNEL HILBERT
SPACES

Throughout we shall expose the problem on the design space X', an arbitrary set
for which we impose more structure later; most typically, X is a subset of R%. Let
(Xi, fi), i =1,...,n, be independent and identically distributed random vectors in
X x R with joint probability measure p. For a kernel function k: X x X — R we
consider the estimator

. 1 — .
(2.1) falt) = nz;k(sz‘)wi,
1=
where the weights w; satisfy the system of linear equations

1 n
2.2 Mt + =S R(X, Xy = fi, i=1,....m,
(2.2) w—i—n; ( j)wj = f, i n

for some parameter \,.2 In what follows we derive the estimator (2.1) first by
employing Gaussian random fields and kernel ridge regression from support vector
machines and then investigate and expose its convergence properties. Specifically,
we identify and characterize the function f so that

(2.3) E|fa() = fOI? =0

as n — oo, where || - || is an appropriate norm and \,, is chosen adequately; above
all, we derive results for the norm of the reproducing kernel Hilbert space associated
with the kernel function. We will also infer convergence results for L? and—most
importantly—for uniform function approximations to handle stochastic optimization
problems as exposed in (1.1).

2.1. Gaussian random fields. As an initial motivation for the estimator (2.1)
consider a zero mean Gaussian random field f on X with covariance function k: X x
X — R, that is, k(z,y) = cov (f(z), f(y)). For a signal plus noise model with
observations

fi=f(wi) + e,

the joint distribution, including = to the observation points X = (z1,...,zy,), is

f 0)" \k(X,z) kK(X,X)+AX])’
where € ~ N(0,\) is the independent error and where we use the compact vector
notation f = (fi,...,f,)" and k(z,X) == (k(z,21),...,k(z,z,)) for the entry of

the covariance matrix; the other entries are defined analogously. With this, the
conditional distribution is Gaussian (cf. [23, Theorem 13.1] or [4, Section 2.3]),

F(@) | (F(X) = f) ~ N (i), K(2)),

2Note that fn() interpolates the data, fn (X5) = fi, 1 =1,...,n, for the particular choice A, =0
provided that all X; are distinct and k is regular enough.
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where

(2.4) i) = (@, X) (R(X, X) + A) 7 f(X)

is the mean and the variance is

(2.5) K(z) = k(z,2) — k(z, X) (K(X, X) + ) " k(X, ).

Expanding (2.4) and setting f,(z) = fi(z) reveals the initial estimator (2.1) for
variance A rescaled.

Figure 1 displays an example of the estimator fn() together with the range
+1/K(-) (cf. (2.5)) coming along with the mean (2.4). The figure reveals that the

estimator f,(x) is more precise (i.e., the variance is smaller), if more observations
are available locally at .

fo ——
X samplesf
f —

range

x

FIGURE 1. Gaussian field regression fn() of an exemplary function
fo € Hj, using a Gaussian kernel (sample size n = 100, the regression
parameter is A = 0.03). The width of the blue strip indicates the
local precision of the estimator.

2.2. Reproducing kernel Hilbert space. Every estimator f,(-) in (2.1) is an
element in the reproducing kernel Hilbert space spanned by the functions k(-,y),
y € X. While introducing the notation for reproducing kernel Hilbert spaces here,
we briefly recall major properties, which are essential in the following exposition.
For a general discussion on reproducing kernel Hilbert spaces we may refer to |14,
Chapter 1].
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Definition 2.1. The kernel is a symmetric and positive definite function k: XxX —
R. On the linear span {k(-,z): X — R | x € X'} of functions on X, the inner product
is defined by

(2.6) (k(z) | k(,y)), = k(z,y).

The reproducing kernel Hilbert space, denoted (Hk, I - ”k), is the completion with
respect to the norm || f||2 == (f | f), induced by the inner product (2.6).

Most importantly, point evaluations are continuous linear functions in reproducing
kernel Hilbert spaces. Indeed, finite linear combinations f(-) = > " | k(-, x;) w; are
dense in Hy, and it follows with (2.6) that

(2.7) k()| F()), = Zw k()| k(- 23)), = Zw k(z,2i) = f(x).

Although more general settings are easily possible, in what follows we convene to
address only continuous and uniformly bounded kernel functions k. The space Hp
thus is naturally embedded in L?(X, P), where P is a probability measure on the
Borel sets of X.

We associate the following Hilbert—Schmidt integral operator L with a kernel k.

Definition 2.2. Let k be a kernel. The operator Ly: L?(X, P) — L?(X, P) is

(2.8) Lpw(z) = /X k(. ) w(y) P(dy).

