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ABSTRACT. In this review paper, we consider sensitivity analysis for the propor-
tionate change of outputs and of inputs in Data Envelopment Analysis (DEA).
Sensitivity analysis is studied in the additive model for the proportionate changes
of outputs, of inputs, and of simultaneous proportionate changes of outputs and
of inputs. Cases of proportionate changes of outputs and inputs with different
coefficients of proportionality and of changes of discretionary outputs and inputs
are also studied for the additive model. Sensitivity analysis in the CCR model
is considered for the simultaneous proportionate changes of outputs and of in-
puts, for the proportionate changes of a subset of inputs and/or of outputs and
for the proportionate changes of outputs and inputs with different coefficients of
proportionality.

1. INTRODUCTION

Sensitivity analysis of the proportionate change of outputs and/or of inputs in
Data Envelopment Analysis (DEA) for the additive model was studied in Charnes
and Nerali¢ [12], Nerali¢ and Sexton [23], Nerali¢ [17], and for the Charnes-Cooper-
Rhodes (CCR) ratio model in Charnes and Nerali¢ [9], Guddat et al. [16], Neralié
and Sexton [23], Charnes and Nerali¢ [11]. Results are based on the sensitivity
and stability analysis for different cases of perturbations of outputs and of inputs
in the additive model and in the CCR model in Charnes and Nerali¢ [8], Charnes
and Nerali¢ [6], Charnes and Nerali¢ [7], Charnes and Nerali¢ [10], Charnes and
Neralié¢ [12], Neralié¢ [20]. For a recent review paper on the algorithmic approach to
sensitivity analysis in DEA, see Nerali¢ and Wendell [24]. New results on enlarging
the radius of stability and stability regions in DEA are included in Nerali¢ and
Wendell [25]. Some recent results on sensitivity and stability analysis in DEA can
be found in Cooper et al. [13].

To the best of my knowledge, the first result in sensitivity analysis of the additive
model in DEA for the case of the decrease (increase) of outputs of Pareto-Koopmans
efficient (inefficient) Decision Making Units (DMUs) and the increase (decrease) of
inputs of Pareto-Koopmans efficient (inefficient) DMUs respectively for which the
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efficiency of an efficient DMUj is preserved, appeared in Nerali¢ [18]. More details
on sensitivity in data envelopment analysis for simultaneous perturbations of all
data for the additive model can be found in Nerali¢ [22] and for the CCR model
in Nerali¢ [21]. Another approach to sensitivity analysis of DEA models for the
simultaneous changes in all the data for the percentage change case and for the
absolute change case was studied in Seiford and Zhu [26].

Pareto-Koopmans efficiency in Data Envelopment Analysis can be defined in the
following way: “A DMU is fully efficient if and only if it is not possible to improve
any input or output without worsening some other input or output”. (See Definition
3.3 in the book [14], p. 45, which recognizes the contributions of the economists
Vilfredo Paretto and Tjalling Koopmans.) “Improving” in the definition means
decrease for inputs and increase for outputs, and “worsening” means increase for
inputs and decrease for outputs.

There is also the other definition of a Pareto-efficient (minimum) point for a finite
set of functions. Namely, a Pareto-efficient (or Pareto-Koopmans efficient) point of
functions ¢1(z), g2(x), ..., gr(z) is a point 2* such that there is no other point z in
the domain of these functions such that

gk(x) < gk(.’E*),k‘ = 1727 - D

with at least one strict inequality. Charnes and Cooper [2], Chapter IX, showed that
x* is a Pareto-efficient if and only if 2* is an optimal solution to the mathematical
(goal) program

p
minzgk($)79k(x) <gr(z*),k=1,2,....p.
-

The major DEA models are really the Charnes-Cooper test for vector optimality
of a multiple-objective program. For efficient production we wish to maximize on
outputs while minimizing on inputs. Details on testing an empirical input-output
point X, Yy for Pareto-Koopmans efficiency in the case of the additive model can
be found in Charnes et al. [4], pp. 96-97.

Efficient points are very important in multi-objective optimization (see, for exam-
ple, Wendell and Lee [27]). Namely, for a subset X of a finite dimensional Euclidean
space and p functions g : X — R, k =1,2,...,p, we consider vector minimization
problem

ming(x),z € X
with g(z) = [g1(x) g2(z) ... gp(x)]T. Let an auxiliary problem P(z) be

p

h(®) = inf Y gr(x), g(z) < g(7),2 € X
k=1

where Z is any point in X. It can be shown that 2° € X is efficient if and only
if h(z%) = >F_ gr(z"). Let 2* € X be an optimal solution to auxiliary problem
P(z). Then z* is efficient and g(z*) < ¢(Z), with at least one strong inequality sign
<. For details, see Theorem 1 and Theorem 2 with proofs in Wendell and Lee [27],
pp- 406-407.
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The paper is organized as follows. Sensitivity analysis of the proportionate change
of outputs and/or of inputs in the additive model is studied in Section 2. Subsection
2.1 contains some preliminaries for the additive model. The proportionate change
of outputs, of inputs and of outputs and inputs simultaneously is considered in
Subsections 2.2, 2.3 and 2.4 respectively.

The case with different coefficients of proportionality for outputs and inputs is
studied in Subsection 2.5 and the case of discretionary outputs and/or inputs is
considered in Subsection 2.6. Similar cases for the CCR model are studied in Sec-
tion 3. Some preliminaries for the CCR model are contained in Subsection 3.1.
Simultaneous proportionate changes of inputs and of outputs are considered for the
CCR model in Subsection 3.2. Subsection 3.3 contains a sensitivity analysis of the
proportionate change of a subset of inputs and/or of outputs. Conclusions and some
suggestions for further research are presented in the last section.

