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ABSTRACT. Toeplitz operators are fundamental and ubiquitous in signal process-
ing and information theory as models for linear, time-invariant (LTI) systems.
Due to the fact that any practical system can access only signals of finite du-
ration, time-limited restrictions of Toeplitz operators are naturally of interest.
To provide a unifying treatment of such systems working on different signal do-
mains, we consider time-limited Toeplitz operators on locally compact abelian
groups with the aid of the Fourier transform on these groups. In particular, we
survey existing results concerning the relationship between the spectrum of a
time-limited Toeplitz operator and the spectrum of the corresponding non-time-
limited Toeplitz operator. We also develop new results specifically concerning
the eigenvalues of time-frequency limiting operators on locally compact abelian
groups. Applications of our unifying treatment are discussed in relation to chan-
nel capacity and in relation to representation and approximation of signals.

1. INTRODUCTION

This paper deals with generalizations of certain concepts from elementary signals
and systems analysis, which we first review.

1.1. Spectral analysis of linear, time-invariant systems. Linear, time-invariant
(LTT) systems are ubiquitous in signal processing and control theory, and it is well
known that the output of a continuous-time (CT) LTI system with input signal x(t)
can be computed using the convolution integral

(1.1) y(t) = (xzxh)(t) = /OO h(t —1)z(r)dT,

=—00

where h(t) € L2(R) is the impulse response of the system. Such a system can
equivalently be viewed as a linear operator H : La2(R) — Loo(R), where

(1.2) H(x)(t):/oo h(t —7)a(r)dT.

=—00

2020 Mathematics Subject Classification. 47B35, 4TN70, 94A12.

Key words and phrases. Toeplitz operators, time-frequency analysis, subspace approximation,
eigenvalue distribution.

This work was supported by NSF grants CCF-1409261, CCF-1704204, and CCF-2008460.



776 Z. ZHU AND M. WAKIN

Because this linear operator involves a kernel function h(t—7) that depends only on
the difference t—7, we refer to it as a Toeplitz operator.' In this setting, the behavior
of the Toeplitz operator can be naturally understood in the frequency domain: for
an input signal x(t) with continuous-time Fourier transform (CTFT)

o
(1.3) H(F) = / $()e=I2 4L Y F e R,
t=—o00

the CTFT of the output signal y(t) will satisfy y(F) = E(F)B(F), where E(F)
denotes the CTFT of the impulse response h(t) and is also known as the frequency
response of the system. The spectrum of the Toeplitz operator H also coincides
with lAL(F) [24, Section 7.2]. Note that the spectrum of a linear operator H, a
generalization of the set of eigenvalues of a matrix, is the set of complex numbers
A such that H — A\Z (where 7 denotes the identity operator) is not invertible.

Similar facts hold for discrete-time (DT) LTI systems, where the response to an
input signal z[n] is given by the convolution

(1.4) ylnl = Y hln—mlz[m],

where h[n] € ¢2(Z) is the impulse response of the DT system. Such a system can
equivalently be viewed as a linear operator H : l3(Z) — ¢3(Z), which corresponds
to multiplication of the input signal = € ¢5(Z) by the bi-infinite Toeplitz matrix

We note that H[m,n] = h[m —n] for all m,n € Z. The behavior of this system can
also be interpreted as multiplication in the discrete-time Fourier transform (DTFT)
domain where the DTFT of the impulse response h[n] is defined as:

(1.6) a(f)= > hnje-i2mIn,

The spectrum of H also coincides with ﬁ( f) [24].

1.2. The effects of time-limiting. Practical systems do not have access to input
or output signals of infinite duration, which motivates the study of time-limited
versions of LTI systems. Consider for example the situation where a CT system
zeros out an input signal outside the interval [0, 7]. (Or similarly, the system may
pad with zeros an input signal that was originally compactly supported on [0,77].)
The system then computes the convolution shown in (1.2) and finally time-limits

LOur notion of Toeplitz operators follows from the definition of Toeplitz operators in [24, Section
7.2].
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the output signal to the same interval [0, 7. For such a situation we may define a
new linear operator Hr : L2(R) — L2(R) (a “time-limited” version of H), where
S h(t—m)z(r)dr, telo,T)

(L.7) Hr(z)(t) = {

0, otherwise.

An analogous time-limited version of H (from (1.5)) may be defined for DT
systems. Supposing that the input and output signals are time-limited to the index
set {0,1,..., N — 1}, we define the N x N Toeplitz matrix? H y as

(1.8) Hy[m,n]|=hlm—n], YO<mn<N-—1.

Such a matrix can also be viewed as a linear operator on C¥.

A natural question is: What effect do the time-limiting operations have on the
system behavior? More precisely, how similar is the spectrum of Hp to that of H,
and in what sense do the eigenvalues of Hr converge to the frequency response /I{(F)
as T — oo? Here Hr is compact and thus has a discrete spectrum containing what
we refer to as its eigenvalues; the number of eigenvalues is countable by the spectral
theorem for compact operators [9]. Analogously, how similar is the spectrum of
H y to that of H, and in what sense do the eigenvalues of H y converge to the
frequency response ﬁ( f) as N — co? As we discuss, the answers to such questions
provide insight into matters such as the capacity (or effective bandwidth) of time-
limited communication channels and the number of degrees of freedom (or effective
dimensionality) of certain related signal families. Answering these questions relies
on deeper insight into the spectrum of Toeplitz operators.

1.2.1. Toeplitz and time-limited Toeplitz operators. In this paper, we distinguish
between Toeplitz operators (such as H and H) and time-limited Toeplitz operators
such as Hr and Hy.> We focus primarily on Toeplitz and time-limited Toeplitz
operators that are Hermitian, i.e., h(—t) = h*(¢t) for H and Hp and h[—n] = h*[n]
for H and H p.

We note that finite size Toeplitz matrices (such as H ) are of considerable in-
terest in statistical signal processing and information theory [22,24,33,49,53]. The
covariance matrix of a random vector obtained by sampling a wide-sense stationary
(WSS) random process is an example of such a matrix. More general Toeplitz op-
erators have been extensively studied since O. Toeplitz and C. Carathéodory [6,75];
see [24] for a very comprehensive review. Time-limited convolutions are also impor-
tant in machine learning and computer vision. As an example, modern convolutional
neural networks (CNNs)—which have demonstrated excellent performance in nu-
merous computer vision tasks [40]—contain large numbers of convolutional layers,
each of which mainly involves two-dimensional convolution (that can be written as
a doubly block circulant matrix, which is approximately Toeplitz) applied to the
input.

2Through the paper, finite-dimensional vectors and matrices are indicated by bold characters
and we index such vectors and matrices beginning at 0.

30ur usage of these terms is consistent with the terminology in [24, Section 7.2], although in
that work time-limited Toeplitz operators are referred to as finite Toeplitz operators.
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Unfortunately, there are no simple formulas for the eigenvalues of time-limited
Toeplitz operators such as Hr and H . This stands in contrast to the operators
‘H and H, whose spectrum was given simply by the frequency response of the cor-
responding LTI system. Notably, although the discrete Fourier transform (DFT)
is the canonical tool for frequency analysis in CV, the DFT basis vectors (complex

exponentials of the form 2N with k € {0,1,...,N —1}) do not, in general, con-
stitute eigenvectors of the matrix H y, unless this matrix is circulant in addition to
being Toeplitz. Consequently, the spectrum of H  cannot in general be obtained
by taking the DFT of the time-limited impulse response {h[0], h[1],..., [N — 1]}.

Fortunately, in many applications it is possible to relate the eigenvalues of a
time-limited Toeplitz operator to the eigenvalues of the original (non-time-limited)
Toeplitz operator, thus guaranteeing that certain essential behavior of the original
system is preserved in its time-limited version. We discuss these connections, as
well as their applications, in more detail in the following subsections.

1.2.2. Time-frequency limiting operators. Shannon introduced the fundamental con-
cept of capacity in the context of communication in [64], in which we find the answers
to questions such as the capacity of a CT band-limited channel which operates sub-
stantially limited to a time interval [0,7]. In [64], the answer was derived in a
probabilistic setting, while another notation of e-capacity was introduced by Kol-
mogorov in [74] for approaching a similar question in the deterministic setting of
signal (or functional) approximation. The functional approximation approach was
further investigated by Landau, Pollak, and Slepian, who wrote a series of seminal
papers exploring the degree to which a band-limited signal can be approzimately
time-limited [43,44, 65,67,69]. Recently, Lim and Franceschcetti [46,47] provided
a connection between Shannon’s capacity from the probabilistic setting and Kol-
mogorov’s capacity from the deterministic setting when communication occurs using
band-limited functions.

To give a precise description, consider the case of a CT Toeplitz operator H (as
in (1.2)) that corresponds to an ideal low-pass filter. That is, H = By, where
By : La(R) — Ly(R) is a band-limiting operator that takes the CTFT of an
input function on Lo(R), sets it to zero outside [—W, W] and then computes the
inverse CTFT. The impulse response of this system is given by the sinc function
h(t) = %, and the frequency response of this system /}\L(F) is simply the
indicator function of the interval [—W, W].

Similarly, define 77 : L2(R) — L2(R) to be a time-limiting operator that sets a
function to zero outside [0, T, and finally consider the time-limited Toeplitz opera-
tor Hr = TrHTr = TrBwTr. Observe that Hp can be viewed as a composition of
time- and band-limiting operators.

