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in the formulation of variational inequalities the linear term y − x has been re-
placed by a vector-valued term η(y, x), where η is a vector-valued bifunction. In
the last decades, there has been substantial progress made by authors in developing
efficient and implementable iterative methods for solving a wide class of variant
variational inequality problems, which for example one can refer to linear approx-
imation method, descent and Newton’s methods, inertial proximal-point method,
projection method and its variant forms, fixed point iteration method, extragradient
method, the method based on KKM technique, Wiener-Hopf technique and the aux-
iliary principle technique, Halpern’s iterative method, and so forth. The presence of
the vector-valued term η(y, x) in the formulation of the variational-like inequalities
makes us a restriction in using of most of the solution methods mentioned above. For
solving different classes of variational-like inequalities, among these methods, the
method based on the auxiliary principle technique and proximal-point method are
the most popular ones. Indeed, due to the need to solve various kinds of variational-
like inequalities in the framework of different spaces, the introduction of resolvent
operators has attracted and continues to attract the interest of many authors. For
instance, Ding and Luo [20] and Lee et al. [32] introduced, independently, the con-
cepts of η-subdifferential and η-proximal point mappings of a proper functional and
with the aid of them found the solutions of classes of variational-like inequalities
in the setting of Hilbert space. Two years later, Ding and Xia [22] succeeded to
introduce the notion of J-proximal mapping associated with a lower semicontinu-
ous subdifferentiable proper (not necessarily convex) functional on reflexive Banach
spaces. In another successfully attempt in this direction, other class of resolvent
operators the so-called Jη-proximal (also referred to as P -η-proximal) mappings
associated with a proper, lower semicontinuous and η-subdifferentiable (not neces-
sarily convex) functional, which is essentially wider than the class of J-proximal
mappings, was introduced by Ahmad et al. [2] and Kazmi and Bhat [30] indepen-
dently. Under suitable hypotheses, the existence and Lipschitz continuity of such
proximal mappings were proved. They employed the concept of Jη-proximal map-
ping and proposed some iterative algorithms for finding approximate solutions of
classes of generalized multivalued nonlinear variational-like inequality problems in
the Banach space setting. Besides, they studied the convergence analysis of the se-
quences generated by their iterative algorithms under some appropriate conditions.

Since the appearance of the theory of fixed points in the beginning of 20’s with the
admired Banach fixed point theorem, it has been revealed as a major, important and
interesting tool in the study of nonlinear phenomena and can be applied in various
disciplines of mathematics and mathematical sciences like economics, optimization
theory, approximation theory, etc. Because of the existence of a strong connection
between solving various kinds of mathematical problems and fixed point problems,
there is no doubt that nowadays fixed point theory is one of the most powerful
tools of modern mathematics. Indeed, in a wide range of mathematical problems
the existence of a solution is equivalent to the existence of a fixed point for a
suitable mapping. This is the reason why this topic has grown very rapidly and
has influenced some other branches of mathematics such as differential equations,
topology, game theory, optimal control, functional analysis, and so forth. In view of
the fact that the variational inequality problems and the fixed point problems are
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very closely related, the investigation on the problem of finding a common point
that lies in the solution set of a variational inequality problem and the set of fixed
points of a given mapping is being the focus of attention of researchers in recent
years. We refer the reader to [1, 3, 7, 8, 11–13, 35, 36, 41, 43, 46, 47] for more details
and further information.

On the other hand, the study of nonexpansive mapping, which its origin dates
back to the sixties, is a very interesting research area in fixed point theory. It
is worthwhile to stress that the study of monotone and accretive operators, two
classes of operators which arise naturally in the theory of differential equations has
led to the emergence of nonexpansive mappings. In recent decades, the important
role and many diverse applications of nonexpansive mapping in the theory of fixed
points was a strong motivation for many researchers to extend and generalize it in
different contexts. For instance, in 1972, Goebel and Kirk [27] introduced a class of
generalized nonexpansive mappings the so-called asymptotically nonexpansive map-
pings. Another successfully effort was made by Sahu [38] in 2005 and the class of
nearly asymptotically nonexpansive mappings as a generalization of asymptotically
nonexpansive mappings was introduced. The attempts have been continued and
one year later another important class of generalized nonexpansive mappings the
so-called total asymptotically nonexpansive mappings, which is essentially broader
than the classes of nearly asymptotically nonexpansive mappings and asymptoti-
cally nonexpansive mappings, was introduced by Alber et al. [6]. They studied the
approximation methods of fixed points for this kind of mappings. Further general-
izations of nonexpansive mappings along with relevant commentaries can be found
in [6, 10,14,16,27,38,39,42] and the references contained therein.

Motivated by these advances, this paper is devoted to the investigation of the
problem of finding a point in the intersection of the solutions set of a system of
generalized nonlinear variational-like inequalities (for short, SGNVLI) and the fixed
points set of a total asymptotically nonexpansive mapping. Under suitable hypothe-
ses imposed on the parameters and mappings, the existence of a unique solution for
the SGNVLI is proved and using the concept of P -η-proximal mapping, a proximal
iterative algorithm is constructed. Finally, the strong convergence of the sequence
generated by our proposed iterative algorithm to a common element of the set of
fixed points of the total asymptotically nonexpansive mapping and the set of solu-
tions of the SGNVLI is demonstrated.

2. Notation, basic definitions and fundamental properties

Let X be a real Banach space with its dual space X∗ and ⟨., .⟩ be the dual pairing
between X and X∗. With slight abuse of notation we will use the same symbol ∥.∥
for the norm in X and X∗. As usual, w∗ will stand for the weak star topology in
X∗.

For any given function f : X → R ∪ {±∞}, dom f = {x ∈ X : f(x) < +∞} is
called the effective domain of f . Such a function is said to be proper if its effective
domain is nonempty and it is real-valued on its effective domain, what is equivalent,
f is proper if f(x) > −∞ for all x ∈ X and f(x) < +∞ for at least one x ∈ X.

We say that a function f : X → R ∪ {+∞} is lower semicontinuous at x0 ∈
X, provided that f(x0) ≤ lim infn f(xn), for every sequence {xn} ⊂ X satisfying
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limn xn = x0. If the property holds for every point x0 ∈ X we say that f is lower
semicontinuous on X.

Definition 2.1. The function f : X×X → R∪{+∞} is called lower semicontinuous
in the second argument on X if for each x ∈ X, the function f(x, .) : X → R∪{+∞}
is lower semicontinuous on X.

Similarly, one can define the lower semicontinuity of the function f in the first
argument.

Recall that the function f : X → R∪{+∞} is said to be convex if the inequality

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

holds for every λ ∈ [0, 1] and all x, y ∈ X, for which the right-hand side is mean-
ingful.

Definition 2.2 ([48]). An extended real-valued functional f : (x, y) ∈ X × X →
f(x, y) ∈ R ∪ {±∞} is said to be 0-diagonally quasi-concave (in short, 0-DQCV)

(i) in the first argument (or with respect to x), if for any finite subset
{x1, x2, . . . , xn} of X and any x̂ ∈ Co({x1, x2, . . . , xn}), we have

min
1≤i≤n

f(xi, x̂) ≤ 0,

where for any given set A ⊂ X, Co(A) denotes the closed convex hull of
A consisting of all vectors of the form

∑n
i=1 λiui with ui ∈ Ai, λi ∈ R+ =

[0,+∞) and
∑n

i=1 λi = 1;
(ii) in the second argument (or with respect to y), if for any finite subset

{y1, y2, . . . , yn} of X and any ŷ ∈ Co({y1, y2, . . . , yn}), we have

min
1≤i≤n

f(ŷ, yi) ≤ 0.

Lemma 2.3 ([21]). Let D be a nonempty convex subset of a topological vector space
and let f : D ×D → R ∪ {±∞} be an extended real-valued functional such that

(i) f is lower semicontinuous in the second argument on every nonempty com-
pact subset of D;

(ii) f is 0-DQCV in the first argument;
(iii) there exists a nonempty compact convex subset D0 of D and a nonempty

compact subset K of D such that for each y ∈ D\K, there is an x ∈ Co(D0∪
{y}) satisfying f(x, y) > 0.

Then there exists ŷ ∈ K such that f(x, ŷ) ≤ 0 for all x ∈ D.

In 2000, Lee et al. [32] and Ding and Luo [20] independently introduced the notion
of η-subdifferential in a more general setting than that given in [45] as follows.

Definition 2.4 ([20, 32]). For a given vector-valued mapping η : X ×X → X, the
proper functional ϕ : X → R ∪ {+∞} is said to be η-subdifferentiable at a point
x ∈ X if there exists a point x∗ ∈ X∗ such that

⟨x∗, η(y, x)⟩ ≤ ϕ(y)− ϕ(x), ∀y ∈ X.
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Such a point x∗ is called η-subgradient of ϕ at x. The set of all η-subgradients of
ϕ at x is denoted by ∂ηϕ(x). We can associate with each ϕ the η-subdifferential
mapping ∂ηϕ defined by

∂ηϕ(x) =

{
{x∗ ∈ X∗ : ⟨x∗, η(y, x)⟩ ≤ ϕ(y)− ϕ(x), ∀y ∈ X}, x ∈ domϕ,
∅, x /∈ domϕ.

For x ∈ domϕ, ∂ηϕ(x) is called the η-subdifferential of ϕ at x.

It is significant to emphasize that in the definition of η-subdifferential in the
sense of Yang and Craven [45], the function ϕ needs to be local Lipschitz and
cannot take the value +∞. The following new example illustrates that the concept
of η-subdifferential introduced in [20,32] is more general than that given in [45].

Example 2.5. Let X be the set of all real numbers endowed with the Euclidean
norm ∥.∥ = |.| and let the mappings ϕ : X → R ∪ {+∞} and η : X × X → X be
defined, respectively, by

ϕ(x) =

{
λ
(
xp|x|+

∑ k−1
2

n=1 an
2n+1

√
x|x|

)
+ θ, x ≤ 0,

+∞, x > 0,

and

η(x, y) = ς
(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

)
+ ζ

(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
, ∀x, y ∈ X,

where k and p are arbitrary but fixed odd natural numbers, and λ, ς, ξ, an > 0
(n = 1, 2, . . . , k−1

2 ) and θ ∈ R are arbitrary constants. We now show that for given

x ∈ domϕ, ∂ηϕ(x) = [λς ,+∞). For this end, take x ∈ domϕ arbitrarily but fixed.
Then, we have

ϕ(x) = λ
(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

)
+ θ and x ≤ 0.

If ω ∈ ∂ηϕ(x), then we get

ω
(
ς
(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
+ ζ

(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

))

≤ ϕ(y)− λ
(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

)
− θ, ∀y ∈ X.

Owing to the fact that ϕ(y) = +∞ for all y > 0, we deduce that

ω
(
ς
(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
+ ζ

(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

))

≤ λ
(
yp|y| − xp|x|+

k−1
2∑

n=1

an
(

2n+1
√
y|y| − 2n+1

√
x|x|

))
, ∀y ≤ 0.

(2.1)
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If x = 0, then utilizing (2.1), it follows that

ως
(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
≤ λ

(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
, ∀y ≤ 0,

from which yields ω ≥ λ
ς . For the case when x < 0, relying on the fact that

ς
(
yp|y|+

k−1
2∑

n=1

an
2n+1

√
y|y|

)
+ ζ

(
xp|x|+

k−1
2∑

n=1

an
2n+1

√
x|x|

)
< 0,

recalling (2.1), we derive that for all y ≤ 0,

ω ≥
λ
(
yp|y| − xp|x|+

∑ k−1
2

n=1 an
(

2n+1
√

y|y| − 2n+1
√
x|x|

))
ς
(
yp|y|+

∑ k−1
2

n=1 an
2n+1

√
y|y|

)
+ ζ

(
xp|x|+

∑ k−1
2

n=1 an
2n+1

√
x|x|

) .(2.2)

Passing to the limit for y → −∞ in (2.2), it follows that ω ≥ λ
ς . Thus, in any

case, we note that ω ≥ λ
ς and so ∂ηϕ(x) ⊆ [λς ,+∞) for all x ≤ 0. To prove

∂ηϕ(x) = [λς ,+∞), it is sufficient to show that [λς ,+∞) ⊆ ∂ηϕ(x) for all x ≤ 0. Take

ω ∈ [λς ,+∞) arbitrarily but fixed and assume, on the contrary, that ω /∈ ∂ηϕ(x0)
for some x0 ≤ 0. Then there exists y0 ≤ 0 such that

ω
(
ς
(
yp0 |y0|+

k−1
2∑

n=1

an
2n+1

√
y0|y0|

)
+ ζ

(
xp0|x0|+

k−1
2∑

n=1

an
2n+1

√
x0|x0|

))

> λ
(
yp0 |y0| − xp0|x0|+

k−1
2∑

n=1

an
(

2n+1
√
y0|y0| − 2n+1

√
x0|x0|

))
.

(2.3)

Evidently, the case where x0 = y0 = 0 cannot happen. If x0 = 0 and y0 < 0, then
making use of (2.3) we conclude that ω < λ

ς , which is a contradiction. For the case

when x0 < 0 and y0 = 0, then utilizing (2.3) it follows that ω < −λ
ζ , which leads to

a contradiction. Finally, if x0, y0 < 0, then using (2.3) and in virtue of the fact that

ς
(
yp0 |y0|+

k−1
2∑

n=1

an
2n+1

√
y0|y0|

)
+ ζ

(
xp0|x0|+

k−1
2∑

n=1

an
2n+1

√
x0|x0|

)
< 0,

we obtain

λ

ς
≤ ω <

λ
(
yp0 |y0| − xp0|x0|+

∑ k−1
2

n=1 an
(

2n+1
√
y0|y0| − 2n+1

√
x0|x0|

))
ς
(
yp0 |y0|+

∑ k−1
2

n=1 an
2n+1

√
y0|y0|

)
+ ζ

(
xp0|x0|+

∑ k−1
2

n=1 an
2n+1

√
x0|x0|

) ,
which implies that

λ(ζ + ς)
(
xp0|x0|+

k−1
2∑

n=1

an
2n+1

√
x0|x0|

)
> 0.(2.4)

Since λ, ς, ζ > 0, and k, p are odd natural numbers, from (2.4) it follows that x0 > 0
which is also a contradiction. In the light of the arguments mentioned above, we
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infer that [λς ,+∞) ⊆ ∂ηϕ(x), for all x ≤ 0. Therefore, ∂ηϕ(x) = [λς ,+∞) for all
x ≤ 0.

