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ON UNIVERSAL SAMPLING REPRESENTATION

VLADIMIR TEMLYAKOV

ABSTRACT. For the multivariate trigonometric polynomials we study convolution
with the corresponding the de la Vallée Poussin kernel from the point of view
of discretization. In other words, we replace the normalized Lebesgue measure
by a discrete measure in such a way, which preserves the convolution properties
and provides sampling discretization of integral norms. We prove that in the
two-variate case the Fibonacci point sets provide an ideal (in the sense of order)
solution. We also show that the Korobov point sets provide a suboptimal (up to
logarithmic factors) solution for an arbitrary number of variables.

1. INTRODUCTION

General remarks. We study universal discretization of convolution of trigono-
metric polynomials from a given collection of finite-dimensional subspaces. Let @
be a finite subset of Z?. Denote

TQ) ={f:f=) ac™}, Dyx):=> ek,
ke@ keQ

The convolution of two polynomials f,g € T(Q) is
(f * g)(x) = (2m) 39l =y)dy.

where T? := [0,27)%. We are interested in replacing integration with respect to
the Lebesgue measure by a finite sum. In other words, we want to replace the
normalized Lebesgue measure on T? by a discrete measure p,, with support on a
finite set of points {£”}7; such that u,,(§¥) =1/m, v =1,...,m. We recall some
of the well known results in this direction. Denote

a=2nl/(2N +1), 1=0,1,..,2N.
It is well known (see, for instance, [25], p.7) that for any u,v € T([—N, N]) we have

(w) = (2m) [

T

_ 2N
u()v(z)dz = (2N +1)"1> u(z'yv(a?).
=0

This implies that in the case @ = [—N, N| convolution can be discretized with
¢ =271 v =1,...,2N + 1. Similarly, in the multivariate case of Q = II(N) :=
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[ N1, N1] X -+ X [=Ng, Ny, N; € Ny := NuU{0},j=1,....d, N = (Ny,...,Ny)
we denote

P(N) := {n:(nl,...,nd): nj € Ng, 0<n; <2Nj, jzl,...,d},

and set

21Ny 21Ny

o= ], € P(N).
* <2N1+1 2Nd+1> n € P(N)

Then we can discretize the multivariate convolution of functions from 7 (II(IN))

using the set of points {x"},cpn). Clearly, this set of points heavily depends on

N. We would like to build a universal discretization of convolution. We formulate

it in a special case. For j € N? define

R(G):={keZ%:|k| <js, i=1,...,d}

Consider the collection C'(N,d) := {T(R(j)),j1- - ja < N}. We would like to find
a set of points {£”}" ; with as small m as possible with the following properties.

Property A. For any j, satisfying |j1|---|jq| < N, and any f,g € T(R(j)) we
have

1 "
(F +9)(x Eg& g(x = &),

In particular, for g(x) = Dp(;)(x) we have

Zf €)Drj)(x — ).

Property B. Let 1 < p < oco. For any j, satisfying j;---jg < N, and any
f € T(R(j)) we have

I£1IB < C(p er )P

In other words we want a universal samphng representation with additional good
properties (Property B).

In Section 2 we prove that in the case d = 2 the Fibonacci point set F,, (with an
appropriate n) provides Properties A and B with the best possible (in the sense of
order) bound on m: m < CN.

In Section 3 we study properties of the following operator

VQ, b, (2 ZGVVQT x—-y"),

where @, is the step hyperbolic cross and Vg, is the de la Vallée Poussin kernel for
it (see Section 3).

In Section 4 we extend results of Section 2 to the case d > 3. Instead of the Fi-
bonacci point sets we consider the Korobov point sets. We obtain results somewhat
similar to those from Section 2 but not as sharp as results on the Fibonacci point
sets. We show that the Korobov point sets provide suboptimal (up to logarithmic
factors) results for an arbitrary d.
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In Section 5 we present a discussion of known results on universal sampling dis-
cretization and their relations with our new results. Also, we formulate some open
problems.

Main results. We now formulate the main results of the paper. Let {b,}
bop=b=1,b, =b,_1+ by,_2, n > 2, — be the Fibonacci numbers.

Denote

yM = (27Tﬂ/bn7 27T{Mbn71/bn})> n= ]-7 s >bn7 fn = {yu}znzl

In this definition {a} is the fractional part of the number a. The cardinality of the
set Fy, is equal to b,. Let £, be R™ equipped with the norm

o
n=0>

m

1/p
1
Il = <m2xi\p) o 1<p <00 [X]loo = max ],

i=1

In Section 2 we prove the following result.

Theorem 1.1. Let v be from Lemma 2.1 and let 1 < p < oco. The Fibonacci
point set F,, provides the following two properties for the collection C'(N,2) with
N = [’Vbn/él]
(I). For any j, satisfying 451752 < vbyn, and any f,g € T(R(j)) we have
b7L

(F+9)00 = 1 S F6")alx — ")

" y=1

(IT). Let Vj(x) be the de la Vallée Poussin kernels for R(j) (see Section 2 for the
definition). Then for any j satisfying 4j1j2 < yb, we have

<9lallpp,, a=(a,...,a,).

