208 Py
.

: Yokohama Publishers

%

Yok,
&%é 8

Pure and Ayﬁﬂed Functional Ana[ysis

Volume 8, Number 2, 2023, 751-773 ot
© Copyright 2023

HOW MUCH CAN ONE LEARN FROM A SINGLE SOLUTION
OF A PDE?

HONGKAI ZHAO* AND YIMIN ZHONG

ABSTRACT. In this work, we study the problem of learning a partial differen-
tial equation (PDE) from its solution data. PDEs of various types are used to
illustrate how much the solution data can reveal the PDE operator depending
on the underlying operator and initial data. A data-driven and data-adaptive
approach based on local regression and global consistency is proposed for stable
PDE identification. Numerical experiments are provided to verify our analysis
and demonstrate the performance of the proposed algorithms.

1. INTRODUCTION

Partial differential equations (PDE) play an important role in modeling, studying,
and predicting complicated dynamics in science, engineering and related fields as
well as many real-world applications such as heat convection/diffusion, fluid flow,
weather forecast, climate change, etc. A typical procedure is to derive a PDE
model, e.g., using physical laws or assumptions, then study the model and develop
numerical algorithms for computer simulation. With the advance of technologies,
abundant data are available from measurements and observations in many situations
where the underlying model is not yet known or not accurate enough, a natural
question is whether one can learn or predict the dynamic using data driven approach,
which prompt recent increasing interest in PDE learning from its solution data.

A basic and essential question for PDE learning is how much solution data is
needed and how much data is available realistically. A common issue in most of the
previous PDE learning approaches is the assumption of availability of any solution
data and as much as one would like. In many real applications, one only has the
chance to observe a phenomenon and its dynamics once it happens for some time
duration, i.e, a single solution u(x,t),0 < t < T. Even if the event happens again,
the environment and setup is different. In our earlier work [4], we characterized the
solution data space, the dimension of the space spanned by all snapshots in time of
a solution with certain tolerance, and showed how it is affected by the underlying
PDE and the initial data for an evolution PDE Oyu(z,t) = —Lu. In particular,
it was shown that the data space is small if £ is strongly elliptic, which implies
limited data from a single solution trajectory and the challenge for PDE learning in
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practice. It was also shown that the space spanned by all possible solution is small
after ¢t > 0.

In this work, we study if the space of a single (or a finite number of)) solution(s)
is as rich as the space of all solutions, or in other words, can one use a superposition
of snapshots of a single (or a finite number of ) solution(s) to construct an arbitrary
solution. When the answer is positive, one can use data driven approach for model
reduction and solution approximation bypassing explicit learning or approximation
of the PDE operator. In our study, the following evolution PDE on a compact
domain Q C RY satisfying certain homogeneous boundary condition,

Ou(z,t) = —Lu(x,t), ze€NCRY, 0<t<T< o0,
(1.1) Bu(z,t) =0, x € 092,
u(z,0) = f(z) x € Q,

where £ = ZO<| a|<Ng Pa()0% is a self-adjoint strongly elliptic differential operator

of order N with coefficients p, € Cl**Ne/2(Q)) and the boundary 9 is smooth (if
not empty) and Bu = 0 denotes the Dirichlet boundary condition 0%u(z,t) = 0 for
x €09, |a| < % — 1, then L is self-adjoint [7].

The rest of the paper is organized as follows. We first present in Section 2
some preliminaries and formulate the problem into a moment problem. We then
consider in Section 3 the cases where eigenvalues p,, of £ are simple and grows super-
linearly or (sub-)linearly in terms of n, which gives different statements. In Section
4 we study the problem when eigenvalues has finite multiplicities. We then present
numerical experiments in Section 5 to verify our analysis and provide an application
of data driven approach for solving PDEs without knowing the underlying PDE.
We finally give a conclusion in Section 6.

2. PRELIMINARIES

Consider the PDE (1.1), for simplicity, we assume the eigenvalues 0 < py <
o < ... of the self-adjoint strongly elliptic differential operator £ are positive and
distinct and denote ¢1(x), p2(x),... to be the corresponding eigenfunctions which
form a complete orthonormal basis in L?(§2). Let u(z,t) be a sample solution which
can be represented as

(2.1) u(a,t) = 3 e Frleuga(),
n=1

where w(z,0) = > 7 cudn(x), ¢n # 0. Given an initial condition f(z) =
S50 | fadn(x) € L3(), we can express the solution at time 7 by

o0

(2:2) w(@,m) =Y e fugn(@).

n=1

In order to express the solution w(z,7) at 7 > 0 as a superposition of snapshots
of the sample solution, we introduce the interpolation or weight function v(t;7) €
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L?([0,T]) and solve the following equation

T
(2.3) w(a:,r)—/o u(z, t)v(t; 7)dt,

which is equivalent to solving the exponential moment problem
T
(2.4) / e Mty (t; T)dt = my, = e M f [ ep.
0

Definition 2.1. The functions {¢;, }»>1 are bi-orthogonal with respect to {e #nt}, >,
in [0, 7] if

T
(2.5) | et = b,
0
where dy,, is the Kronecker delta.

Suppose the bi-orthogonal functions {yp,},>1 exist, then a formal expansion of
v(t) can be written as

(2.6) v(t) = mnpn(t).

However, the exact characterization of the convergence behavior of the series (2.6)
is a difficult task. Instead, we will study the absolute convergence in L2[0, T, which
means

(2.7) > Imal - lenllz2p) < oo
n=1

If the series indeed converges absolutely, then the series converges in L2[0,7T]. The
existence of v implies w(x,7) can be linearly represented by the sample solution
u(z,t) on [0, T]. Clearly, it only remains to estimate the norms ||¢n || z2(0,77-

Remark 2.2. When there exist non-positive eigenvalues, one can find a constant 7z
that u1 + 7 > 0, then the interpolation function can be changed to v(t)ef! instead.
Hence in the rest of this paper, we only focus on the case that all eigenvalues are
positive.