The eigenvalues of TrBy Tr were extensively investigated in [43,69], which dis-
cuss the “lucky accident” that TrByw Tr commutes with a certain second-order dif-
ferential operator whose eigenfunctions are a special class of functions—the prolate
spheroidal wave functions (PSWF's).

The eigenvalues of the corresponding composition of time- and band-limiting op-
erators in the discrete case, a Toeplitz matrix H y whose entries are samples of a
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digital sinc function, were studied by Slepian in [67]. The eigenvectors of this ma-
trix are time-limited versions of the discrete prolate spheroidal sequences (DPSSs)
which, as we discuss further in Section 4.4, provide a highly efficient basis for rep-
resenting sampled band-limited signals and have proved to be useful in numerous
signal processing applications.

In both the CT and DT settings, the eigenvalues of the time-limited Toeplitz
operator exhibit a particular behavior: when sorted by magnitude, there is a cluster
of eigenvalues close to (but not exceeding) 1, followed by an abrupt transition,
after which the remaining eigenvalues are close to 0. This crudely resembles the
rectangular shape of the frequency response of the original band-limiting operator.
Moreover, the number of eigenvalues near 1 is approximately equal to the time-
frequency area (which equals 27'W in the CT example above). More details on these
facts, including a complete treatment of the DT case, are provided in Section 4.

1.2.3. Szegd’s theorem. For more general Toeplitz operators—beyond ideal low-pass
filters—the eigenvalues of the corresponding time-limited Toeplitz operators can be
described using Szegd’s theorem.

We describe this in the DT case. Consider a DT Hermitian Toeplitz operator H
which corresponds to a system with frequency response h(f), as described in (1.5)
and (1.6). For N € N, let H y denote the resulting time-limited Hermitian Toeplitz
operator, as in (1.8), and let the eigenvalues of H be arranged as \o(Hpy) >
-+ > Av_1(Hy). Suppose h € L ([0,1]). Then Szegd’s theorem [24] describes the
collective asymptotic behavior (as N — oo) of the eigenvalues of the sequence of
Hermitian Toeplitz matrices {H y} as

1
N—}OON 0

N-1
(1.9) fim - > O (EN) = [ OGS,
=0

where ¢ is any function continuous on the range of h. As one example, choosing
P x) = x yields

1 N-1 1
Jin e 2 N (H ) = | i
In words, this says that as N — oo, the average eigenvalue of H y converges to
the average value of the frequency response h(f) of the original Toeplitz operator
H. As a second example, suppose h(f) > 0 (and thus \(Hy) > 0 for all [ €
{0,1,...,N — 1} and N € N) and let ¥ be the log function. Then Szegd’s theorem
indicates that

Jim % log (det (H y)) = /O o (?L( f)) df.

This relates the determinants of the Toeplitz matrices H y to the frequency response
/f;( f) of the original Toeplitz operator H.

Szegd’s theorem has been widely used in the areas of signal processing, commu-
nications, and information theory. A paper and review by Gray [22,23] serve as a
remarkable elementary introduction in the engineering literature and offer a simpli-
fied proof of Szegd’s original theorem. The result has also been extended in several
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ways. For example, the Avram-Parter theorem [3,52] relates the collective asymp-
totic behavior of the singular values of a general (non-Hermitian) Toeplitz matrix
to the magnitude response |h(f)|. Tyrtyshnikov [76] proved that Szegé’s theorem
holds if E( f) € R and /i\L( f) € L*([0,1]), and Zamarashkin and Tyrtyshnikov [83]
further extended Szegé’s theorem to the case where h(f) € R and h(f) € L'([0,1]).
Sakrison [56] extended Szegd’s theorem to higher dimensions. Gazzah et al. [20] and
Gutiérrez-Gutiérrez and Crespo [26] extended Gray’s results on Toeplitz and cir-
culant matrices to block Toeplitz and block circulant matrices and derived Szeg&’s
theorem for block Toeplitz matrices.

Similar results also hold in the CT case, with the operators H and Hr as defined
in (1.2) and (1.7). Let Ag(#r) denote the £*P-largest eigenvalue of 7. Suppose E(F)
is a real-valued, bounded and integrable function, i.e., E(F) € R, E(F) € L*(R),
and h(F) € L*(R). Then Szeg8’s theorem in the continuous case [24] states that
the eigenvalues of Hr satisfy

(1.10) lim #{”“ATE(HT) <Y Fia<h(F) <b)

for any interval (a,b) such that [{F : E(F) =a}| = {F: /I{(F) = b}| = 0. Here
| - | denotes the length (or Lebesgue measure) of an interval. Stated differently, this
result implies that the eigenvalues of the operator Hp have asymptotically the same
distribution as the values of /f;(F) when F' is distributed with uniform density along
the real axis.

We remark that although the collective behavior of the eigenvalues of the time-
frequency limiting operators discussed in Section 1.2.2 can be characterized using
Szegd’s theorem, finer results on the eigenvalues have been established for this
special class of time-limited Toeplitz operators. We discuss Szegdé’s theorem for
general operators in Section 3, and we discuss results for time-frequency limiting
operators in Section 4.

1.2.4. Time-limited Toeplitz operators on locally compact abelian groups. One of the
important pieces of progress in harmonic analysis made in last century is the defi-
nition of the Fourier transform on locally compact abelian groups [55]. This frame-
work for harmonic analysis on groups not only unifies the CTFT, n-dimensional
CTFT, DTFT, and DFT (for signal domains, or groups, corresponding to R, R",
Z, and Zy = {0,1,..., N — 1}, respectively), but it also allows these transforms
to be generalized to other signal domains. This, in turn, makes possible the anal-
ysis of new applications such as steerable principal component analysis (PCA) [78]
where the domain is the rotation angle on [0,27), an imaging system with a pupil
of finite size [15], line-of-sight (LOS) communication systems with orbital angular
momentum (OAM)-based orthogonal multiplexing techniques [80], and many other
applications such as those involving rotations in three dimensions [8, Chapter 5].
In this paper, we consider the connections between Toeplitz and time-limited*
Toeplitz operators on locally compact abelian groups. As we review in Section 2,
one important fact carries over from the classical setting described in Section 1.1:

4Here we use “time” to be consistent with the preceding discussion, but this concept broadly
applies to other domains such as the spatial domain.
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the eigenvalues of any Toeplitz operator on a locally compact abelian group are
given by the generalized frequency response of the system.

In light of this fact, we are once again interested in questions such as: How
does the spectrum of a time-limited Toeplitz operator relate to the spectrum of
the original (non-time-limited) Toeplitz operator? In what sense do the eigenvalues
converge as the domain of time-limiting approaches the entire group? The answers
to such questions will provide new insight into the effective dimensionality of certain
signal families (such as the class of signals that are time-limited and essentially band-
limited) and the amount of information that can be transmitted in space or time
by band-limited functions.

1.3. Contribution and paper organization. This paper focuses on the spectra
of time-limited Toeplitz operators and the resulting implications in signal processing
and information theory, containing part survey and part novel work. In particular,
as new results, we study the spectra of time-frequency limiting operators on locally
compact abelian groups and analyze applications in representation and approxima-
tion of band-limited signals, generalizing the existing results in Section 1.2.2.

The remainder of paper is organized as follows. Section 2 reviews harmonic anal-
ysis on locally compact abelian groups and draws a connection between time-limited
Toeplitz operators and the effective dimensionality of certain related signal families.
Next, Section 3 reviews Szegd’s theorem and its (existing) generalization to locally
compact abelian groups. Applications are discussed in channel capacity, signal rep-
resentation, and numerical analysis. Finally, Section 4 reviews existing results on
the eigenvalues of time-frequency limiting operators and generalizes these results
to locally compact abelian groups. New applications of this unifying treatment
are discussed in relation to channel capacity and in relation to representation and
approximation of signals. This work also opens up new questions concerning ap-
plications and research directions, which we discuss at the ends of Section 3 and
Section 4.

2. PRELIMINARIES

We briefly introduce some notation used throughout the paper. Sets (of variables,
functions, etc.) are denoted in blackboard font as A, B, .... Operators are denoted
in calligraphic font as A, B, .. ..

2.1. Harmonic analysis on locally compact abelian groups.

2.1.1. Groups and dual groups. Let G (with a binary operation o) denote a lo-
cally compact abelian group, which can be either discrete or continuous, and either
compact or non-compact. A character x¢ : G — T of G is a continuous group homo-
morphism from G with values in the circle group T := {z € C: |z| = 1} satisfying

Ixe(@)l =1, x{(9) = xe(g7), xe(hog) = xe(h)xely),

for any g,h € G. Here XZ(g) is the complex conjugate of x¢(g). The set of all
characters on G introduces a locally compact abelian group, called the dual group
of G and denoted by G if we pair (g,&) — xe(g) for all € € G and g € G. In most
references the character is denoted simply by x rather than by x¢. However, we use
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here the notation x¢ in order to emphasize that the character can be viewed as a

function of two elements g € G and £ € @, and for any £ € (@, X¢ is a function of
g. In this sense, x¢(g) can be regarded as the value of the character x¢ evaluated
at the group element g. Table 1 lists several examples of groups G, along with the
corresponding binary operation o and dual group @, that have relevance in signal
processing and information theory. Here mod(a,b) = ¢ — [%], where |c| is the
largest integer that is not greater than c.