Proposition 2.3. The operator Ly, is self-adjoint and positive definite with respect
to the standard inner product

(f | g) = /X £(2) - 9(2) P(dz)

on (LZ, I| - Hg) The operator is positive definite and bounded with norm

ILs 22 = 2P < [ kGe.0)? Plan) Play)

the norm of the operator Ly, is ||Ly: L> — L?| = sup{|| Ly w|2: |[w]]2 < 1}.
Proof. The assertion is a consequence of the Cauchy—Schwarz inequality. O

Proposition 2.4. It holds that ||k(-,z)||? = k(x, z),

(2.9) (Lyw| )y =(w]f) and |Lyw|i= (w]| Liw).
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Proof. The functions f(-) = Z?,l w;, k(-,z;) are dense in Hj. By linearity,

(e =3 /<k )| k(. 2)), w(y) Pldy)
/Zwky,xz (y) P(dy)

= [ £ wto) P(an)
—(wlf).

The other assertions are immediate. O

Remark 2.5 (Mercer3 and the kernel trick). The operator Lj is compact and has
countably many eigenfunctions. In machine learning, the decomposition is known
as the kernel trick. It holds that k(x,y) = Y 0, 0v ¢e(x) de(y), where oy is the
eigenvalue corresponding to the eigenfunction ¢,(-). In this setting, the operator

L is LPF =32, 0/ ¢e (¢ | f) (with o > 0), of. [17, Theorem VI.23].

Proposition 2.6 (L;/Q: L? — Hy is an isometry). It holds that ”L;lff”k = [|£ll2
and || fllz < Lkl | f]l-

Proof. The assertion is a consequence of Mercer’s theorem, cf. [12] or [10, Corollary 4].
However, for f = L,lc/ *w, it follows from the preceding proposition that

1 1 1
1L AR = Dl = (| Lw) = (L0 | 1w = 1713,
With (2.9) we have further that
1 1 1
IF13 = (L0 | L w) = (w | Lyw) < [|Le]l l[w]]3 = | Lell 1L wl|? = L]l [1£113,
as Ly is self-adjoint. Hence, the assertion. O

Theorem 2.7 (Continuity of the operator Ly). It holds that |Ly: Hi — Hi| <
|Li: L2 — Lo||, where the norm is | Li: Hi — Hg|| == sup{||Lr w|: [|w|x < 1},
cf. also Proposition 2.3.

Proof. With (2.9) and Proposition 2.6, | Ly f||2 = (f | Lef) < | Lell I1£13 < 1Lkl /117
and hence the assertion. O

We have seen in (2.7) that point evaluations are linear functionals. We shall
conclude here by relating these norms to uniform convergence.

Proposition 2.8. The point evaluation is continuous; indeed, |f(x)| < \/k(z,z) || fllk
for all z € X and f € Hy,. Further*

(2.10) [flloo < fllk - sup  /k(z,z),

xesupp P
where ||f”00 = SupmesuppP |f(.ilf)|

3The initial publication is notably due to Schmidt, see [19], and not Mercer
4The support of the measure P is supp P := ) {A: Ais closed and P(A) =1} C X, cf. [18].
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Proof. The statement is immediate from (2.7), as

[f@) = [(kC o) [ )] < Mkl 11l = vV, 2) (£ ]k

by the Cauchy—Schwartz inequality and Proposition 2.4. O

Remark 2.9. In the Gaussian process setting, the variance of the estimator fn(aﬁ)
does not exceed k(z,z) (cf. (2.5)). The upper bound (2.10) is the accordant uniform
estimator for the variance in the entire support. The example in Figure 1 visualizes
this area.

3. THE GENUINE APPROXIMATION PROBLEM

In what follows we characterize the estimator (2.1) by involving a stochastic
optimization problem. We consider the problem first in its continuous form and
relate it to the data subsequently.

Let (X;, fi) € X xR, i = 1,...,n, be independent and identically distributed
random vectors (cf. (1.3)) with common law p. By the disintegration theorem (see
[7], |1] or |11, Chapter 5]), there is a family of measures p(- | x): B(X) — [0,1],
x € X, on the Borel sets B(X) so that

p(A X B) = / p(B|z) P(dx), A C X,B C R measurable,
A

where the marginal measure P(-) := p(- xR) on the design space X (cf. [24]) is called
design measure.
For a random variable (X, f) with law p we recall the notational variants

Eg(X.f) = [[ otw.)pldz.dp) = [ (o) pldf|2) P(ds) = B (X, 1)|X),
X xR X
where g is measurable and

E(o(e.f)a) = [ oe.f)pldfla), e
is the conditional expectation.

3.1. The continuous problem. For the random vector (X, f) with values in X xR,
law p and f € L?(X), consider the (stochastic) optimization problem

. 2 2

(3.1) ;o T (f = H(X))"+ XA

where A > 0 is a fixed regression parameter and the expectation is with respect to
the full measure p. The objective (3.1) is strictly convex, as the norm || - || is strictly
convex for A\ > 0 fixed.