3. SOLUTION OF THE MOMENT PROBLEM

3.1. Convergent series. Let & be the smallest closed subspace of L2[0,7] con-
taining the functions e #n! n = 1,2, .... It is known [3] that & is a proper subspace
of L?[0,T] if and only if

(3.1) Z b < 0.
n=1

In the case that (3.1) is convergent, we define £} by the smallest closed subspace
of L?[0,T] containing all e #*! for k # n, then e #nt ¢ £ there exists a unique
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element r,, € £} such that minimizes d,,(T) := |le=#* — 7| 12(o 77, then the optimal
bi-orthogonal function ¢, is chosen by

e Hnt _
3.2 S

and its norm ||¢n | z2p0,7) = dn(T)~ L. If T = 0o, the computation of d,(T) is fairly
simple [3]

(3.3) \/;‘HJ#" n;‘

while for a finite 7', there exists a constant x(T) > 0 such that d,,(T) > &(T)"*d,(c0) [9],
hence

(3.4) lonllizoz < f ’H” “M;.
Jsﬁn

We estimate ||¢n || 20,77 under the following two assumptions.

Assumption 3.1. For certain o € (0,1] and 8 > 1, yp, = MnP(1+ o(n=9)).

Assumption 3.2. For certain § > 0 and s > 0 such that for each n > 1, pr1—pn >
On—".

Under suitable conditions, the first assumption holds true for the strongly elliptic
operators [1,2,5,8,15], where the growth rate is 5 = N,/d > 1 when the space
dimension is less than the order of the elliptic operator. The exponent o can be
made explicit in certain cases, see Theorem C in [2] and Theorem 3.1 in [1]. The
second assumption is to prevent the blowing-up of |[¢n || 2[0,77- When the eigenvalues
are multiple of integers, i.e., un, = Mn?, this is guaranteed. However in general there
is no known estimate for y,4+1 — i, except the spectral gap. For specific cases (see
Section 6.3), it is possible to claim the desired lower bound. Particularly, the one
dimensional Sturm-Liouville operators with Dirichlet boundary conditions satisfy
both of the assumptions.

In the following, we introduce a lemma for the estimates of the products appearing
n (3.4). The proof is included in the appendix B and the main idea follows [3].
Lemma 3.3. The following estimates hold.

11 (1 + Zj) = exp (M_I/BM%/B(CO,,B + 0(1))) ;

j>1
(3.5)

II <1 - Zn> > exp(—Kopy/ "M~V (log i + K1),
j#n !

where (o g := fooo #y(lm and Ky, Ky are positive constants independent of n.
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Lemma 3.4. The bi-orthogonal set {¢p}n>1 satisfies the following bound
i _
(3.6) lenllz2po.r) < 4/ %H(T) exp (KOM Y8k (log i + K2)) ;

where Ko is a positive constant independent of n.

Proof. 1t is known that

n Hj>1 1+ “7”
”Son”LQ[O,T} < \/ZK/(T) = ( “J)

T (1-42)]

(3.7) n _
< %R(T) exp (M VBB (Co 5 + 0(1)) + Ko(log i + Kl)]>
<4/ %H(T) exp (KOM_I/BM}/B(Iog tn + Kg)) ,

where the constant Ko > Ky + (¢o.3 + 0o(1))/Ko. O

Using the above estimate of ||¢nl/z207], We immediately obtain the following
theorem to characterize the absolute convergence of v.

Theorem 3.5. The exponential moment problem has an absolutely convergent so-
lution in L2[0,T] if

o
(3.8) Z [ [\/for, €XP (KOM_l/fBu,lh/ﬁ(log tn + KQ)) < 00
n=1

Corollary 3.6. If 7 > 0, then the moment problem with m, = e_“"TZ—: has a
solution in L?[0,T) if
2

exp(—2punT0) < 00.

(3.9) > i:

n=1

for certain T € [0,7).

Proof. From the Theorem 3.5, we just need to show
(3.10) Z f—n,/un exp (—/J,nT + KoM Y818 (log p, + Kg)) < 00.
n=1 "

By the Cauchy-Schwartz inequality,

[e.e]

2
In _
E C—w/unexp <—unT+K0M Uﬂ,u,ll/ﬁ(log,unthg))

n=1
2 0o

exp(—2/inTo) Y _ fin €XP (—2un(T — 70) + 2K M~ 113/P (log i + K2))

n=1

Our conclusion is immediately proved by noticing that when n is sufficiently large,
(312)  —2pn(r — 10) + 2KoM~YP 1B (log jin, + Ky) +10g jin < —pin (T — 70).
d
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Theorem 3.7. Suppose g(x) satisfies that

o

(3'13) g($> = chd)n(x)’

n=1

where |c,| > Ce P for certain constants C > 0, p > 0 and a € [0,5), n =
1,2,... and f € L?(Q). Let u(z,t) and w(z,t) be the solutions with respect to
initial conditions g(x) and f(x) respectively. N7 > to, there exists an interpolation
function v(t; 7, [to, t1]) € L*[to, 1] such that

(3.14) w(x, ) = / 1u(nt:,t)y(t;T)dt,

to

and ”V( ;T>HL2[to,t1} S ﬁfi(tl - tO)HfHLQ(Q) . (T - to)fw(TftO)/Q wzth

max(a,1)

(3.15) w(t) =1+ wt W
where ¢ € (0, 5 —max(a, 1)) is arbitrary and w is a constant independent of t.