2. SENSITIVITY ANALYSIS OF THE PROPORTIONATE CHANGE OF OUTPUTS
AND/OR OF INPUTS IN THE ADDITIVE MODEL

2.1. Preliminaries. Let us suppose that there are n Decision Making Units (DMUs)
with m inputs and s outputs. Let x;; be the observed amount of the ith type
of input of the jth DMU ( z;; > 0, i = 1,2,...,m,j = 1,2,...,n) and let y,;
be the observed amount of output of the rth type for the jth DMU (y.; > 0,
r=1,2,...,s,j=1,2,...,n). Let Y;, X; be the observed vectors of outputs and
inputs of the DMUj, respectively, j = 1,2,...,n. Let e be the column vector of
ones and let T' as a superscript denote the transpose. In order to see if the DMU ;o =
DMUj is Pareto-Koopmans efficient according to the additive model, the following
linear programming problem should be solved:

minO\; + - +0X\g+--- 4+ 0\, —el st —el's™

subject to
YidMi+-+ Yoo+ -+ YN\, — st = Yo
(2 1) XA — - —XoXo— - — X - s = —Xp
’ M+ + X+ o+ A, = 1
Aly ooy A0y e e ey Apy S+, s > 0,
where Yy = Y}, Xo = Xj;, Ao = Aj,. DMUy is Pareto - Koopmans efficient if and

only if for the optimal solution (A\*,s™* s7*) of the linear programming problem
(2.1) min(—eTst —el's™) = —eTs™ — eT's™ = 0 holds (for details, see Charnes
and Cooper [3]).

We are interested in variations of all outputs and/or inputs of a Pareto-Koopmans
efficient DMUj preserving its efficiency. An increase of any output cannot worsen an
already achieved efficiency rating. Upward variations of outputs are not possible in
the efficiency rating for an efficient DMUg. Hence we can pay attention to downward
variations of outputs which can be written as

(2.2) Uo=Yr0o—r >0, a, >0, 7=1,2,...,s.

Similarly, a decrease of any input cannot worsen an already achieved efficiency
rating. Downward variations of inputs are not possible in the efficiency rating for
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an efficient DMUg. Hence we can restrict attention to upward variations of inputs
of an efficient DMUg which can be written as

(23) Zfz'OzxiO"i‘ﬂi, BZZO, 1=1,2,....,m.

For a Pareto-Koopmans efficient DMUj, there is a basic optimal solution (A\*, sT*, s7*)
of the linear programming problem (2.1) with \§j = 1, Ar =0, 7 # Jo, J =

1,2,...,n, s7* = s7* = 0 and the corresponding optimal basis matrix
Yg —If 0
B=| -Xg 0 -—Ig
el 0 0

Let the inverse of the matrix B be

B*:{%q,ﬁj:LZ“ws+m

Let P;, j=1,2,...,n+ s+ m+ 1 be the columns of the matrix and let Py be the
right-hand side of the linear programming problem (2.1). We will use the following
notations:

I; = B'Pj;, j=0,1,....n+s+m+1,
wl' = kB
zj = Cnglpj

= wTPj, 7=0,1,...,.n4+s+m+ 1.

The simultaneous change of outputs (2.2) and change of inputs (2.3) leads to the
following change of the optimal basis matrix B

(2.4) B=B+D
with
k
i}
0O -+ 0 —a; 0 --- 0
0 -+ 0 —as 0 --- 0
0 -+ 0 —as 0 --- 0
(2.5) D= 10 - 0 = 0 - 0],
0 - 0 =By 0 - 0
0 - 0 —Bm 0 - 0
0 --- 0 0 0 --- 0

and the following change of the right-hand side vector
(26) ﬁozpo—}—[—oq — Q9 ...— Qg —51 —ﬁ2...—ﬁmO]T,

where index k corresponds to the optimal basic variable \j = A;, = 1. It is easy to
show that for matrices B~! and D the following holds:

(2.7) B™'DB™'D =pB~'D,
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where
(2.8) p=—0_brior+ > bt B
t=1 t=1

Theorem 2.1. Let us suppose that DMUy is Pareto-Koopmans efficient and that
forpin (2.8) 14+ p # 0 holds. Then conditions
1
(2.9) erDFj > zj — ¢4, Jj an index of nonbasic variables,
p
are sufficient for DMUy to preserve efficiency after the simultaneous change of
outputs (2.2) and change of inputs (2.3). If 1 +p > 0, conditions (2.9) can be
written as the following system of inequalities
S m
(2.10) D (it — wilk)ar + > (b 4,8 — wsiiLiy) B > &,
t=1 t=1
j an index of nonbasic variables,
with ¢; = z; —¢j. If 1 +p < 0 holds, the inequality sign > in (2.10) should be
changed to <.

For the proof and details, see Charnes and Nerali¢ [10], Theorem 2 and Remark
3.
Using Theorem 2.1 we can get the following two corollaries:

Corollary 2.2. Let us suppose that we are interested only in the change (2.2) of
outputs of a Pareto-Koopmans efficient DM Uy, which means that we have to put

Bi=P2=...=Pm=01n (2.8), (2.5), (2.6) and (2.8). In that case, if

(2.11) 1+p = 1—ib,;}at > 0,

conditions -

(2.12) i(b,;iéj —wil'yj)ow > ¢, j an index of nonbasic variables,
t=1

are sufficient for DMUy to preserve efficiency after the change (2.2) of outputs. If
1+p1 <0in (2.11) holds, the inequality sign > in (2.12) should be changed into <.

Corollary 2.3. Let us suppose that we are interested only in the change (2.3) of
inputs of a Pareto-Koopmans efficient DMUy, which means that we have to put

= =...=a;=01n (2.2), (2.5), (2.6) and (2.8). In that case, if
(2.13) L+py=1-> b Bi>0,
t=1
conditions
(2.14) Z(b,;;rtéj — wettl'ij) Bt > €5, j an index of nonbasic variables,
t=1

are sufficient for DMUy to preserve efficiency after the change (2.3) of inputs. If
1+pa < 0in (2.13) holds, the inequality sign > in (2.14) should be changed into <.
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2.2. Proportionate change of outputs. For fixed inputs, we are interested in
the proportionate change (decrease) of all outputs of a Pareto-Koopmans efficient
DMU,

(2.15) Uro=ayr, 0<a<l, r=12...,s,

preserving efficiency. We want to find the sufficient conditions for DMUq to pre-
serve efficiency and the minimal value a* of @ for which the efficiency of DMUj is
preserved after the proportionate change (2.15) of outputs.