The random variable f)(X) is measurable with respect to o(X), the o-algebra
generated by X, and the random variable E(f | X) is the projection of f onto the
closed subspace L?(o(X)), see [11]. By the Pythagorean theorem, the objective in
the preceding problem thus is equivalently

min B (£~ B(/ | X))* + B (B(f | X) = £(X)* + Al
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It follows from the Doob—Dynkin lemma that there is a Borel function fo: X — R
so that E(f | X) = fo(X). We follow the convention and denote this function also
as

(3.2) folz) =E(f | X = ).
The orthogonality relation characterizing fy is
(3.3) E (f = fo(X))g(X) =0,

where g: X — R is any measurable test function. The objective of the optimization
problem (3.1) thus is

(3.4) 9 = (f — fo(X))* + min B (fo(X) - HE)2 AL,

where the quantity It (f - fo(X))2 is the irreducible error.
Remark 3.1. We note that fo € L?(X, P), but fo is not necessarily in Hy.
Theorem 3.2. The solution of the optimization problem (3.1) is
(3.5) I = Liwa,
where (X + Lg)wy = fo; the objective is
9 = |If = foll3 + Ilfo = Sll3 + MIAR

(3.6) = |1f = folls + X lwally + A (wx | Liws)
Proof With (2.9) and Proposition 2.6 we may rewrite the objective in (3.4) by
= ’fo 1/211)3\ + A (w) | w)). Now note that
g(meh) - ( 'A)
= (fo— L"wh = LIR) | fo — L %wh = LRY + A (wh + | wh + h)

~(fo-1 ,1/2 L fo— L '>—A<w;|w;>
= {10 fo—1wh ) = (fo— Lwh | LR) + (L0 1 h)
+A(h [ wh) + A (h [ wh) + A (| h)
:—2<hyL;/2f0—Lkw;—Aw;> < L*h | L)h > AR | R

as L/ is self-adjoint. The first, linear term vanishes if (A 4+ Ly)w) = L/ 2 fo, and

the second is quadratic in ~ — hence the infimum at L /2w = LA+ Li)~ 1f0 = fx,
the first assertion. For the objective (3.6) note that fo - f>\ = \wy, see also (3.9)

below. 0
Corollary 3.3 (Characterization of the coefficient function). Suppose that

(3.7) (A+ Li)wx = fo,

then

(3.8) £ri=Lywy = (A + L) 'L fo
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solves the Fredholm equation of the second kind (\+ L) fx = Ly fo, and it holds that

(3.9) fo— = Aw.
Proof. Apply Ly to (37) to get ALpwy + Ly Lywy = Lifo, that is, ()\ + Lk)f)\ =
Ly fo. O

Remark 3.4. It follows from (3.8) that f\ € Hj, even more, f) is in the image of
Ly, although fy is not necessarily in Hy, (cf. Remark 3.1).

Remark 3.5. The functions fy, f\ and wy are in L? and hence exhibit a representation
in terms of the orthonormal basis (¢¢);2,; of Remark 2.5. More precisely, for

Jo= ZZ’; ¢y ¢p we have that

— o e . gec
(3.10) wA() = ; Aoy ) and i) Z Aoy

with some coefficients (c,)?2, € ¢%. This is a consequence of the characterizing
equations in Theorem 3.3 as well as the Mercer representation Lpf =

e 0e¢e(pe | f) of the operator.

The distance of the solution fy to the function fy will be of importance in what
follows. We have the following general result.

Proposition 3.6. Suppose that fo is in the range of Ly. Then there is a constant
Co > 0 so that

(3.11) 1fo = falli < Co .

Proof. As fy is in the range of Lj, there is some w € L? so that fo = L w. We hence
have the series representation fo(-) = > yo; 0pw¢ ¢e(-) with some sequence (wg)72,
such that > 7, w? < oo. Thus, by (3.9) and (3.10), we observe that

1 Op Wy O‘ w
. = I\ — )\2 2 f é _
o= Bl = IAwslf = ; ., () < i}
and thus the assertion with the constant Cp := §||wl|3. O

The following corollary to Corollary 3.3 provides the weight functions with respect
to the usual Lebesgue measure. We provide this statement as it particularly useful to
solving the Fredholm integral equation (3.7) numerically (by employing the Nystrom
method, for example, cf. [2]) to make the function f) available for computational
purposes.

Corollary 3.7 (Coefficient function for measures with a density). Suppose that P
has a density p(-) with respect to the Lebesgue measure, P(dx) = p(z)dz, and the
coefficient function wy(-) satisfies

(3.12) Aix () + pla) - / k(. ) Ga(y) dy = p(e) - golx).