Proof. By the Corollary (3.6), we only need to check if

o) 0 f 2
(3.16) Z e 2HnT0 _ Z Jn
n=1

n=1 Cn
for certain 7y € [0, 7—tg). Since |c,| > Ce ™", this becomes > oo | fu|? 2P0 e 21nT0,
which is finite if Y77 | fn]* < co. Now we give an estimate of |[v/(-;7)| 12} 4,]- De-
noting T'=t; — tg and 7 = 7 — to, we recall (2.6) and Lemma 3.4,

—_ e 2T < oo
Cne—ﬂnto

1w C5 T L2010

Z = exp —tnT)| 1/ %/ﬁ}(T) exp <K0M71/’5u71/'3(10g Hn + Kg))
=1
K(T) - ~1/8,,1/8 a
< Z [fal /5 exp (—unT + KoM ™/7 /7 (log pin + K2) 4 pn )

o 1/2
K(T) 2 =
< n A(7),
<20 @ 5o ) )
where A(7) is the summation

(3.17)

o
= Z exp (—2/@? + log up, + QKOM_l/ﬁu}//B(log tn + Ka2) + 2pn°‘> .
n=1

We define

H = sup log pin, + 2KoM /8 /B(log tn + K2)
(3.18) nZI /’8 log iy,

Nz = sup{n € N‘Hlog,un—i-Qpn ,u,_ll/ﬁ > %u,ll_l/ﬁ},

Y
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then we have the estimate H = 2KoM~Y/# 4+ O(1) and N; < L7~/ (B-max(a,1)=9)
for arbitrary 6 € (0,8 — max(c, 1)) and a constant L = L(H,d) >0 as 7 — 0. On
the other hand, since ze™® < e~! for any x > 0, we can derive

1 1 C’
3.19 exp(— 7)< — - = —,
(3.19) nzzl P(=pn?) < nzzl it 7

where C' = e 1> | p ! < oo. Therefore as 7 — 0,

A(T)
Nz
< Z exp (—2;1”7' + log un + 2K0M71/5/L}/’3(10g tn + Ko) + 2pna)
n=1

+ Z eXp(_,U/n%)

n>Nz
Nz
< Z exp(—2,un7-)] sup exp <log fin + 2K M YB3 B (log i, + Ka) + 2pna)
—_ 1<n<N;
Cl/
+ =
=

!/ !

C C
< —exp (HﬂMl/ﬁN; log Nx(1+0(1)) + 2pN$‘) + —
T 7

C, a 1N ~
< = <e2pN,,~_ +C" Nz log Nx + 1) 7
E

where C” = C"(H, 3, M) is a constant. O

Remark 3.8. It is worthwhile to notice the upper bound for ||v/(-;7)||r2(, ] only
depends on the differences t; —tg and 7 — ¢ty and the initial time ¢y does not matter.
Actually the dependence on t; — tg from k(t; — tg) in (3.4) is quite mild. However,
the dependence on 7 = 7 — tg is significant, which implies stability issue when 7 is
close to tg.

Remark 3.9. One of the practical issues is that without knowing much of the self-
adjoint differential operator £, can one create a sample solution corresponding to
an initial condition satisfying the condition in Theorem 3.77 An intuitive choice is
to use a point source (or an approximate one in practice) as initial condition, which
has the expansion

(3.20) S@—1y) = én(@)n(y).
n=1

When the set Ny>1{|pn(z)| > exp(—pn®)} has a positive measure for certain p,
then it is possible to randomly select single point sources to fulfill the condition in
Theorem 3.7. For instance, if we take the domain as d-dimension torus Q = T¢ and
L=-V-(A(x)V) that A(x) is Lipschitz, the eigenfunction ¢,, satisfies

W)‘V’T"

(3.21) sup |¢n| < C'sup |én| <C’
0 B |E|
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for certain C' > 0 for any measurable subset E C Q [6]. If we denote E = {|¢,| <
e P} and use |[¢pl| o) > —L_ then

Viel

1

C eXp(—pn“)] o

/vl

< clal[cvial] ™ exp(—%na-ma +o(1))),

where we have used the fact that p, = Mn®(1 +o(1)). If 8 > a > g, we obtain

(3.23) S {lgn(@)] < e} < .

n>1

{Ign(2)| < e} < Cl0

(3.22)

Therefore as p — 00, the summation converges to zero. This implies that for
sufficiently large p, there is a high probability that a random point z € Q that
|pn(2)| > exp(—pn®) for all n > 1. It is unclear whether such statement can be
extended to high order strongly elliptic operators.

3.2. Divergent series. It still remains to discuss about the case that

. S
n=1

then & = L%[0,T] [3]. For simplicity, we let T = oo, instead of dealing with
the infinite moment sequence, we consider the finite case for the first N moments.
Similarly, we define the bi-orthogonal functions ©,, n =1,2,..., N,

(3.25) / e Mo (t)dt = 6, 1<k,n<N.
0

the corresponding solution is

N
(3.26) vn(t) = Z My P (t)
n=1

where @, is optimal in L? norm. Using the same argument as Section 3.1, the
bi-orthogonal functions @, to (3.25) satisfies

~ H ;ﬁn(l + Mn)
(3.27) [@nll £2]0,00) = V/ 24 ! , n=12...,N.
‘H];ﬁn - 7)

For the sake of simplicity, we still make the same assumptions 3.1 and 3.2. When
0<p<1and given any fixed n,

(3.28) Zlog = ui = Z (1+0(1)), as N — oo,

j#n Hj j=1 Kj

therefore

N
(3.29) @0l 22[0,00) = V/ 240 €XP QMnZ,uj_l (I14+0(1)) |, as N — .
j=1
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Then [|pn/12[0,00) — 00 as N — oo, we can conclude the following theorem.

Theorem 3.10. If 5 € [0,1], then the series solution limy_, vnN cannot be abso-
lutely convergent unless my, =0 for all n.