Theorem 2.4. Let us suppose that DMUy is Pareto-Koopmans efficient and let
(2.11) hold with oy = (1 — @)ys0,t = 1,2,...,s. Let

S S
(2.16) ay = Zb;;tlyto, az = Zwtyw’
t=1 t=1
(217) dj:—agfkj+a15j, j:1,2,...,n+s+m+1.
Conditions
(2.18) adj <dj —¢;, j an index of nonbasic variables,

are sufficient for DM Uy to preserve efficiency after the proportionate change (2.15)
of outputs.

Proof. If we put

(2.19) a=1-a, 0<a<l,
and
(2.20) ar = oy, >0, r=12...,5,
we can write (2.15) as
Yro = Yro — QYro
(2.21) = yo—0, >0, a.>0, r=1,2,...,s.

This means that the proportionate change (2.15) of outputs is the special case of
the change (2.2) of outputs, with a,,, 7 =1,2,...,s in (2.20) and « in (2.19).

Let us suppose that conditions (2.18) are satisfied. Then, using (2.16), (2.17) and
(2.19) it is easy to show that conditions (2.18) are equivalent to conditions (2.12).
Therefore, in accordance to Corollary 2.2, it follows that conditions (2.12) and also
(2.18) are sufficient for DMUj to continue to be efficient after the proportionate
change (2.15) of outputs, which completes the proof. O

Remark 2.5. For
Ji={j|d;j <0, j an index of nonbasic variables }

using (2.15) and (2.18) it follows

(2.22) 1- min{% |jeit <@a<l.
j
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The minimal value a* of & for which the efficiency of DMUyj is preserved after the
change (2.15) according to (2.22) is

(2.23) ar=1- mm{ ] jedi}.

The maximal percentage of decrease of all outputs preserving the efficiency of DMUg
after the change (2.15) is «*100% = (1 — @*)100%.

Remark 2.6. The value 1 — @* is a measure of the stability of efficiency for an
efficient DMUj. If for an efficient DMU; and DMUs 1 —a7 > 1—a3 holds, it can be
said that DMU; is more stable than DMUs. In other words, DMU; is less sensitive
to the proportionate change of outputs preserving efficiency than DMU,.

2.3. Proportionate change of inputs. For fixed outputs let us consider the si-
multaneous proportionate change (increase) of all inputs

(2.24) Tio = Brio, B>1, i=1,2,...,m,

of a Pareto-Koopmans efficient DMUjg preserving efficiency. We are interested in
sufficient conditions for DMUy to preserve efficiency after the proportionate change
(2.24) of inputs. We also want to find the maximal value B* of B for which the
efficiency of DMUj is preserved after the proportionate change (2.24) of inputs.

Theorem 2.7. Let us_suppose that DMUy is Pareto-Koopmans efficient and let
(2.13) hold with B = (8 — 1)z, t =1,2,...,m. Let

m m
(2.25) by = Z by vy t0, b2 = Zws+t$t07
t=1 t=1
(226) ej:bléj—bgfkj, j:1,2,...,n+s+m+1.
Conditions
(2.27) B\ej >ej+¢j, j an index of nonbasic variables,

are sufficient for DMUy to continue to be efficient after the proportionate change
(2.24) of inputs.
Proof. Using the substitutions

(2.28) B=1+p8, B>0,
and
(2.29) Bi = Bxyn, B;i >0, i=1,2,...,m,
we can write (2.24) as
Tio = io+ BTio
(2.30) = wzipo+p06, B;i>0, i=1,2,....,m

This means that the proportionate change (2.24) of inputs is the special case of the
change (2.3) of inputs with g;, i =1,2,...,m in (2.29) and S in (2.28).

Let us suppose that conditions (2.27) are satisfied. Then using (2.25), (2.26)
and (2.28) it follows that conditions (2.27) are equivalent to conditions (2.14). This
means that according to Corollary 2.3, conditions (2.14) and also (2.27) are sufficient
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for DMUj to preserve efficiency after the proportionate change (2.24) of inputs which
completes the proof. O

Remark 2.8. For
Jo={jle; <0, j an index of nonbasic variables},

it follows from (2.24) and (2.27) that

(2.31) 1<B<1+ min{Z—J | jedo).

J

This means that the maximal value B* of B for which the efficiency of DMUj is
preserved after the change (2.24) according to (2.31) is

(2.32) B =1+ min{% | jeal.
J

The maximal percentage of increase of all inputs preserving the efficiency of DMUjq
after the change (2.24) is 5* 100% = (5* — 1)100%.

Remark 2.9. The value B* — 1 is a measure of stability of efficiency for an efficient
DMUj. If for efficient DMU; and DMUy 8% — 1 > 83 — 1 holds, it can be said that
DMU; is more stable than DMUs. In other words, DMU; is less sensitive to the
proportionate change of outputs preserving efficiency than DMUs,.

2.4. Simultaneous proportionate change of outputs and of inputs. Let us
consider the simultaneous proportionate change (decrease) (2.15)

Yro=0ayr, 0<a<l r=12...s,
of outputs and proportionate change (increase) (2.24)
Tio = Brio, B>1, i=1,2,...,m,

of inputs. We are interested in sufficient conditions for DMUg to preserve efficiency
after the simultaneous changes (2.15) and (2.24). We are also interested in the
region Eo which is the solution set of the corresponding system of inequalities in
a and E in the coordinate system &63 The area of that region is a measure of
stability of efficiency for DMUy.

Theorem 2.10. Let us suppose that DM Uy is Pareto-Koopmans efficient. Let for
pin (2.8) with oy = (1 — @)y, t =1,2,...,5s and fy = (B — Dz, t=1,2,....m
holds

(2.33) l+4p=1—|(1—a)a+ (B8—1)b1| >0,

with ay in (2.16) and by in (2.25). Then conditions

(2.34) (1—-a)d; + (B — l)ej > ¢j, j an index of nonbasic variables

with dj in (2.17), e; in (2.26), ¢; = zj — ¢j, are sufficient for DMUy to continue
to be efficient after the simultaneous proportionate change (2.15) of outputs and
proportionate change (2.24) of inputs.
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Proof. Using substitutions and arguments in the proof of Theorem 3.1 and in the
proof of Theorem 3.5, it is easy to show that for the special case of the simultane-
ous proportionate change (2.15) of outputs and the proportionate change (2.24) of
inputs, conditions (2.34) are equivalent to conditions (2.10) in Theorem 2.1. This
means that conditions (2.34) are sufficient for DMUj to preserve efficiency after
changes (2.15) and (2.24) and completes the proof. O

Remark 2.11. The system of inequalities (2. 34) together with conditions (2.15),
(2.24) and (2 33) for a and 3 gives the region Ap in the plane with the coordinate
system onB For each point (a, ﬁ) in the region AO, the efficiency of DMUj, will
be preserved after the simultaneous proportionate change (2.15) of outputs and the
proportionate change (2.24) of inputs.