X
Then the function g(- fX (x) dx solves the integral equation

()\ + Lk:)g/\ = Lygo.
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Proof. Multiply equation (3.12) by k(y, z) and integrate with respect to dx to get
3 [ by an@ydo+ [ k) [ ko) o) dple)ds
X X X

=/kmmmmmmm
X
This is

me+Lu%mwaww=AM%m%mP@m

or (A + Lg)gx = Ligo, the assertion.
Il

3.2. The discrete problem and kernel ridge regression. We now switch from
the continuous problem (3.1) to learning from data. This alternative viewpoint
highlights and justifies the genuine estimator (2.1) from an additional perspective.

Substituting the average for the expectation in (3.1) we consider the slightly more
general objective

1 & _ 2
(3.13) =~ > (i faa)AG (= f@) + £l
ij=1
where A is a symmetric and positive definite regularization matrix with entries A;;.

We use lowercase letters z; € & and f; € R to emphasize that these quantities are
deterministic.

Proposition 3.8. The function f € Hy minimizing (3.13) is

(3.14) FO = > k),
s=1

where the weights are
(3.15) w=n(K"A'K +nK) 'KTAf
and K is the Gram matriz with entries K;; = k(x;, x;).

Proof. Assuming that the optimal function is of the form (3.14), the objective (3.13)
is

1 1 1 1

—(f - —Kw)TAfl(f - —Kuw) + —2wTKw.
n n n n

Differentiating with respect to w gives the first order conditions

.
0= L (KTA—l(f — ;Kw)> ! (f - %Kw)TA_lK + 12 (K) + ~u' K,

n? T n? n2 n?
ie.,

[ . T Lot (a1 A=T

- (K (A +A )K+K+K w= K (A +A )f.

n? \ n n?

The assertion follows, as A~! and K are both symmetric.
It remains to demonstrate that the optimal function is indeed of the form (3.14),
i.e., the optimal function f € Hj is located exactly on the supporting points
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Z1,...,Zn. This, however, follows from the representer theorem, which [20] prove in
the most general form. U

Corollary 3.9. The function f € Hy minimizing the objective
1< 2
(3.16) S (i S@)” + A
i=1

is () == 1 > i1 Wi k(- x5) with weights W = ()\—i—%K)*lf. The associated optimal

a n
value s

-1
(3.17) Oy = éfT ()\ + 1K) f.
n n

Proof. The first assertion is immediate with A = A - I, the diagonal matrix with
entries A on its diagonal. Further, employing the minimizer f,, into the objective
(3.16) we get that

9 _iATKA_Fli(f (X;) — .)Q_AATKA_FEZ l(KA)_f ’
n—n2w w ni:l n <4 3 _TL2 w : n w); [

A 1 & A 1 A 1 \*
—2ATKw+Z(Awi)Q—wT()\JrK)w—fT(/\JrK) f
n n n n n n
and thus the second assertion. O

4. ELEMENTARY STATISTICAL PROPERTIES

As above, let (Xj, fi), i = 1,...,n, be independent samples from a joint measure p.
We note that X; ~ P and the integral operator Ly in (2.8) can be restated as

Lkw(az) = Ek(:c, Xz) w(XZ) =K (k(XZ, Xj) ’LU(Xj) ’ Xi = 33);
we shall make frequent use of the latter relation.

Definition 4.1. For (Xj, fi), ¢ = 1,...,n, independent samples from a joint
distribution p define the estimator

~

(4.1) Do = min =57 (fi = FulX0)7 4 A | o

fn() n =1

It is evident that J,, is an R-valued random variable, dependent on the samples
(Xi, fi). Further, the optimizer

(4.2 Fal) = S RC X0

of (4.1) (cf. Corollary 3.9) is a random function, as it is supported by the samples
X;,i=1,...,n, and the weights

(4.3) W= (/\ + lK) Ty
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depend on all (Xj;,f;), i« = 1,...,n. Relating to the term sample average
approximation (SAA) in stochastic optimization we shall refer to the estimators ¥,
and f,(-) as the SAA estimators.

Example 4.2. A simple example is given by employing the trivial design measure

1 ifzge A, .

P = §,,, where zyp € X is a fixed point and §,,(A) = is the

0 else

Dirac-measure. It is easily seen that the estimator (4.2) is the function f,(-) =
#ﬁ;’lo) - LS fio It is thus clear that the estimator f,(-) is biased, and all
results necessarily depend on .

The following consistency result is related to [16, Lemma 4.1|, where it is used in
a different context.