Definition 2.6 ([2,30]). Let η : X ×X → X be a vector-valued mapping, ϕ : X →
R∪ {+∞} be an η-subdifferentiable (not necessarily convex) proper functional and
P : X → X∗ be a single-valued mapping. If for any given point x∗ ∈ X∗ and ρ > 0,
there exists a unique point x ∈ X satisfying

⟨P (x)− x∗, η(y, x)⟩+ ρϕ(y)− ρϕ(x) ≥ 0, ∀y ∈ X,

then the mapping x∗ → x, denoted by R
∂ηϕ
ρ,P , is called P -η-proximal mapping of ϕ.

Clearly, in the light of Definition 2.4, we have x∗ − P (x) ∈ ρ∂ηϕ(x) and then it
follows that

x = R
∂ηϕ
ρ,P (x∗) = (P + ρ∂ηϕ)

−1(x∗).

Definition 2.7. Let P : X → X∗ and η : X ×X → X be the mappings. We say
that the mapping P is

(i) k-strongly η-monotone if there exists a constant k > 0 such that

⟨P (x)− P (y), η(x, y)⟩ ≥ k∥x− y∥2, ∀x, y ∈ X;

(ii) µ-Lipschitz continuous if there exists a constant µ > 0 such that

∥P (x)− P (y)∥ ≤ µ∥x− y∥, ∀x, y ∈ X.

Definition 2.8. The vector-valued mapping η : X×X → X is said to be τ -Lipschitz
continuous if there exists a constant τ > 0 such that ∥η(x, y)∥ ≤ τ∥x − y∥, for all
x, y ∈ X.

In view of the aforementioned arguments, a natural question to ask is whether
for given mappings η : X ×X → X and P : X → X∗, an η-subdifferentiable (not
necessarily convex) proper functional ϕ : X → R ∪ {+∞} and an arbitrary real
constant ρ > 0, the P -η-proximal mapping associated with the mappings P, η, ϕ
and the constant ρ is well defined necessarily? Answering this question is not a
trivial matter. The answer provided by Ahmad et al. [2] and Kazmi et al. [30] reads
as follows.

Theorem 2.9 ([2, 30]). Let X be a reflexive Banach space, η : X × X → X be a
τ -Lipschitz continuous mapping such that η(x, y)+ η(y, x) = 0 for all x, y ∈ X, and
P : X → X∗ be a γ-strongly η-monotone continuous mapping. Suppose that for any
given x∗ ∈ X∗, the function h : (y, x) ∈ X ×X → h(y, x) = ⟨x∗ − P (x), η(y, x)⟩ ∈
R ∪ {+∞} is 0-DQCV in the first argument. Furthermore, let ϕ : X → R ∪ {+∞}
be a lower semicontinuous η-subdifferentiable proper functional on X, which may
not be convex. Then for any given ρ > 0 and x∗ ∈ X∗, there exists a unique point
x ∈ X such that

⟨P (x)− x∗, η(y, x)⟩ ≥ ρϕ(x)− ρϕ(y), ∀y ∈ X,

that is, x = R
∂ηϕ
ρ,P (x∗) and so the P -η-proximal mapping associated with ϕ, P, η and

ρ > 0 is well defined.
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By a careful reading the proof of Theorem 3.1 in [30], we found that there are
some errors in its proof and context. Firstly, in the light of the proof of [30, Theorem
3.1] and comparing it with the hypotheses appeared in its context, we inferred that
the mapping η must be τ -Lipschitz continuous. In fact, the continuity condition
of the mapping η in the context of [30, Theorem 3.1] must be replaced by the
τ -Lipschitz continuity condition, as we have done in the context of Theorem 2.9.
Secondly, there is an error on page 171, line 1 of [30] which must be resolved. In
the proof of Theorem 3.1 of [30], the authors employed proof by contradiction and
concluded that for any given P : X → X∗, ρ > 0, x ∈ X∗ and ϕ : X → R ∪ {+∞},
the functional f : X ×X → R ∪ {+∞} defined, for all (y, u) ∈ X ×X, by

f(y, x) = ⟨x− P (u), η(y, u)⟩+ ρϕ(u)− ρϕ(y)

satisfies Lemma 2.3(ii). In the process of achieving a contradiction, but there is
an error. In fact, they assumed, on the contrary, that there exist a finite set
{y1, y2, . . . , ym} ⊂ X and u0 =

∑m
i=1 λiyi with λi ≥ 0 and

∑m
i=1 λi = 1 such

that

⟨x− P (u0), η(yi, u0)⟩+ ρϕ(u0)− ρϕ(yi) > 0, i = 1, 2, . . . ,m.(2.5)

Using property of η-subdifferentiability of ϕ at u0 ∈ X, they deduced the existence
of a point f∗ ∈ X∗ satisfying the following relation:

ρϕ(yi)− ρϕ(u0) ≥ ρ⟨f∗, η(yi, u0)⟩, i = 1, 2, . . . ,m.(2.6)

Making use of (2.5) and (2.6), then they derived the following inequality:

⟨x− P (u0)− ρf∗, η(yi, u0)⟩ > 0, i = 1, 2, . . . ,m.(2.7)

Finally, applying (2.7) and taking into account that the functional h : (y, u0) ∈
X ×X → h(y, u0) = ⟨x − P (u0) − ρf∗, η(y, u0)⟩ ∈ R ∪ {+∞} is 0-DQCV in y (in
the first argument) and η(u0, u0) = 0, they obtained a contradiction as follows:

0 <
m∑
i=1

λi⟨x− P (u0)− ρf∗, η(yi, u0)⟩

= ⟨x− P (u0)− ρf∗, η(u0, u0)⟩ = 0.

(2.8)

In virtue of (2.8) and using the fact that
∑m

i=1 η(yi, u0) = η(
∑m

i=1 yi, u0) =
η(u0, u0) = 0, that is, the property of linearity of η, they got the required contra-
diction. But, in view of the assumptions mentioned in the context of [30, Theorem
3.1], η is not linear necessarily and so

∑m
i=1 η(yi, u0) = η(

∑m
i=1 yi, u0) does not hold

necessarily. A correct proof in order to achieving a contradiction can be found on
page 300 of [2].

We now provide a new example in which the existence of the two mappings
η : X × X → X and P : X → X∗ satisfying all the conditions of Theorem 2.9 is
shown.

Example 2.10. Let X be the set of all real numbers endowed with the Euclidean
norm ∥.∥ = |.| and let the mappings η : X ×X → X and P : X → X∗ be defined,
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respectively, by

η(x, y) =


µ(|xy|pLn(θ + |xy|q) + 1)(x− y), if |xy| < s,
ϱ(|xy|k − ςLogm|xy|)(x− y), if s ≤ |xy| < t,
( γ
|xy|lαβ|xy| + σ)(x− y), if t ≤ |xy|,

and P (x) = ξx for all x, y ∈ X, where µ, ϱ, γ, σ, ς, ξ, k, l, p, q, β are arbitrary con-
stants that are strictly bigger than zero, and θ, s, t, α,m are arbitrary real con-
stants such that θ ≥ 1 and 0 < s < t ≤ 1 < α,m. It can be easily seen that
η(x, y) + η(y, x) = 0 for all x, y ∈ X.

For all x, y ∈ X, we have

|η(x, y)| =


µ(|xy|pLn(θ + |xy|q) + 1)|x− y|, if |xy| < s,
ϱ(|xy|k − ςLogm|xy|)|x− y|, if s ≤ |xy| < t,
( γ
|xy|lαβ|xy| + σ)|x− y|, if t ≤ |xy|.

Taking into account that θ ≥ 1 and q > 0, it follows that Ln(θ + |xy|q) ≥ 0 and so
for all x, y ∈ X with |xy| < s, we have

1 < |xy|pLn(θ + |xy|q) + 1 < spLn(θ + kp) + 1.(2.9)

The fact that 0 < s < t ≤ 1 implies that for all x, y ∈ X with s ≤ |xy| < t,

0 < sk − ςLogmt < |xy|k − ςLogm|xy| < tk − ςLogms.(2.10)

Since l, β, γ, σ > 0 and α > 1, for all x, y ∈ X with |xy| ≥ t, we yield

σ <
γ

|xy|lαβ|xy| + σ ≤ γ

tlαβt
+ σ, .(2.11)

Making use of (2.9)–(2.11) and in view of the fact that µ, ϱ > 0, we deduce that for
all x, y ∈ X,

|η(x, y)| ≤ max
{
µ(spLn(θ + kp) + 1), ϱ(tk − ςLogms),

γ

tlαβt
+ σ

}
|x− y|,

which means that η is max
{
µ(spLn(θ+kp)+1), ϱ(tk−ςLogms), γ

tlαβt +σ
}
-Lipschitz

continuous.
Let us now define, associated with each z ∈ X, a correspondence hz : X ×X →

R ∪ {+∞} for each (y, x) ∈ X ×X by

hz(y, x) = ⟨z − P (x), η(y, x)⟩ = (z − P (x))η(y, x).

We claim that the function hz is 0-DQCV in the first argument. In order to prove
our claim, suppose, on the contrary, that there exist a finite set {y1, y2, . . . , yn} and
u =

∑n
i=1 λiyi with λi ≥ 0 and

∑n
i=1 λi = 1 such that for each i ∈ {1, 2, . . . , n},

0 < hz(yi, u) =


µ(z − ξu)(|yiu|pLn(θ + |yiu|q) + 1)(yi − u), if |yiu| < s,
ϱ(z − ξu)(|yiu|k − ςLogm|yiu|)(yi − u), if s ≤ |yiu| < t,
(z − ξu)( γ

|yiu|lαβ|yiu|
+ σ)(yi − u), if t ≤ |yiu|.
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In the light of this fact we conclude that for each i ∈ {1, 2, . . . , n}, (z−ξu)(yi−u) > 0
and so

0 <

n∑
i=1

λi(z − ξu)(yi − u) = (z − ξu)(
n∑

i=1

λiyi −
n∑

i=1

λiu)

= (z − ξu)(u− u) = 0,

which leads to a contradiction. Therefore, for any given z ∈ X, the function hz is
0-DQCV in the first argument. In virtue of the facts that for all x, y ∈ X,

⟨P (x)− P (y), η(x, y)⟩ =


µξ(|xy|pLn(θ + |xy|q) + 1)|x− y|2, if |xy| < s,
ϱξ(|xy|k − ςLogm|xy|)|x− y|2, if s ≤ |xy| < t,
ξ( γ

|xy|lαβ|xy| + σ)|x− y|2, if t ≤ |xy|,

θ ≥ 1, 0 < s < t ≤ 1 < α,m, and β, k, l, σ, γ, ς, ϱ, p, q, µ > 0, we deduce that

⟨P (x)− P (y), η(x, y)⟩ ≥ µξ|x− y|2, ∀x, y ∈ X with |xy| ∈ [0, s),

⟨P (x)− P (y), η(x, y)⟩ ≥ ϱξ(sk − ςLogmt)|x− y|2, ∀x, y ∈ X with |xy| ∈ [s, t)

and

⟨P (x)− P (y), η(x, y)⟩ ≥ ξσ|x− y|2, ∀x, y ∈ X with |xy| ∈ [t,+∞).

Hence,

⟨P (x)− P (y), η(x, y)⟩ ≥ min
{
µξ, ϱξ(sk − ςLogmt), ξσ

}
|x− y|2, ∀x, y ∈ X,

which means that P is a min
{
µξ, ϱξ(sk − ςLogmt), ξσ

}
-strongly η-monotone map-

ping. Thereby, the mappings η and P are satisfied all the conditions of Theorem
2.9.

We now close this section by the following theorem due to Ahmad et al. [2] and
Kazmi and Bhat [30] in which the suitable conditions for the P -η-proximal mapping

R
∂ηϕ
ρ,P associated with the mappings ϕ, P, η and the constant ρ > 0 to be Lipschitz

continuous are stated and an estimate of its Lipschitz constant is computed.

Theorem 2.11 ([2,30]). Let X be a reflexive Banach space with the dual space X∗,
η : X ×X → X be a τ -Lipschitz continuous mapping such that η(x, y)+ η(y, x) = 0
for all x, y ∈ X, and let P : X → X∗ be a γ-strongly η-monotone continuous
mapping. Suppose that for any given x∗ ∈ X∗, the function h : (y, x) ∈ X ×
X → h(y, x) = ⟨x∗ − P (x), η(y, x)⟩ ∈ R ∪ {+∞} is 0-DQCV in the first argument,
ϕ : X → R ∪ {+∞} is a lower semicontinuous η-subdifferentiable proper functional
on X and ρ > 0 is an arbitrary real constant. Then, the P -η-proximal mapping

R
∂ηϕ
ρ,P : X∗ → X associated with ϕ, P , η and ρ > 0 is τ

γ -Lipschitz continuous, i.e.,

∥R∂ηϕ
ρ,P (x∗)−R

∂ηϕ
ρ,P (y∗)∥ ≤ τ

γ
∥x∗ − y∗∥, ∀x∗, y∗ ∈ X∗.
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3. Formulation of the problem and existence theorem of solution

For i = 1, 2, . . . , p, letXi be real Banach spaces with the dual spaces X∗
i , and ⟨., .⟩i

be the dual pairing between Xi and its dual space X∗
i . Let for i = 1, 2, . . . , p, Ti :∏p

j=1Xj → X∗
i , F : Xi → X∗

i , gi : Xi → Xi and ηi : Xi×Xi → Xi be the mappings.