Remark 2.12. The area of the region ﬁo is a measure of stability of efficiency for
an efficient DMUjg. If for an efficient DMU; and DMU, A\l > 2{2 holds, it can be
said that DMU; is more stable than DMUs. In other words, DMUj is less sensitive
to the simultaneous proportionate change of outputs and the proportionate change
of inputs preserving efficiency than DMUs. The measure of stability of efficiency
among efficient DMUs can also be based on the proportionate change of inputs (or
outputs) (see Remark 2.6 and Remark 2.9).

2.5. Proportionate change of inputs and outputs with different coeffi-
cients of proportionality. Let us consider the simultaneous proportionate change
(increase) of all inputs

(2.35) Zio = Biwio, Bi>1, i=1,2,...,m,
and the proportionate change (decrease) of all outputs
(2.36) f/\ro:aryro, 0<a,< 1, »=1,2,...,s,

of an efficient DMUj preserving efficiency. We are interested in the sufficient con-
ditions for DMUj to preserve efficiency after the simultaneous changes (2.35) and
(2.36).

Theorem 2.13. Let us suppose that DM Uy is Pareto-Koopmans efficient according
to the additive model (2.1). Let

S m
(2.37) L+p=1-> bluo(l—a) = bylymo(B—1) > 0.
t=1 t=1

Then the conditions

(2.38) [—Z wiyro(1 — ) — Zws+t$t0(//8\t - 1)] Iy +
t=1 =1

(2.39)

S m
Zb;tlyto(l — o) + Z b;;}g+t1't0(,8t - 1)] ¢ > ¢,
t=1 t=1

j an indezx of nonbasic variables,
are sufficient for DMUy to preserve efficiency after the changes (2.35) and (2.36).
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Proof. The proof, based on Theorem 2.1, is omitted because it is similar to the
proof of Theorem 2 in Charnes and Neralié [11]. O

2.6. Simultaneous proportionate change of discretionary outputs and in-
puts in the additive model. Let us consider the simultaneous proportionate
change (decrease) of discretionary outputs

(2.40) Uro =Qyro, 0<a<l1, r=12,...,5,
with no change of non-discretionary outputs

(2.41) U0 =uro, "=8+1,5+2,...,5s,
and proportionate change (increase) of discretionary inputs
(2.42) Zio = Brio, B>1, i=1,2,...,m,
with no change of non-discretionary inputs

(2.43) Tio =T, t=m+1m+2,...,m,

of Pareto-Koopmans efficient DMUq preserving efficiency. We are interested in
sufficient conditions for DMUj to preserve efficiency after the simultaneous propor-
tionate change (2.40) of discretionary outputs and proportionate change (2.42) of
discretionary inputs.

Theorem 2.14. Let us suppose that DMUy is Pareto-Koopmans efficient. Let

s S
(2.44) ar =Y blyo, a2 = ww,
t=1 =1
m m
(2.45) by = Z bjo oy, b2 = Zws+t$t0,
t=1 t=1

(2.46) dj = —aol'y; +ai¢;, ej =bic; —bal'y;, j=1,2,....,.n+s+m+1,
with ¢; = z; — ¢;. Let for p in (2.9) with oy = (1 — @)y0,t = 1,2,...,5 and

~

B = (B —1)x, t=1,2,...,m holds

-~

(2.47) l+p=1—|(1—=a@)ar +(B—1)b1| > 0.

Then, conditions

(2.48) (1—a)d; + (B — l)ej > ¢j, j an index of nonbasic variables,

are sufficient for DMUy to continue to be efficient after the simultaneous propor-
tionate change (2.40) of discretionary outputs and the proportionate change (2.42)
of discretionary inputs.

Proof. The proof is omitted because it is similar to the proof of Theorem 2 in
Charnes and Nerali¢ [11] for the CCR model. O
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Remark 2.15. The system of inequalities (2. 48) together with conditions (2.40),

(2.42) and (2 A7) for @ and 3 gives the region Ap in the plane with the coordinate
system aOB For each point (a, B) in the region Ag, the efficiency of DMUj will
be preserved after the simultaneous proportionate change (2.40) of discretionary
outputs and the proportionate change (2.42) of discretionary inputs. The area of
the corresponding region about the efficient point DMU( within which perturbations
(2.40) and (2.42) keep it efficient is a measure of the stability of efficiency at DMUj.

Remark 2.16. If we are interested in the proportionate change (2.40) of discre-
tionary outputs of DMUj only preserving its efficiency, we can get from Theorem
2.14 sufficient conditions for that case. Using

Ji={j|dj <0, jan index of nonbasic variables}

it is easy to show that the minimal value a* of & for which the efficiency of DMUj
is preserved after the change (2.40) is

a*=1- min{c—] | jeJq}.
d;
The maximal percentage of decrease of all discretionary outputs preserving efficiency
of DMUj after the change (2.40) is a*100% = (1 — @*)100%. For each & such that
a* < a < 1, the efficiency of DMUj will be preserved after the proportionate change
(2.40) of discretionary outputs. For the corresponding outputs 4%y < ¥ro < Yro, 7 =
1,2,...,8 holds. The volume of the region

s

I1 @, el

r=1

is a measure of stability of efficiency of DMUj at the proportionate change (2.40)
of discretionary outputs.

A similar result holds for the case of the proportionate change (2.42) of discre-
tionary inputs only.