Theorem 4.3 (Cf. [16, Lemma 4.1] and [21, Proposition 5.6]). The estimator 9,
is downwards biased and monotone in expectation for increasing sample sizes; more
precisely, it holds that

0<EYd, <Ed,, 1 <V,
where 9* = & (f—fA(X))2 AT with f(-) given in (3.5) is the objective of the
continuous problem (3.1) (see also (3.4)).

Proof. It holds that
n+1

Z (fi — fn+1(Xz‘))2 + A

i=1

—— Zﬁz(fj_f"H(Xj))2+)\‘

~ ~ 2
Ed, 1 = E min hﬂm

2

fn+1H

k

Further, the optimal value of (3.1) is given by fy (cf. (3.5) in Theorem 3.2).
Finally, we have that

2
fn() n i=1 k n =1

By taking expectations and the infimum afterwards we conclude that Ed, < 9*,
the remaining inequality. g
5. APPROXIMATION IN NORM

Recall that the optimal solution of the continuous problem (3.1) is the function
fa(-) € Hy, while the optimal solution of the discrete analogue (4.1) is the random
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variable (4.2). In what follows we shall establish convergence of f,(-) towards fy(-)
for increasing sample size n.

To establish convergence with respect to the norm we separate (3.4) into two
subproblems. The first problem addresses deterministic function approximation
whereas the second determines the effect of the model noise. We then relate the
approximation problem with an auxiliary problem involving an auxiliary estimator f,,.
Its residual then reconnects the estimator with the initial estimator fn Finally, in
the last subsection, we demonstrate that the noise included in the estimator vanishes
if the regularization series is chosen properly.

5.1. Problem decomposition. The kernel estimator fn descends from observations
fi which are generally contaminated by noise. This entails difficulties in analyzing its
approximation behavior, as the regression function fy cannot be accessed directly
at the sampling points Xi,...,X,,. We resolve this issue by splitting this initial
problem (3.4) into the subproblems

(5.1)
1< 1<

el 7 20 (00 — SR+ AU and i 32 (70%0) )"+ MG

where

€ = fi — fo(Xy), i=1,...,n,
resembles the noise. Their solutions f;, fS are again of the shape 1 3" | w;k(-, X;)
with the weights
1 \! 1 \!
(5.2) w* = <)\+nK> fo and w® = ()\—l-nK) €,

respectively.

The next lemma justifies this separation from a perspective of approximation. It
relates the expected approximation error of the initial estimator fn to the approximation
error of f and the general error due to the noise.

Lemma 5.1. The expected approximation error for fo € Hy is
2

£ * 2 2

fo= || =B = follE + 1550

for the estimators f,, and f¢ with weights as in (5.2).

(5.3) E ‘

Proof. From w = w* + w* we have the norm decomposition

~ 2 o
fo = o +IFEIR+2(F0 ) F2y+2( 5] fo),

1 & 2
5.4 IE‘,H— bik(-, Xi) — H :IE’
50 B ikt 50— 5

Applying the tower property of the conditional expectation we get for the inner
products that

B(fal o)y =B (S wik(, X0

i=1

1 1 n-1
zszw*TK<)\—|——K> E(f - folX1,...,X,) =0
n n

1 . € 1 * 1 €
=3 wikz(-,Xi)> = S Ew Kuw
nizl k n
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and
1 o R
B{felfo)y =B (- D wik( Xi) [ fo) =B 3 wifo(X
i i
1 n
=E— > fo(X:) B (w| X1,..., Xn) =0
i=1
from the reproducing property. This is the assertion. O

Remark 5.2. The function f;; equals the ordinary kernel estimator fn if f; = fo(Xi)
forall i =1,...,n, or, put in different words, if the model is free of noise. If fo =0
we have f5 = fn, independently of the noise involved in the model.

5.2. Uniform approximation properties of kernel estimators towards f).
In this section we study the approximation quality of different kernel estimators
with respect to fy. In particular, we investigate the behavior of the norm

o[£ Sk 0 0]

for differently chosen weights w;. First we consider the weights w; = wy(X;)
with the weight function wy € L? as in (3.7). The corresponding estimator
fa() =130 @;k(-, X;) is unbiased, i.e.,

(55) B fo(z ZEwZ (z,Xi) = Bwy(X;) k(z, X;) = (Lywy ) (z) = falz)

for every z € X. The next theorem reveals the precise approximation quality of this
estimator.