Suppose further that for i = 1, 2, . . . , p, φi : Xi × Xi → R ∪ {+∞} are extended
real-valued bifunctions such that for each fixed zi ∈ Xi, φi(., zi) : Xi → R ∪ {+∞}
is a proper, lower semicontinuous and ηi-subdifferentiable functional on Xi with
gi(Xi) ∩ dom ∂ηiφi(., zi) ̸= ∅. We consider the problem of finding (x1, x2, . . . , xp) ∈∏p

j=1Xj such that gi(xi) ∈ dom ∂ηiφi(., xi) for each i ∈ {1, 2, . . . , p} and

⟨Ti(x1, x2, . . . , xp)− Fi(xi), ηi(yi, gi(xi))⟩i
≥ φi(gi(xi), xi)− φi(yi, xi), ∀yi ∈ Xi,

(3.1)

which is called a system of generalized nonlinear variational-like inequalities
(SGNVLI).

If p = 1, X1 = H is a real Hilbert space, T1 = T , A1 = A, η1 = η, g1 = g and
φ1 = φ, then the problem (3.1) collapses to the problem of finding x ∈ H such that
g(x) ∈ dom ∂ηφ(., x) and

⟨T (x)−A(x), η(y, g(x))⟩ ≥ φ(g(x), x)− φ(y, x), ∀y ∈ H,

which was introduced and studied by Ding and Luo [20].
The following conclusion that tells the problem (3.1) is equivalent to a fixed point

problem provides us a characterization of its solution and plays a crucial role in the
sequel.

Lemma 3.1. Assume that Xi, Ti, Ai, φi, ηi, gi (i = 1, 2, . . . , p) are the same as in
the SGNVLI (3.1) such that for each i ∈ {1, 2, . . . , p}, Xi is reflexive and ηi is
a τi-Lipschitz continuous mapping with ηi(x

′
i, y

′
i) + ηi(y

′
i, x

′
i) = 0 for all x′i, y

′
i ∈

Xi. Let for each i ∈ {1, 2, . . . , p}, Pi : Xi → X∗
i be a γi-strongly ηi-monotone

continuous mapping such that gi(Xi) ∩ dom(Pi) ̸= ∅. For each i ∈ {1, 2, . . . , p} and
for any x∗i ∈ X∗

i , suppose that the function hi : (y
′
i, x

′
i) ∈ Xi × Xi → hi(y

′
i, x

′
i) =

⟨x∗i − Pi(x
′
i), ηi(y

′
i, x

′
i)⟩i ∈ R ∪ {+∞} is 0-DQCV in the first argument. Then,

(x1, x2, . . . , xp) ∈
∏p

j=1Xj is a solution of the SGNVLI (3.1) if and only if g(xi) ∈
dom(Pi) for each i ∈ {1, 2, . . . , p} and

gi(xi) = R
∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)− λi(Ti(x1, x2, . . . , xp)− Fi(xi))],

where for i = 1, 2, . . . , p, λi > 0 are constants, Pi ◦ gi denotes Pi composition gi,

and R
∂ηiφi(.,xi)

λi,Pi
= (Pi + λi∂ηiφi(., xi))

−1 is Pi-ηi-proximal mapping of φi(., xi).

Proof. Utilizing Definitions 2.4 and 2.6, we deduce that (x1, x2, . . . , xp) ∈
∏p

j=1Xj

is a solution of the SGNVLI (3.1) if and only if for i = 1, 2, . . . , p,

φi(yi, xi)− φi(gi(xi), xi) ≥ ⟨−(Ti(x1, x2, . . . , xp)− Fi(xi)), ηi(yi, gi(xi))⟩i, ∀yi ∈ Xi,

⇔ −(Ti(x1, x2, . . . , xp)− Fi(xi)) ∈ ∂ηiφi(gi(xi), xi)

⇔ (Pi ◦ gi)(xi)− λi(Ti(x1, x2, . . . , xp)− Fi(xi)) ∈ (Pi + λi∂ηiφi(., xi))(gi(xi))

⇔ gi(xi) = R
∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)− λiTi(x1, x2, . . . , xp)− Fi(xi))],
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where for i = 1, 2, . . . , p, R
∂ηiφi(.,xi)

λi,Pi
= (Pi + λi∂ηiφi(., xi))

−1. □

Before turning to the main results of this paper, let us recall some needed concepts
and an efficient and useful lemma.

Recall that a normed space X is called strictly convex if SX , the unit sphere in
X, is strictly convex, that is, the inequality ∥x + y∥ < 2 holds for all distinct unit
vectors x and y in X. It is said to be smooth if, for every vector x in BX , the unit
ball in X, there exists a unique x∗ ∈ X∗ such that ∥x∗∥ = x∗(x) = 1. It is known
that X is smooth if X∗ is strictly convex, and that X is strictly convex if X∗ is
smooth.

Definition 3.2. A normed space X is said to be

(i) uniformly convex if for any given ε > 0, there exists δ > 0 such that for all
x, y ∈ BX with ∥x− y∥ ≥ ε the inequality ∥x+ y∥ ≤ 2(1− δ) holds;

(ii) uniformly smooth if for any given ε > 0 there exists τ > 0 such that for all
x, y ∈ BX with ∥x− y∥ ≤ 2τ , the inequality ∥x+ y∥ ≥ 2(1− ετ) holds.

The functions δ : [0, 2] → [0, 1] and ρX : [0,+∞) → [0,+∞) defined by the
formulae

δX(ε) = inf{1− ∥x+ y∥
2

: x, y ∈ BX , ∥x− y∥ ≥ ε}

and

ρX(τ) = sup{1
2
(∥x+ τy∥+ ∥x− τy∥)− 1 : x, y ∈ BX}

are called the modulus of convexity and smoothness of X, respectively.

Remark 3.3. It should be pointed out that

(i) in the definition of δX(ε) we can as well take the infimum over all vectors
x, y ∈ SX with ∥x− y∥ = ε, see for example [17];

(ii) in the definition of ρX(τ), we can as well take the supremum over all vectors
x, y ∈ SX ;

(iii) the functions δX and ρX are continuous and increasing on the intervals [0, 2]
and [0,+∞), respectively, and δX(0) = ρX(0) = 0. In addition, ρX is a
convex function on the interval [0,+∞) and ρX(τ) ≤ τ for all τ ≥ 0;

(iv) in the light of definitions of the functions δX and ρX , a normed space X
is uniformly convex if and only if δX(ε) > 0 for every ε ∈ (0, 2], and is

uniformly smooth if and only if limτ→0
ρX(τ)

τ = 0;
(v) any uniformly convex and any uniformly smooth Banach space is reflexive;
(vi) a Banach space X is uniformly convex (resp., uniformly smooth) if and only

if X∗ is uniformly smooth (resp., uniformly convex);
(vii) the spaces lp, Lp and W p

m, 1 < p < ∞, m ∈ N, are uniformly convex as
well as uniformly smooth, see [19,28,33]. At the same time, the modulus of
convexity and smoothness of a Hilbert space and the spaces lp, Lp and W p

m,
1 < p < ∞, m ∈ N can be found in [19,28,33].

The function J : X → 2X
∗
defined by the formula

J(x) := {x∗ ∈ X∗ : ⟨x∗, x⟩ = ∥x∗∥∥x∥, ∥x∗∥ = ∥x∥}, ∀x ∈ X,
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is called the normalized duality mapping from X into X∗. We observe immediately
that if X = H, a Hilbert space, then J is the identity mapping on H. In the
meanwhile, it is an immediate consequence of the Hahn-Banach theorem that J(x)
is nonempty for each x ∈ X.

Definition 3.4. For i = 1, 2, . . . , p, let Xi be real Banach spaces with the topolog-
ical dual spaces X∗

i . The mapping Ti :
∏p

j=1Xj → X∗
i is said to be µi,j-Lipschitz

continuous in the jth argument if, there exists a constant µi,j > 0 such that

∥Ti(x1, x2, . . . , xj−1, xj , xj+1, . . . , xp)− Ti(x1, x2, . . . , xj−1, x
′
j , xj+1, . . . , xp)∥i

≤ µi,j∥xj − x′j∥j , xj , x
′
j ∈ Xj , xi ∈ Xi(i = 1, 2, . . . , p; i ̸= j).

Definition 3.5. Let X be a real uniformly smooth Banach space with the dual
space X∗, and J be the normalized duality mapping from X into X∗. A mapping
g : X → X is said to be k-strongly accretive if there exists a constant k > 0 such
that

⟨J(x− y), g(x)− g(y)⟩ ≥ k∥x− y∥2, ∀x, y ∈ X.

Lemma 3.6 ([15]). Let X be a real uniformly smooth Banach space with the dual
space X∗ and J be the normalized duality mapping from X into X∗. Then for all
x, y ∈ X, we have

(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨J(x+ y), y⟩;
(ii) ⟨J(x)− J(y), x− y⟩ ≤ 2d2(x, y)ρX(4∥x−y∥

d(x,y) ), where d(x, y) =

√
∥x∥2+∥y∥2

2 for

all x, y ∈ X.

It should be remarked that in the original version of the above lemma, d is used
instead of d(x, y). But, taking into account that for any given x, y ∈ X, d depends
on x and y, it must be replaced by d(x, y), as we have done in part (ii) of Lemma
3.6.

We are now in a position to prove the existence of a unique solution for the
problem (3.1). The sufficient conditions which guarantee the existence of a unique
solution for the SGNVLI (3.1) are stated in the next theorem.

Theorem 3.7. Suppose that, for each i ∈ Γ = {1, 2, . . . , p}, Xi is a real uniformly
smooth Banach space with the dual space X∗

i and ρXi(t) ≤ Cit
2 for some Ci > 0,

and ⟨., .⟩i is the dual pair between Xi and X∗
i . Let for each i ∈ Γ, the mapping

gi : Xi → Xi be a ki-strongly accretive and δi-Lipschtiz continuous mapping, Fi :
Xi → X∗

i be ςi-Lipschitz continuous and the mapping Ti :
∏p

j=1Xj → X∗
i be σi,j-

Lipschitz continuous in the jth argument (j ∈ Γ, i ̸= j). Assume that for each
i ∈ Γ, ηi : Xi ×Xi → Xi is a τi-Lipschitz continuous mapping such that ηi(x

′
i, y

′
i) +

ηi(y
′
i, x

′
i) = 0 for all x′i, y

′
i ∈ Xi, and Pi : Xi → X∗

i is a γi-strongly ηi-monotone
and ϱi-Lipschitz continuous mapping such that gi(Xi) ⊆ dom(Pi). For each i ∈ Γ
and for any x∗i ∈ X∗

i , let the function hi : (y′i, x
′
i) ∈ Xi × Xi → hi(y

′
i, x

′
i) =

⟨x∗i − Pi(x
′
i), ηi(y

′
i, x

′
i)⟩i ∈ R ∪ {+∞} be 0-DQCV in the first argument. Suppose

that for each i ∈ Γ, φi : Xi ×Xi → R∪ {+∞} is an extended real-valued bifunction
such that for each fixed point zi ∈ Xi, φi(., zi) : Xi → R ∪ {+∞} is a proper, lower
semicontinuous and ηi-subdifferentiable functional on Xi with gi(Xi)∩∂ηiφi(., zi) ̸=
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∅. Furthermore, let for each i ∈ Γ, there exist constants ξi, λi > 0 such that

∥R∂ηiφi(.,ui)

λi,Pi
(wi)−R

∂ηiφi(.,vi)

λi,Pi
(wi)∥i ≤ ξi∥ui − vi∥i,(3.2)

for all ui, vi, wi ∈ Xi and{ √
1− 2κi + 64Ciδ2i + ξi +

τi
γi
(ϱiδi + λiςi)

+
∑

k∈Γ\{i}
τkλk
γk

σk,i < 1, 2ki < 1 + 64Ciδ
2
i .

(3.3)

Then, the SGNVLI (3.1) has a unique solution.

Proof. For given λi > 0 (i = 1, 2, . . . , p), define the mappings Nλi
:
∏p

j=1Xj → Xi

and Mλ1,λ2,...,λp :
∏p

j=1Xj →
∏p

j=1Xj by

(3.4) Nλi
(x1, x2, . . . , xp) = xi − gi(xi) +R

∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)

− λi(Ti(x1, x2, . . . , xp)− Fi(xi))]

and

Mλ1,λ2,...,λp(x1, . . . , xp) =
(
Nλ1(x1, . . . , xp),

Nλ2(x1, . . . , xp), . . . , Nλp(x1, . . . , xp)
)
,

(3.5)

for all (x1, x2, . . . , xp) ∈
∏p

j=1Xj .