However, the solution still can be convergent for certain cases. As an interesting
example, we consider that p, =n — %, n=12,... and T = oo, then finding the
interpolating function is equivalent to solve the moment problem

(3.30) / e~ ("D (t)dt = m.
0

With a change of variable z = e and denote (x) = v(t), this is similar to the
Hausdorff moment problem

1
(3.31) / 2" 2TV 25 (5)de = m,.
0

Definition 3.11. For a given sequence mq,mao, ..., we define

K Ak (k=K
(3.32) Ao = <k/) D o (—1)Fk +l( l )mk_,H, E>k >0.

=0

Lemma 3.12 (Widder [14]). Let L > 0 be an arbitrary fized number, then the
following condition

k
(3.33) (E+1D)> ewl> <L, VE=0,1,...
k’'=0

is mecessary and sufficient for x—1/?0(x) € L?[0,1] satisfying the moment prob-
lem (3.31).

Corollary 3.13. If and only if the condition (3.33) is satisfied, the interpolation
function v(t) exists in L*[0,00) and

o) 1
(3.34) /0 |y(t)|2dt:/0 2L [(z) P < oo

Especially, if m,, = n~!, one can compute directly that (k + 1) zﬁzo Menl? =1
which permits a solution in L2[0,00). However, if we set ¢, = e P"" (same as
Theorem 3.7) and use the same initial condition that

[e.e]

1 1 e
Z |ful? < 00, and m, = e_("_i)Tic—” =e ()T gy >
n=1 n

Then for a given k, let A denotes the upper triangle matrix

k; / / [e ’ k *l
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and denote f = (f1,..., fx)? € £2, then

(3.36)
k
sup Z(k‘—{— DA\ | = sup £fTATAf = sup of(A)
IElI=1 1 2o If]|=1 0<i<k
2
2 sup |Al,l‘2 = sup |:\/m(k> e_(l"ré)Te(l-‘rl)D‘p]
0<I<k 0<I<k l

>(k+1)e 7 - 00, as k— oo.
This implies that there exists f = (f1, f2,...,)T € £ such that the moment problem
has no solution in L2[0,00) as long as 7 is finite.
4. MULTIPLICITIES

In this section, we study the case that the eigenvalues have finite multiplicities.
Denote the maximal multiplicity as D, we show that at most D sampled trajectories
{uj}le are sufficient to span the solution subspace, that is, if 7 > ty then there

exist interpolation functions v; € L2[to,t1], j = 1,2,..., D that
D t1

(4.1) w(z, ) = Z/ wj(x,t)v;(t)dt
j=1"t

Let the eigenvalues of £ be 0 < 1 < p2 < --- without counting the multiplicities
and the eigenfunctions {¢y,;}, l =1,2,...,d,, are corresponding to the eigenvalue
tn, where d, < D is the multiplicity of eigenvalue p,,, then for each sample solution
uj, we may write

[e'e) dn
(4.2) wi(w t) = e N b(x), j=12,...,D
n=1 =1

for some coefficients {b7,}. Consider an arbitrary initial condition f(z) € L*()
that

oo dn

(4.3) F@) =" faadna(x),

n=1 [=1
the solution to (1.1) at time 7 > o will be

00 dn
(4.4) w(z,T) = Z e HnT an,lﬁbn,l(ﬂ?)-
n=1 =1

If the matrix B,, = ( ?l)jl € RP*dn i of full rank d,, for each n > 1, there exist
Py, j=1,2,...,D such that fng = ZjD:l p’?b?l, =1,2,...,d,. It means there is a
decomposition f(x) = Z]D:1 fj(x), where each f; is

00 dn
(4.5) Fix) = "0 b dna(=).
=1

n=1
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As a summary of above analysis, we have the following theorem as an analogue of
Theorem 3.7 for eigenvalues with multiplicities.

Theorem 4.1. Suppose the function gj(x) satisfies that

oo dn

(4.6) gi(x) =YY Whénu(z), j=1,2,...,D.

n=1 =1

Denote B}, as the Moore-Penrose inverse of B, and assume |B)| < LeP™”, o €
[0,8), n =1,2,.... Let f € L*(Q) and denote u;(x,t), w(z,t) the solutions with
respect to initial conditions gj(x) and f(x) respectively, then there exists an inter-
polation function vi(t;,[to, t1]) € L?[to, t1] that

D .4
(4.7) w(z,T) = Z/ uj(z, t)vi(t;T)dt, T > t.

j=1"t
Proof. Denote p™ = (pt,...,p}) and £ = (fn1,. .., fud,), then p* = Blf". Define
qgjn(x) = Zf;l b;?lqﬁn,l(x),n = 1,2,... which form an orthogonal set for each j =
1,2,...,D. We have

0o 00 D
Uj(w,t) = Ze*unt(ﬁj’n(‘r), wj(wvt) = Zeiuntp?(bjm(x)v w(z,t) = ij(x7t)'
n=1 n=1 j=1

Since ||Bf|| < LePm®,
(48) |p?| < Han < Lepno‘”an < LepnaHf”L2(Q) < Cepno‘7 Jj=12,...,D,

according to the Theorem 3.7, there exist v; € L%[to,t1], w;(z,7) =
fttl wj(@, t)vj(t; T)dt. O
0

Remark 4.2. The above theorem requires finite multiplicities of eigenvalues to
obtain the exact interpolation (4.7) which may not be true in general, for instance,
—A in 2D unit square. However instead of producing an accurate representation, we
usually only need to find an approximation. If the solution trajectories {ui}f;l can
capture the subspace spanned by the leading eigenfunctions up to a small tolerance,
the approximation suffices for practical uses.