TABLE 1. Examples of groups G, along with their dual groups G and
Fourier transforms (FT). Below, CT denotes continuous time, DT
denotes discrete time, F'S denotes Fourier series, and DFT denotes
the discrete Fourier transform.

group G | dual group G ‘ g ‘ binary operation g; o go ‘ I3 | xe(9) | FT
R R t t) +to F | 27t CTFT
R™ R” t t +to F | 27(FH [ CTFT in R”
unit circle [0, 1) Z t mod(ty +t2, 1) k| ek CTFS
Z unit circle n ny +no f| e in DTFT
Zn = N roots of unity | Zy = N roots of unity | n mod(ny + na, N) k eI2T R DFT

2.1.2. Fourier transforms. The characters {x¢} £c@ play an important role in defin-
ing the Fourier transform for functions in Ly(G). In particular, the Pontryagin
duality theorem [55], named after Lev Semennovich Pontryagin who laid the foun-
dation for the theory of locally compact abelian groups, generalizes the conventional
CTFT on Ly(R) and CT Fourier series for periodic functions to functions defined
on locally compact abelian groups.

Theorem 2.1 (Pontryagin duality theorem [55]). Let G be a locally compact abelian
group and p be a Haar measure on G Let l’( ) € Li(G). Then the Fourier trans-

form Z(€) is defined by (&) = [ =( d u(g). For each Haar measure p on
G there is a unique Haar measure v oon G such that the following inverse Fourier
transform holds (g fG g)d u(f) The Fourier transform satisfies Parse-
val’s theorem: [ \x )2 du fG Z(E) P dw(e).

With certain technical tr1cks, the same Fourier transform and Parseval’s theorem
in Theorem 2.1 can be extended to La(G); see [72, Theorem 59], [55, 1.6.1] and
the references therein for details. Only Haar measures and integrals are considered
throughout this paper. We note that the unique Haar measure v on G depends on
the choice of Haar measure p (which is unique except for positive scaling factors)
on G. We illustrate this point with the conventional DFT as an example where
g=neG=2Zyn,(=ke G= Zn, and xe(g) = 1275 If we choose the counting
measure (where each element of G receives a value of 1) on G, then we must use
the normalized counting measure (where each element of G receives a value of %)
on G. The DFT and inverse DFT become

N-1 N-1
k] = Y xln)e IR an] = Z[k)e??™ N .
n=0 k=0
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One can also choose the semi-normalized counting measure (where each element
receives a value of ﬁ) on both groups G and G. This gives the normalized DFT
and inverse DFT:

1 Nl k 1 i k
Tk =— Y xne 7"NV; an] = —— Y Z[k|TN.
\/N n=0 \/N k=0

For convenience, we rewrite the Fourier transform and inverse Fourier transform
as follows when the Haar measures are clear from context:

76 = /G £(9)x(9) dg; 2(g) = /@E(ﬁ)xs(g)df-

We also use F : La(G) — Lg(@) and F~1: Lg(@) — L2(G) to denote the operators
corresponding to the Fourier transform and inverse Fourier transform, respectively.

For each group G and dual group G listed in Table 1, the table also includes the
corresponding Fourier transform.

2.1.3. Convolutions. For any x(g),y(g) € L2(G), we define the convolution between
them by

(2.1) @s9)l) = [ uaht o g)dn.

Similar to what holds in the standard CT and DT signal processing contexts, it
is not difficult to show that the Fourier transform on G also takes convolution to
multiplication. That is,

F(z*y)( // “tog)dh x{(g)dyg
/ / “Logxi(h ™t og)dg xi(h)y(h) dh = (Fx)(€)(Fy)(€)

since [a(h™tog)dg= [yx(g)dyg for any h € G.

Similar to the fact that Toephtz operators (1.2) and Toeplitz matrices (1.5) are
closely related to the convolutions in Section 1.1, the convolution (2.1) can be viewed
as a linear operator X : Ly(G) — Loo(G) that computes the convolution between
the input function y(g) and z(g):

(X)) = /G 2(h" o g)y(h)dh.

We refer to X as a Toeplitz operator since this linear operator involves a kernel
function x(h~! o g) that depends only on the difference h=! o g. We call Z(¢), the
Fourier transform of z(g), the symbol corresponding to the Toeplitz operator X
Finally, let A € G be a subset of G. As explained in Section 1.2, we are also
interested in the time-limited Toeplitz 0perat07’5 Xy 2 La(G) — La(G), where

yy(h)dh, g€ A,

otherwise.

(2.2 (Xap)(g) = {f**

X, is also referred to as a Toeplitz operator in [24,27,39,48]. Again, we note that here “time”
refers to the domain in G.



784 Z. ZHU AND M. WAKIN

Recall that the spectrum of a linear operator X is the set of complex numbers A such
that X —A\Z (where Z denotes the identity operator) is not invertible. Here the time-
limited Toeplitz operator X} is compact and thus has a discrete spectrum containing
what refer to as its eigenvalues. There is no simple formula for exactly expressing
the eigenvalues of X,. Instead, we are interested in questions such as: How does
the spectrum of the time-limited Toeplitz operator X relate to the spectrum of the
original (non-time-limited) Toeplitz operator X7 In what sense do the eigenvalues
converge as the domain A of time-limiting approaches the entire group G? We
discuss answers to these questions in Section 3 and Section 4.

2.2. The effective dimensionality of a signal family. One of the useful ap-
plications of characterizing the spectrum of time-limited Toeplitz operators is in
computing the effective dimensionality (or the number of degrees of freedom) of
certain related signal families. In this section, we formalize this notion of effective
dimensionality for a set of functions defined on a group G.

2.2.1. Definitions. We begin by defining general sets of time-limited functions that
we are interested in; in later sections we discuss these functions in the context of
communications and signal processing. Specifically, suppose A is a subset of G and
let W(A, $(€)) C La(A) denote the set of functions controlled by a symbol ¢(€):

(2.3)

Wk, 3(0) = {r € Lo8)  2(0) = [[a(@FOl)as, [la@Pas 1),
which is a subset of La(A). We note that in (2.3), the symbol qg(f) is fixed and we
discuss its role soon.

Also let M, C L2(G) denote an n-dimensional subspace of La(G). The distance
between a point z € La(G) and the subspace M, is defined as

Az, M,) = inf / (z(g) — y(g))?dg

yEMy,
(2.0 - [ 6le) - (P9 dg
‘ (, Z>L2(G) ‘
= sup —

2eLa(G) M, |12l La(@)

where Py, : Lo(G) — L2(G) represents the orthogonal projection onto the subspace

M,,. We define the width d(W(A, gg(ﬁ)),Mn) of the set W(A, q@({)) with respect to
the subspace M, as follows:

AWA,J©)M,) =  sup dxM,)= sup inf / (2(9) — y(9))*d g,

TEW(A,B(E)) zEW(A,H(¢)) VEMn

which also represents the largest distance from the elements in W(A, q/b\(f)) to the
n-dimensional subspace M,,. The Kolmogorov n-width [38], d,(W(A,¢(&))) o
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W(A, $(€)) in Ly(G) is defined as the smallest width d(W(A, ¢(¢)), M,,) over all
n-dimensional subspaces of Lo(G); that is

(2.5) dn(W(A, $(6))) = inf d(W(A, 6(€)), M),

In summary, the n-width d,,(W(A, (}5(5 ))) characterizes how well the set W(A, $(§ )
can be approximated by an n-dimensional subspace of Lo(G). By its definition,
dp (W(A, QAS(ﬁ))) is non-increasing in terms of the dimensionality n. For any fixed
€ > 0, we define the effective dimensionality, or number of degrees of freedom, of the
set W(A, (;AS(‘f)) at level € as [19]

(2.6) N (W (A, 3(€)), ) = min {n: dn(W(A, 5(£)) < e}

In words, the g\bove definition ensures that there exists a subsp\ace M, of dimension
n=NW(A, o)), e) such that for every function z € W(A, ¢(§)), one can find at
least one function y € M, so that the distance between = and y is at most e.

We note that the reason we impose an energy constraint on the elements z of
W(A, <Z(£ )) in (2.3) is that we use the absolute distance to quantify the proximity
of x to the subspace M, in (2.4).

2.2.2. Connection to operators. In order to compute N (W(A, <$(g)), €), we may de-
fine an operator A : Ly(G) — La(A) as

(Aa)(g) = /@a@)a@xag) d¢, g€ A.

The adjoint A* : La(A) — L2((G}) is given by (A*z)(§) = [, =( X¢(g9)dg. The
composition of A and A* gives a self-adjoint operator A.A* Q(A) —> Ly(A) as
follows:

(Ad0)(9) = [ HOnela) [ s i anac
(2.7)
=/x(h>/A]¢(£> xelh tog)dedh= [ a(b)ox ") o g)dh
A
where ¢(g) = fG g)d¢ is the inverse Fourier transform of qﬁ In words,

compared Wlth (2.2), the self—adJomt operator AA* can be viewed as a time-limited
Toeplitz operator with the kernel ¢ % ¢*.

The following result will help in computing d,,(W(A, $(¢ ))) and the effective di-
mensionality of W(A, &5(5)) as well as choosing the optimal basis for representing
the elements of W(A, ¢A5(§))

Proposition 2.2 ([54]). Let the eigenvalues of AA* be denoted and arranged as
A1 > Ao > -+ Then the n-width of W(A, ¢(&)) can be computed as

dn(W(A, $(€))) = VA,

and the optimal n-dimensional subspace to represent W(A, QAﬁ(f)) is the subspace
spanned by the first n eigenvectors of AA*.

The proof of Proposition 2.2 is given in Appendix A.