Applying (3.2), (3.4) and Theorem 2.11, for any given (x1, x2, . . . , xp), (x̃1, x̃2, . . . ,
x̃p) ∈

∏p
j=1Xj and for each i ∈ Γ, we obtain

∥Nλi
(x1, x2, . . . , xp)−Nλi

(x̃1, x̃2, . . . , x̃p)∥i

= ∥xi − gi(xi) +R
∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)

− λi(Ti(x1, x2, . . . , xp)− Fi(xi))]

−
(
x̃i − gi(x̃i) +R

∂ηiφi(.,x̃i)

λi,Pi
[(Pi ◦ gi)(x̃i)

− λi(Ti(x̃1, x̃2, . . . , x̃p)− Fi(x̃i))]
)
∥i

≤ ∥xi − x̃i − (gi(xi)− gi(x̃i))∥i

+ ∥R∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)− λi(Ti(x1, x2, . . . , xp)− Fi(xi))]

−R
∂ηiφi(.,x̃i)

λi,Pi
[(Pi ◦ gi)(x̃i)− λi(Ti(x̃1, x̃2, . . . , x̃p)− Fi(x̃i))]∥i

≤ ∥xi − x̃i − (gi(xi)− gi(x̃i))∥i

+ ∥R∂ηiφi(.,xi)

λi,Pi
[(Pi ◦ gi)(xi)− λi(Ti(x1, x2, . . . , xp)− Fi(xi))]

−R
∂ηiφi(.,x̃i)

λi,Pi
[(Pi ◦ gi)(xi)− λiTi(x1, x2, . . . , xp)− Fi(xi))]∥i

+ ∥R∂ηiφi(.,x̃i)

λi,Pi
[(Pi ◦ gi)(xi)− λi(Ti(x1, x2, . . . , xp)− Fi(xi))]

−R
∂ηiφi(.,x̃i)

λi,Pi
[(Pi ◦ gi)(x̃i)− λiTi(x̃1, x̃2, . . . , x̃p)− Fi(x̃i))]∥i

≤ ∥xi − x̃i − (gi(xi)− gi(x̃i))∥i + ξi∥xi − x̃i∥i

+
τi
γi

(
∥(Pi ◦ gi)(xi)− (Pi ◦ gi)(x̃i)∥i
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+ λi∥Ti(x1, x2, . . . , xp)− Ti(x̃1, x̃2, . . . , x̃p)∥i
+ λi∥Fi(xi)− Fi(x̃i)∥i

)
(3.6)

≤ ∥xi − x̃i − (gi(xi)− gi(x̃i))∥i + ξi∥xi − x̃i∥i

+
τi
γi

(
∥(Pi ◦ gi)(xi)− (Pi ◦ gi)(x̃i)∥i

+ λi

(
∥Ti(x1, x2, . . . , xi−1, x̃i, xi+1, . . . , xp)

− Ti(x̃1, x2, . . . , xi−1, x̃i, xi+1, . . . , xp)∥i
+ ∥Ti(x̃1, x2, . . . , xi−1, x̃i, xi+1, . . . , xp)

− Ti(x̃1, x̃2, . . . , xi−1, x̃i, xi+1, . . . , xp)∥i
+ · · ·+ ∥Ti(x̃1, x̃2, . . . , x̃i−1, x̃i, x̃i+1, . . . , x̃p−1, xp)

− Ti(x̃1, x̃2, . . . , x̃i−1, x̃i, x̃i+1, . . . , x̃p−1, x̃p)∥i
)

+ λi∥Fi(xi)− Fi(x̃i)∥i
)

= ∥xi − x̃i − (gi(xi)− gi(x̃i))∥i + ξi∥xi − x̃i∥i

+
τi
γi

(
∥(Pi ◦ gi)(xi)− (Pi ◦ gi)(x̃i)∥i

+ λi

∑
j∈Γ\{i}

∥Ti(x̃1, x̃2, . . . , x̃j−1, xj , xj+1, . . . , xi−1, x̃i, xi+1, . . . , xp)

− Ti(x̃1, x̃2, . . . , x̃j−1, x̃j , xj+1, . . . , xi−1, x̃i, xi+1, . . . , xp)∥i
+ λi∥Fi(xi)− Fi(x̃i)∥i

)
.

Taking into account that for each i ∈ Γ, the mappings Pi, Fi and gi are Lipschitz
continuous with constants ϱi, ςi and δi, respectively, and the mapping Ti is σi,j-
Lipschitz continuous in the jth argument (j ∈ Γ, j ̸= i), it follows that for each
i ∈ Γ,

∥Fi(xi)− Fi(x̃i)∥i ≤ ςi∥xi − x̃i∥i,(3.7)

∥(Pi ◦ gi)(xi)− (Pi ◦ gi)(x̃i)∥i ≤ ϱiδi∥xi − x̃i∥i(3.8)

and

∥Ti(x̃1, x̃2, . . . , x̃j−1, xj , xj+1, . . . , xi−1, x̃i, xi+1, . . . , xp)

− Ti(x̃1, x̃2, . . . , x̃j−1, x̃j , xj+1, . . . , xi−1, x̃i, xi+1, . . . , xp)∥i
≤ σi,j∥xj − x̃j∥j .

(3.9)

Since for each i ∈ Γ, the mapping gi is ki-strongly accretive and δi-Lipschitz con-
tinuous, and Xi is a uniformly smooth Banach space with ρXi(t) ≤ Cit

2 for some
Ci > 0, by Lemma 3.6, yields

∥xi − x̃i − (gi(xi)− gi(x̃i))∥2i
≤ ∥xi − x̃i∥2i + 2⟨Ji(xi − x̃i − (gi(xi)− gi(x̃i)),−(gi(xi)− gi(x̃i))⟩i
= ∥xi − x̃i∥2i − 2⟨Ji(xi − x̃i), gi(xi)− gi(x̃i)⟩i
+ 2⟨Ji(xi − x̃i − (gi(xi)− gi(x̃i)))− Ji(xi − x̃i),−(gi(xi)− gi(x̃i))⟩i

≤ ∥xi − x̃i∥2i − 2ki∥xi − x̃i∥i + 4d2i (xi − x̃i − (gi(xi)− gi(x̃i)), xi − x̃i)
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× ρXi

( 4∥gi(xi)− gi(x̃i)∥i
di(xi − x̃i − (gi(xi)− gi(x̃i)), xi − x̃i)

)
≤ (1− 2ki + 64Ciδ

2
i )∥xi − x̃i∥2i ,

where for each i ∈ Γ, Ji is the normalized duality mapping from Xi into X∗
i .

The last inequality implies that for each i ∈ Γ,

∥xi − x̃i − (gi(xi)− gi(x̃i))∥i ≤
√
1− 2ki + 64Ciδ2i ∥xi − x̃i∥i.(3.10)

Substituting (3.7)–(3.10) into (3.6), we derive for each i ∈ Γ that

∥Nλi
(x1, x2, . . . , xp)−Nλi

(x̃1, x̃2, . . . , x̃p)∥i

≤
(√

1− 2ki + 64Ciδ2i + ξi +
τi
γi
(ϱiδi + λiδi)

)
∥xi − x̃i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥xj − x̃j∥j

= ϑi∥xi − x̃i∥i +
τiλi

γi

∑
j∈Γ\{i}

σi,j∥xj − x̃j∥j ,

(3.11)

where for each i ∈ Γ,

ϑi =
√

1− 2ki + 64Ciδ2i + ξi +
τi
γi
(ϱiδi + λiςi).

Let us now define a norm ∥.∥∗ on
∏p

i=1Xi by

∥(x1, x2, . . . , xp)∥∗ =
p∑

i=1

∥xi∥i, ∀(x1, x2, . . . , xp) ∈
p∏

i=1

Xi.(3.12)

It can be easily seen that (
∏p

i=1Xi, ∥.∥∗) is a Banach space. Then, recalling (3.6)
and (3.11), we conclude that

∥Mλ1,λ2,...,λp(x1, . . . , xp)−Mλ1,λ2,...,λp(x̃1, x̃2, . . . , x̃p)∥∗

=

p∑
i=1

∥Nλi
(x1, x2, . . . , xp)−Nλi

(x̃1, x̃2, . . . , x̃p)∥i

≤
p∑

i=1

(
ϑi∥xi − x̃i∥i +

τiλi

γi

∑
j∈Γ\{i}

σi,j∥xj − x̃j∥j
)

(3.13)

= (ϑ1 +

p∑
k=2

τkλk

γk
σk,1)∥x1 − x̃1∥1

+ (ϑ2 +
∑

k∈Γ\{2}

τkλk

γk
σk,2)∥x2 − x̃2∥2

+ · · ·+ (ϑp +

p−1∑
k=1

τkλk

γk
σk,p)∥xp − x̃p∥p
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≤ θ

p∑
i=1

∥xi − x̃i∥i = θ∥(x1, x2, . . . , xp)− (x̃1, x̃2, . . . , x̃p)∥∗,

where

θ = max
{
ϑi +

∑
k∈Γ\{i}

τkλk

γk
σk,i : i = 1, 2, . . . , p}.

Evidently, (3.3) ensures that 0 ≤ θ < 1 and so from (3.2) it follows that Mλ1,λ2,...,λp

is a contraction mapping. The Banach fixed point theorem guarantees the existence
of a unique point (x̄1, x̄2, . . . , x̄p) ∈

∏p
i=1Xi such that

Mλ1,λ2,...,λp(x̄1, x̄2, . . . , x̄p) = (x̄1, x̄2, . . . , x̄p).

Then, making use of (3.4) and (3.5), we infer that for i = 1, 2, . . . , p,

gi(x̄i) = R
∂ηiφi(.,x̄i)

λi,Pi
[(Pi ◦ gi)(x̄i)− λi(Ti(x̄1, x̄2, . . . , x̄p)− Fi(x̄i))].

Now, Lemma 3.1 implies that (x̄1, x̄2, . . . , x̄p) ∈
∏p

i=1Xi is a unique solution of the
SGNVLI (3.1). This completes the proof. □

It is known that nonexpansive mapping is that which has Lipschitz’s constant
equal to 1. In other words, for a given real normed space X with a norm ∥.∥, a
mapping T : X → X is called nonexpansive if ∥T (x) − T (y)∥ ≤ ∥x − y∥ for all
x, y ∈ X. As we know, fixed point theory is an immensely active area of research
due to its applications in multiple fields. In fact, it consists of many fields of math-
ematics such as mathematical analysis, general topology and functional analysis.
Since 1965 considerable efforts have been aimed to study the fixed point theory for
nonexpansive mappings in the setting of different spaces. At the same time, because
of the existence of a strong connection between the classes of monotone and accre-
tive mappings, and the class of nonexpansive mappings, the theory of nonexpansive
mappings has increasingly received much attentions, and has been greatly extended
and generalized in different contexts. For example, in 1972, Goebel and Kirk [27]
succeeded to introduce the class of asymptotically nonexpansive mappings as an
interesting generalization of the class of nonexpansive mappings as follows.

Definition 3.8 ( [27]). The mapping T : X → X is said to be asymptotically
nonexpansive if, there exists a sequence {an} ⊂ (0,+∞) with limn→∞ an = 0 such
that for each n ∈ N,

∥Tn(x)− Tn(y)∥ ≤ (1 + an)∥x− y∥, ∀x, y ∈ X.

Equivalently, we say that T is asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,+∞) with limn→∞ kn = 1 such that for each n ∈ N,

∥Tn(x)− Tn(y)∥ ≤ kn∥x− y∥, ∀x, y ∈ X.

The introduction of the notion of total asymptotically nonexpansive mapping was
first made by Alber et al. [6] in 2006 in order to present a unifying framework for
generalized nonexpansive mappings existing in the literature and to prove a general
convergence theorem applicable to all these classes of mappings as follows.
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Definition 3.9 ([6]). A mapping T : X → X is said to be total asymptotically
nonexpansive (also referred to as ({an}, {bn}, ϕ)-total asymptotically nonexpansive)
if, there exist nonnegative real sequences {an} and {bn} with an, bn → 0 as n → ∞
and a strictly increasing continuous function ϕ : R+ → R+ with ϕ(0) = 0 such that
for all x, y ∈ X,

∥Tn(x)− Tn(y)∥ ≤ ∥x− y∥+ anϕ(∥x− y∥) + bn, ∀n ∈ N.

It is important to emphasize that under some suitable conditions and using a
modified Mann iteration process, the iterative approximation of fixed points of total
asymptotically nonexpansive mappings is also studied in [6]. It is noteworthy that,
in particular, every asymptotically nonexpansive mapping is total asymptotically
nonexpansive with bn = 0 (or equivalently bn = 0 and an = kn − 1) for all n ∈ N
and ϕ(t) = t for all t ≥ 0, but the converse need not be true. The following example
shows that the class of total asymptotically nonexpansive mappings is broader than
the class of asymptotically nonexpansive mappings.

Example 3.10. For 1 ≤ p < ∞, consider the classical space

lp =
{
x = {xn}n∈N :

∞∑
n=1

|xn|p < ∞, xn ∈ F = R or C
}
,

consisting of all p-power summable sequences, with the p-norm ∥.∥p defined on it
by

∥x∥p = (
∞∑
n=1

|xn|p)
1
p , ∀x = {xn}n∈N ∈ lp.