5. APPLICATION

5.1. Data driven model reduction. In the case that snapshots of a sample so-
lution trajectory can be superposed to approximate any snapshot of an arbitrary
solution, one can use a data driven approach for model reduction and approxima-
tion of new solution bypass explicit learning of the underlying PDE. For example,
if the sample solution u(z,t) is observed on the time interval [to, ¢1], then in theory
one can approximate any solution at a later time 7 > ¢y using certain superposition
of the observed sample solution snapshots. In particular, if one can find a finite
dimensional space V to which the sample solution trajectory is close,

(5.1) Ju(z,t) = Pru(z, 1) 2) < ellu@,0)||L2(), ¢ € [to, tal;
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where Py is the projection operator onto V, then any solution w(x,7),7 > tg is
close to V' as well since
(5.2)

/t e (bt — /t " Poulz, Ot 7)dt

0 0

lw(z,7) = Pyw(z, 7)|| 20 =

L)

< / e ) — Prutae, )t 7)oy dt

0

t1
< efju(z, 0]l 2 / vt 7)dt

e/ (tr = to)llv (5 )l L2peg e llu, 0 L2(0)-

However, fixing ¢y and t; and let 7 — ¢, the norm ||v(- s T 22[t0,4,) Will increase
rapidly according to Theorem 3.7. For u; = —Lu, where L is a self-adjoint elliptic
operator, it has been shown [4] that given any ¢ > 0, for any solution trajectory
u(z,t) on [to,t1], there exists a linear subspace V C L%(Q) of dimension dim(V) =
O(|loge|log(t1/to)) such that (5.1) is satisfied.

To find a discrete approximation of the subspace V' for a sample solution u(x,t),
one can observe u(x;,7;) on a space time grid, (x;,7;), with grid size h, At in
space and time respectively such that, for any j and V¢ € [7j,7j41), [Ju(-,t) —
Llu(,75),u(, 7))z = O(AE) = O(e) and |u(, 1) — Lfu(zi, 7)]llz20) =
O(h?) = O(e), where I; and I, are linear interpolation operators in time and space
respectively. Let U;; = u(z;,7;) denote the solution matrix whose singular value
decomposition (SVD) is U = PXQ*. V can be approximated by the finite dimen-
sional linear space spanned by the leading left-singular vectors from columns of P.
Once V is found, it can be used for model reduction and other applications. For
example, an arbitrary solution can be approximated well by a linear combination
of the basis of V. The coefficients can be determined by a few measurements, e.g.,
at a few locations or some integral quantities, of the new solution without knowing
or solving the underlying PDE (see an example in 6.5).

5.2. Noisy data. In practice, the observed solution data u(x;, ;) could have some
measurement errors. Hence it is natural to ask if the subspace V is stable under
such perturbations. For that reason, we assume the noisy sampled solution matrix

Uij = a(z;, 75) = u(xi, 75) + ez, 75),

where u(x;,7;) denotes the exact solution data and the random perturbations
e(a:Z,Tj) are i.i.d mean-zero random variables with variation 62. We approximate
V from the corresponding singular vectors of U such that dim(V) = dim(V) = v.
Suppose U = PEQ* and U = PXQ*, the perturbation matrix F = U — U, then
from the Wedin’s theorem [13],

(53) sin OV, V)lr < =B,
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where ©(V, V) denotes the canonical angles between V and V, the left-hand side
measures the difference between the projection mappings onto V and V, respec-
tively, see [10] and references therein for detailed discussions. Let o; and &; be the
i-th singular value of U and U, respectively, the parameter

¢ := min{ |oi — Gutil, 12’211) o}

min
1<i<v,1<j<N—v
Particularly, the Bernoulli random perturbation has been studied in [11] and Gauss-
ian random perturbation is considered in [12]. For u; = —Lu, where —L is a
self-adjoint elliptic operator, given any ¢ > 0 and any solution trajectory u(z,t)
on [tg,t1], there exists a linear subspace V C L?(2) of dimension dim(V) =
O(|loge|log(t1/to)) such that (5.1) is satisfied [4]. This means o, = O(e™") which
makes ¢ decay very fast with respect to v and the computation of V' is sensitive to
noise.
When the resolution in time is sufficiently fine, due to the linearity, instead of tak-
ing the singular value decomposition directly on the sample solution data @(z;, 7;),
we may first regularize the data by averaging on a time window [7;, 7; + SAt]

S S
1 - 1 -
(5.4) v(zi, 7j) = S+1 Z (i, Tjys) = S11 Z u(Ti, Tjts) + €
s=0 s=0
where the variation of €;; is Var [S%rl Zf:o e(xz'77-j+5):| = S‘S—jl. This process is

equivalent to sampling the averaged data

1 — e~ (S+DunAt

ot 1 .
(5.5) v(:n,t)—nz:le“ ((5+1) Tp—— )cn¢n(x)+e(x,t),

. . . . . 2
where é(x,t) is a random variable for each (z,t) with variance S‘S—H.

At — 0 is sufficiently fine, one can fix 7 > 0 and take S = 7At~! — oo to reduce the
noise variations, then we perform the singular value decomposition on the modified
solution (5.5) which has a smaller error bound in (5.3). The above modified sampled
solution trajectory becomes

(5.6) lim o(z,t) 23 et <w> (),

S—o00 Tln

Therefore as

n=1

1—e~mhn
Tln

the condition in Theorem 3.7, although the factor /%n will make the interpolation

which averages the u(x,t) in a window (¢, t+7), the coefficient cp, still satisfies

function [|(¢)|z2f¢,4,) larger than using the true u(wz,t) data. As a summary, if
the solution data are finely sampled and contain mean-zero noises, we can simply
perform a local average on finely sampled solution and extract the subspace from
the smoothed solution.

6. NUMERICAL EXPERIMENTS

The following experiments are computed with MATLAB 2016a. The experiment
source code is hosted at GitHub .

Ihttps: //github.com/lowrank/pde-subspacehttps://github.com/lowrank/pde-subspace
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6.1. Experiment 1. In this experiment, we take the elliptic operator Lu = —uy,
on [0, 1] with Dirichlet boundary condition. The eigenvalue j,, = 7*n?,n =1,2,...,
which satisfies the Assumption 3.1 with 8 = 2 and Assumption 3.2. We take the
sample solution as

(=1 2o
_ B —ncmet .

