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of v by N− (v) = N−
D (v) and N+ (v) = N+

D (v), respectively. And the closed in-

neighbourhood and closed out-neighbourhood of a vertex v ∈ V (D) are the sets

N−
D [v] = N−[v] = N−(v) ∪ {v} and N+

D [v] = N+[v] = N+(v) ∪ {v}, respectively.
For a set S ⊆ V , the set of in-neighbourhood and out-neighbourhood of S by

N− (S) = N−
D (S) \S = ∪v∈SN

−
D (v) \S and N+ (S) = N+

D (S) \S = ∪v∈SN
+
D (v) \S,

respectively. And the closed in-neighbourhood and closed out-neighbourhood of S

are the sets N−
D [S] = N−[S] = N− (S) ∪ S and N+

D [S] = N+[S] = N+ (S) ∪ S,

respectively. The private neighbourhood pn(v, S) of v ∈ S is defined by pn(v, S) =

N+(v)\N+ (S\{v}). Each vertex in pn(v, S) is called a private neighbour of v in S.

The in-degree and out-degree of a vertex v ∈ V (D) are denoted by d−D (v)

and d+D (v), respectively. The minimum in-degree, maximum in-degree, minimum

out-degree and maximum out-degree among the vertices of D are represented by

δ− (D) = δ−, ∆− (D) = ∆−, δ+ (D) = δ+ and ∆+ (D) = ∆+, respectively.

If X ⊆ V (D), then D[X] is the subdigraph induced by X. A subset S of vertices

of D is a domination set if N+[S] = V (D). The domination number γ (D) is the

minimum cardinality of a domination set of D. The domination number of D was

introduced by Fu [7]. For the detail contents we refer to [4–6]. A domination set S

of minimum cardinality is called a γ (D)-set of D. A Roman domination function

(for short, RDF) on a digraph D = (V,A) is a function f : V (D) → {0, 1, 2}
satisfying the condition that every vertex u for which f (u) = 0 has an in-neighbour

v for which f (v) = 2. The weight of f is ω (f) =
∑

v∈V f (v). In general, for a set

S ⊆ V , we define f (S) =
∑

v∈S f (v). So ω (f) = f (V ). The Roman domination

number γR (D) of D is the minimum weight of a Roman domination function of D.

In [10], Kamaraj and Jakkammal introduced the Roman domination in digraphs.

By f we can obtain the ordered partition (V0, V1, V2) of V , where Vi = {v ∈ V |
f (v) = i} and let |Vi| = ni, for i = 0, 1, 2. Note that there exists a bijection between

the function f : V (D) → {0, 1, 2} and the ordered partitions (V0, V1, V2) of D. So

we will write f = (V0, V1, V2). And we say that a function f = (V0, V1, V2) is a

γR-function if it is an RDF and f(V ) = γR(D). In this representation, the weight

ω (f) = |V1| + 2 |V2|. Since V1 ∪ V2 is a domination set when f is an RDF, and

since placing weight 2 at the vertices of a domination set yields an RDF, we have

γ (D) ≤ γR (D) ≤ 2γ (D). In [12], Sheikholeslami and Volkmann gave a few of

results on Roman domination.

If D is a digraph with γR (D) = 2γ (D), we call D is a Roman digraph.

The de Bruijn digraph DB (d, t) (t ≥ 2, d ≥ 2) is a directed pseudograph with the

vertex set

V (DB (d, t)) = {(x1x2 · · ·xt) |xi ∈ {0, 1, · · · , d− 1} for i = 1, 2, · · · , t}

and the arc set

A (DB(d, t)) = {((x1x2 · · ·xt), (y1y2 · · · yt)) |x2 = y1, x3 = y2, · · · , xt = yt−1}.
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The digraph DB (2, 3) is exhibited in Figure 1(a). Clearly, DB (d, 1) is the complete

digraph of order d with loop at every vertex. Since we have d choices for each of

the coordinates, the order of DB (d, t) is |V (DB (d, t))| = dt.