Suppose further that B denote the closed unit ball in the Banach space lp and
consider X := [0, ς]×B, where ς ∈ (0, 1] is an arbitrary real constant. Furthermore,
let the mapping T : X → X be defined by

T (u, x) =

{
γ(u, x̃), if u ∈ [0, ς),
(0, γx̃), if u = ς,

where

x̃ = (0, 0, . . . , 0︸ ︷︷ ︸
m times

, α|x1|λ1 , 0, α sinq1 |x2|, 0, α|x3|λ2 , 0, α sinq2 |x4|,

. . . , α|xk|
λ k+1

2 , 0, α sin
q k+1

2 |xk+1|, 0, αxk+2, 0, αxk+3, . . . ),

α, γ ∈ (0, 1) are arbitrary constants, k is an arbitrary but fixed odd natural number,
and m ≥ k+1 and λi, qi ∈ N\{1} (i = 1, 2, . . . , k+1

2 ) are arbitrary but fixed natural
numbers. In fact, x̃ = {x̃n}∞n=1, where x̃i = 0 for all 1 ≤ i ≤ m, x̃m+2i = 0 for all
i ∈ N,

x̃m+2i−1 =

{
α|xi|

λ i+1
2 , if i ∈ {2s− 1|s = 1, 2, . . . , k+1

2 },
α sin

q i
2 |xi|, if i ∈ {2s|s = 1, 2, . . . , k+1

2 },

and x̃m+2i−1 = αxi for all i ≥ k+2. It is plain that the mapping T is discontinuous
at the points (ς, x) for all x ∈ B. This fact implies that T is not Lipschitzian and so
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it is not an asymptotically nonexpansive mapping. For all (u, x), (v, y) ∈ [0, ς)×B,
we obtain

∥T (u, x)− T (v, y)∥X = ∥γ
(
u− v, x̃− ỹ)∥X

= ∥γ
(
u− v, (0, 0, . . . , 0︸ ︷︷ ︸

m times

, α(|x1|λ1 − |y1|λ1), 0, α(sinq1 |x2| − sinq1 |y2|), 0,

α(|x3|λ2 − |y3|λ2), 0, α(sinq2 |x4| − sinq2 |y4|), . . . , 0, α(|xk|
λ k+1

2 − |yk|
λ k+1

2 ), 0,

α(sin
q k+1

2 |xk+1| − sin
q k+1

2 |yk+1|), 0, α(xk+2 − yk+2), 0, α(xk+3 − yk+3), . . . )
)
∥X

= γ
(
|u− v|+

(
αp

k+1
2∑

i=1

∣∣|x2i−1|λi − |y2i−1|λi
∣∣p

+ αp

k+1
2∑

i=1

∣∣ sinqi |x2i| − sinqi |y2i|
∣∣p + αp

∞∑
i=k+2

|xi − yi|p
) 1

p
)

(3.14)

≤ |u− v|+ α
( k+1

2∑
i=1

( λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1
)p|x2i−1 − y2i−1|p

+

k+1
2∑

i=1

( qi∑
r=1

|x2i|qi−r|y2i|r−1
)p|x2i − y2i|p +

∞∑
i=k+2

|xi − yi|p
) 1

p
)
.

Since x, y ∈ B, it follows that 0 ≤ |x2i−1|λi−j , |y2i−1|j−1 ≤ 1 for each j ∈
{1, 2, . . . , λi}, and 0 ≤ |x2i|qi−r, |y2i|r−1 ≤ 1 for each r ∈ {1, 2, . . . , qi} and i ∈
{1, 2, . . . , k+1

2 }. These facts imply that 0 ≤
∑λi

j=1 |x2i−1|λi−j |y2i−1|j−1 ≤ λi and

0 ≤
∑qi

r=1 |x2i|qi−r|y2i|r−1 ≤ qi for each i ∈ {1, 2, . . . , k+1
2 }. Then, making use of

(3.14) we conclude that for all (u, x), (v, y) ∈ [0, ς)×B,

∥T (u, x)− T (v, y)∥X

≤ |u− v|+ α
(
max

{( λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1
)p
,

( qi∑
r=1

|x2i|qi−r|y2i|r−1
)p
, 1 : i = 1, 2, . . . ,

k + 1

2

} ∞∑
i=1

|xi − yi|p
) 1

p

= |u− v|+ αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,(3.15)

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}( ∞∑
i=1

|xi − yi|p
) 1

p

= |u− v|+ αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,
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qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p.

If u ∈ [0, ς) and v = ς, then in a similar fashion to the preceding analysis, in virtue
of the fact that 0 < |u− v| ≤ ς ≤ 1, one can show that

∥T (u, x)− T (v, y)∥X = ∥γ(u, x̃)− (0, γỹ)∥X = γ∥(u, x̃− ỹ)∥X

≤ γ
(
|u|+ αmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}∥∥x− y∥p
)

= γ
(
u+ αmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}∥∥x− y∥p
)

≤ γ
(
1 + αmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}∥∥x− y∥p
)

< |u− v|+ αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p + γ.

(3.16)

If u = v = ς, then by the same arguments as used in (3.14)-(3.16), it follows that
for all x ∈ B,

∥T (u, x)− T (v, y)∥X = ∥(0, γx̃)− (0, γỹ)∥X = γ∥(0, x̃− ỹ)∥X

= γαmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}∥∥x− y∥p

≤ |u− v|+ αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p + γ.

(3.17)
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Making use of (3.15)-(3.17), for all (u, x), (v, y) ∈ X, we yield

∥T (u, x)− T (v, y)∥X ≤ |u− v|+ αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}∥∥x− y∥p + γ

≤ |u− v|+ ∥x− y∥p + αmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
(|u− v|+ ∥x− y∥p)

+ γ.

For all n ≥ 2 and (u, x) ∈ [0, ς)×B, we have

Tn(u, x) = γn
(
u, ( 0, 0, . . . , 0︸ ︷︷ ︸

(2n−1)m times

, αn|x1|λ1 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αn sinq1 |x2|, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

,

αn|x3|λ2 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αn sinq2 |x4|, . . . , αn|xk|
λ k+1

2 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

,

αn sin
q k+1

2 |xk+1|, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αnxk+2, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αnxk+3, . . . )
)
.

Then, for all (u, x), (v, y) ∈ [0, ς) × B and n ≥ 2, by using the same arguments as
for (3.14) and (3.15), one can prove that

∥Tn(u, x)− Tn(v, y)∥X ≤ |u− v|+ αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p.

(3.18)

If u ∈ [0, ς) and v = ς, then for each x ∈ B and n ≥ 2, we have Tn(u, x) = γn(u, x̂)
and Tn(v, x) = (0, γnx̂) = γn(0, x̂), where

x̂ = ( 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1)m times

, αn|x1|λ1 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αn sinq1 |x2|, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

,

αn|x3|λ2 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αn sinq2 |x4|, . . . , αn|xk|
λ k+1

2 , 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

,

αn sin
q k+1

2 |xk+1|, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αnxk+2, 0, 0, . . . , 0︸ ︷︷ ︸
(2n−1) times

, αnxk+3, . . . ).
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Thanks to the fact that 0 < |u − v| ≤ ς ≤ 1, by an argument analogous to the
previous one, for all n ≥ 2 and x, y ∈ B, one can show that

∥Tn(u, x)− Tn(v, y)∥X

≤ γn
(
|u|+ αnmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p

)
≤ γn

(
ς + αnmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p

)
≤ γn(1 + αnmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p

)
≤ |u− v|+ αnmax

{ λi∑
j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p + γn.

(3.19)

For the case when u = v = ς, for all x ∈ B and n ≥ 2, we have Tn(u, x) = Tn(v, y) =
(0, γnx̂) = γn(0, x̂) and

∥Tn(u, x)− Tn(v, y)∥X ≤ γnαnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p

≤ |u− v|+ αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p

≤ |u− v|+ αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

(3.20)
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qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p + γn.

Relying on the fact that 0 < γ < 1, using (3.18)-(3.20), we deduce that for all
(u, x), (v, y) ∈ X and n ≥ 2,

∥Tn(u, x)− Tn(v, y)∥X

≤ |u− v|+ αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
∥x− y∥p + γn

≤ |u− v|+ ∥x− y∥p + αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
(|u− v|

+ ∥x− y∥p) + γn.

(3.21)

Employing (3.18) and (3.21) and taking into account that for each i ∈ {1, 2, . . . , k+1
2 },

0 ≤
∑λi

j=1 |x2i−1|λi−j |y2i−1|j−1 ≤ λi and 0 ≤
∑qi

r=1 |x2i|qi−r|y2i|r−1 ≤ qi, it follows

that for all (u, x), (v, y) ∈ X and n ∈ N,
∥Tn(u, x)− Tn(v, y)∥X

≤ |u− v|+ ∥x− y∥p + αnmax
{ λi∑

j=1

|x2i−1|λi−j |y2i−1|j−1,

qi∑
r=1

|x2i|qi−r|y2i|r−1, 1 : i = 1, 2, . . . ,
k + 1

2

}
(|u− v|+ ∥x− y∥p) + γn

≤ ∥(u, x)− (v, y)∥X + αnθ∥(u, x)− (v, y)∥X + γn,

(3.22)

where θ = max{λi, qi : i = 1, 2, . . . , k+1
2 }. Taking µn = αn and bn = γn for each

n ∈ N, we have bn, µn → 0 as n → ∞ because α, γ ∈ (0, 1).
Let us now define the mapping ϕ : [0,+∞) → [0,+∞) as ϕ(t) = θt for all

t ∈ [0,+∞). Then, using (3.22), for all (u, x), (v, y) ∈ X and n ∈ N, we obtain

∥Tn(u, x)− Tn(v, y)∥X ≤ ∥(u, x)− (v, y)∥X + µnϕ(∥(u, x)− (v, y)∥X) + bn,

which means that T is an ({αn}, {γn}, ϕ)-total asymptotically nonexpansive map-
ping.

Lemma 3.11. Let, for each i ∈
{
1, 2 . . . , p}, Xi be a real Banach space with a

norm ∥.∥i, and let Si : Xi → Xi be an
(
{an,i}∞n=1, {bn,i}∞n=1, ϕi

)
-total asymptotically

nonexpansive mapping. Suppose further that Q and ϕ are self-mappings of
∏p

i=1Xi

and R+, respectively, defined by

Q(x1, x2, . . . , xp) = (S1x1, S2x2, . . . , Spxp),(3.23)
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for all (x1, x2, . . . , xp) ∈
∏p

i=1Xi and

ϕ(t) = max{ϕi(t) : i = 1, 2, . . . , p}, ∀t ∈ R+.(3.24)

Then Q is a
(
{
∑p

i=1 an,i}∞n=1, {
∑p

i=1 bn,i}∞n=1, ϕ
)
-total asymptotically nonexpan-

sive mapping.

Proof. Since for each i ∈
{
1, 2, . . . , l

}
, Si is an

(
{an,i}∞n=1, {bn,i}∞n=1, ϕi

)
-total asymp-

totically nonexpansive mapping and ϕi : R+ → R+ is a strictly increasing function,
for all (x1, x2, . . . , xp), (y1, y2, . . . , yp) ∈

∏p
i=1Xi and n ∈ N, yields

∥Qn(x1, x2, . . . , xp)−Qn(y1, y2, . . . , yp)∥∗
= ∥(Sn

1 x1, S
n
2 x2, . . . , S

n
p xp)− (Sn

1 y1, S
n
2 y2, . . . , S

n
p yp)∥∗

= ∥(Sn
1 x1 − Sn

1 y1, S
n
2 x2 − Sn

2 y2, . . . , S
n
p xp − Sn

p yp)∥∗

=

p∑
i=1

∥Sn
i xi − Sn

i yi∥i

≤
p∑

i=1

(
∥xi − yi∥i + an,iϕi(∥xi − yi∥i) + bn,i

)
≤

p∑
i=1

∥xi − yi∥i +
p∑

i=1

an,iϕ(∥xi − yi∥i) +
p∑

i=1

bn,i

≤
p∑

i=1

∥xi − yi∥i +
p∑

i=1

an,iϕ(

p∑
j=1

∥xj − yj∥j) +
p∑

i=1

bn,i

= ∥(x1, x2, . . . , xp)− (y1, y2, . . . , yp)∥∗

+

p∑
i=1

an,iϕ(∥(x1, x2, . . . , xp)− (y1, y2, . . . , yp)∥∗) +
p∑

i=1

bn,i,

(3.25)

where ∥.∥∗ is a norm on
∏p

i=1Xi defined by (3.12). Clearly, (3.25) gives the desired
result. □

4. Iterative algorithm and convergence theorem

For each i ∈ Γ = {1, 2, . . . , p}, let Xi be a real reflexive Banach space with the
norm ∥.∥i and dual space X∗

i , and Si : Xi → Xi be an ({an,i}∞n=1, {bn,i}∞n=1, ϕi)-total
asymptotically nonexpansive mapping. Assume further that Q is a self-mapping of∏p

i=1Xi defined by (3.23). Denote by Fix(Si) (i = 1, 2, . . . , p) and Fix(Q), respec-
tively, the sets of all the fixed points of Si (i = 1, 2, . . . , p) and Q. Furthermore,
denote the set of all the solutions of SGNVLI (3.1) by ΦSGNVLI. Then, using (3.23),
we deduce that for any (x1, x2, . . . , xp) ∈

∏p
j=1Xj , (x1, x2, . . . , xp) ∈ Fix(Q) if and

only if xi ∈ Fix(Si) for each i ∈ Γ, i.e., Fix(Q) = Fix(S1, S2, . . . , Sp) =
∏p

i=1 Fix(Si).
If (x̄1, x̄2, . . . , x̄p) ∈ Fix(Q)∩ΦSGNVLI, then from Lemma 3.1 it follows that for each
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n ∈ N,

x̄i = Sn
i x̄i = x̄i − gi(x̄i) +R

∂ηiφi(.,x̄i)

λi,Pi
[(Pi ◦ gi)(x̄i)

− λi(Ti(x̄1, x̄2, . . . , x̄p)− Fi(x̄i))]

= Sn
i

(
x̄i − gi(x̄i) +R

∂ηiφi(.,x̄i)

λi,Pi
[(Pi ◦ gi)(x̄i)

− λi(Ti(x̄1, x̄2, . . . , x̄p)− Fi(x̄i))]
)
.

(4.1)

In the light of the fixed point formulation (4.1), we are able to construct the following
perturbed q-step iterative algorithm with mixed errors for finding a common element
of the two sets of Fix(Q) = Fix(S1, S2, . . . , Sp) and ΦSGNVLI.