786 Z. ZHU AND M. WAKIN

3. GENERAL TOEPLITZ OPERATORS ON LOCALLY ABELIAN GROUPS

Let x2(g) € L2(G), whose Fourier transform is given by Z(£). Now we are well
equipped to consider the eigenvalue distribution of a general time-limited Toeplitz
operator X (which is formally defined in (2.2)) on a locally abelian group; in
particular we are interested in the relationship between the spectrum of of the time-
limited Toeplitz operator Xy and Z(£). The operator X} is completely continuous
and its eigenvalues are denoted by A\;(Xy). Before presenting the main results, we
introduce new notation for subsets of G (or @) which are asymptotically increasing
to cover the whole group. This is similar to how we discussed the cases where
T — oo and N — oo in Section 1.2. To that end, let A;,7 € (0,00) be a system
of Borel subsets of G with boundaries of measure zero such that 0 < p(A;) < co.
The subscript 7 is sometimes dropped when it is clear from the context. We can
view A, as a set of subsets that depend on the parameter 7. One can also define a
system of subsets with multiple parameters.

3.1. Generalized Szeg6’s theorem. Abundant effort [24,27,39,48] has been de-
voted to extending the conventional Szegd’s theorem for a general time-limited
Toeplitz operator Xy. Let N(Xy; (a,b)) =: #{€: a < A\(X4) < b} denote the num-
ber of eigenvalues of X4 that are between a and b. We summarize the following
generalized Szeg6’s theorem concerning the collective behavior of the eigenvalues of
X and relating them to Z(§) (the spectrum of the corresponding non-time-limited
operator X').

Theorem 3.1 (Generalized Szegd’s theorem [24,27,39,48]). Let x(g) € La(G) and
Xa. be the time-limited Toeplitz operator defined in (2.2). Suppose the following

holds almost everywhere:
lim A, =G.

T—00
Then for all intervals (a,b) such that v ({£ :z(§) =a}) =v({£:2(§) =b}) =0, we
have
. N(XA ) (a7 b)) ~
3.1 lim ——————" > =p({£:a<x(&) <b}).
(3.1 Jim ~Ch { (&) <))
In a nutshell, Theorem 3.1 implies that the eigenvalues of the time-limited Toeplitz
operator X, are closely related to (), the spectrum of the corresponding non-
time-limited Toeplitz operator X'. Some work instead presents (3.1) as

(3.2) lim N (%X, o, B]) =v{£:a <7 <b}).

00 1(Ar)

One can understand the equivalence between (3.1) and (3.2) as the boundary of the
interval makes no difference since v ({€ : () = a}) = 0 and v ({£ : () = b}) = 0.

In words, Theorem 3.1 implies that the eigenvalue distribution of the operator X
asymptotically converges to the distribution of the Fourier transform of z(g). We
now compare Theorem 3.1 with the conventional Szegé’s theorems in Section 1.2.3
that have widely appeared in information theory and signal processing. We note
that (3.1) has exactly the same form as (1.10) for the time-limited operator Hr in
(1.7).
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For the Toeplitz matrix H y defined in (1.8), at first glance, (1.9) is slightly
different than what is expressed in (3.1) which implies

Gy g M)

:Hf:fe[o,l),a</ﬁ(f)<b}‘

for all intervals (a,b) such that

{£:0(5) =a}| = 0 and |{:2(5)=1}| = 0.
In fact, (1.9) and (3.3) are equivalent if we view K [0,1) - R as a random

variable and define Ag, : {0,1,...,N — 1} — R to be a discrete random variable
by Amry[¢] = Me(H y). In probabilistic language, set

Fya):=|{f: f € 0.0.(f) < a}|

to be the cumulative distribution function (CDF) associated to h. Also denote the
CDF associated to Agr), by

N (Hpy;(=o00,a]) _ #{£: \(Hn) < a}
N N '
The following result, known as the Portmanteau lemma, gives two equivalent de-

scriptions of weak convergence in terms of the CDF and the means of the random
variables.

FAHN (a) =

Lemma 3.2 ([77, Portmanteau lemmal). The following are equivalent:

(1) impy—eo %Zé\;l Y N(Hpy)) = fol ﬁ(/l\z(f))df for all bounded, continuous
functions 9;
(2) imy—so0 Fiyy (@) = Fj(a) for every point a at which I, is continuous.

Note that if 5 is continuous at a, then ‘{f : /f;(f) = a}‘ = 0. Thus the equiva-

lence between (1.9) and (3.3) follows from the Portmanteau lemma. In words, (3.3)
implies that certain collecti\ﬁa behaviors of the eigenvalues of each Toeplitz matrix
are reflected by the symbol A(f).

We note that (1.9) is one of the descriptions of weak convergence of a sequence
of random variables in the Portmanteau lemma [77] (also see Lemma 3.2). Thus,
throughout the paper, we also refer to the collective behavior (like that characterized
by (1.9)) of the eigenvalues as the distribution of the eigenvalues.

In the following subsections, we discuss applications of the generalized Szegd’s
theorem.

3.2. Application: Subspace approximations.

3.2.1. Convolutions with a pulse. We first consider the set of functions obtained by
time-limiting the convolution between «a(g) and a fixed function ¢(g):

(3.4)
W(A, 6(g)) = {x € Lal): 2(9) = [ o og)dn, [ laloPdg<1ge A} .
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We note that W(A, ¢(g)) is equivalent to W(A, q?(i)) defined in (2.3) by rewriting
z(g) in (3.4):

z(g) = /G a(W)(h o g)dh = /G a(6)3(E)xe(g) dE,

which is exactly the same form of z(g) in (2.3). This model (3.4) arises in radar sig-
nal processing, channel sensing, and super-resolution of pulses through an unknown
channel. Proposition 2.2 implies that the n-width of W(A, ¢(g)) is given by

dn(W(A, $(9))) = v/ An(AA*),
where AA* defined in (2.7) is time-limited Toeplitz operator with the kernel ¢ * ¢*.
Now Theorem 3.1 along with (2.6) reveals the effective dimensionality, or number
of degrees of freedom, of the set W(A, ¢(g)) at level e as follows.
Corollary 3.3. Suppose lim;_,oo Ar = G holds almost everywhere. Then for any
€ > 0 such that v <{§ : g/b\(f) = 6}) =0, we have

. N - ,€ ~
i SOOIy ({e: G0 > of ).

Proof. By (2.6), we have N (W(A;, ¢(g)),€) =min {n: VA, < e} =# {n: VA, > e€}.
~ 2
Note that the Fourier transform of ¢ ¢* is ‘gb(f)‘ . Then Corollary 3.3 then follows

directly by applying Theorem 3.1 to AA* (which is a time-limited Toeplitz operator
with the kernel ¢ x ¢*). O

3.2.2. Shifts of a signal. We now consider a slightly different model where the
function of interest is a linear combination of continuous shifts of a given signal

#(g) € La2(G):
(3.5)

S(A, 6(g)) = { € La(t) :0lg) = [ amoti o g)dn, [ lalg)ldg < 1} .

Define Ty : L2(G) — Lo(G) as a time-limiting operator that makes a function zero
outside A. We can also rewrite z(g) = [ (Taa)(h)¢(h ™t og)dh = (Taa)* ¢ for g €
A, the convolution between the time-limited function (7a«)(g) and ¢(g). By zero-
padding the signal x outside A, we may also rewrite it simply as x = Ta((Tac) * ¢).
Analogously, we could express the function x(g) in (3.4) as * = Ta(a * ¢). Now it
is clear the model for W(A, ¢(g)) and the one for S(A, ¢(g)) differs in the location
of the time-limiting operator 7.

To investigate the effective dimension or the number of degrees of freedom for
S(A, ¢(g)), we define the operator S : La(A) — Lo(G) as:

(Sa)(9) = [ ah)o(h™ og)dh, g € G.
Its adjoint S* : Ly(G) — Lo(A) is given by

(8*2)(g) = /G 6*(g~ o hyx(h)dh, g € A.
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We then have the self-adjoint operator S*S : La(A) — La(A)

(S*Sa)( /¢ / a(n)p(n~ o h)dndh

=//¢*(9‘ oh)p(n" oh)dha(n)dnz/T(n‘log)a(n)dn,
AJG A

where 7(g) := [; ¢(h)¢(g~" o h)dh is the autocorrelation function of the function
¢. Thus, §*S is a Toeplitz operator of the form (2.2). Similar to Proposition 2.2,
we can study the effective dimension of the set of shifted signals in (3.5) by looking
at the eigenvalue distribution of the self-adjoint operator SS§*. Note that in this
case S§* is not a Toeplitz operator, but it has the same nonzero eigenvalues as
S§*S. Thus, we can exploit the eigenvalue distribution of S*S to infer the number
of degrees of freedom for the set S(A,¢(g)). This is formally established in the
following result.

Proposition 3.4. Let the eigenvalues of S*S be denoted and arranged as Ay > Ao >

. Then the n-width of S(A, ¢(g)) can be computed as d,(S(A, $(g))) = VAn, and
the optimal n-dimensional subspace to represent S(A, ¢(g)) is the subspace spanned
by the first n eigenvectors of SS*.

Finally, Theorem 3.1 implies that the eigenvalue distribution of the Toeplitz
operator S*S is asymptotically equivalent to 7(§ fG g)dg, the power
spectrum of ¢ if we view r as the autocorrelation of o.