For t ≥ 2, the Kautz digraph DK (d, t) is obtained from DB (d+ 1, t) by deleting

all vertices of the form (x1x2 · · ·xt) such that xi = xi+1, for some i ∈ {1, 2, · · · , t−1}.
The digraph DK (2, 3) is exhibited in Figure 1(b). Clearly, DK (d, t) has no loops

and is a d-regular digraph. Since we have d + 1 choices for the first coordinate of

a vertex in DK (d, t) and d choices for each of the other coordinates, the order of

DK (d, t) is |V (DK (d, t))| = (d+1)dt−1 = dt+dt−1. The further results of de Bruijn

digraphs and Kautz digraphs were given by Araki in [3].
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Figure 1. (a): The de Bruijn digraph DB(2, 3); (b): The Kautz digraph DK(2, 3).

As two important types of internet topologies, de Bruijn and Kautz graphs have

many excellent properties such as low and constant diameter. In this paper, we

investigate the Roman domination and Roman digraphs of Kautz and generalized

Kautz digraphs and provide the Roman domination numbers of these two classes of

digraphs, respectively. While in a new paper, which is preprinted, we discuss the

Roman domination of de Bruijn graphs. To show our main results, we start with

the following proposition and lemmas.

Proposition 1.1. (Kamaraj and Jakkammal [5], 2022).

Let f = (V0, V1, V2) be any γR (D)-function of a digraph D. Then

(a) ∆+ (D[V1]) ≤ 1;

(b) If w ∈ V1, then N−
D (w) ∩ V2 = ∅;

(c) If u ∈ V0, then
∣∣N+

D (u) ∩ V1

∣∣ ≤ 2;

(d) V2 is a γ (D)-set of the induced subdigraph D[V0 ∪ V2];

(e) Let H = D[V0 ∪ V2]. Then each vertex v ∈ V2 with N− (v) ∩ V2 ̸= ∅ has at

least two private neighbours relative to V2 in the subdigraph H.

Lemma 1.2. (Fu, Y ang and Jiang [10], 2009). A digraph D is a Roman digraph

if and only if it has a γR (D)-function f = (V0, V1, V2) with n1 = |V1| = 0.
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Lemma 1.3. Let DK (d, t) be a Kautz digraph of order n. Then γ(Dk(d, t)) = dt−1.

Proof. Let S be a minimum domination set of DK (d, t). We obtain |S|+ d |S| ≥ n

from the definition of DK (d, t). Since n = dt+dt−1, we have |S| ≥ n
d+1 = dt−1. Let

S1 be a vertex subset of DK (d, t) defined as follows:

S1 = {v1, v2, · · · , vdt−1}
= {(0x2x3 · · ·xt) | 0 ≤ xj+1 ≤ d, xj ̸= xj+1 for j ∈ {1, 2, · · · , t− 1}}.

Let v = (x1x2 · · ·xt) be a vertex in DK (d, t). Then N+(v) = {(x2x3 . . . xty) |
0 ≤ y ≤ d} by the definition of DK (d, t). Hence N+ (vp)∩N+ (vq) = ∅ for any p ̸= q,

p, q ∈ {1, 2, · · · , dt−1}. By the fact that DK (d, t) is a d-regular digraph, we have

|N+ (S1)| = dt−1 · d = dt. Hence |N+ (S1)|+ |S1| = dt + dt−1 = |V (DK (d, t))| = n.

This implies that S1 is a domination set of DK (d, t) and thus |S| ≤ |S1| = dt−1.

Therefore, γ (DK (d, t)) = |S| = dt−1. The proof is completed. □

2. Roman domination number of Kautz digraphs

Let S be an arbitrary minimum domination set of D. Then for each vertex

v ∈ V (D), N−[v] ∩ S ̸= ∅, and v is dominated |N−[v] ∩ S| ≥ 1 times. We define a

function rd counting the times v that is re-dominated as follows:

rd (v) =
∣∣N−[v] ∩ S

∣∣− 1.

For a vertex set V
′ ⊆ V (D), let rd(V

′
) =

∑
v∈V ′ rd (v). Then, by Proposition

1.1, V2 is a γ (D)-set of D[V0 ∪ V2], and this gives us the following lemma.