Theorem 5.3 (Approximation in norm). It holds that

~ 1 1
(5.6) EHfA—an%:ﬁC,\—ngAHi,
with
(5.7) Oy = / wy (2)? k(z, 7) P(dz)
X

for every A > 0.
Proof. With fy = Liwy (cf. (3.8)) we have that

E| () - iik(-,xmj AT ;ikmxj)@k
e =

o[ ore
With (5.5) and (2.9), the second term is

B3 [ )k X) () =2 [ so) 550) Pl) =211
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For the remaining term involving all combinations and by separating all combinations
with j = i from those with j # i we find

I _

ij=1
1nIE2Xk:XX 1”1E k(X X;) ;| X;
—ﬁz w)\( 1) ( iy z)_}_EZE wzz iy )w] i
=1 =1 J#
1 o 1 o 3
ZEZEw?\(X)k(X,,X) nQZZEwa,\(Xl)
=1 i=1 j#i
1 ) —1
=— [ wx(@)k(z,2)P(dz) + — [|/allk
nJx
by (2.9).
Collecting terms we find that
1 n
s SR S A I TN BTN R
j=1
1 2
+— | wy(x)k(z,z)P(dx)
nJx
and thus the assertion. O

Remark 5.4. The quality of the approximation in (5.6) depends on C'\ and therefore
implicitly on the regularization parameter A. To elaborate this dependence more
clearly note that

Cy = A2 /X (Fr(2) — fo(x))k(z, z)P(dx)

by (3.9). The quantity C grows, in the worst case, with rate A=2. This growth is,
however, usually dampened by the latter integral term as f) gets a more accurate
estimate of fy for decreasing A.

A special situation occurs for fy = Liw. Then C' is uniformly bounded, more
precisely, from (3.10) we have the estimate

Cx < [IEII3 [lwallz = %113 Z Oto )2 < |IKll2 sz = [I&ll3 [[wll3

(=1

where the right-hand side is independent of A.

Now we set our focus on the regression weights in (5.2) and the associate estimator
fr. Unlike in the considerations above, we do not prove the approximation properties
fr directly. We make use of its relationship with fn as well as the accompanying
convergence properties. They are connected explicitly in the following way.
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Lemma 5.5. It holds that’
* r 1 -
j=1
with the weights
-1
K) g

where T is the residual vector 7; = fx(X;) — %2?21 Wik (X5, X;).

(5.8) w=<A+

Proof. By (3.9) and (4.3) we observe

(4 1K) " =) = fo— i - ;;M%Xﬁ@

= fo— (o — fa) = D" K(Xs, X;) iy =7
j=1

and thus . .

wh— W= ()\+EK> T.
Now recall that f*(-)— fu(-) = 1 > j—1(wj —w;) k(-, X;) to accept the assertion. [
Theorem 5.6. It holds that

. s A e~ . 1 1
(5.9) E|fy = Fallf + S B (0 —w))® < ~Cr— — | Al
i=1

for Cy as in (5.7).
Proof. From (5.8) we have that

1 -1
u?—w*-()\—i—K) 7
n

with the residual vector 7 such that 7 = f)(X;) — %2?21 W;ik(X;, X;). Defining
the residual function 7(-) := fy\(:) — %Z?:1 Wik (-, X;) € Hi we see that the weight
vector w — w* is the solution of the related regression problem
3 R N 2 2
Iy = — X;) — (X A .
}g&nggtﬂ ) = 7(Xa)" + Al Il

Its expected optimal value is

%EF(A+%Kj7%::AEﬂ(A+lK>%(A+%Kj(A+%K)Af

n n
—\E Hl zn:(m- — kG x|+ Zn: (@; — w?)?
N n =1 ' i o k n =1 Z i

Ed, =

>(A+ LK) is the j-row (or column, as K is symmetric) of the matrix (A + Lr)~h
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which follows from the characterization in (3.17). Invoking this identity we get that

n )\ n ~
B[ @ — wik X0+ 53 @ - i) = S B,

i= =1

. . 2 1 " ~ 2 ~112
= min || + 5 ; (f(X3) = 7(X,))* <EJ|7||;

by inserting the residual function 7 into the objective function. Employing (5.6) we
get that

~ 1 1
E|#; =E|fr— fuli = =Cx — = IAll7
171 = Bl = Fallt = O = — Il
which is the assertion. O

The following theorem connects all partial results of this section. It provides error
estimates of the estimator of interest f; with respect to fy as well as fo.

Theorem 5.7. For the estimator f(-) it holds that

. 4C
Elfy— Allf < W
with Cy as in (5.7). Moreover, for fo = Ljwy, it holds that
. C
(5.10) E[1f; -~ follt < S+ oo
with Cp,Cy independent of X and n.
Proof. With (5.6) and (5.9) we get

* * rs v 40)\
Elfy = AllE <2BIf; = fallf +2B[1f0 = AlF <=2
and hence the first assertion.
The second follows as
E|fi— folli S2E|fi — AR +2E A = foll}
C
<82 4205\
n
by (3.11). O

5.3. Denoising. So far we have established convergence properties of the estimator
fn assuming a deterministic relationship between the data points X; and observed
values f;. To finalize the considerations on asymptotic approximation it remains to
demonstrate that the approach is robust with respect to noisy data. In other words,
we need to show that the second term in (5.3), i.e.,