Algorithm 4.1. Let Xi, Fi, Ti, φi, ηi, Pi, gi, hi (i = 1, 2, . . . , p) be the same as in
Lemma 3.1 such that for each i ∈ Γ, gi(Xi) ⊆ dom(Pi). Assume further that
for each i ∈ Γ, Si : Xi → Xi is an ({an,i}∞n=0, {bn,i}∞n=0, ϕi)-total asymptotically
nonexpansive mapping. For any given (x0,1, x0,2, . . . , x0,p) ∈

∏p
i=1Xi, define the

iterative sequence {(xn,1, xn,2, . . . , xn,p)}∞n=0 in
∏p

i=1Xi by the iterative schemes

xn+1,i = (1− αn,1)xn,i + αn,1S
n
i

{
z
(1)
n,i − gi(z

(1)
n,i )

+R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

}
+αn,1e

(1)
n,i + r

(1)
n,i , i = 1, 2, . . . , p,

z
(j)
n,i = (1− αn,j+1)xn,i + αn,j+1S

n
i

{
z
(j+1)
n,i − gi(z

(j+1)
n,i )

+R
∂ηiφi(.,z

(j+1)
n,i )

λi,Pi
[Gi(z

(j+1)
n,1 , z

(j+1)
n,2 , . . . , z

(j+1)
n,p )]

}
+αn,j+1e

(j+1)
n,i + r

(j+1)
n,i , j = 1, 2, . . . , q − 2,

z
(q−1)
n,i = (1− αn,q)xn,i + αn,qS

n
i

{
xn,i − gi(xn,i)

+R
∂ηiφi(.,xn,i)

λi,Pi
[Gi(xn,1, xn,2, . . . , xn,p)]

}
+αn,qe

(q)
n,i + r

(q)
n,i , i = 1, 2, . . . , p,

(4.2)

where for i = 1, 2, . . . , p; j = 1, 2, . . . , q − 1 and for all n ∈ N ∪ {0},{
Gi(z

(j)
n,1, z

(j)
n,2, . . . , z

(j)
n,p) = (Pi ◦ gi)(z(j)n,i)− λi(Ti(z

(j)
n,1, z

(j)
n,2, . . . , z

(j)
n,p)− Fi(z

(j)
n,i)),

Gi(xn,1, xn,2, . . . , xn,p) = (Pi ◦ gi)(xn,i)− λi(Ti(xn,1, xn,2, . . . , xn,p)− Fi(xn,i)),

λi > 0 (i = 1, 2, . . . p) are p constants, {αn,j}∞n=0 (j = 1, 2, . . . , q) are q sequences in

[0, 1] such that
∑∞

n=0

∏q
j=1 αn,j = ∞, and {e(j)n,i}∞n=0, {r

(j)
n,i}∞n=0 (i = 1, 2, . . . , p; j =

1, 2, . . . , q) are 2pq sequences to take into account a possible inexact computation
of the proximal-point mapping point satisfying the following conditions: For j =

1, 2, . . . , q, {(e(j)n,1, e
(j)
n,2, . . . , e

(j)
n,p)}∞n=0 and {(r(j)n,1, r

(j)
n,2, . . . , r

(j)
n,p)}∞n=0 are 2q in

∏p
i=1Xi

such that for all n ≥ 0, i = 1, 2, . . . , p and j = 1, 2, . . . , q,
e
(j)
n,i = e

′(j)
n,i + e

′′(j)
n,i ,

limn→∞ ∥(e′(j)n,1 , e
′(j)
n,2 , . . . , e

′(j)
n,p )∥∗ = 0,∑∞

n=0 ∥(e
′′(j)
n,1 , e

′′(j)
n,2 , . . . , e

′′(j)
n,p )∥∗ < ∞,∑∞

n=0 ∥(r
(j)
n,1, r

(j)
n,2, . . . , r

(j)
n,p)∥∗ < ∞.

(4.3)
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If for each i ∈ Γ, Si ≡ Ii, the identity mapping on Xi, q = 1, e
(1)
n,i = en,i, r

(1)
n,i = rn,i

and αn,1 = αn for all n ≥ 0, then Algorithm 4.1 collapses to the following iterative
algorithm.

Algorithm 4.2. Let Xi, Fi, Ti, φi, ηi, Pi, gi, hi (i = 1, 2, . . . , p) be the same as in
Lemma 3.1 such that for each i ∈ Γ, gi(Xi) ⊆ dom(Pi). For any given (x0,1, x0,2, . . . , x0,p) ∈∏p

i=1Xi, compute the iterative sequence {(xn,1, xn,2, . . . , xn,p)}∞n=0 in
∏p

i=1Xi in the
following way:

xn+1,i = (1− αn)xn,i + αn

{
xn,i − gi(xn,i)

+R
∂ηiφi(.,xn,i)

λi,Pi
[Gi(xn,1, xn,2, . . . , xn,p)]

}
+ αnen,i + rn,i, i = 1, 2, . . . , p,

where n = 0, 1, 2, . . . ; λi > 0 (i = 1, 2, . . . , p) are p constants, {αn}∞n=0 is a sequence
in [0, 1] such that

∑∞
n=0 αn = ∞, and for each i ∈ Γ, {en,i}∞n=0 and {rn,i}∞n=0 are

two sequences in Xi, to take into account a possible inexact computation of the
proximal-point mapping point satisfying the following conditions:

en,i = e′n,i + e′′n,i,

limn→∞ ∥(e′n,1, e′n,2, . . . , e′n,p)∥∗ = 0,∑∞
n=0 ∥(e′′n,1, e′′n,2, . . . , e′′n,p)∥∗ < ∞,∑∞
n=0 ∥(rn,1, rn,2, . . . , rn,p)∥∗ < ∞.

Before dealing with the convergence analysis of Algorithm 4.1 for computation
of a common element of the two sets of Fix(Q) and ΦSGNVLI, we need to recall the
following lemma.

Lemma 4.3. Let {an}, {bn} and {cn} be three nonnegative real sequences satisfying
the following conditions: there exists a natural number n0 such that

an+1 ≤ (1− tn)an + bntn + cn, ∀n ≥ n0,

where tn ∈ [0, 1],
∑∞

n=0 tn = ∞, limn→∞ bn = 0 and
∑∞

n=0 cn < ∞.
Then limn→∞ an = 0.

Proof. The proof follows directly from Lemma 2 in [34]. □
Theorem 4.4. Let Xi, Fi, Ti, Pi, φi, ηi, gi, hi (i = 1, 2, . . . , p) be the same as in
Theorem 3.7 and let all the conditions of Theorem 3.7 hold. Suppose that for each i ∈
Γ, Si : Xi → Xi is an ({an,i}∞n=0, {bn,i}∞n=0, ϕi)-total asymptotically nonexpansive
mapping and Q is a self-mapping of

∏p
i=1Xi defined by (3.23) such that Fix(Q) ∩

ΦSGNVLI ̸= ∅. Moreover, let there exists a constant α > 0 such that
∏q

j=1 αn,j ≥ α

for all n ∈ N∪{0}. Then, the iterative sequence {(xn,1, xn,2, . . . , xn,p)}∞n=0 generated
by Algorithm 4.1 converges strongly to the only element (x̄1, x̄2, . . . , x̄p) of Fix(Q)∩
ΦSGNVLI.

Proof. In view of the fact that all the conditions of Theorem 3.7 hold, the existence
of a unique solution (x̄1, x̄2, . . . , x̄p) ∈

∏p
i=1Xi for the SGNVLI (3.1) ensures by

Theorem 3.7. Then from Lemma 3.1 it follows that for i = 1, 2, . . . , p,

x̄i = x̄i − gi(x̄i) +R
∂ηiφi(.,x̄i)

λi,Pi
[(Pi ◦ gi)(x̄i)

− λi(Ti(x̄1, x̄2, . . . , x̄p)− Fi(x̄i))].
(4.4)
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Since ΦSGNVLI is a singleton set and Fix(Q) ∩ ΦSGNVLI ̸= ∅, we deduce that x̄i ∈
Fix(Si) for i = 1, 2, . . . , p. In the light of this fact, (4.4) can be written as follows:

x̄i = (1− αn,j)x̄i + αn,jS
n
i

{
x̄i − gi(x̄i)

+R
∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]

}
,

(4.5)

where for j = 1, 2, . . . , q, the sequences {αn,j}∞n=0 are the same as in Algorithm 4.1
and for i = 1, 2, . . . , p,

Gi(x̄1, x̄2, . . . , x̄p) = (Pi ◦ gi)(x̄i)− λi(Ti(x̄1, x̄2, . . . , x̄p)− Fi(x̄i)).

Making use of (4.2), (4.5), Theorem 2.11 and the assumptions, for each i ∈ Γ and
n ≥ 0, yields

∥xn+1,i − x̄i∥i = ∥(1− αn,1)xn,i + αn,1S
n
i

{
z
(1)
n,i − gi(z

(1)
n,i )

+R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

}
+ αn,1e

(1)
n,i + r

(1)
n,i −

(
(1− αn,1)x̄i + αn,1S

n
i

{
x̄i − gi(x̄i)

+R
∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]

})
∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1∥Sn
i

{
z
(1)
n,i − gi(z

(1)
n,i )

+R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

}
− Sn

i

{
x̄i − gi(x̄i) +R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]

}
∥i

+ αn,1∥e(1)n,i∥i + ∥r(1)n,i∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − gi(z

(1)
n,i )

+R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

−
(
x̄i − gi(x̄i) +R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]

)
∥i

+ an,iϕi

(
∥z(1)n,i − gi(z

(1)
n,i ) +R

∂ηiφi(.,z
(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

−
(
x̄i − gi(x̄i) +R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]

)
∥i
)

+ bn,i
)
+ αn,1∥e(1)n,i∥i + ∥r(1)n,i∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ∥R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

−R
∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]∥i

+ an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ∥R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]

−R
∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]∥i

)
+ bn,i

)
+ αn,1∥e(1)n,i∥i + ∥r(1)n,i∥i

(4.6)
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≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ∥R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]−R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]∥i

+ ∥R∂ηiφi(.,x̄i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]−R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]∥i

+ an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ∥R
∂ηiφi(.,z

(1)
n,i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]−R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]∥i

+ ∥R∂ηiφi(.,x̄i)

λi,Pi
[Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)]−R

∂ηiφi(.,x̄i)

λi,Pi
[Gi(x̄1, x̄2, . . . , x̄p)]∥i

)
+ bn,i

)
+ αn,1(∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i) + ∥r(1)n,i∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi
∥Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)−Gi(x̄1, x̄2, . . . , x̄p)∥i

+ an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i + ξi∥z(1)n,i − x̄i∥i

+
τi
γi
∥Gi(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)−Gi(x̄1, x̄2, . . . , x̄p)∥i

)
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i

+ λi∥Ti(z
(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)− Ti(x̄1, x̄2, . . . , x̄p)∥i + λi∥Fi(z

(1)
n,i )− Fi(x̄i)∥i

)
+ an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i + ξi∥z(1)n,i − x̄i∥i

+
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i

+ λi∥Ti(z
(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,p)− Ti(x̄1, x̄2, . . . , x̄p)∥i

+ λi∥Fi(z
(1)
n,i )− Fi(x̄i)∥i

))
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i

≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i

+ λi

(
∥Ti(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, z
(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ ∥Ti(x̄1, z
(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, x̄2, . . . , z
(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ · · ·+ ∥Ti(x̄1, x̄2, . . . , x̄i−1, x̄i, x̄i+1, . . . , x̄p−1, z
(1)
n,p)

− Ti(x̄1, x̄2, . . . , x̄i−1, x̄i, x̄i+1, . . . , x̄p−1, x̄p)∥i
)

+ λi∥Fi(z
(1)
n,i )− Fi(x̄i)∥i

)
+ an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i
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+ λi

(
∥Ti(z

(1)
n,1, z

(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, z
(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ ∥Ti(x̄1, z
(1)
n,2, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, x̄2, . . . , z
(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ · · ·+ ∥Ti(x̄1, x̄2, . . . , x̄i−1, x̄i, x̄i+1, . . . , x̄p−1, z
(1)
n,p)

− Ti(x̄1, x̄2, . . . , x̄i−1, x̄i, x̄i+1, . . . , x̄p−1, x̄p)∥i
)

+ λi∥Fi(z
(1)
n,i )− Fi(x̄i)∥i

))
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i

= (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i

+ λi

∑
j∈Γ\{i}

∥Ti(x̄1, x̄2, . . . , x̄j−1, z
(1)
n,j , z

(1)
n,j+1, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, x̄2, . . . , x̄j−1, x̄j , z
(1)
n,j+1, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ λi∥Fi(z
(1)
n,i )− Fi(x̄i)∥i

)
an,iϕi

(
∥z(1)n,i − x̄i − (gi(z

(1)
n,i )− gi(x̄i))∥i

+ ξi∥z(1)n,i − x̄i∥i +
τi
γi

(
∥(Pi ◦ gi)(z(1)n,i )− (Pi ◦ gi)(x̄i)∥i

+ λi

∑
j∈Γ\{i}

∥Ti(x̄1, x̄2, . . . , x̄j−1, z
(1)
n,j , z

(1)
n,j+1, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)

− Ti(x̄1, x̄2, . . . , x̄j−1, x̄j , z
(1)
n,j+1, . . . , z

(1)
n,i−1, x̄i, z

(1)
n,i+1, . . . , z

(1)
n,p)∥i

+ λi∥Fi(z
(1)
n,i )− Fi(x̄i)∥i

))
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i.