Lemma 2.1. Let D be an r-regular digraph of order n. If f = (V0, V1, V2) is an

arbitrary γR(D)-function of D, then

rd(V (D[V0 ∪ V2])) = (r + 1)n2 − (n− n1),

where n1 = |V1| and n2 = |V2|.

Proof. According to the definition of Roman domination function, we have V0 ⊆
N+(V2). Since D is an r-regular digraph, d+(v) = r for any vertex v ∈ V2 in

D[V0 ∪ V2] by Proposition 1.1(b). Then by Proposition 1.1(d), V2 is a γ(D)-set of

D[V0 ∪ V2]. So

rd (V (D [V0 ∪ V2])) =
∑

v∈V0∪V2

rd (v) =
∑

v∈V0∪V2

(∣∣∣N−
D[V0∪V2]

[v] ∩ S
∣∣∣− 1

)
=

∑
v∈V0∪V2

(∣∣∣N−
D[V0∪V2]

[v] ∩ V2

∣∣∣− 1
)

= (r + 1) |V2| − (|V0|+ |V2|)
= (r + 1)n2 − (n− n1).

The proof is completed. □



THE ROMAN DOMINATION OF GENERALIZED KAUTZ DIGRAPHS 1227

Lemma 2.2. Let D be an r-regular digraph of order n and m =
⌊

n
r+1

⌋
with n =

(r + 1)m + q for some 0 ≤ q ≤ r. If f = (V0, V1, V2) is a γR (D)-function of D,

then

(a) n2 ≥
⌈
n−n1
r+1

⌉
;

(b) f (V (D)) ≥ 2m+
⌈
2q+(r−1)n1

r+1

⌉
;

(c) f (V (D)) ≥ 2m for q = 0;

(d) f (V (D)) ≥ 2m+ 2 for q ≥ 1 and (q, n1) ̸= (1, 1).

Proof. (a) By Proposition 1.1(d), V2 is a γ (D)-set of D [V0 ∪ V2]. By Lemma 2.1

and rd (v) = |N− [v] ∩ S| − 1 ≥ 0, we have (r + 1)n2 − (n− n1) ≥ 0. Hence

(r + 1)n2 ≥ n− n1 and n2 ≥
⌈
n−n1
r+1

⌉
.

(b) Since f (V (D)) = 2 |V2|+ |V1| = 2n2 + n1, we have

(r + 1) f (V (D)) = 2 (r + 1)n2 + (r + 1)n1

≥ 2n− 2n1 + (r + 1)n1

= 2 (r + 1)m+ 2q + (r − 1)n1.

Hence f (V (D)) ≥ 2m+
⌈
2q+(r−1)n1

r+1

⌉
.

(c) Suppose q = 0. Then by (b), f (V (D)) ≥ 2m+
⌈
2q+(r−1)n1

r+1

⌉
≥ 2m.

(d) Suppose q ≥ 1.

Case 1. n1 = 0. By (a), n2 ≥
⌈
n−n1
r+1

⌉
=
⌈
(r+1)m+q

r+1

⌉
= m+1. Hence f (V (D))=2n2

+n1 = 2n2 ≥ 2m+ 2.

Case 2. n1 = 1, q ≥ 2. By (b), f (V (D)) ≥ 2m+
⌈
2q+(r−1)n1

r+1

⌉
≥ 2m+

⌈
4+r−1
r+1

⌉
=

2m+ 2.

Case 3. n1 ≥ 2. By (b), f (V (D)) ≥ 2m +
⌈
2q+(r−1)n1

r+1

⌉
≥ 2m +

⌈
2+2(r−1)

r+1

⌉
=

2m+ 1 +
⌈
r−1
r+1

⌉
= 2m+ 2.

The proof is completed. □

Theorem 2.3. Let DK(d, t) be a Kautz digraph of order n. Then γR(DK(d, t))

= 2dt−1 and DK(d, t) is a Roman digraph.