2 1 1. N\-11 1\t
el = —eT<>\ + 4{) K <)\ + K) e,
n n n

(5.11) ‘ ==

vanishes if n tends to infinity.
In what follows we provide a first estimate on the norm in terms of the eigenvalues
of %K and the noise contained in the model.
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Lemma 5.8. Assume that sup,cy var(f | X = z) =: 02, < 0o. It holds that

2<J2 EliL
[ max n — ()\+Mz)2’

(5.12) E Hiiw?k(',&)
i=1

where u; are the eigenvalues of the matriz %K

Proof. The matrix ()\ + %K) ! %K ()\ + %K)f1 is symmetric hence and has a spectral
decomposition

1 1 \'1 1\t o1
- <)\ + K> “K ()\ + K) = VAV
n n n n n

with matrices A = diag (A1,...,\n) and V = [v1, ..., v,] containing the eigenvalues
and corresponding eigenvectors, respectively. Thus, we have that

2 1 1. \"'1 1. \!
=F =" <)\—|— K) K(A+ K) €
k n n n

1 n
EH—E k(- X;
ni:1wz ( Z) n

1 n
:*EZ)\Z'<UZ',€>2
n =1
= lE n NE 2| x X
—E Z 7 <UZ'7€> 1y:--9AAn
=1

1 n
=B A0 B (e’
s U, €€

as A\; and v; are continuous functions of the entries K and hence measurable with

Xl,...,Xn> (%

respect to o(X1,...,X,). Further, by the structure of the inner matrix we have
\i = ()\fi;)g with the eigenvalues y1; of 1 K.

It is therefore sufficient to show that the spectral norm of the conditional covariance
matrix

E (eeT Xl,...,Xn>
is uniformly bounded by ¢2,.. For that, recall that the samples (X;, f;)", are
pairwise independent and therefore

(5.13)
B (i X1, X0) = B (i — fo(X0) (£ — folX;) = {"ar(f'X =X =

0 else

as E(f; — fo(X;)| X;) = 0 for all ¢ = 1,...,n. Thus, the conditional covariance
matrix is a diagonal matrix with entries bounded by o2,,.. This proves the assertion.
O

Lemma 5.8 above relates the norm ||ffl”2 with the trace of L (A + %K)A%K(A +

%K ) ! as well as the precision of the model which is expressed by o2, . To estimate

the trace of the matrix we relate the spectrum of %K with the spectrum of the
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integral operator L. More precisely, we make use of the crucial inequality
(5.14) EEW §Zai for every £ € {1,...,n},

where (0;)2°, and (u;)]; are the eigenvalues of the operators L and the matrix
LK, respectively (see [22]).

Based on this estimate we now state the main theorem of this section. We bound
the norm (5.11) with respect to the regularization \ as well as the sample size n.

Theorem 5.9. Assume the spectrum of the operator Ly decays exponentially, i.e.,
there are positive constants o and B such that

(5.15) o < e P

for all i € N. Then

2

9 logn Ofax

2
’k > OpaxCl

1 n
1 ]EH— (-, X;
(5.16) nZIw (- Xi) pnd T

holds for all p > 1. Moreover, for A\, = ¢/\n it holds that

1 . € 2 2 logn Urgxlax
(5.17) E HE ;wik(-,Xi) ‘k < Cher— o + e
with the constants ¢1 = 4%35 and cy = m

Remark 5.10 (Analytic kernels). The conditions of the preceding theorem are
satisfied in very general situations, cf. [13] and Remark 5.11 below.

Proof. Invoking (5.12) we have that

IEHIETL: Ek:(X)‘2< 2 Elf: i
— Wi K-y A4 S Opax IV — VIR
n i=1 ' k e n i=1 ()‘ + ,Ui)
4 n
1 1 o2 1
2 max .
< Ty 2oy T oy 2 a2 M
i=1 i=0+1
4 o2 "1
_ 2 max 2 : )
— Tmaxp\ + 2n ) pelal

for any fixed integer ¢ € {1,...,n}. Employing (5.14) and (5.15) we find for the
latter term that

o0 0+1)

. . —Bi _ o o= BUH) —pi _ ¢
(5.18) ZmSZJZSaZe ‘=ae Ze ' = =

i=0+1 1=0+1 1=0+1 =0
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using the sum formula of the geometric series. Setting £ = [% - 1—‘ we get that

/ o2 "~ 14 o2 aeBl+D)
2 max § : 2 max
Tmax 2nA  2X\2n ol Hi = Tmax 2n 2 )\Qn(l — e—ﬁ)

2
9 logn o5« o _1_

_O-Inax2np)\ 9 )\2(1_6_[3)7’1, P

<

vn

and thus the first assertion. Setting A\, = and p = 2 reveals the second assertion.