3. SENSITIVITY ANALYSIS OF THE PROPORTIONATE CHANGE OF OUTPUTS
AND/OR OF INPUTS IN THE CCR MODEL

3.1. Preliminaries. Let us suppose that there are n Decision Making Units (DMUs)
with m inputs and s outputs. Let x;; be the observed amount of the ith type
of input of the jth DMU ( z;; > 0, ¢ = 1,2,...,m,j = 1,2,...,n) and let y,;
be the observed amount of output of the rth type for the jth DMU (y,; > 0,
r=12...,57=12...,n). Let Y;, X; be the observed vectors of outputs
and inputs of the DMUj, respectively, j = 1,2,...,n. Let e be the column vec-
tor of ones and let T as a superscript denote the transpose. In order to see if the
DMU o = DMUy is efficient according to the CCR ratio model, the following linear
programming problem should be solved:

minOA; + -+ 0 g+ -+ 0\, —eel st —eel's™ +0
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subject to
Vidi+-+Yodo+- -+ Yadn - 5T = Y%
(3.1) XM= =Xodo— =X\, — 5T 4+ Xgb= 0
/\1,...,)\0,...,)\7“ 8+, C > 0,

with Yy = Yy, Xo = Xj,, Ao = Aj, and 0 unconstrained. The symbol e represents
the infinitesimal we use to generate the non-Archimedean ordered extension field
we shall use. In this extension field € is less than every positive number in our
base field, but greater than zero. DMU, is DEA efficient if and only if for the
optimal solution (A\*,s™* s7* 6*) of the linear programming problem (3.1) both of
the following are satisfied (for details, see Charnes and Cooper [3]):

mn 6§ = 6 =1

(3.2) st™ = s7* = 0, in all alternative optima.

We are interested in variations of all inputs and all outputs of an efficient DMUg
preserving efficiency. A decrease of any input cannot worsen an already achieved
efficiency rating. Downward variations of inputs are not possible in the efficiency
rating for an efficient DMU, . Hence we can restrict attention to upward variations
of inputs of an efficient DMU, which can be written as

(33) Tio = 230 + B, Bi >0, 1=1,2,...,m.

Similarly, an increase of any output cannot worsen an already achieved efficiency
rating. Upward variations of outputs are not possible in the efficiency rating for an
efficient DMUg. Hence we can restrict attention to downward variations of outputs
which can be written as

(3.4) Uo=Yyr0—r >0, a.>0, r=1,2,...,s.

For an efficient DMUj because of (3.2), vectors [ Yy — Xo]% and [0 X 7 must
occur in some optimal basis, which means that there is a basic optimal solution to
(3.1) with Aj = 1 and 6* = 1. Changes (3.3) and (3.4) are then accompanied by
alterations in the inverse B~! of the optimal basis matrix

_ Ypg —If 0 0
(3.5) B= |: —XpB 0 Iz Xo ’
which corresponds to the optimal solution (A*, s**,s7* 6*) of (2.1) with A\ = 1 and
0* = 1. Let

Bl = [b;jl} i i=1,2,....54m,
be the inverse of the optimal basis B in (3.5). Let Pj, j = 1,2,...,n+s+m+1 be the
columns of the matrix and let Py be the right-hand side of the linear programming
problem (3.1). The simultaneous change of outputs (3.3) and inputs (3.4) leads to
the following change of the optimal basis matrix B

(3.6) B=B+AB
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with
k s+m
{ {
0 -+ 0 —a; 0 .- 0
0 -+ 0 —a2 O 0
0 0 —as O 0
3.7 AB = s
(3.7) 0 -+ 0 =B 0 - B
0 -+ 0 =By 0 - fBo
0 -+ 0 —Bm 0 - B
and the following change of the right-hand side vector
(3.8) Ph=Py+[-o01 —as ...—a,0 ...0]7,

where indexes k£ and s +m correspond to the optimal basic variables A\j = 1 and
0* = 1 respectively. Using matrices

Qg 051
a9 (6 %)
Qg Qg
(3.9) Us+m)x2 = B 0
B2 0
L B 0
and
k s+m
+ 4
o --- 0 -1 0 --- 0 1
3.10 VL =
( ) 2% (s+m) (0 ... 0 0 0 --- 0 _1>

we can write the perturbation matrix (3.7) as AB = UVT. Let us use the abbrevi-
ation

M=I+VTB U,

where matrix M is nonsingular, with

S m
det M = 1-3 btoq+ Z(—b,g’iﬂ b ) B+

S m

(3.11) Z batmact) Db tiiBe) — Z by pcxe) Z bt it
=1

and

(3.12) D=UM'VT,
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Theorem 3.1. Conditions
(3.13) wI'DTj > zj —¢j, j an index of nonbasic variables,

are sufficient for DM Uy to be efficient after the simultaneous changes of inputs (3.3)
and of outputs (3.4). If detM > 0, conditions (3.13) can be written in the following
way

(3.14) Yel'kj + YstmDs4m,j > (25 — ¢j)det M,
with

==+ D> b eeB) O wian) + (14> bl ,a)(D ] weriBi),
t=1 t=1 t=1 t=1

and
m S

Vs+m = (Z b;;iﬂﬁt)(z wra) + (1 — Z b,;iat)(z Ws+t5t)-
t=1 t=1 t=1 t=1

For the proof and details see, Charnes and Nerali¢ [8], Theorem 1 and Remark 1.

3.2. Simultaneous proportionate change of inputs and outputs in the
CCR model. Let us consider the simultaneous proportionate change (increase)
of all inputs

(3.15) Zio = Brio, B>1, i=1,2,...,m,
and the proportionate change (decrease) of all outputs
(3.16) Uro=Qyro, 0<a<l1l, r=1,2,...,s,

of an efficient DMUj preserving efficiency. We are interested in sufficient conditions
for DMUjy to preserve efficiency after the simultaneous changes (3.15) and (3.16).