Proof. Let

V2 = {(0x2 · · ·xt) | 0 ≤ xi+1 ≤ d, xi ̸= xi+1 for i ∈ {1, 2, · · · , t− 1}} ,

V1 = ∅, V0 = N+ (V2) .

By the proof of Lemma 1.3, we see that (V1, V2, V3) forms a partition of V (DK(d, t)).

Since V0 = N+(V2), we further have that f = (V0, V1, V2) is an RDF of DK (d, t) and

f (V (DK (d, t))) = 2dt−1. This means that γR (DK (d, t)) ≤ 2dt−1. On the other

hand, by Lemma 2.2(c), f(V (DK(d, t))) ≥ 2⌊ n
d+1⌋ = 2dt−1 since n = (d+1)dt−1 and
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DK(d, t) is d-regular. Hence γR (DK (d, t)) ≥ 2dt−1. Now we have γR (DK (d, t)) =

2dt−1.

Furthermore f = (V0, V1, V2) is a γR (DK (d, t))-function of DK (d, t) with |V1| =
0. According to Lemma 1.2, the Kautz digraph DK (d, t) is a Roman digraph.

The proof is completed. □

3. Roman domination number of generalized Kautz digraphs

In [9], Imase and Itoh studied the generalized Kautz digraph DI (d, n). In this

section, the Roman domination number of generalized Kautz digraphs DI (d, n)

is presented below. Let DI (d, n) be a digraph of order n with d < n, where

V (DI (d, n)) = {0, 1, · · · , n − 1} and A (DI (d, n)) = {(i, j) | j ≡ −d (i+ 1) +

k (modn), 0 ≤ k ≤ d − 1}. We say that DI (d, n) is a generalized Kautz digraph.

The digraph DI (2, 8) is exhibited in Figure 2. It is easy to see that the generalized

Kautz digraph DI (d, n) is a d-regular digraph. If d = n − 1, then the general-

ized Kautz digraph DI (d, n) is isomorphic to the Kautz digraph DK (n− 1, 1), the

Kautz digraph DI (n− 1, n) is a complete digraph
↔
Kn.
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Figure 2. The generalized Kautz digraph DI(2, 8).

In 2003, Kikuchi and Shibata [11] presented the following lemma.

Lemma 3.1. (Kikuchi andShibata [13], 2003). Let DI (d, n) be a generalized Kautz

digraph of order n. If n, d are two positive integers with d < n, then γ(DI (d, n)) =⌈
n

d+1

⌉
.

From the proof of Theorem 2.3, we see that γR (DK (d, t)) = 2dt−1 and DK (d, t)

is a Roman digraph. The following theorem shows a method of determining the

Roman domination number of DI (d, n).
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Theorem 3.2. Let DI (d, n) be a generalized Kautz digraph of order n such that

n, d are two positive integers with d < n. If n = m(d+ 1) + q for some 0 ≤ q ≤ d,

then

γR (DI (d, n)) =


2m,

2m+ 1,

2m+ 2,

if q = 0;

if q = 1;

if q = 2, 3, · · · , d.
Proof. As described in Table 1, we have the following domination structure of

DI (d, n). Note that n = (d + 1)m + q. We consider the following three cases

according to the value of q.

Table 1. The generalized Kautz digraph DI (d, n)

i ∈ V (DI (d, n)) N+
DI (d,n)

(i)

0 n− d n− d+ 1 · · · n− 1

1 n− 2d n− 2d+ 1 · · · n− d− 1

2 n− 3d n− 3d+ 1 · · · n− 2d− 1

...
...

...
...

...

i n− (i+ 1)d n− (i+ 1)d+ 1 · · · n− id− 1

...
...

...
...

...

m− 1 n−md n−md+ 1 · · · n− (m− 1)d− 1

m n− (m+ 1)d n− (m+ 1)d+ 1 · · · n−md− 1

Case 1. q = 0. We have
m−1∑
i=0

N+(i) = {m,m+ 1, . . . , n− 1} (see Figure 3).

s s s s ss p p p p p p p p p p p p
0 m − 1 m m + d − 1 n − d n − 1

--

-

-

Figure 3. The generalized Kautz digraph DI(d, n) for q = 0.