(6.1) u(z,t) —Z 3¢ sinnmx

n=1
on the time span ¢ € [107%,1] and the subspace V is computed by selecting the
leading left-singular vectors above the singular value threshold 107! and dim(V) =
27 in this example. It should be pointed out that the singular vectors are not
necessarily close to eigenfunctions, see Fig 1.

0.15

—n=1
n=2
0.1 n=3

0.05

e\
-0.05 /O
‘ ‘ ‘ 018 1

singular vectors

-0.1
0 0.2 0.4 0.6

X

FiGURE 1. The first five singular vectors of sampled solution data.

We then validate Theorem 3.7 with solutions corresponding to eigenmodes
(6.2) wp(z,7) = e Tsinnar, 1<n<8

at time 7 = 0.1. If 7 is very close to tg = 1075, the norm of ||v||2 will be very large
by Theorem 3.7 which leads to a relatively large constant in the approximation
error (5.2). For each n, we evaluate the relative error by

[wn (2, 7) = Pywn (2, 7)||

[wn (2, 7|

(6.3) n=

We summarize the experiment result in the following Tab 1, where the eigenmodes
wy(z, 7) can be approximated with quite small relative errors by the subspace V.

TABLE 1. Relative error of approximation by subspace V.

n 1 2 3 4
n [|2.10 x 10710 [ 5.09 x 1071° [ 6.91 x 10715 | 1.35 x 10~1°
n 5 6 7 8
n || 4.75 x 10710 [ 3.76 x 10710 [ 2.81 x 107 1° | 3.66 x 10~ 13
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6.2. Experiment 2. In this experiment, we take the operator Lu = —uy, +u with
periodic boundary condition on [0, 1], then the multiplicity of each eigenvalue p,, =
n? + 1 is two except for n = 0 which corresponds to the constant eigenfunction. In
this case, according to the Theorem 4.1, we will need two sample solution trajectories
with linearly independent coefficients on the time span ¢ € [1076, 1]:

(=)™ 2.2
t) = _ 7(” T +1)t 1
ui(x,t) E_l e sinnmz,
(6.4) "

(1) 22
ug(z,t) = e ' + Z 5 e~ (T cos .,
n

n=1

Similar to the previous experiment, the solution subspace V is union of the singular
vectors from singular value decomposition of u; and us truncated at the threshold
of 1072 and dim (V) = 52. We validate Theorem 4.1 with eigenmodes

(6.5) wn($’7_) _ e—(n2ﬂ'2+1)7‘einﬂ'l‘7 0<n<S8

at time 7 = 0.1. The relative errors are computed by (6.3) and summarized in
Tab 2.

TABLE 2. Relative error of approximation by subspace V.

n 1 2 3 4
n || 5.82x 10710855 x 107101 9.28 x 10715 [ 2.98 x 10~1°
n 5 6 7 8

n ]| 6.56 x 10710 [ 4.64 x 10710 [ 419 x 107 1° | 5.54 x 10~ 13

6.3. Experiment 3. In contrast to one dimensional case, we demonstrate in 2D
that the subspace spanned by a single solution trajectory of second order parabolic
equation’s cannot be used to approximate all solutions well. For simplicity, we take
the elliptic operator

(6.6) Lu=—Au

on a rectangular domain [0, 1] x [0,2~1/4] with Dirichlet boundary condition. The
eigenvalues are A\, = m2(m? + v2n?) € 7?Z[V2], m > 1,n > 1. It can be
shown the eigenvalues are simple and grow with rate 5 = n/d = 1 which violates
the Assumption 3.1. On the other hand, if m? + v/2n? < m2 + v/2n3, then the
difference

V2(m3 + v2n3)

for certain ¢ > 0. The proof is found in Lemma A.1. That is to say the eigenvalue

2 _ . .
gap fin41 — fn > \/50;7;”“ = O(n~!), hence satisfies the Assumption 3.2.

(6.7) m2 +v2n2 — (m2 4+ V2nd)| >
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We take the sample solution on the time span ¢t € [1076 1] in the following
expansion form,

]. €_7T2 (m2+\/§n2)t

[e.e] oo
u(z,y,t) = Z Z 53 sin(mmz) sin(2Y/4nry)
m?n
(68) m;l n:l .
= Z me*’rzm% sin(mmx) Z e e V2min? tsin(2Y4nmy).
m=1 n=1

Similarly, we formulate the data matrix by evaluating the solution uniformly in both
space and time, the subspace V' consists of the leading left-singular vectors above
the singular value threshold 107!? and dim(V) = 34. The subspace is validated
against the first 8 eigenmodes

(6.9) Wi (2, Y, T) = e (m?+v/2n?)r sin(mmz) sin(2Y*ny)

at time 7 = 0.1. The relative errors are summarized in the Tab 3. It can be seen that
the subspace spanned by the sample solution trajectory cannot even approximate
the first few eigenmodes well.

TABLE 3. Relative error of approximation by subspace V.

(m,n) (1,1) (2,1) (1,2) (2,2)

n 4.02 x 1071 [ 520 x 1071 [ 9.14 x 10715 [ 2.03 x 1072
(m, n) (3,1) (1,3) (3,2) (2,3)

n 547 x 1072 [ 1.84 x 1078 | 2.93 x107° | 1.05 x 10~*

6.4. Experiment 4. In two dimension, we consider the 4th order elliptic operator

£=0o"+ 8354) on the rectangular domain Q = [0,1] x [0,27Y/®] with boundary

conditions: u = 0 on 09, Uz, =0 on {x =0,z =1} and uyy =0 on {y =0,y =

271/8}. The eigenvalues are A\, = 7*(m* +v2n*), m,n € Z,. The eigenvalues

satisfies both assumptions 3.1 and 3.2 by deriving an analogue of the inequality (6.7).
The sampled solution on the time span ¢ € [107%,1] is the following form

o0 o0
(6.10) u(z,y,t) = Z —26_”4 sin(mmx Z e~ V2mintt sin(2'/8nmy).