Theorem 3.2. Let us suppose that DMUy is efficient and let
(3.17) det M =1—a;(1—@a) + (—by +b2)(B—1) + (agby —arbo) (1 —a)(B—1) > 0,
with

(3.18)
S S m m
ap = Z by, ag = Z by pm.ibi0, b1 = Z bjo s i1, b2 = Z byt s 1T10-
t=1 t=1 t=1 t=1
Let
S m
(3.19) az = Zwtytm bs = Zws+t$t07
t=1 t=1
(3.20) dj = —a3l'yj + a1y, ej = =b3(I'kj — Dspmj)—(=b1 + b2)¢;,
(3.21) fj = (a2b3 — agbg)rkj + (agbl — a1b3)1“8+m7j — (a2b1 — albg)éj,

j=12,....n+s+m+1,
with ¢; = z; — ¢;. Then, the conditions

~ o~

(3.22) dj(1—a) +e;(8-1)+ f;(1 -a)(B - 1) = &
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j an index of nonbasic variables,

are sufficient for DM Uy to preserve efficiency after the simultaneous proportionate
changes of inputs (3.15) and of outputs (3.16).

Proof. For the proof and details, see Charnes and Neralié¢ [11]. O

Remark 3.3. The system of inequalities (3. 22) together with conditions (3.15),
(3.16) and (3.17) for @ and 3 gives the region Ao in the plane with the coordinate
system aOB For each point (a 5) in the region Ao, the efficiency of DMUq will be

preserved after the simultaneous proportionate changes of inputs (3.15) and outputs
(3.16).

Remark 3.4. The area of the region Ao is a measure of stability of efﬁ(ﬂency for
an efficient DMUjg. For example, if for efficient DMU; and DMU, A1 > A2 holds, it
can be said that “DMUj is relatively more stable than DMUs” because DMU]j is less
sensitive to the simultaneous proportionate change of inputs and outputs preserving
efficiency than DMUs. The measure of stability of efficiency among efficient DMUs
can also be based on the proportionate change of inputs (or outputs) as it was
suggested in Banker and Gifford [1] and used in Charnes and Nerali¢ [9].

3.3. Sensitivity analysis of the proportionate change of a subset of inputs
and/or of outputs. We are interested in the proportionate change of a subset of
inputs and/or of a subset of outputs of an efficient DMU| preserving efficiency. An
increase of any output cannot worsen an already achieved efficiency rating. Up-
ward variations of outputs are not possible in the efficiency rating for an efficient
DMUjy. Hence, without loss of generality, we can focus attention on the propor-
tionate decrease of the subset of the first 5 (§ < s) outputs which can be written
as

(3.23) yro=ayr, 0<a<l r=1,2,...,§,
with the last s — 5 outputs fixed
(3.24) U0 =Yro, "=58+1,5+2,...,s

Similarly, a decrease of any input cannot worsen an already achieved efficiency
rating. Downward variations of inputs are not possible in the efficiency rating for an
efficient DMUj, . Hence we can focus attention on the upward variations of inputs
of an efficient DMUg. Without loss of generality, let us consider the proportionate
increase of the subset of the first ™ (M < m) inputs, with the last m — 7 inputs
fixed. It can be written as

(3.25) Zio = Bxio, B>1, i=1,2,...,mm,
and
(326) Tio =Ty, t=mM+1,mMm+2,...,m.

Let us introduce the following substitution

(3.27) a=1-a, 0<a<l.
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Using (3.27) in (3.23), we have

(3.28) Yo =yr0o—0p >0, r=1,2,...,5,

with

(3.29) ar = ayrg, o >0, r=1,2,...,8.

Because of (3.24), we have

(3.30) ar=0, r=5+1,54+2,...,s.
Let us also introduce the substitution

(3.31) B=1+p8, B>0.

Using (3.31) in (3.25) we have

(3.32) Tio =T+ Bi, 1=1,2,...,m,

with

(3.33) 8 = Bxio, Bi>0, i=1,2,... 7.

Because of (3.26), we have

(3.34) Bi=0, i=m—+1,m+2,...,m.

This means that the proportionate change of a subset of outputs (3.23), with the
other outputs fixed (3.24), can be considered as the additive change (3.28), with «,
in (3.29) and (3.30). Similarly, the proportionate change of a subset of inputs (3.25),
with the other inputs fixed (3.26), can be considered as the additive change (3.32)
with ; in (3.33) and (3.34). Therefore, we will consider the additive changes (3.28)
of outputs together with (3.30) and/or additive changes (3.32) of inputs together
with (3.34).

For an efficient DMUj because of (3.2), vectors [ Yo — Xo ]7 and [0 X( ]© must
occur in some optimal basis, which means that there is a basic optimal solution to
(3.1) with A\§ =1 and #* = 1. Similarly as in Charnes and Nerali¢ [8], simultaneous
changes (3.28), together with (3.30), and changes (3.32), together with (3.34), are
then accompanied by alterations in the inverse B~! of the optimal basis matrix

Ypg —If 0 0
-Xp 0 —Iy Xo|’

which corresponds to the optimal solution (A*, s™*, s7*,6*) of (3.1) with \j = 1 and
0* = 1. Let

(3.35) B= [

ij
be the inverse of the optimal basis B in (3.35). Let P;, j =1,2,...,n+s+m+
1 be the columns of the matrix and let Py be the right-hand side of the linear
programming problem (3.1).
The simultaneous change of outputs (3.28) together with (3.30) and of inputs
(3.32) together with (3.34) leads to the following change of the optimal basis matrix
B

(3.36) B=B+AB

Bl = [bﬂ, i, i=1,2,....s+m,



with

(3.37)
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k s+m

4 {
0 0 —a1 O 0
0 0 —asz O 0
0 0 0 0 0
0 0 0 0 0

AB =

0 0 -6 O B1
0 0 —0Bm O T
0 0 0 0 0
o --- 0 0 0 -- 0

and the following change of the right-hand side vector

(3.38)

ﬁozpo—l—[—oq —ag ...—az0 ...O]T,

1175

where indexes £ and s+m correspond to the optimal basic variables A\ = 1 and 6* =
1 respectively. Similarly as in subsection 3.1 above we can use the corresponding

matrices Usym)x2 and V;’;(

(3.39)

s+m

AB=UVT,

) in order to write the perturbation matrix (3.37) as

As in Charnes and Nerali¢ [8], because of (3.36) and (3.39) we can use the Sherman-
Morrison-Woodbury formula (see, for example, Golub and Loan [15], p. 3) to get
the following perturbed basis inverse

(3.40)

(B = B+UV)!
= B '-Blvag+viBtu)ytvipi

Using the abbreviation

(3.41)

D=U(I+VIBtu)y~"tvT

we can write (3.40) as

(3.42)

(B™' = B '-B'DB!
= B '1-DB™
= (I-B7'D)B™.