O

Remark 5.11 (Analytic and universal kernels). The condition (5.15) involves the
operator L, and hence depends on the kernel k£ as well as the underlying design
measure P. Thus, verifying (5.15), requires prior knowledge on P, which is usually
not available. However, |3| provides necessary and sufficient condition on k for
which the spectrum of Lj; decays exponentially regardless of the design measure.
The class of kernels satisfying this condition includes, among others, the Gaussian
kernel k(z,y) = exp(—U—l2 | — y||3), which is the most popular kernel in machine
learning.

For further discussions on this particular kernel, which is also a universal kernel,
we refer to [15].

6. CONVERGENCE IN NORM AND CONSISTENCY

We can now connect the auxiliary and partial results of the preceding sections to
present our main results. They identify the limit in the initial problem (2.3) and
describe convergence of the estimator fn towards fp, as well as consistency of the
estimators. We state our results for kernels with exponentially decaying spectrum.

6.1. Asymptotically optimal convergence rates and uniform approximation.
The results in the preceding section exhibit the typical bias variance problem: the
parameter A in (5.10), for example, should be small to increase the approximation
quality of f* for fo; on the other side, A should be large to reduce the noise in (5.16).
The following statements reveal the best approximation rates asymptotically.

Theorem 6.1. Assume the spectrum of Ly decays exponentially. For fy in the range
of L, and A\, = C' - n~"2 it holds that
. C1 4+ Cslogn
(6.1) Ellfo = full < —,——
n
with constants C1, Co independent of n (although dependent on fo and k).
Proof. The assertion derives from (5.3), (5.10) and (5.17) as

- . 1 logn
Ellfo = fulli =Bl fo = filli + BILYIE < G+ Cy

+03\/ﬁ'

L
NG
g

Corollary 6.2 (Uniform convergence ). Given the conditions from Theorem 6.1 its
holds that

(6.2) Ellfo = fall3 < O(n~"* - logn)
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and
(6.3) E|lfo— fallo < O(n=7"- (logn)"?).

Proof. The first assertion is immediate with Proposition 2.6 and (6.1).
For the second observe from the reproducing property as well as the Cauchy
Schwartz inequality that

(6.4) fo(x) = ful@)] = [(fo = fu | kG 2)),] < Cllfo = full,

where Cj, = sup,cy k(z, z). This inequality is uniform in  and thus

; ; Cy + Cylogn\ 2
65)  Elfo— falleo < CiE o~ fullk < C (n/g)

which is the assertion. O

6.2. Weak consistency. We have seen in Theorem 4.3 that the estimator Uy, of
the objective is downwards biased. However, weak consistency of the estimator ¥,
is immediate as the optimizers converge.

Theorem 6.3. Given the conditions of Theorem 6.1 it holds that fn converges to fo
in probability. Further, for every x € X, fn(x) — fo(x), as n — oo, in probability.

Proof. Indeed, by Markov’s inequality,

. 1 .
P(lfo = ful 2 €) < Z Ellfo = fulli = 0,
as n — 0o and thus the assertion is immediate. [l
Theorem 6.4. The estimators 1§n are L2-consistent.

Proof. The assertion is immediate by Theorem 2.6 and the fact that fn is optimal
for 9,, in (4.1). O

7. DISCUSSION AND SUMMARY

The motivational point of this paper is optimization under uncertainty, where
the objective is not known precisely but has to be estimated instead. To ensure
uniform convergence, we consider the norm of the associated reproducing kernel
Hilbert space. The method investigates an unbiased functional estimator, which
reconstructs the desired function under general preconditions. This estimator is
closely related to a popular technique employed in machine learning. We provide
results for convergence in the norm of the genuine space, the norm associated with
the reproducing kernel Hilbert space.

The norm of the reproducing kernel Hilbert space bounds the residuals uniformly.
For this reason, the results allow estimating functions and establish uniform
convergence of the functional estimator. With that, the results are just appropriate
for applications in stochastic optimization, a subject with many intersections with
neural networks and deep learning.

The convergence rates presented here are in line with other results in nonparametric
statistics. However, we do not have evidence from numerical computations that
convergence rates can be improved.
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Some results can be compared with the Nadaraya—Watson estimator (see [25]
on kernel density estimation), which builds on kernels as well to estimator the
conditional expectation. This method from nonparametric statistics has similar
convergence properties and requires an oracle on the density function to find optimal
convergence rates.

Finally, we want to mention that we have an implementation available at GitHub,
https://github.com/aloispichler/reproducing-kernel-Hilbert-space,

which allows assessing the theoretical results of the paper numerically.
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