By the arguments similar to those of proofs of (3.7)–(3.10), with the help of the
assumptions and (4.6), one can prove that for each i ∈ Γ and n ≥ 0,

∥xn+1,i − x̄i∥i ≤ (1− αn,1)∥xn,i − x̄i∥i + αn,1

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j + an,iϕi

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j
)
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i,

(4.7)

where for each i ∈ Γ, ϑi is the same as in (3.10). Employing (4.7), for all n ≥ 0 we
deduce that

∥(xn+1,1, xn+1,2, . . . , xn+1,p)− (x̄1, x̄2, . . . , x̄p)∥∗ =
p∑

i=1

∥xn+1,i − x̄i∥i
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≤
p∑

i=1

(
(1− αn,1)∥xn,i − x̄i∥i + αn,1

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j + an,iϕi

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j
)
+ bn,i

)
+ αn,1∥e′(1)n,i ∥i + ∥e′′(1)n,i ∥i + ∥r(1)n,i∥i

)
= (1− αn,1)

p∑
i=1

∥xn,i − x̄i∥i + αn,1

( p∑
i=1

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j
)
+

p∑
i=1

an,iϕi

(
ϑi∥z(1)n,i − x̄i∥i

+
τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j
)
+

p∑
i=1

bn,i
)

+ αn,1

p∑
i=1

∥e′(1)n,i ∥i +
p∑

i=1

∥e′′(1)n,i ∥i +
p∑

i=1

∥r(1)n,i∥i

≤ (1− αn,1)

p∑
i=1

∥xn,i − x̄i∥i + αn,1

(
(ϑ1 +

p∑
k=2

τkλk

γk
σk,1)∥z

(1)
n,1 − x̄1∥1

+ (ϑ2 +
∑

k∈Γ\{2}

τkλk

γk
σk,2)∥z

(1)
n,2 − x̄2∥2 + · · ·+ (ϑp +

p−1∑
k=1

τkλk

γk
σk,p)∥z(1)n,p − x̄p∥p

+

p∑
i=1

an,iϕi

(
ϑi∥z(1)n,i − x̄i∥i +

τiλi

γi

∑
j∈Γ\{i}

σi,j∥z(1)n,j − x̄j∥j
)
+

p∑
i=1

bn,i
)

+ αn,1

p∑
i=1

∥e′(1)n,i ∥i +
p∑

i=1

∥e′′(1)n,i ∥i +
p∑

i=1

∥r(1)n,i∥i

≤ (1− αn,1)

p∑
i=1

∥xn,i − x̄i∥i + αn,1θ

p∑
i=1

∥z(1)n,i − x̄i∥i

+ αn,1

p∑
i=1

an,iϕ(θ

p∑
j=1

∥z(1)n,j − x̄j∥j) + αn,1

p∑
i=1

bn,i

+ αn,1

p∑
i=1

∥e′(1)n,i ∥i +
p∑

i=1

∥e′′(1)n,i ∥i +
p∑

i=1

∥r(1)n,i∥i

= (1− αn,1)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,1θ∥(z(1)n,1, z
(1)
n,2, . . . , z

(1)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,1

p∑
i=1

an,iϕ(θ∥(z(1)n,1, z
(1)
n,2, . . . , z

(1)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)
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+ αn,1

p∑
i=1

bn,i + αn,1∥(e′(1)n,1 , e
′(1)
n,2 , . . . , e

′(1)
n,p )∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗,

(4.8)

where ϕ is a self-mapping of R+ defined by (3.24) and θ is the same as in (3.13).
By following a similar argument as in the proof of (4.8), for j = 1, 2, . . . , q − 2,

we can show that

∥(z(j)n,1, z
(j)
n,2, . . . , z

(j)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

≤ (1− αn,j+1)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,j+1θ∥(z(j+1)
n,1 , z

(j+1)
n,2 , . . . , z(j+1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,j+1

p∑
i=1

an,iϕ(θ∥(z(j+1)
n,1 , z

(j+1)
n,2 , . . . , z(j+1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,j+1

p∑
i=1

bn,i + αn,j+1∥(e′(j+1)
n,1 , e

′(j+1)
n,2 , . . . , e′(j+1)

n,p )∥∗

+ ∥(e′′(j+1)
n,1 , e

′′(j+1)
n,2 , . . . , e′′(j+1)

n,p )∥∗ + ∥(r(j+1)
n,1 , r

(j+1)
n,2 , . . . , r(j+1)

n,p )∥∗

(4.9)

and

∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗
≤ (1− αn,q)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗
+ αn,qθ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,q

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,q

p∑
i=1

bn,i + αn,q∥(e′(q)n,1 , e
′(q)
n,2 , . . . , e

′(q)
n,p )∥∗

+ ∥(e′′(q)n,1 , e
′′(q)
n,2 , . . . , e′′(q)n,p )∥∗ + ∥(r(q)n,1, r

(q)
n,2, . . . , r

(q)
n,p)∥∗.

(4.10)

Applying (4.9) and (4.10), we conclude that for all n ≥ 0,

∥(z(1)n,1, z
(1)
n,2, . . . , z

(1)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

≤ (1− αn,2)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,2θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

bn,i + αn,2∥(e′(2)n,1 , e
′(2)
n,2 , . . . , e

′(2)
n,p )∥∗

+ ∥(e′′(2)n,1 , e
′′(2)
n,2 , . . . , e′′(2)n,p )∥∗ + ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗

≤ (1− αn,2)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗
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+ αn,2θ[(1− αn,3)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,3θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,3

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,3

p∑
i=1

bn,i + αn,3∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗

+ ∥(e′′(3)n,1 , e
′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + ∥(r(3)n,1, r

(3)
n,2, . . . , r

(3)
n,p)∥∗]

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

bn,i + αn,2∥(e′(2)n,1 , e
′(2)
n,2 , . . . , e

′(2)
n,p )∥∗

+ ∥(e′′(2)n,1 , e
′′(2)
n,2 , . . . , e′′(2)n,p )∥∗ + ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗

= (1− αn,2 + αn,2(1− αn,3)θ)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,2αn,3θ
2∥(z(3)n,1, z

(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,2αn,3θ

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ (αn,2αn,3θ + αn,2)

p∑
i=1

bn,i + αn,2αn,3θ∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗

+ αn,2∥(e′(2)n,1 , e
′(2)
n,2 , . . . , e

′(2)
n,p )∥∗ + αn,2θ∥(e′′(3)n,1 , e

′′(3)
n,2 , . . . , e′′(3)n,p )∥∗

+ ∥(e′′(2)n,1 , e
′′(2)
n,2 , . . . , e′′(2)n,p )∥∗ + αn,2θ∥(r(3)n,1, r

(3)
n,2, . . . , r

(3)
n,p)∥∗

+ ∥(r(2)n,1, r
(2)
n,2, . . . , r

(2)
n,p)∥∗

≤ . . .

≤
(
1− αn,2 + αn,2(1− αn,3)θ + αn,2αn,3(1− αn,4)θ

2 + . . .

+

q−2∏
j=2

αn,j(1− αn,q−1)θ
q−3

)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q−1∏
j=2

αn,jθ
q−2∥(z(q−1)

n,1 , z
(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗

+

q−1∏
j=2

αn,jθ
q−3

p∑
i=1

an,iϕ(θ∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)
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+

q−2∏
j=2

αn,jθ
q−4

p∑
i=1

an,iϕ(θ∥(z(q−2)
n,1 , z

(q−2)
n,2 , . . . , z(q−2)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ · · ·+ αn,2αn,3θ

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+
( q−1∏
j=2

αn,jθ
q−3 +

q−2∏
j=2

αn,jθ
q−4 + · · ·+ αn,2αn,3θ + αn,2

) p∑
i=1

bn,i

+

q−1∏
j=2

αn,jθ
q−3∥(e′(q−1)

n,1 , e
′(q−1)
n,2 , . . . , e′(q−1)

n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−4∥(e′(q−2)

n,1 , e
′(q−2)
n,2 , . . . , e′(q−2)

n,p )∥∗

+ · · ·+ αn,2αn,3θ∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗ + αn,2∥(e′(2)n,1 , e

′(2)
n,2 , . . . , e

′(2)
n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(e′′(q−1)

n,1 , e
′′(q−1)
n,2 , . . . , e′′(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(e′′(q−2)

n,1 , e
′′(q−2)
n,2 , . . . , e′′(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(e′′(3)n,1 , e
′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + ∥(e′′(2)n,1 , e

′′(2)
n,2 , . . . , e′′(2)n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(r(q−1)

n,1 , r
(q−1)
n,2 , . . . , r(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(r(q−2)

n,1 , r
(q−2)
n,2 , . . . , r(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(r(3)n,1, r
(3)
n,2, . . . , r

(3)
n,p)∥∗ + ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗

≤
(
1− αn,2 + αn,2(1− αn,3)θ + αn,2αn,3(1− αn,4)θ

2 + . . .

+

q−2∏
j=2

αn,j(1− αn,q−1)θ
q−3

)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q−1∏
j=2

αn,jθ
q−2[(1− αn,q)∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ αn,qθ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗
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+ αn,q

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,q

p∑
i=1

bn,i + αn,q∥(e′(q)n,1 , e
′(q)
n,2 , . . . , e

′(q)
n,p )∥∗

+ ∥(e′′(q)n,1 , e
′′(q)
n,2 , . . . , e′′(q)n,p )∥∗ + ∥(r(q)n,1, r

(q)
n,2, . . . , r

(q)
n,p)∥∗]

+

q−1∏
j=2

αn,jθ
q−3

p∑
i=1

an,iϕ(θ∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−2∏
j=2

αn,jθ
q−4

p∑
i=1

an,iϕ(θ∥(z(q−2)
n,1 , z

(q−2)
n,2 , . . . , z(q−2)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ · · ·+ αn,2αn,3θ

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+
( q−1∏
j=2

αn,jθ
q−3 +

q−2∏
j=2

αn,jθ
q−4 + · · ·+ αn,2αn,3θ + αn,2)

p∑
i=1

bn,i

+

q−1∏
j=2

αn,jθ
q−3∥(e′(q−1)

n,1 , e
′(q−1)
n,2 , . . . , e′(q−1)

n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−4∥(e′(q−2)

n,1 , e
′(q−2)
n,2 , . . . , e′(q−2)

n,p )∥∗

+ · · ·+ αn,2αn,3θ∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗ + αn,2∥(e′(2)n,1 , e

′(2)
n,2 , . . . , e

′(2)
n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(e′′(q−1)

n,1 , e
′′(q−1)
n,2 , . . . , e′′(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(e′′(q−2)

n,1 , e
′′(q−2)
n,2 , . . . , e′′(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(e′′(3)n,1 , e
′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + ∥(e′′(2)n,1 , e

′′(2)
n,2 , . . . , e′′(2)n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(r(q−1)

n,1 , r
(q−1)
n,2 , . . . , r(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(r(q−2)

n,1 , r
(q−2)
n,2 , . . . , r(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(r(3)n,1, r
(3)
n,2, . . . , r

(3)
n,p)∥∗ + ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗
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=
(
1− αn,2 + αn,2(1− αn,3)θ + αn,2αn,3(1− αn,4)θ

2

+ · · ·+
q−1∏
j=2

αn,j(1− αn,q)θ
q−2 +

q∏
j=2

αn,jθ
q−1

)
∥(xn,1, xn,2, . . . , xn,p)

− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=2

αn,jθ
q−2

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

(4.11)

+

q−1∏
j=2

αn,jθ
q−3

p∑
i=1

an,iϕ(θ∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−2∏
j=2

αn,jθ
q−4

p∑
i=1

an,iϕ(θ∥(z(q−2)
n,1 , z

(q−2)
n,2 , . . . , z(q−2)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ · · ·+ αn,2αn,3θ

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+
( q∏
j=2

αn,jθ
q−2 +

q−1∏
j=2

αn,jθ
q−3 + · · ·+ αn,2αn,3θ + αn,2)

p∑
i=1

bn,i

+

q∏
j=2

αn,jθ
q−2∥(e′(q)n,1 , e

′(q)
n,2 , . . . , e

′(q)
n,p )∥∗

+

q−1∏
j=2

αn,jθ
q−3∥(e′(q−1)

n,1 , e
′(q−1)
n,2 , . . . , e′(q−1)

n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−4∥(e′(q−2)

n,1 , e
′(q−2)
n,2 , . . . , e′(q−2)

n,p )∥∗

+ · · ·+ αn,2αn,3θ∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗ + αn,2∥(e′(2)n,1 , e

′(2)
n,2 , . . . , e

′(2)
n,p )∥∗

+

q−1∏
j=2

αn,jθ
q−2∥(e′′(q)n,1 , e

′′(q)
n,2 , . . . , e′′(q)n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(e′′(q−1)

n,1 , e
′′(q−1)
n,2 , . . . , e′′(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(e′′(q−2)

n,1 , e
′′(q−2)
n,2 , . . . , e′′(q−2)

n,p )∥∗ + . . .

+ αn,2θ∥(e′′(3)n,1 , e
′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + ∥(e′′(2)n,1 , e

′′(2)
n,2 , . . . , e′′(2)n,p )∥∗
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+

q−1∏
j=2

αn,jθ
q−2∥(r(q)n,1, r

(q)
n,2, . . . , r

(q)
n,p)∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(r(q−1)

n,1 , r
(q−1)
n,2 , . . . , r(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(r(q−2)

n,1 , r
(q−2)
n,2 , . . . , r(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(r(3)n,1, r
(3)
n,2, . . . , r

(3)
n,p)∥∗ + ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗.

Using (4.8), (4.11) and in virtue of the fact that 0 < α ≤
∏q

j=1 αn,j , for all n ∈
N ∪ {0}, we obtain

∥(xn+1,1, xn+1,2, . . . , xn+1,p)− (x̄1, x̄2, . . . , x̄p)∥∗
≤ (1− αn,1)(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗
+ αn,1θ[1− αn,2 + αn,2(1− αn,3)θ + αn,2αn,3(1− αn,4)θ

2 + . . .