Also, using matrices U and VT we can get VI B~'U and

(3.43)

M=I1+VTB U

with det M, M~! and matrix

(3.44)

D=UM1vT
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with elements

1 L _
(345) dth = _det M(l + Z bs-i}m,s-i-tﬁt)at? t= 1, 2, ey Sy
t=1
1 s
(346) ds+t,k = det M(—l + Z b;}mtat)ﬁt, t=1,2,...,m,
t=1
1 m
(3'47) dt,s+m = W(Z bl;iurtﬁt)at? t=1,2,...,5,
t=1
1 s
(3.48) dsrtsrm = (1= by )b, t=1,2,...,m.
det M p

Now we can prove the following

Theorem 3.5. Let us suppose that DMUy is efficient. Conditions
(3.49) W'Dl > zj — ¢, j an index of nonbasic variables,

are sufficient for DMUy to continue to be efficient after the simultaneous propor-
tionate changes of a subset of outputs (3.23) and of a subset of inputs (3.25).

Proof. The proof is omitted because it is similar to the proof of Theorem 1 in
Charnes and Neralié¢ [8]. (See also the proof of Theorem 2.1 in Charnes and Nerali¢
[71) O

Remark 3.6. In conditions (3.49) there is det M in the denominator of elements
of matrix D. Consequently in general, there are two possibilities, one for the case
of det M > 0 and the other for the case det M < 0. In either case, the condition on
det M, together with constraints (3.28) - (3.30) and (3.32) - (3.34), should be added
to conditions (3.49). The solution set of the corresponding system of inequalities Sjo
will be a set of points (ai,...,a50,...,0,51,...,0m,0,...,0) in R, Because
of (3.29) and (3.33), we can get the corresponding system of inequalities in «, 3
and the solution set Sjo. Using substitutions (3.27) and (3.31) we can also get the

corresponding system of inequalities in @, 5 and the solution set S5o- For all points

~

(@, B) in the solution set S}, after the changes of outputs according to (3.23), (3.24)
and the changes of inputs according to (3.25) and (3.26), the efficiency of DMUj
will be preserved. The solution set S%, gives the region A%, in the plane with the

coordinate system aéE .

Remark 3.7. Using points (&,B) from the set 7, in (3.23) and (3.25) with (3.24),
(3.26) we can get the corresponding region of efficiency Rj;o around DMUjg. The
volume of the region of efficiency around the efficient point, within which perturba-
tions (3.23) and (3.25) keep it efficient, is an important property of the (empirical)
efficient production function at this point. It is a measure of stability of efficiency
at that point. If R; > Ry holds for an efficient DMU; and DMUsy, this means
that DMU; is more stable that DMUs in preserving efficiency at the simultaneous
proportionate changes (3.23)and (3.25).
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For the case with det M > 0 (see also Theorem 2 in Charnes and Neralié¢ [11]), it
is easy to get from Theorem 3.2 the following
Corollary 3.8. Let us suppose that DMUy is efficient and let
(350) det M =1-— a1(1 —&) + (—bl —|—b2)(g— 1) + (CLle — albg)(l —&)(3— 1) > 0,
with

(3.51)
5 5 m m
T ST TSR S SR o = R
t=1 t=1 t=1 t=1
Let
s m
(3.52) az = Zwtytm by = Zws—i-tl'tOv
t=1 t=1
(3.53) dj = —asl'y; + a1¢;, ej = —b3(T'kj — Lsmyj) — (—b1 + b2)cy,
(3.54) fj = (agbg — agbg)rkj + (a3b1 — albg)FermJ — (a2b1 — albg)éj,

j=12....n4+s+m+1,
with ¢; = z; — ¢;. Then, the conditions

~ ~

(3.55) G —a)+eB -1+ [0-DB-1) 2 q,
j an index of nonbasic variables,

are sufficient for DM Uy to preserve efficiency after the simultaneous proportionate
changes of a subset of outputs (3.23) and of a subset of inputs (3.25).

For fixed inputs, we can consider the proportionate change (decrease) of a subset
of outputs (3.23) with the other outputs fixed (3.24). In that case, because of
f1=P2=...=Pm=01in (3.32) and of (3.34), it is easy to get the corresponding
matrix D; from the matrix D with elements in (3.45) - (3.48). With the matrix D;
instead of matrix D from Theorem 3.2, we have the following

Corollary 3.9. Conditions
(3.56) w' DTy > zj —¢j, j an index of nonbasic variables,

are sufficient for DMUy to be efficient after the proportionate changes of a subset
of outputs (3.23) with the other outputs and all inputs fized.

For fixed outputs, we can consider the proportionate change (increase) of a subset
of inputs (3.25) with the other inputs fixed (3.26). In that case, because of a; =
az =...=az=01n (3.28) and of (3.30), it is easy to get the corresponding matrix
Dy from the matrix D with elements in (3.45) - (3.48). With the matrix Dy instead
of matrix D from Theorem 3.2, we have the following

Corollary 3.10. Conditions
(3.57) wl' Dol > 2; —¢j, j an index of nonbasic variables,

are sufficient for DMUy to be efficient after the proportionate change of a subset of
inputs (3.25) with the other inputs and all outputs fized.
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3.4. Sensitivity analysis of the proportionate change of inputs and out-
puts in the CCR model with different coeflicients of proportionality. Let
us consider the simultaneous proportionate change (increase) of all inputs

(3.58) Tio = Biwio, Bi>1, i=1,2,...,m,
and the proportionate change (decrease) of all outputs
(3.59) Uro = Qryro, 0<aa,.<1, r=1,2,...,s,

of an efficient DMUj preserving efficiency. We are interested in sufficient conditions
for DMUj to preserve efficiency after the simultaneous changes (3.58) and (3.59).
Let us also introduce the following notations:

(3.60) Z bkt yro(1 Z bs+m Yro(1 ), Az = Zwtyto 1—ay),

t=1
(3.61)
m N m
Br=> bt w(B—1),Ba= bl 0B — 1), By = Zw5+txto<ﬁt ~ 1),
t=1 t=1 t=1
Theorem 3.11. Let us suppose that DMUy is efficient and let
(362) det M =1— A1 — By + By+ AyB; — A1 By > 0.