The subspace V' consists of the left-singular vectors above the singular value thresh-
old 1072 and dim(V') = 23. We validate the subspace against the first 8 eigenmodes

(6.11) Wi (2, Y, T) = e (m*+v2n)r sin(mrz) sin(2Y4nry)

at 7 = 0.1. The relative errors are summarized in the Tab 4. Unlike the second
order case, the eigenmodes (6.11) are well resolved by V.
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TABLE 4. Relative error of approximation to eigenmodes by sub-

space V.
(m,n) (1,1) (2,1) (1,2) (2,2)
n 3.46 x 107 [ 337 x 107 [ 3.31 x 10711 [ 2.35 x 10714
(m,n) (3,1) (3,2) (1,3) (2,3)
n 3.61 x 107 [1.62 x 10712 [ 1.26 x 10712 [ 3.66 x 10~ 1!

6.5. Experiment 5. One useful application for data driven model reduction is to
predict a PDE solution from limited observed data, e.g., by a few local sensors.
Suppose that a small linear space V' has been found from a sample solution. One
can then approximate a new solution by a linear combination of basis of V', where
the coefficients can be determined, e.g., least square fitting, by a few measurements
of the new solution. Let us take the subspace V from the experiment in 6.1. If we
observed certain solution at time 7

(6.12) u(z,T) = Z wne T sin(mnx)
n=1

at locations z; € [0,1], « = 1,2,...,50 (uniformly distributed), we can use the
subspace V, whose orthonormal basis is available, to find out the solution by a
direct least square fitting at {u(z;,7))}32;. In this experiment, we set

ii.d U(—1,1) random variables, n=1,2,...,103,
0, otherwise.

(6.13) Wy, = {

For each value of 7, we sample 103 realizations of @& and compute the approximated
solutions from V. The recorded average relative errors are shown in Fig 2. When
T decreases, the constant in the estimate (5.2) grows very fast, thus we can see the
error is quite large for small value of 7.

10°

10°7 §

relative error

1010 F

10710
0

FIGURE 2. Average relative L? error for noiseless data with respect
to different 7.

6.6. Experiment 6. We use the same setting of Experiment 5 but with noises.
Suppose the equally spaced discretization of time {¢;};>1 with time step At varying
from 1078 to 1073, Spatially the discretization {z;};>1 is equally spaced that Az =
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1073, The discretized sample solution data is

> (=)™ _ 2
(6.14) a(x;, tj) = Z . e "l sinnwa; + e(w, t5),

n=1
where e(z;,t;) is i.i.d uniformly sampled in [~1073,1073]. The averaging is taken
on a window size of S = [0.1/At], see Sec 5.2. We perform the same experiment
as in Experiment 5 on 4. The resulting relative errors are recorded in Fig 6.6.
The random noises in the sampled solution introduce quite large errors in the re-
constructed solution compared to the noiseless Experiment 5 since the parameter

¢~ 107'? in (5.3) amplifies the error greatly.

—o—di=1e03
—o—di=1e04
dt=1e05
106 || —o—di=1e.06
—O—dt=1e-07
dt=1e-08

:

relative error
3
IS

L L L L L L L L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 01

FIGURE 3. Average relative L? error for noise data with respect to
different 7 and At.

7. CONCLUSION

In this work, time evolution equation is used as an example to show if the space
spanned by all snapshots of a single (or multiple) solution(s) is as rich as the space
spanned by the snapshots of all solutions. It is shown that when smoothing of the
differential operator dominates the diversity in spatial dimensions, i.e., the order of
the PDE is larger than the space dimension, one can use superposition of snapshots
of a single (or multiple) solution(s) to construct an arbitrary solution. In prac-
tice, this means that if one can find a linear space a single (or multiple) sampled
solution(s) is (are) close to, that space can be used to approximate all solutions.
Moreover, the learned solution space can be used as a general regularization for
PDE learning [4] which complements the limitations of local matching.

APPENDIX A. AUXILIARY LEMMAS

Lemma A.1. Suppose my,ni, ma,na € Zy U {0} and if m? +v/2n? < m3 +v/2n3,
then

(A1) ’(m% + \/ing) — (m% + ﬂn%)’ > min (ncg, \&(Cm%)> .

where ¢ € (0,1) is a constant. In particular, we have

(A.2) ‘(m% +V2n2) — (m? + \/in%)‘ >

C

V2(m3 +v/2n3)
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Proof. We consider 3 cases. (1). mg > mj and ng > nj, since both equal signs
cannot hold simultaneously, we obtain the trivial bound

(A.3) (m3 +V2n3) — (m? +v2n3)| > 1

(2). m1 > mg, na > ny. According to the Liouville’s theorem, for any p,q € Z,
there exists a constant ¢ > 0 that

(A.4) [qv2 - p| > g

therefore

0 B = )3

(A.5) c c
> N

(3). m1 < mg, ny < nj. Use the same argument as above,

i 420 — o+ VB | = = 2008 — ) — VB(oe} - )

(A.6) c c
> = .
VamE —md] = Vamd)
By taking the minimum of the three cases, we obtain the desired result. O

APPENDIX B. PROOF OF LEMMA 3.3
Proof. Let N(z) be the counting function for the eigenvalues {4 }r>1 that

<
(B.1) N@y={% V=sT<m
ko Ak <2 < Aggr.