3.3. Application: Eigenvalue estimation. In many applications such as spec-
trum sensing algorithm for cognitive radio [86], it is desirable to understand the
individual asymptotic behavior of the eigenvalues of time-limited Toeplitz operators
rather than the collective behavior of the eigenvalues provided by Szegdé’s theorem
(Theorem 3.1). As a special case, efficiently estimating the spectral norm (i.e., the
largest singular value) of Toeplitz matrices is crucial in certain applications. For ex-
ample, the Lipschitz constant of a CNN has wide implications in understanding the
key properties of the neural network such as its generalization and robustness. Un-
fortunately, computing the exact Lipschitz constant of a neural network is known
to be NP-hard [58]. Recent work [2,82] proposed methods for computing upper
bounds of the Lipschitz constant for each layer (and hence for the entire network)
by efficiently estimating the spectral norm of the corresponding (block) Toeplitz
matrices. We will review related recent progress on characterizing the individual
behavior of the eigenvalues for Toeplitz matrices. To our knowledge, the individual
behavior of the eigenvalues has only recently been investigated for Toeplitz matrices.

Bogoya et al. [4] studied the individual asymptotic behavior of the eigenvalues of
Toeplitz matrices by interpreting Szegé’s theorem in (1.9) in probabilistic language
and related the eigenvalues to the values obtained by sampling /fi( f) uniformly in
frequency on [0, 1):

. IO
(3:6) J\iflooogggisfc—i AdHn) = N> =0

if the range

of ﬁ(f) is connected. Here h( G )) is the permuted form of ﬁ(%) such
that h(22) > h

(%) ( ](V)) Thus, if the symbol /}\L(f) is known, we can
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sample it uniformly to get reasonable estimates for the eigenvalues of the Toeplitz
matrix.

Despite the power of Szegd’s theorem, in many scenarios (such as certain cod-
ing and filtering applications [22,53]), one may only have access to Hy and not
h. In such cases, it is still desirable to have practical and efficiently computable
estimates of the individual eigenvalues of H . We recently showed [93] that we can
construct a certain sequence of N x N circulant matrices such that the eigenvalues
of the circulant matrices asymptotically converge to those of the Toeplitz matri-
ces. Transforming the Toeplitz matrix into a circulant matrix can be performed
extremely efficiently using closed form expressions; the eigenvalues of the circulant
matrix can then be computed very efficiently (in O(N log N) using the fast Fourier
transform (FFT)).

When the sequence hln] is not symmetric about the origin, the Avram-Parter
theorem [3,52], a generalization of Szegd’s theorem, relates the collective asymptotic
behavior of the singular values of a general (non-Hermitian) Toeplitz matrix to the
absolute value of its symbol, i.e., ]/f;( f)|- Bogoya et al. [4] also showed that the
singular values of H y asymptotically converge to the uniform samples of m( Hl
provided the range of the symbol |E( f)| is connected.

3.4. Questions. Inspired by the applications listed above, we raise two questions
concerning the generalized Szegd’s theorem (Theorem 3.1). The first question con-
cerns the individual behavior of the eigenvalues.

Question 1. Is it possible to extend the result (3.6) concerning the individual be-
havior of the eigenvalues for Toeplitz matrices to general Toeplitz operators?

We note that both the conventional Szegd’s theorem listed in Section 1.2.3 and
the generalized Szegd’s theorem (Theorem 3.1) characterize asymptotic behavior of
the eigenvalues.

Question 2. [s it possible to establish a non-asymptotic result concerning the eigen-
value behavior (either collective or individual) for the general Toeplitz operators
Xy, ?

4. TIME-FREQUENCY LIMITING OPERATORS ON LOCALLY COMPACT ABELIAN
GROUPS

In this section, we consider a special case of time-limited Toeplitz operators:
time-frequency limiting operators on locally compact abelian groups, to be formally
defined soon. As we have briefly explained in Section 1.2, time-frequency limiting
operators in the context of the classical groups where G are the real-line, Z, and
Zn play important roles in signal processing and communication. By considering
time-frequency limiting operators on locally compact abelian groups, we aim to
(7) provide a unified treatment of the previous results on the eigenvalues of the
operators resulting in PSWFs, DPSSs, and periodic DPSSs (PDPSSs) [25,32]; and
(7i) extend these results to other signal domains such as rotations in a plane and
three dimensions [8, Chapter 5. In particular, we will investigate the eigenvalues of
time-frequency limiting operators on locally compact abelian groups and show that
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they exhibit similar behavior to both the conventional CT and DT settings: when
sorted by magnitude, there is a cluster of eigenvalues close to (but not exceeding) 1
followed by a relatively sharp transition, after which the remaining eigenvalues are
close to 0. This behavior also resembles the rectangular shape of the frequency re-
sponse of the original band-limiting operator. Although this collective behavior can
be characterized using Szegd’s theorem, finer results (particularly non-asymptotic
results) on the eigenvalues have been established in special cases, which we will
review in detail. We will also discuss the applications of this unifying treatment in
relation to channel capacity and to representation and approximation of signals.

To introduce the time-frequency limiting operators, consider two subsets ACG
and BCG. Recall that T4 : Ly(G) — Ly(G) is a time-limiting operator that makes
a function zero outside A. Also define By = F~'TpF : Ly(G) — Lo(G) as a band-
limiting operator that takes the Fourier transform of an input function on Lo(G),
sets it to zero outside B, and then computes the inverse Fourier transform. The
operator Bp acts on Ls(G) as a convolutional integral operator:

Ba)) = [ HOelo)ae - /(/ {1 1) xelo) g

/ KIBS O (h)
where

(4.1) Kzaz(h‘log)=/BXE(h)Xg(g)dé:/BXg(h‘log)d€-

It is of interest to study the eigenvalues of the following operators which we refer
to as time-frequency limiting operators

(4.2) Oap = TaBgTa, and BgTsBg.

Utilizing the expression for Bp, the operator TyBpTa acts on any x € Lo(G) as
follows

_J JyEKs(h og)z(h)dh, ge€A
(TaBgTaz) (9) = {07 otherwise.

The operator Oy g is symmetric and completely continuous and we denote its eigen-

values by A¢(O4 ). Due to the time- and band-limiting characteristics of the opera-
tor Op g, the eigenvalues of Oy p are between 0 and 1. To see this, let z(g) € La(A):

(Osa)aa(a) = ( [ [ xeln o gpacatnyanats))
/(//Xf °9)T <h>x*<9>dhd9> d€:/\55(€)\2d£20.

On the other hand, we have [ [7(¢)[* de < [5lz(e )Pde= [ ]z(g9)*dg.

4.1. Eigenvalue distribution of time-frequency limiting operators. To in-
vestigate the eigenvalues of the operator Oy g = Ty BgTa, we first note that without
the time-limiting operator Ty, the eigenvalues of By are simply given by the Fourier
transform of Kp(g), and thus they are either 1 or 0. Our main question is how
the spectrum of the time-frequency limiting operator relates to the spectrum of the
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band-limited operator. Based on the binary spectrum of Bp and the intuition from
Szegd’s theorem in Theorem 3.1, we expect that the eigenvalues of Oy to have a
particular behavior: when sorted by magnitude, there should be a cluster of eigen-
values close to (but not exceeding) 1, followed by an abrupt transition, after which
the remaining eigenvalues should be close to 0. Moreover, the number of effective
(i.e., relatively large) eigenvalues should be essentially equal to the time-frequency
area |A||B|. These results are confirmed below and reveal the dimensionality (or
the number of degrees of freedom) of classes of band-limited signals observed over a
finite time, which is fundamental to characterizing the performance limits of com-
munication systems.

We note that similar to how we discussed the cases where T'— oo and N — oo in
Section 1.2, we will use A;, 7 € (0,00) to define the subsets of G that depend on 7.
The subscript 7 is often dropped when it is clear from the context. We now present
one of our main results concerning the asymptotic behavior for the eigenvalues of
the time-frequency limiting operators Oa, g when A, approaches G.

Theorem 4.1. Suppose B is a fized subset of@ and let € € (0, %) Let
N(On, Bi(a,0)) :=#{l:a < \(Op, ) <b}

denote the number of eigenvalues of Ta_BpTa, that are between a and b. Then if

(4.3) lim A, =G

T—00

holds almost everywhere, we have

(44) > Ae(On, ) = |AIBl, D A}(Ou,5) = |A-|IB| - o(|A||B]),
¢ l

and
N(On, 5 [1 - 61]) |Ar[[B|
4.5 li . =|B Opn.Bi(e,1—€) =0 —— .
( ) ngo 1AL ’ ’a N( Ar.B) (67 6)) 0 e(I—¢)
Here | - | denotes the Haar measure, and o(-) refers to the asymptotic behavior as

T — oo for any fired € € (0, %)

The proof of Theorem 4.1 is given in Appendix B. The limit in (4.3) is in the sense
of convergence in measure on each compact set of G. There are no specific shape
constraints in A, except that their boundaries are measure zero, though we note
that in many cases of interest A, is a closed set as in bandlimited signals [41], a union
of closed sets as in multiband signals [92], or a scaling of a fixed set as in [19] where
QA ={Q,g:g¢c A} where GisR", A is a fixed set of R” with boundary of measure
zero, and Q. € R™™ depends on 7 such that lim; . Q,A = R™. Theorem 4.1
formally confirms that the spectra of the time-frequency limiting operators resemble
the rectangular shape of the spectrum of the band-limiting operator. As guaranteed
by (4.5), the number of effective eigenvalues of the time-frequency limiting operator
is asymptotically equal to the time-frequency area |A.||B|. Similar results for time-
frequency limiting operators in the context of classical groups where G is R™ are
given in [19,41]. We discuss the applications of Theorem 4.1 in channel capacity
and representation and approximation of signals in more detail in the following
subsections.
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As mentioned before, the time-frequency limiting operators in the context of the
classical groups where G are the real-line, Z, and Zy were first studied by Landau,
Pollak, and Slepian who wrote a series of papers regarding the dimensionality of
time-limited signals that are approximately band-limited (or vice versa) [43,44,65,
67,69] (see also [66,68] for concise overviews of this body of work). After that, a set
of results concerning the number of eigenvalues within the transition region (0, 1)
have been established in [17,30,37,45,51,87]. which will be reviewed in detail in
the following remarks.