Then the conditions
(A3 — B3 + AoB3 — A3B9)l'y; + (B3 + A3By — A1B3)lsypmj +
(3.63) + (A1 + Bi—By— AyB; + A1B)¢; > ¢,
j an index of nonbasic variables,
with ¢; = zj — ¢, are sufficient for DMUy to preserve efficiency after the simulta-

neous proportionate changes of inputs (3.58) and of outputs (3.59).

Proof. 1t is easy to see that the proportionate change of inputs (3.58) is the special
case of the change

(364) fZU::I:ZO—F/BH @2071217277"’”
with
(3.65) Bi= (B — Do, Bi>1, i=1,2,....m

A similar result holds for the proportionate change of outputs (3.59) which is the
special case of the change

(366) Z/\TOZyT'U_OZT>07 0Sa7‘<y7‘07 T:1,2,...,S,
with
(3.67) ar=(1—a )y, 0<a,<1, r=1,2,...,s.

Let us suppose that conditions (3.63) are satisfied. Then using (3.64), (3.65) and
(3.62) it is easy to show that conditions (3.62) are equivalent to conditions (34)
in Guddat et al. [16], p. 196, for the case with £;,7 = 1,2,...,m in (2.21) and
ap,m=1,2,...,5in (3.66). But conditions (34) in Guddat et al. [16] are sufficient
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for DMUj to preserve efficiency after the simultaneous changes (3.63) and (3.65).
Thus, the statement of the theorem follows. O

Corollary 3.12. Let us suppose that DM Uy is efficient. Let BZ = B, 1=1,2,...,m,
in (3.58) and let oy =, r=1,2,...,s in (3.59). Let

(3.68) dj = —angj + aicj,e; = —bg(rkj — Fs—i—m,j) — (—bl + bg)éj,

(3.69) fj = (a2b3 — agbg)rkj + (a3b1 — albg)FSer,j — (CLle — ale)Ej,
j=L2...,n+s+m+1,
with ¢; = z; — ¢;. Let

~

(3.70) det M =1-— a1(1 —&) + (—bl —i—bg)(g— 1) + (a2b1 — albg)(l —&)(ﬂ — 1) > 0.

Then the conditions

~ ~

(3.71) di(l—a)+e;(B-1)+ f;(1-a)(B—1) = ¢,
j an index of nonbasic variables,

are sufficient for DMUy to preserve efficiency after the proportionate change of
inputs (3.58) with the same coefficient of proportionality 5 for all inputs and the
proportionate change of outputs (3.59) with the same coefficient of proportionality
a for all outputs.

Remark 3.13. For details about the case in Corollary 3.12, see Theorem 2 in
Neralié¢ [21].

Corollary 3.14. Let us suppose that DM Uy is efficient and let BZ = E,i =12,....m
in (3.58) and a, = 1,r =1,2,....s in (3.59). Let

~

(3.72) det M =1+ (—=by +b2)(8—1) > 0.
Then the conditions
(3.73) (=b3(Tij — Domy) — (=1 +b2)E) (B — 1) > &),

j an index of nonbasic variables,
are sufficient for DMUy to preserve efficiency after the proportionate change (3.58)
of inputs only with the same coefficient of proportionality B for all inputs.

Remark 3.15. For details about the case in Corollary 3.14, see Theorem 3.1 in
Charnes and Nerali¢ [9].

Corollary 3.16. Let us suppose that DM Uy is efficient and let B\Z =1i=12,....m
in (3.58) and &, =a,r =1,2,...,s in (3.59). Let

(3.74) det M =1—-ay1(1—a) > 0.
Then the conditions
(3.75) (—aslkj + a185)(1 — @) > ¢,

j an indezx of nonbasic variables,

are sufficient for DMUy to preserve efficiency after the proportionate change (3.59)
of outputs only with the same coefficient of proportionality & for all outputs.
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Remark 3.17. For details about the case in Corollary 3.16, see Theorem 4.1 in
Charnes and Nerali¢ [9].

4. SUMMARY AND CONCLUSIONS

In this paper, sensitivity analysis of the proportionate change of outputs and/or
of inputs is considered for different cases in the additive model and in the CCR
model of DEA. Sufficient conditions for an efficient DMUj to preserve efficiency are
reviewed for several cases of proportionate change of outputs and/or of inputs.

Sensitivity analysis of the proportionate change of outputs and/or of inputs in the
additive model is studied in Section 2. Subsection 2.1 contains some preliminaries for
the additive model. The proportionate change of outputs, of inputs and of outputs
and inputs simultaneously is considered in Subsections 2.2, 2.3 and 2.4 respectively.
The case with different coefficients of proportionality for outputs and inputs is
studied in Subsection 2.5 and the case of discretionary outputs and/or inputs is
considered in Subsection 2.6. Similar cases for the CCR model are studied in Section
3. Subsection 3.1 includes some preliminaries for the CCR model. Simultaneous
proportionate changes of inputs and of outputs are considered for the CCR model
in Subsection 3.2. Subsection 3.3 contains a sensitivity analysis of the proportionate
change of a subset of inputs and/or of outputs. In the case with two coefficients
of proportionality, one for outputs and the other for inputs, sufficiency conditions
give for each efficient DMUj a region of efficiency and an area the size of which is a
measure of stability of efficiency at the proportionate change of a subset of inputs
and/or of a subset of outputs.

Because the conditions obtained are only sufficient, an open question remains
related to the form of necessary and sufficient conditions for an efficient DMUjg to
preserve efficiency after the proportionate changes of outputs and /or of inputs in the
additive, CCR and BCC models of DEA. The question remains about the efficiency
preservation of all efficient DMUs according to the CCR and the BCC model of DEA
under the proportionate changes of all data. The case of the proportionate change
of all data in the CCR model with preservation of the efficiency of all efficient and
the inefficiency of all inefficient DMUs seems to be interesting. An application of
the results based on the proportionate change of outputs and/or inputs using data
for a real world problem seems to be a challenge.
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