+

q−1∏
j=2

αn,j(1− αn,q)θ
q−2 +

q∏
j=2

αn,jθ
q−1

)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=2

αn,jθ
q−2

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∏
j=2

αn,jθ
q−3

p∑
i=1

an,iϕ(θ∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−2∏
j=2

αn,jθ
q−4

p∑
i=1

an,iϕ(θ∥(z(q−2)
n,1 , z

(q−2)
n,2 , . . . , z(q−2)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ · · ·+ αn,2αn,3θ

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,2

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+
( q∏
j=2

αn,jθ
q−2 +

q−1∏
j=2

αn,jθ
q−3 +

q−2∏
j=2

αn,jθ
q−4 + · · ·+ αn,2αn,3θ + αn,2)

p∑
i=1

bn,i

+

q∏
j=2

αn,jθ
q−2∥(e′(q)n,1 , e

′(q)
n,2 , . . . , e

′(q)
n,p )∥∗ +

q−1∏
j=2

αn,jθ
q−3∥(e′(q−1)

n,1 , e
′(q−1)
n,2 , . . . , e′(q−1)

n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−4∥(e′(q−2)

n,1 , e
′(q−2)
n,2 , . . . , e′(q−2)

n,p )∥∗ + · · ·+ αn,2αn,3θ∥(e′(3)n,1 , e
′(3)
n,2 , . . . , e

′(3)
n,p )∥∗
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+ αn,2∥(e′(2)n,1 , e
′(2)
n,2 , . . . , e

′(2)
n,p )∥∗ +

q−1∏
j=2

αn,jθ
q−2∥(e′′(q)n,1 , e

′′(q)
n,2 , . . . , e′′(q)n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(e′′(q−1)

n,1 , e
′′(q−1)
n,2 , . . . , e′′(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(e′′(q−2)

n,1 , e
′′(q−2)
n,2 , . . . , e′′(q−2)

n,p )∥∗

+ · · ·+ αn,2θ∥(e′′(3)n,1 , e
′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + ∥(e′′(2)n,1 , e

′′(2)
n,2 , . . . , e′′(2)n,p )∥∗

+

q−1∏
j=2

αn,jθ
q−1∥(r(q)n,1, r

(q)
n,2, . . . , r

(q)
n,p)∥∗ +

q−2∏
j=2

αn,jθ
q−3∥(r(q−1)

n,1 , r
(q−1)
n,2 , . . . , r(q−1)

n,p )∥∗

+

q−3∏
j=2

αn,jθ
q−4∥(r(q−2)

n,1 , r
(q−2)
n,2 , . . . , r(q−2)

n,p )∥∗ + · · ·+ αn,2θ∥(r(3)n,1, r
(3)
n,2, . . . , r

(3)
n,p)∥∗

+ ∥(r(2)n,1, r
(2)
n,2, . . . , r

(2)
n,p)∥∗] + αn,1

p∑
i=1

an,iϕ(θ∥(z(1)n,1, z
(1)
n,2, . . . , z

(1)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,1

b∑
i=1

bn,i + αn,1∥(e′(1)n,1 , e
′(1)
n,2 , . . . , e

′(1)
n,p )∥∗ + ∥(e′′(1)n,1 , e

′′(1)
n,2 , . . . , e′′(1)n,p )∥∗

+ ∥(r(1)n,1, r
(1)
n,2, . . . , r

(1)
n,p)∥∗

=
(
1− αn,1 + αn,1(1− αn,2)θ + αn,1αn,2(1− αn,3)θ

2 + αn,1αn,2αn,3(1− αn,4)θ
3 + . . .

+

q−1∏
j=1

αn,j(1− αn,q)θ
q−1 +

q∏
j=1

αn,jθ
q
)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∏
j=1

αn,jθ
q−2

p∑
i=1

an,iϕ(θ∥(z(q−1)
n,1 , z

(q−1)
n,2 , . . . , z(q−1)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−2∏
j=1

αn,jθ
q−3

p∑
i=1

an,iϕ(θ∥(z(q−2)
n,1 , z

(q−2)
n,2 , . . . , z(q−2)

n,p )− (x̄1, x̄2, . . . , x̄p)∥∗)

+ · · ·+ αn,1αn,2αn,3θ
2

p∑
i=1

an,iϕ(θ∥(z(3)n,1, z
(3)
n,2, . . . , z

(3)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+ αn,1αn,2θ

p∑
i=1

an,iϕ(θ∥(z(2)n,1, z
(2)
n,2, . . . , z

(2)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)
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+ αn,1

p∑
i=1

an,iϕ(θ∥(z(1)n,1, z
(1)
n,2, . . . , z

(1)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+
( q∏
j=1

αn,jθ
q−1 +

q−1∏
j=1

αn,jθ
q−2 +

q−2∏
j=1

αn,jθ
q−3 + · · ·+ αn,1αn,2αn,3θ

2

+ αn,1αn,2θ + αn,1)

p∑
i=1

bn,i +

q∏
j=1

αn,jθ
q−1∥(e′(q)n,1 , e

′(q)
n,2 , . . . , e

′(q)
n,p )∥∗

+

q−1∏
j=1

αn,jθ
q−2∥(e′(q−1)

n,1 , e
′(q−1)
n,2 , . . . , e′(q−1)

n,p )∥∗

+

q−2∏
j=2

αn,jθ
q−3∥(e′(q−2)

n,1 , e
′(q−2)
n,2 , . . . , e′(q−2)

n,p )∥∗

+ · · ·+ αn,1αn,2αn,3θ
2∥(e′(3)n,1 , e

′(3)
n,2 , . . . , e

′(3)
n,p )∥∗

+ αn,1αn,2θ∥(e′(2)n,1 , e
′(2)
n,2 , . . . , e

′(2)
n,p )∥∗ + αn,1∥(e′(1)n,1 , e

′(1)
n,2 , . . . , e

′(1)
n,p )∥∗

+

q−1∏
j=1

αn,jθ
q−1∥(e′′(q)n,1 , e

′′(q)
n,2 , . . . , e′′(q)n,p )∥∗

+

q−2∏
j=1

αn,jθ
q−2∥(e′′(q−1)

n,1 , e
′′(q−1)
n,2 , . . . , e′′(q−1)

n,p )∥∗

+

q−3∏
j=1

αn,jθ
q−3∥(e′′(q−2)

n,1 , e
′′(q−2)
n,2 , . . . , e′′(q−2)

n,p )∥∗

+ · · ·+ αn,1αn,2θ
2∥(e′′(3)n,1 , e

′′(3)
n,2 , . . . , e′′(3)n,p )∥∗ + αn,1θ∥(e′′(2)n,1 , e

′′(2)
n,2 , . . . , e′′(2)n,p )∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ +

q−1∏
j=1

αn,jθ
q−1∥(r(q)n,1, r

(q)
n,2, . . . , r

(q)
n,p)∥∗

+

q−2∏
j=1

αn,jθ
q−2∥(r(q−1)

n,1 , r
(q−1)
n,2 , . . . , r(q−1)

n,p )∥∗

+

q−3∏
j=1

αn,jθ
q−3∥(r(q−2)

n,1 , r
(q−2)
n,2 , . . . , r(q−2)

n,p )∥∗ + . . .

+ αn,1αn,2θ
2∥(r(3)n,1, r

(3)
n,2, . . . , r

(3)
n,p)∥∗ + αn,1θ∥(r(2)n,1, r

(2)
n,2, . . . , r

(2)
n,p)∥∗

+ ∥(r(1)n,1, r
(1)
n,2, . . . , r

(1)
n,p)∥∗

=
(
1− αn,1 + αn,1θ − αn,1αn,2θ + αn,1αn,2θ

2 − αn,1αn,2αn,3θ
2 + αn,1αn,2αn,3θ

3

− αn,1αn,2αn,3αn,4θ
3 + · · · −

q−1∏
j=1

αn,jθ
q−2 +

q−1∏
j=1

αn,jθ
q−1 −

q∏
j=1

αn,jθ
q−1
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+

q∏
j=1

αn,jθ
q
)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∑
k=1

k∏
j=1

αn,jθ
k−1

p∑
i=1

an,iϕ(θ∥(z(k)n,1, z
(k)
n,2, . . . , z

(k)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q∑
t=1

t∏
j=1

αn,jθ
t−1

p∑
i=1

bn,i +

q∑
i=1

i∏
j=1

αn,jθ
i−1∥(e′(i)n,1, e

′(i)
n,2, . . . , e

′(i)
n,p)∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗

≤
(
1− αn,1 + αn,1 − αn,1αn,2θ + αn,1αn,2θ − αn,1αn,2αn,3θ

2 + αn,1αn,2αn,3θ
2

− αn,1αn,2αn,3αn,4θ
3 + · · · −

q−1∏
j=1

αn,jθ
q−2 +

q−1∏
j=1

αn,jθ
q−2 −

q∏
j=1

αn,jθ
q−1

+

q∏
j=1

αn,jθ
q
)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∑
k=1

k∏
j=1

αn,jθ
k−1

p∑
i=1

an,iϕ(θ∥(z(k)n,1, z
(k)
n,2, . . . , z

(k)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q∑
t=1

t∏
j=1

αn,jθ
t−1

p∑
i=1

bn,i +

q∑
i=1

i∏
j=1

αn,jθ
i−1∥(e′(i)n,1, e

′(i)
n,2, . . . , e

′(i)
n,p)∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗
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=
(
1−

q∏
j=1

αn,jθ
q−1 +

q∏
j=1

αn,jθ
q
)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∑
k=1

k∏
j=1

αn,jθ
k−1

p∑
i=1

an,iϕ(θ∥(z(k)n,1, z
(k)
n,2, . . . , z

(k)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q∑
t=1

t∏
j=1

αn,jθ
t−1

p∑
i=1

bn,i +

q∑
i=1

i∏
j=1

αn,jθ
i−1∥(e′(i)n,1, e

′(i)
n,2, . . . , e

′(i)
n,p)∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗

=
(
1− θq−1(1− θ)

q∏
j=1

αn,j

)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∑
k=1

k∏
j=1

αn,jθ
k−1

p∑
i=1

an,iϕ(θ∥(z(k)n,1, z
(k)
n,2, . . . , z

(k)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q∑
t=1

t∏
j=1

αn,jθ
t−1

p∑
i=1

bn,i +

q∑
i=1

i∏
j=1

αn,jθ
i−1∥(e′(i)n,1, e

′(i)
n,2, . . . , e

′(i)
n,p)∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗

≤
(
1− θq−1(1− θ)

q∏
j=1

αn,j

)
∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗

+ θq−1(1− θ)

q∏
j=1

αn,j
∆n

θq−1(1− θ)α
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+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗

+ ∥(r(1)n,1, r
(1)
n,2, . . . , r

(1i)
n,p )∥∗,

(4.12)

where for each n ∈ N ∪ {0},

∆n =

q∏
j=1

αn,jθ
q−1

p∑
i=1

an,iϕ(θ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q−1∑
k=1

k∏
j=1

αn,jθ
k−1

p∑
i=1

an,iϕ(θ∥(z(k)n,1, z
(k)
n,2, . . . , z

(k)
n,p)− (x̄1, x̄2, . . . , x̄p)∥∗)

+

q∑
t=1

t∏
j=1

αn,jθ
t−1

p∑
i=1

bn,i +

q∑
i=1

i∏
j=1

αn,jθ
i−1∥(e′(i)n,1, e

′(i)
n,2, . . . , e

′(i)
n,p)∥∗.

Obviously, (4.3) ensures that for each i ∈ Γ,

lim
n→∞

∥(e′′(j)n,1 , e
′′(j)
n,2 , . . . , e′′(j)n,p )∥∗ = lim

n→∞
∥(r(j)n,1, r

(j)
n,2, . . . , r

(j)
n,p)∥∗ = 0.

Let us now take for each n ≥ 0,

an = ∥(xn,1, xn,2, . . . , xn,p)− (x̄1, x̄2, . . . , x̄p)∥∗,

µn = θq−1(1− θ)

q∏
j=1

αn,j , bn =
∆n

θq−1(1− θ)α
,

cn =

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(e′′(i)n,1 , e

′′(i)
n,2 , . . . , e

′′(i)
n,p )∥∗

+

q∑
i=2

i−1∏
j=1

αn,jθ
i−1∥(r(i)n,1, r

(i)
n,2, . . . , r

(i)
n,p)∥∗

+ ∥(e′′(1)n,1 , e
′′(1)
n,2 , . . . , e′′(1)n,p )∥∗ + ∥(r(1)n,1, r

(1)
n,2, . . . , r

(1)
n,p)∥∗.

Since limn→∞ ∥(e′(i)n,1, e
′(i)
n,2, . . . , e

′(i)
n,p)∥∗ = 0 and limn→∞ an,i = limn→∞ bn,i = 0 for

i = 1, 2, . . . , p, we observe that all the conditions of Lemma 4.3 are satisfied and
so Lemma 4.3 and (4.12) imply that limn→∞(xn,1, xn,2, . . . , xn,p) = (x̄1, x̄2, . . . , x̄p).
Thus, the iterative sequence {(xn,1, xn,2, . . . , xn,p)}∞n=0 generated by Algorithm 4.1
converges strongly to the only element (x̄1, x̄2, . . . , x̄p) of Fix(Q) ∩ ΦSGNVLI. The
proof is finished. □

We obtain the following corollary as a direct consequence of the above theorem
immediately.
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Corollary 4.5. Suppose that Xi, Fi, Ti, Pi, φi, ηi, gi, hi (i = 1, 2, . . . , p) are the same
as in Theorem 3.7 and all the conditions of Theorem 3.7 hold. Then, the iterative
sequence {(xn,1, xn,2, . . . , xn,p)}∞n=0 generated by Algorithm 4.2 converges strongly to
the unique solution (x̄1, x̄2, . . . , x̄p) of the SGNVLI (3.1).
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