1 &
E Zauvj(x -vy")
v=1 P
In Section 4 we extend Theorem 1.1 to the case of d > 3 by considering the
Korobov point sets instead of the Fibonacci point sets. Results of Section 4 are not
as sharp as results of Section 2 — in the bounds on the number of points m we have
an extra logarithmic factor.
We now formulate one more result in the case d = 2. Let Vg, (x) be the hyperbolic
cross de la Vallée Poussin kernel (see the definition in Section 3). We are interested
in studying the operator Vg, j, : E;fbbn — Lp(T?) defined as

b
1 n Y
Vo, b, (@) (x) := o g aVo, (x—y"), a=(a,...,a,).
noy=1

In Section 3 we prove the following result.

Theorem 1.2. Let r € N be such that 2" < vb,,. Then we have for
I1<p< o

(1.1) HVthanan S, < Cr@(p)7 0(p) := max(1/p,1 —1/p),

with an absolute constant C'.
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Note that Theorem 1.2 is sharp in the cases 1 < p < 2 and p = oco. Indeed, let
us take a = (1,0,...,0). Then for 1 < p < 2 Theorem 1.2 gives

(12) b2 Ve, (x =yl < Coz/ort/r.

Let r be such that 2" < b, (2" is of order by,). It is known (see, for instance, [25],
p.140) that

(1.3) Vo, llp = e(p)2 /P rt/P = b7 (log ba) 7.

Comparing the above two inequalities, we see that the upper bound in (1.2) provided
by Theorem 1.2 coincides (in the sense of order) with the lower bound in (1.3). The
lower bound in the case p = oo is straight forward.

2. THE FIBONACCI POINT SETS

For the continuous functions of two variables, which are 27-periodic in each vari-
able, we define cubature formulas

bn
o (f) = b ' D £ (24 /b, 27 { b1 /b0 }).

pn=1
called the Fibonacci cubature formulas. Denote

by,
O(k) = b, Y i),

pn=1
Then

1 B =D f0R), f9 = 207" [ fx)e N,
k

where for the sake of simplicity we may assume that f is a trigonometric polynomial.
It is clear that (2.1) holds for f with absolutely convergent Fourier series.
It is easy to see that the following relation holds

)1 for ke L(n)
(k) = {0 for k¢ L(n),

where
L(n) = {k = (kl,k'g) k1 4+ bp_1ka =0 (mod bn)}

Denote L(n)" := L(n)\{0}. For N € N define the hyperbolic cross in dimension 2
as follows:

2
T(N):=T(N,2):= (k€ Z*: [[ max(|k;],1) < N
j=1

The following lemma is well known (see, for instance, [25], p.274).
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Lemma 2.1. There exists an absolute constant v > 0 such that for any n > 2 for
the 2-dimensional hyperbolic cross we have

L(vba) N (L(n)\{0}) = @
and, therefore, for any f € T(I'(N)) with N < ~b,, we have

(/) = (2m)* [ oo

Proof of Theorem 1.1. We begin with a proof of part (I) of Theorem 1.1. It
is a direct corollary of Lemma 2.1. For f,g € T(j) we have for each x € T? that
fy)g(x —y) € T(2j) and, taking into account our assumption 4jijo < 7b,, by
Lemma 2.1 we obtain

(fxg)x)=(2m) % | fly)gx—y)dy =n(f()g(x—"))

’]1‘2

We now proceed to the proof of part (II) of Theorem 1.1. We need some classical
trigonometric polynomials for our further argument (see [26] and [25]). We begin
with the univariate case. The Dirichlet kernel of order j:

’D]({L') — Z etk efijz<ei(2j+1)x _ 1)(6” _ 1)71
|k|<j

= (sin(j + 1/2)z) / sin(z/2)
is an even trigonometric polynomial. The Fejér kernel of order j — 1:

7j—1
K@) =373 Dyla) = 3 (L [kl /7)™
k=0 k|<j
= (sin(jz/2))* / (j(sin(z/2))).

The Fejér kernel is an even nonnegative trigonometric polynomial in 7(j — 1). It
satisfies the obvious relations

(2.2) 1Kl =1, [Kjlloe = .

The de la Vallée Poussin kernel
2j—1

(2.3) Vi(z) =31 > Dix) = 2Kg;(x) — Kj()
l=j

is an even trigonometric polynomial of order 25 — 1.
In the two-variate case define the Fejér and de la Vallée Poussin kernels as follows:

Kj(x) == Kj (#1)Kj, (22),  Vi(x) :=Vj (21)V),(x2),  § = (j1,J2)-
The statement of the part (IT) of Theorem 1.1 follows from Lemma 2.2.



632 VLADIMIR TEMLYAKOV

Lemma 2.2. Let 1 < p < oo. Then for any j satisfying 4j1j2 < vb, and any
a=(ay,...,ap,) we have

p

b

1 n

E Z ayvj (X - yl/)
v=1

Proof. Define the operator Vj : f;’fbn — Ly, as follows

b
1 n
Vi(a) = . E aVi(x—-y"), a=(a,...,a,).
=1

We treat two extreme cases p = 1 and p = oo and then use the classical Riesz-Thorin
interpolation theorem.