Remark 1. Using the explicit expressions for the character function x¢(g) and
the kernel Kp(g) and applying integration by parts for (B.2), one can improve the
second term in (4.4) to O(log(|A;||B|)) for many common one-dimensional cases:

e Suppose G = R and G = R. Let Ap = [—%,%] (where 7 = T in (4.3)) and
B = [—%, %] without loss of generality. Then the kernel Kg(t) turns out to be

1 .
Kg(t) = ff% e2mFtq F = 25%@ Plugging in this form into (B.2) gives [28]
> /(Ae(Onr8))? =T — O(log(T)). In this case, the operator Oa, p is equivalent
to the time-limited Topelitz operator H7 in Section 1.2.2 and the corresponding
eigenfunctions are known as PSWFs.

e As an another example, suppose G = Z, G = [—%, %] andlet Ay ={0,1...,N—1}
(where 7 = N in (4.3)), B = [-W, W] with W € (0,1). In this case, the kernel
Kpg(n) becomes Kp[n| = fi/VW e?mind f = % Then plugging in this form
into (B.2) gives [92, Theorem 3.2] > ,(A¢(Oayp))? = 2NW — O(log(2NW)). We
note that in this case, the operator Oy, p is equivalent to the N x N prolate
matrix By w with entries

sin (27W(m —n))
w(m —n)

(4.6) Byw[m,n] =

for all m,n € {0,1,..., N — 1}. The eigenvalues and eigenvectors of the matrix
B w are referred to as the DPSS eigenvalues and DPSS vectors, respectively.

e As a final example, we consider G = Zy, G=27 ~ and the Fourier transform is
the conventional DFT. Suppose M, K < N. Let 7 = M in (4.3) and

(4.7) Ay =1{01,....M—1}, B={0,1,..., K — 1},
In this case, xx[n] = 2% and the kernel Kg[n] is Kg[n] = 52_01 2N =
. —1 gin(7 2K
LT Gl B U plugging in this form into (B.2) gives [17, 87|

sin(m ) -
Y e(Ae(Onyy 5)* = 2 — O(log (1))

Through the above examples, one may wonder whether we can in general replace the

second term in (4.4) by O(log(|A.||B|)) with a finer analysis of > ,(A\¢(Oa, B))*. We

utilize a two-dimensional example to answer this question in the negative: Suppose

G=22G=[-11x[-L andlet A={0,1...,N -1} x{0,1...,N —1},B =

[—W, W] x [-W, W] with W € (0, 3). In this case, the kernel Kg[ni,no] is

sin(27Wny) sin(2rWng)
7TWTL1 ﬂ'WTLQ '

w W )
KB[nl, nz] — / / eJ27rf1n1e]27rf2n2 dfidfs =
-WwJ-Ww
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The eigenvectors of the corresponding operator Op g are known as the two-dimen-
sional DPSSs. For this case, we have Y~ ,(A¢(Oa, p))? = AN?W2—O(NW log(NW)).
In other words, in this case, we can only improve the second term in (4.4) to
O(NW log(NW)) rather than O(log(4N2W?)).

Remark 2. We note that the transition region in (4.5) depends on € in the form of

ﬁ. A better understanding of the transition region requires further complicated
analysis. In the literature, finer results on the transition region are known for several

common cases:

e The results for the eigenvalue distribution of the continuous time-frequency local-
ization operator (where G =R, G = R, A = [—Z,Z] and B = [—3, 3]) has a rich
history. As one example, for any e € (0, 1), Landau and Widom [45] provided the
following asymptotic result N'(Oa, ; [¢, 1]) = T+ (% log %) log %4—0 (log %) .
This asymptotic result ensures the O(log(2)log(T')) dependence on e and time-
frequency area T. Recently, Osipov [51] proved that N (Op, m;le,1]) < T +
Clog(T)?log(1/¢), where C is a constant. Israel [30] provided a non-asymptotic
bound on the number of eigenvalues in the transition region. Fix n € (0,1/2].
Given € € (0,1/2) and T > 2, then [30]

(45) N(Onp i (6,1 — €)) < 26, <10g <1°§T>)1+” log (T> ,

where C,, is a constant dependent on 7 € (0, 1].

e The earliest result on the eigenvalue distribution of the discrete time-frequency
localization operator (where G = Z, G = [-3.3), Ay = {0,1,...,N —1} and
B = [-W, W] with W € (0, 3)) comes from Slepian [67], who showed that for any
b € R, asymptotically the DPSS eigenvalue \;(O(Ay,B)) — ﬁ as N — oo if
0= 2NW + % log N |. This implies the asymptotic result: N(Og B; (6,1 —¢€)) ~
% log N log (% — 1) . Recently, by examining the difference between the operator
Ou B and the one formed by a partial DFT matrix, we have shown [36,37] the
following nonasymptotic result characterizing the O(log N log %) dependence:

(4.9) N(Ouy 5 (61— €)) < (fz log(8N') + 12) log (15) |

€

The right hand side is further improved to % log(4N) log (ﬁ) in [34].

e We [87] have also provided similar results for the eigenvalue distribution of discrete
periodic time-frequency localization operator with sets A s and B defined in (4.7):

N(Ony i (6,1 =€) < <:2 log(8N) + 12> log <1€5>

(4.10) —tog (& ((3)* 1) ¢) .

+ 4 max )
log (%)

From the above examples, one may wonder whether we can in general improve the
dependence on € in the second bound of (4.5) from 1/(e(1 — €)) to a logarithmic
function of 1/e. We leave this as an open question in Section 4.5 (see Question 3).




TIME-LIMITED TOEPLITZ OPERATORS 795

Remark 3. It is also of particular interest to have a finer result on the number of
eigenvalues that is greater than % since this together with the size of the transition
region gives us a complete understanding of the eigenvalue distribution.

e Landau [42] establishes the number of PSWF eigenvalues that are greater than %
as follows

1
(4.11) A(\_ijl)(OATB) > 5 > )‘([T])(OATJB)'
e We [92] provided a similar result for the DPSS eigenvalues.

In the following two subsections, we review some applications of Theorem 4.1.

4.2. Application: Communications. In [19], Franceschetti extended Landau’s
theorem [41] for simple time and frequency intervals to other time and frequency
sets of complicated shapes. Lim and Franceschetti [47] related the number of de-
grees of freedom of the space of band-limited signals to the deterministic notions of
capacity and entropy. Now we apply Theorem 4.1 to the effective dimensionality
of the “band-limited signals” observed over a finite set A by utilizing the result in

Section 2.2. To that end, we plug &5(5) = 1p(¢) = {(1), g ; gv

on B, into (2.3) and get the following set of band-limited functions observed only
over A:

WA, 1g()) = {as € La(®) s 5(0) = [ a©xlo)d€. [lal©F <1y A} .

the indicator function

When A C R? represents a subset of time and space, the number of degrees of free-
dom in the set W(A, 1(§)) determines the total amount of information that can
be transmitted in time and space by multiple-scattered electromagnetic waves [19].
Now we turn to compute the effective dimensionality of the general set W(A, 15(¢)).
In this case, ]&5(5)]2 = 1p(§) and the corresponding operator AA* defined in (2.7)
is equivalent to the time-frequency limiting operator Oa g in (4.2). Now Proposi-

tion 2.2 implies that the effective dimensionality N (W(A, &5(5)), €) is equal to the
number of eigenvalues of Oy p that are greater than e, which is given by Theo-
rem 4.1. In words, the effective dimensionality of the set W(A, 1g(§)) is essentially
|A||B|, and is insensitive to the level € (as illustrated in (4.8)-(4.10), in many cases,
this dimensionality only has log(1) dependence on e).

4.3. Application: Signal representation. In addition to the eigenvalues of the
time-frequency limiting operator TyBpTa, the eigenfunctions of TaBpTas are also
of significant importance, owing to their concentration in the time and frequency
domains. To see this, let uys(g) be the ¢-th eigenfunction of TyBpTy, corresponding
to the (-th eigenvalue A\(TaBpTa). Denoting the Fourier transform of us(g) by
up(€), we have

(4.12)
/B ()2 A€ = (TaFue, ToFug) = (F ToFug,ug) = (F o F Taue, Taue)
= (TaF ' TeF Taws, Tawe) = Ae(TaBrTa)|| Tave|?,
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where the third equality follows because uy(g) is a time-limited signal (i.e., T (ug) =
uyg), and the last equality utilizes Ta F Tg FTaus = TaBpTaue = \e(TaBpTa)ue. In
words, (4.12) states that the eigenfunctions uy have a proportion A\y(7aBp.Aa) of
energy within the band B, implying that even though the eigenfunctions are not
exactly band-limited, their Fourier transform is mostly concentrated in the band
B when A\(TaBpAp) is close to 1. Thus, the first ~ |A||B| eigenfunctions can be
utilized as window functions for spectral estimation, and as a highly efficient basis
for representing band-limited signals that are observed over a finite set A.