Then from the estimate in assumption A1, we find
(B.2) 0< M~YBg 8 4 5(x) — N(z) <1,

where §(z) = o(z(1=9)/#) as & — oo. Then use Riemann-Stieljes integral,

(105 g5

(B3) j>1 j>1
o0 * N(z)d
:/ log(l—l—'un)dN(:E):Mn/ Nl@)do
I z m w(@ i)
The error bound of (B.2) implies there exists a constant C' > 0 that

00 [e%¢) 1 [ee] 1—0o
’un/ N(z)dx —M_I/B,Un/ 2By < C,Um/ ! )/5dx‘
w (T ) (U ) i

(B.4) T )
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The integral on right-hand side is
(B.5)

. /oo 20 dx o8 / - dy
n | o = Chy
M @ ) wafun YT P(y + 1)

1-0)/8 00 d,
e (fo S + 0(1)) . 0<o<1
C'log Lt o=

= o(uy/”).

By a similar argument, we derive

< VB o0 dy
B.6 M-8 n/ IR Y SS Y/ 1/B </ L1 )
() i, e ) KRV AT TR

Then we absorb (B.5) into (B.6) and immediately obtain the first product in (3.5)
is

o _
(B.7) 11 <1 + 7) = exp (M VPP (Gop + 0(1))) , o0,

i1 Hi
where (,; denotes the following integral,
) dy

B.8 ::/ YW 0<a<bh.
(B8) b o YTy +1)
Now we estimate the second product.

(B.9)
log ELO_“) J;Llog ( —1) +§Llog (1— )
—/: llog<un—1>dNn(x)+Lillog<1—)dN( 2).

where N, (z) is the counting function without the point at = u, that
N <

Therefore the previous estimate is modified to
(B.11) 0< M~ Y88 L 5(2) — Ny(z) < 2
and use integration by parts, the integrals of (B.9) equals to

[Vatentog (K2 1)) [ 4 [Mateytog (1- 2] |

Mn+1
oy /“”‘1 Ny (z)dx o /°° Ny (z)dx de
M1 ZU(ILLn - JI) Hn+1 .T(,un - .'13)

For the boundary terms, it is simple to see

. Hn\
(B.13) zh—>120 Ny (x)log(1l — ?) =0,

Hn—1

(B.12)
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therefore the boundary terms become

(n—1) [log (M/:il - 1) — log (1 - #ﬁil)]

— (TL o 1) |:10g </Ln - an) +10g </Ln+1>:| )
Hn+1 — Hn Hn—1

Using the assumption A2,
Hn — Hn—1 _ Mnﬂ —(n— 1)5 + O(nﬁia) < H_IM(BHS+B_1 + O(ns+ﬂ_0)),
(B.15) Hn+1 — Hn Hn+1 — Hn
fns1  Mn+1)P(1+o((n+1)77))

Hn—1 B M(n — 1)/3(1 + 0((n — 1)_0)) =1+ 0(n*a>.

Therefore the boundary terms are bounded by

(B.14)

(B.16) (n—1)((s + 8 — o) logn + O(1)) = M—l/ﬁ”@_"uw log tin(1 + 0(1)).

The integral terms in (B.12) can be estimated by
(B.17)

Hn—1 Hn—1 1/6 Hn—1 (I_U)/B
Mn/ W_MRMI/B/ el sclm/ v Tde
151 x(un - 1') 1 x('u" - l‘) ©1 CC(/Jn B x)

00 00 1 e8] l1-o
Mn/ Np(z)dz Man/'B/ 2B dx < C,Un/ 2(1=9)/Bdy
Hn+1 ‘T(Hn - l’) Hn+1 l‘(un - Jj) Mn+1 ZL'(.’E - lu’n)
The right-hand sides are bounded by

Hn—1 $(1_U)/ﬁd$ B (1_0)/6 /J'nfl/,u‘n dy
Cﬂn CL’( _ CL') - C/'Ln 1,(1,0-)/,3(1 o )
1 Hn pi/pn Y Y

(B.18) < i (1o (L2 ) o)
Hn — HUn—1

< C1u =8 (log p, + O(1))

Cu /Oo M = Cpll=)/8 /Oo dy
Pn41 x(:v - :U’n) " o yli(lia)/ﬁ(y - 1)

n+1//J«n
(549 =t =01 (g (2522 o)

= C1u2P0(1).

where C is a positive constant independent of n. At last, we estimate the following
integral

and

y Mfl/ﬁ /Hn—l ;pl/ﬁdgj ey M*l/ﬁ /OO zl/ﬁdﬂf
" w1 o(pn — ) " Hn+1 o(pn — T)

(B-20) L ) Pon—1/ dy ) dy
YL / 11//3+/ e
pi/pn Y (1-y) pnt1/pn Y (1-y)
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In order to provide an estimate for (B.20), we consider two cases. The first case is

1- % = “Zizl — 1, then the integral

(B.21)

/un—l/un dy N /OO dy

w1/ tn yl_l/ﬁ(l ) Pn1/bn yl_l/ﬁ(l —v)
/un—l/un dy /oo dy /un+1/un dy

= - - + - < - v
w1/ pn yl_l/’g(l -v) 2ty —1/pin 3/1_1/5(1 ) 2—tin—1/pin yl‘l/ﬁ(l )

00 d Hnt1/pn d
:p.v./ y—l—o(l)—/ y
0 2

yl =B (1 —y) 1 YTP(L =)
Z pV/0 yl_l/ﬂ—(l—y) + 0(1),
The second case is 1 — % > % — 1, then
(B.22)

wfin YTV =y) S v VB (L —y)

/2un+1/un dy /oo dy /2un+1/un dy
= _— +} - < -
w1/ bim YV —y) Sy vV =)y Yy =VB(1 —y)

n—l//l«n
Z pV/ —— +o0 1) — C
o YY1 —y) -6

2 _03(10g ,un + 04)5

where Cs, C3,Cy are positive constants independent of n. Combine the previous
estimates (B.16), (B.18), (B.19) and (B.22), we obtain the following inequality

Hn — HUn—1

(B.23) log H ( - ,un> > —Kout/PM~8 (log ju, + K1)
j#n Hi
for certain Ky, K1 > 0. O
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