Case 2. q = 1. We have
m−1∑
i=0

N+(i) = {m+1, . . . , n− 1} and N+(m) = {m− d+

1,m− d+ 2, . . . ,m} (see Figure 4).

Case 3. 2 ≤ q ≤ d. We have
m−1∑
i=0

N+(i) = {m + q, . . . , n − 1} and N+(m) =

{m− d+ q,m− d+ q + 1, . . . ,m+ q − 1} (see Figure 5).
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Figure 4. The generalized Kautz digraph DI(d, n) for q = 1.
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Figure 5. The generalized Kautz digraph DI(d, n) for 2 ≤ q ≤ r .

Let

U2=

{
{i : 0 ≤ i ≤ m− 1} ,
{i : 0 ≤ i ≤ m} ,

if q = 0, 1;

if q = 2, 3, · · · , d.

U1=

{
{m} ,
∅,

if q = 1;

otherwise.

U0 = N+ (U2) \U2.

Thus N+ [U2] ∪ U1 = V (DI (d, n)), and f = (V0, V1, V2) = (U0, U1, U2) is a

Roman domination function of DI (d, n) with

f (V (DI (d, n)))=


2m,

2m+ 1,

2m+ 2,

if q = 0;

if q = 1;

if q = 2, 3, · · · , d.
It follows

γR (DI (d, n)) ≤ f (V (DI (d, n)))=


2m,

2m+ 1,

2m+ 2,

if q = 0;

if q = 1;

if q = 2, 3, · · · , d.

By Lemma 2.2(b), we have γR(DI (d, n)) ≥ 2m+
⌈
2q+(d−1)n1

d+1

⌉
.

Hence

γR (DI (d, n)) ≥
{

2m,

2m+ 1,

if q = 0;

if q = 1.
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Figure 6. A Roman domination function on DI(3, n) for n = 4, 5, 6, 7. (a):
DI(3, 4); (b): DI(3, 5); (c): DI(3, 6); (d): DI(3, 7).

If q = 2 and n1 ̸= 0, we have γR(DI (d, n)) ≥ 2m + ⌈2q+(d−1)n1

d+1 ⌉ ≥ 2m + 2. If

q = 2 and n1 = 0, then by Lemma 2.2(a) and n = (d+ 1)m+ q,

n2 ≥
⌈
n− n1

d+ 1

⌉
=

⌈
n

d+ 1

⌉
=

⌈
(d+ 1)m+ q

d+ 1

⌉
=m+

⌈
q

d+ 1

⌉
= m+ 1.

Furthermore, γR (DI (d, n))= 2n2 ≥ 2m+ 2, n2 = |V2|.
So

γR (DI (d, n)) ≥


2m,

2m+ 1,

2m+ 2,

if q = 0;

if q = 1;

if q = 2, 3, · · · , d.
Based on the argument above, we have

γR (DI (d, n))=


2m,

2m+ 1,

2m+ 2,

if q = 0;

if q = 1;

if q = 2, 3, · · · , d.
The proof is completed. □

In Figure 6, we show a Roman domination function on DI (3, n) for 4 ≤ n ≤ 7,

where black solid dots indicate vertices in V2, grey solid dots indicate vertices in

V1, and white hollow dots indicate vertices in V0. It is not difficult to check that

γR (DI (3, 4)) = 2, γR (DI (3, 5)) = 3, γR (DI (3, 6)) = 4, γR (DI (3, 7)) = 4.

Form Theorem 3.2, one can see the following corollary for the solution of DI (d, n).
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Corollary 3.3. The generalized Kautz digraph DI (d, n) of order n is a Roman

digraph for two positive integers n, d with d < n, n ̸≡ 1 (mod (d+ 1)).

Proof. According to the proof of Theorem 3.2, we have f = (V0, V1, V2) is a

γR (DI (d, n))-function with |V1|=0. Then by Lemma 1.2, the generalized Kautz

digraph DI (d, n) of order n is a Roman digraph for two positive integers n, d with

d < n, n ̸≡ 1 (mod (d+ 1)). □
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