Recall that W(A, 1(&)) (defined in (2.3)) consists of band-limited signals ob-
served over a finite set A. Applying Proposition 2.2, we compute the n-width of the
set W(A, 1(€)) as follows:

dp (WA, 15())) = V An(AA¥) =4/ OAB

By the definition of (2.5), we know for any x(g) € W(A, 15(¢)),

/ 2(9) = (Pu,2)(9)2d g < \/An(Ons),

where U, is the subspace spanned by the first n eigenvectors of Oy, i.e.,

(4.13) U, := spanf{uo(g), u1(9), ..., un—1(g9)}-

Now we utilize Theorem 4.1 to conclude that the representation residual /A, (Oa )
is very small when n is chosen slightly larger than |A||B|.

We now investigate the basis U, for representing time-limited version of charac-
ters x¢(g) and band-limited signals.

4.3.1. Approxzimation quality for time-limited characters x¢(g). We first restrict our
focus to the simplest possible “band-limited signals” that are observed over a finite
period: pure characters x¢(g) when g is limited to A. Without knowing the exact
frequency ¢ in advance, we attempt to find an efficient low-dimensional basis for
capturing the energy in any signal x¢(g). To that end, we let M,, C La(A) denote
an n-dimensional subspace of La(A). We would like to minimize

(4.14) /BHX5 — Pur, Xell7pa) d€

The following result establishes the degree of approximation accuracy in a mean-
squared error (MSE) sense provided by the subspace U,, for representing the “time-
limited” version of characters x¢(g) (where g is limited to A;).

Theorem 4.2. For any n € Z™, the optimal n-dimensional subspace which mini-
mizes (4.14) is U,. Furthermore, with this choice of subspace, we have

1 / Ixe = Pu.xell?, a) Y050 Me(Owp)
B IxellZ, AlIB]

de=1

where | - | denotes the Haar measure.

The proof of Theorem 4.2 is given in Appendix C. Combined with Theorem 4.1,
Theorem 4.2 implies that by choosing n ~ |A||B|, on average the subspace spanned



TIME-LIMITED TOEPLITZ OPERATORS 797

by the first n eigenfunctions of Ty BpTa is expected to accurately represent time-
limited characters within the band of interest. We note that the representation
guarantee for time-limited characters {Taxe,§& € B} can also be used for most
band-limited signals that are observed over a finite set A. To see this, suppose z(g)
is a band-limited function which can be represented as

£(g) = /}B #(E)xelg) .

An immediate consequence of the above equation is that one can view {Tax¢, & € B}
as the atoms for building Tax:

Tt = /B F(E) Thxe dE.

4.3.2. Approximation quality for random band-limited signals. We can also approach
the representation ability of the subspace U,, (defined in (4.13)) from a probabilistic
perspective by generalizing [12, Theorem 4.1].

Theorem 4.3. Let 2(g9) = x¢(9),9 € A7 be a random function where & is a random
variable with uniform distribution on B. Then we have

2 _
E [Hx - PIUanLQ(A)} L Z?:ol Ae(OuB)

B A|B
E[II?EH%Q(A)} |A[|B]

The proof of Theorem 4.3 is given in Appendix D. With this result, we show
that in a certain sense, most band-limited signals, when time-limited, are well-
approximated by a signal within the subspace U,. In particular, the following
result which generalizes [12, Theorem 4.1] establishes that band-limited random
processes, when time-limited, are in expectation well-approximated.

Corollary 4.4. Let xz(g),g € G be a zero-mean wide sense stationary random
process over the group G with power spectrum

B (€B

0, otherwise.

Po(e) = {

Suppose we only observe x over the set A.. Then we have

E [ll2l12, s |A[[B|

n—1
As in our discussion following Theorem 4.1, the term 1 — W appearing

in Theorem 4.3 and Corollary 4.4 can be very small when we choose n slightly larger
than [A||B|. This suggests that in a probabilistic sense, most band-limited functions,
when time-limited, will be well-approximated by a small number of eigenfunctions
of the operator Oy p.
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4.4. Applications in the common time and frequency domains. We now
review several applications involving the time-frequency limiting operator Oy g in
the common time and frequency domains, where the eigenfunctions correspond to
DPSSs, PSWFs, and PDPSSs.

It follows from (4.12) that, among all the functions that are time-limited to the
set A, the first eigenfunction ug(g) is maximally concentrated in the subset B of
the frequency domain. Motivated by this result, the first DPSS vector is utilized
as a filter for super-resolution [18]. In [73], the first ~ 2NW DPSS vectors are
utilized as window functions (a.k.a. tapers) for spectral estimation. The multitaper
method [73] averages the tapered estimates with the DPSS vectors, and has been
used in a variety of scientific applications including statistical signal analysis [10],
geophysics and cosmology [11]. By exploiting the fact that the number of DPSS
eigenvalues in the transition region grows like O(log N log %) as in (4.9), the very
recent work [35] provided nonasymptotic bounds on some statistical properties of the
multitaper spectral estimate as well as a fast algorithm for evaluating the estimate.

By exploiting the concentration behavior of the PSWFs in the time and fre-
quency domains (where G = R and G = R), Xiao et al. [79] utilized the PSWFs
to numerically construct quadratures, interpolation and differentiation formulae for
band-limited functions. Gosse [21] constructed a PSWF dictionary consisting of
the first few PSWFs for recovering smooth functions from random samples. The
connection between time-frequency localization of multiband signals and sampling
theory for such signals was investigated in [31]. In [62,63], the authors also consid-
ered a PSWF dictionary for reconstruction of electroencephalography (EEG) signals
and time-limited signals that are also nearly band-limited from nonuniform samples.
Chen and Vaidyanathan [7] utilized the PSWFs to represent the clutter subspace
(and hence mitigate the clutter), facilitating space-time adaptive processing for
multiple-input multiple-output (MIMO) radar systems; see also [16,81].

DPSSs, the discrete counterpart of PSWFs, also have proved to be useful in
numerous signal processing applications since they provide a highly efficient basis
for representing sampled band-limited signals. DPSSs can be utilized to find the
minimum energy, infinite-length band-limited sequence that extrapolates a given
finite vector of samples [67]. In [84,85], Zemen et al. expressed the time-varying
subcarrier coefficients in a DPSS basis for estimating time-varying channels in wire-
less communication systems. A similar idea is also utilized for channel estimation
in Orthogonal Frequency Division Multiplexing (OFDM) systems [70], for receiver
antenna selection [57], etc. The modulated DPSSs can also be useful for mitigat-
ing wall clutter and detecting targets behind the wall in through-the-wall radar
imaging [90, 91], and for interference cancellation in a wideband compressive ra-
dio receiver (WCRR) architecture [13]. The performance (such as the detection
probability) of the DPSS basis (and other similar bases corresponding to the time-
frequency limiting operator Oy ) for identifying unresolved targets was recently
analyzed in [5]. By modulating the baseband DPSS vectors to different frequency
bands and then concatenating these dictionaries, one can construct a new dictio-
nary that provides an efficient representation of sampled multiband signals [12,92].
Sejdi¢ et al. [61] proposed one such dictionary to provide a sparse representation
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for fading channels and improve channel estimation accuracy. The multiband mod-
ulated DPSS dictionaries have been utilized for the recovery of sampled multiband
signals from random measurements [12], and for the recovery of physiological sig-
nals from compressive measurements [60]. Such dictionaries are also utilized for
cancelling wall clutter [1].

The periodic DPSSs (PDPSSs, where G = Zy and G = Zy) are the finite-length
vectors whose discrete Fourier transform (DFT) is most concentrated in a given
bandwidth (as appearing in (4.7)). The PDPSSs have been utilized for extrapola-
tion and spectral estimation of periodic discrete-time signals [32], for limited-angle
reconstruction in tomography [25], for Fourier extension [50], and in [29], the band-
pass PDPSSs were used as a numerical approximation to the bandpass PSWFs for
studying synchrony in sampled EEG signals.

Finally, the eigenvalue concentration behavior in Theorem 4.1 can also be ex-
ploited for solving a linear system involving the Toeplitz operator Oy g: y = Op p.
Since the operator Oy p has a mass of eigenvalues that are very close to 0, the sys-
tem is often solved by using the rank-K pseudoinverse of Oy g where K ~ |A||B|.
In the case where the Toeplitz operator is the prolate matrix By, defined in (4.6),
its truncated pseudoinverse is well approximated as the sum of B}‘V,W (which is
equal to By) and a low-rank matrix [37,50] since most of the eigenvalues of
By v are very close to either 1 or 0. By utilizing the fact that By w is a Toeplitz
matrix and By has a fast implementation via the FF'T, an efficient method for
solving the system y = By w can be developed; such a method has been utilized
for linear prediction of band-limited signals based on past samples and the Fourier
extension [37,50].

4.5. Questions. Inspired by the applications listed above, we raise several ques-
tions concerning Theorems 4.1 and 4.2. Following from the two remarks after The-
orem 4.1, two natural questions are:

Question 3. Can we improve the second terms in (4.4) or (4.5)¢ Furthermore,
what nonasymptotic result (like (4.8) for the PSWF eigenvalues and (4.9) for the
DPSS eigenvalues) can we obtain for the number of eigenvalues of the Toeplitz
operator Op g within the transition region (e,1 —€)?

Question 4. Can we extend (4.11) to the general time-frequency limiting operator
Oap?

Another related important question concerns how accurately the subspace spanned
by the first n eigenfunctions of TyBgTa can represent each individual time-limited
character Ty x¢ with £ € B. Theorem 4.2 ensures that accuracy is guaranteed in the
MSE sense if one chooses n & |A||B| such that the sum of the remaining eigenvalues
of TaBgTy is small. We suspect that a uniform guarantee for each 7 x¢ can also be
obtained since the derivative of ||><5||%2 () 18 bounded, given a finer result concerning
the eigenvalue distribution for 7y BpTa. Using the approach utilized in [88,89] with
a theorem of Bernstein for trigonometric polynomials [59], we [88] can have an ap-
proximation guarantee for the DPSS basis in representing each complex exponential
ef == [ej%f 0 ... ei2nf(NV _1)]T with frequency f inside a band of interest; this
provides a non-asymptotic guarantee which improves upon our previous work [92].
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Theorem 4.5 (Representation guarantee for pure sinusoids with DPSSs [88]). Let
N €N and W € (0,3) be given. Also let [S]x be an N x K matriz consisting of
the first K DPSS vectors. Then for any e € (0, %), the orthobasis [S]|k satisfies

les — [S1x[STicerll3 _
5 <€
lesl3

for all f € [-W, W] with
K =2NW +0O <log(N)log (;)) .

Question 5. More generally, what uniform guarantee can we have for each time-
limited character Tyxe in the subspace spanned by the first n eigenfunctions of

TaBrTa?
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APPENDIX A. PROOF OF PROPOSITION 2.2

Proof of Proposition 2.2. We have

dn(W(A,G(©) =inf  sup  inf [o—yllryn)
" 2eW(A,(e) YET

=inf sup | Aa — Pw,||

Mn Jlofi<1
A
=inf sup sup [{Aa, )]
Mn 1M, o<t 12l
*
=inf sup sup [, A*2)]
Mn 1M, o<t N2
*
= inf sup |A*]
My zin,  ||2]]
AA*z,
inf sup VIAAE2)
Mpoing, |2
=V /\nu
where the last line follows from the Weyl-Courant minimax theorem. g

APPENDIX B. PROOF OF THEOREM 4.1

Proof of Theorem 4.1. We first note that x¢(0) =1 for all £ € G. Thus, we have

B MOk = /A Ks0)dh =] /B xe(0)d€ = [A,][B,
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where the first equality follows because O, g is a trace class operator [14]. We
write the operator (Ta. BpTa.)?

(Th BsTi BsTi.)(9) = / Ks(h™! ( / Ka(h'oh (h)dh) dh

/</ K (h™" 0 g)Kn(h™ Oﬁ)dﬁ>x(h)dh.

> A (On, ) = //KB Lo h)Kg(h™ Yo h)dhdh
¢

:/ / ‘KB(ifloﬁ)‘ dhdh,

where we use the fact that Kg(h™'og) = [xe(h ™' og)dé = ([zxe(g~ o h)dE)*
since x¢(—g) = Xz(g). Applying the change of variable h = h o h, we obtain

2 _ N2 an _ K
(B.2) ;xmm—/AT /AT_h\KB(hM dhdh‘/AT ae(h)dh,

where kg _p(h) = fAT—h ‘KB(E)E dh > 0. The function sy, g(h) is dominated as

Thus,

2
e(m)de| dfi = /G leen d€ = [B],

where we use Parseval’s theorem by viewing f]Bs Xe¢ (h) d € as the inverse Fourier trans-
1, £eB,
0, otherwise,

On the other hand, we have lim, o k4, B(h) = 5 |f]B xe(h) d§‘2 dh = |B| for all
h € G. It follows that lim, e >, A2 (O, ) = Ju, [Bld 7 = |A|[B|. Thus, we have

ku, 5(h) g/@ |Ke(h)|” dT =

form of a window function supported on B, i.e. l¢ep =

(B.3) ZAg (Oa, 5) = |A-|[B] — o(|A|[B)).

Subtracting (B.3) from (B.1) gives
(B.4) > MO, B) (1= A(On, B)) = o(|A;|[B)).
L
Utilizing the fact that 0 < A\(Oa, B) < 1, we have
(1 = ON(On, 5 (6,1 €)) <> M(On, ) (1 = Ae(Os, 8)) = ol|Ar|[B]).
14
On the other hand, (B.4) also implies that

(B.5) > A(Oy, ) <ZA5 (Op. ) (1 = A\e(On, 1)) = o(|A,||B]).
e:)\g(OAT,B)<1 €
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Plugging this term into (B.1) gives

AABI =Y N(On,p) = D> MOap)+ Y.  M(Oup)
0

L:Xg(Op, B)>1—€ L:Xg(Op, B)<1—€

= Z Ae(On, ) + o(|A]|B]).
L:Xg(Op, B)>1—€

Similarly, plugging (B.5) into (B.3) gives

|A7|[B| = > A} (O, B) + o(|A-|[B]).
LN (Op, B)>1—€

Combining the above two equations and the fact that A¢(Oa, g) < 1, we have

(B.6) Z M(On, B) — A} (On, B) = o(|A-|B)).
L0 (Oy, B)>1—€

On one hand, combining (B.6) with

Y. Ai(On,) ~A(On,5) < Y. 1= 2(On,p)

L:Xg(Op, B)>1—€ L:Xg(Op, B)>1—€
gives
NOwsl-e1)= Y XNOap)= >, 1-X2(0ap)
L:Xg(Op, B)>1—€ L:Xg(Op, B)>1—€
> o(|A-|[B]),

which further implies
N(On, 53 [1 = €1]) = [Ar||B| — o|A-[[B]).
On the other hand, using (B.6) and
Y M(Ou) = A(On, ) > (1-¢) > 1= A¢(On, ),
L:Xg(Op, B)>1—€ L:Xg(Op, B)<1—€
we also have
N(On. ;i [1—€1]) - > A(Oa, B)
LN (Oy, B)>1—€

= Z 1 —X(Op,p) < o(|A+]|B]),
0N (Op, B)>1—€

which further implies N(Og. p;[1 — €1]) < |A;||B] + o(|A;||B|). Thus,

lim Jim, o, 21 2z2li=el) — ).

g
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APPENDIX C. PROOF OF THEOREM 4.2

Proof of Theorem 4.2. We first recall the eigendecompostion of Oy g = 2520 Apupuy,
where A/ is short for A\¢(Oa, g). Utilizing the fact that uy,¢ = 0,1, ... is a complete
orthonormal basis for La(A;), we rewrite the function in (4.14):

Ie(6) = Poe. el = 2|0 = P o), et 2

_Z< {(I - Pum,)xe(9) Z(h%“?(h»m(&f)’“e(g)>L2(AT)

_ Z< (I = Pu)xe(h™ o g),up (b)), ’W(g)>L2(A )

where the second equality utilized the fact that Py, is the orthogonal projector
onto the subspace M,,, and 3, <<(I — Pus)xe(9)xE(h), u;;(h)> ,W(h)>

La(Ar) Lo(Ar)
is equivalent to the trace of (I — Pu, )Xx¢(g)x¢ (). Plugging this equation into (4.14)
gives

[ Ixe(@) = Pra,xe(9) I, 0

/IB%Z (I = Pu,)xe(0~" 0 g), W(h)hz(m)’“8(9)>L2(A7)d§

— Z/ (I - Pm,)xe(0 ' og), Uz(h)>L2(Af) ’W(g)>L2(AT)d§

= Z I'— P, )On, B, ue) ) = ZAE (I = P, Jue, ue) a0y
¢ ¢

where the second line follows from monotone convergence theorem (since each term
inside the summation is nonnegative). Thus, we conclude that the optimal n-
dimensional subspace which minimizes the last term in the above equation is U,
(which is spanned by the first n eigenfunctions). With this choice of subspace and
(4.4) that >, A\p = |A;||B|, we have

n—1
[ 16l = P00,y 4 = 3 e = 1B = 3
>n (=0

The proof is completed by noting that ||X5(g)H%2(AT) = |A;| for any € € B. O

APPENDIX D. PROOF OF THEOREM 4.3

Proof of Theorem 4.3. First let v be a random variable with uniform distribution
on [0,27). We define the random vector

r(g) =r(g;:&v) = xe(g)e?”,
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where the term e/” acts as a phase randomizer and ensures that r is zero-mean:

1 jv 1 o jv _
Bl = e [ xelo)edgdr = i [ xetgae [ erav—o

for all g € A,.
Now we compute the autocorrelation R of the random variable r as

R(g.h) = E[r(g)r*(h)] = E [(xe(g )ej”) (xe(h)e™)] = E [xe(h™' o g)]
(0.1) )
=5 e g de = s o)

forall h,g € A,. Here Kp is defined in (4.1). Note that Kg(h~tog) with h,g € A, is
the kernel of the Toeplitz operator Oy, g. Now it follows from the Karhunen-Locve
(KL) transfrom [71] that

ﬂw4mﬁwﬁ|mzamﬁ — |B| - ZM%ﬁ
We then compute the expectation for the energy of r as
2 2
E [HrHLsz)} |B| o / Ixe(g)e? P dedy = |A,].
The proof is completed by noting that E [Hr P1Un7‘||L2 A )} [Hm - PUan%Q(AT)
and E (17113, 0| = B2, a., | 0
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