Case p = 1. Using the well known fact, which follows directly from (2.3) and
(2.2), that for the univariate de la Vallée Poussin kernels we have the bound ||V;||; <
3, we obtain

<9a
1

1,bn

1 & .
anyvj(x_y )
ny=1

which means that
WVillgpr, —p, <9

Case p = co. For any x we have

L dn L &n
(24) LY aVilx - y)| < lallei D V- 371
n =1 noy=1
Further,
(2.5) Vi(y)] < (2K, (y1) + Kjy (1)) (2K2j5 (y2) + Kjs (y2))-

Using our assumption 4j;jo < b, and Lemma 2.1 we obtain from (2.4), (2.5), and
(2.2) that

Vill g oy <9
It remains to use the Riesz-Thorin interpolation theorem and complete the proof.
O

3. FIBONACCI POINTS AND HYPERBOLIC CROSS POLYNOMIALS

Consider the following special univariate trigonometric polynomials. Let s be a
nonnegative integer. Define

Ao(x) =1, Ai(z):=Vi(z) =1, As(x) :=Vos—1(x) — Vos—2(x), s> 2,

where V,, are the de la Vallée Poussin kernels defined above. Then we have

(3.1) D Aj(@) =Vyr(2), Var(z) = 1.
§=0
In the multivariate case x = (21,...,24) and s = (s1,...,84) € Z% define

As(x) i= Agy (1) -+ Ay (wa)-
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For s € Zi define
p(s) = {kezZd: 257 < |kj| < 2%, j=1,...,d}

where [z] denotes the integer part of x. We define the step hyperbolic cross @, as
follows

Qr := Ug;s|); <rP(s)
and the corresponding set of the hyperbolic cross polynomials as
T(Qr) = {f . f = Z Ckei(k’x)}.
keQr
We define the hyperbolic cross de la Vallée Poussin kernels as follows

Vo, (%) = Y Al

lIsllr<r
Using notations x% := (x1,...,24_1), 8% := (s1,...,584_1), and (3.1), we rewrite this
definition as
T—Ilsdlll

(32) Vo,(x) == > Auxh) Y Ag@)= D AuxHV, i (za).

sl <r $4=0 lIs4(l1<r
In particular, this implies that
(3.3) Vo, Il < Cd)r™!

We are interested in studying the operator Vj, 3, : Eznb — Lp(T?) defined as
Vo, b ( Zayv@ x —y").
Relation (3.3) implies
It is clear that
1 b’VL
(35) Varsli, . < w253 Var (e =yl
Lemma 3.1. Let r € N be such that 2" < ~b,. Then we have
1
v
max > [Vo, (x - ) < Car

Proof. Represent
(36) VNj (t) = 2K2Nj (t) - ICN]' (t)
By representation (3.2) we write

brn
61 L Vak-yl< Y & Z\Asl YW1 (2 — ).
=1

810
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Using the fact that the Fejér kernel is a nonnegative polynomial and applying
Lemma 2.1, we obtain from (3.7)

*ZWQTX— )| < Coor

g

Lemma 3.1 and inequalities (3.4) and (3.5) imply by the Riesz-Thorin interpola-
tion theorem the following proposition.

Proposition 3.2. Let 1 < p < oo and let r € N be such that 2" < ~b,. Then we
have

1 _
(3.8) IVarbnlln, o, < Cor, Cp = CLPOITHP,

The following function, which we call the Fibonacci Sum of Vg,

FSVq.(x) : ZIVQTX ¥l

played an important role in the proof of Proposmon 3.2. We note the following
interesting property of this function.

Proposition 3.3. Letr € N be such that 2" < vb,,. Then we have for all1 < p < 0o
that

C'r < | FSVo, |lp < C"r

with two positive absolute constants C' and C".

Proof. The upper bound follows from Lemma 3.1. The lower bound follows from
the known fact (see, for instance, [25], p.140, Lemma 4.2.3)

Vo, = C'r.
U

We now show how inequality (3.8) can be improved in the case 1 < p < co. We
begin with the case p = 2 and a simple well known Lemma 3.4.

Lemma 3.4. Let a system Uy, = {u;}", satisfy the conditions

(3.9) Jwgl]2 = 1, Z]u“u] M <Co, i=1,...,m.
Then for any a = (ay,...,an) € C™ we have
m
1/2
13 asuills < Co[alla
i=1
Proof. Consider the Gramm matrix U := [(u;, u)]7_;. Then

m

(3.10) 1~ a3 = Z ai Y _(ui, u;)a; = (a, Ua).
=1 ]

= j:l
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Consider U as an operator from C™ to C™. Then

m
1Uleg—em < max » " |(u;, u;)| < Co,
% =
and
m
1Ulleg e < max} iy ug)| < Co.
i=1
Therefore, by the Riesz-Thorin interpolation theorem we obtain
(3.11) 1Ullep—ep = Ul —ep < Co.

By (3.10) and (3.11) we conclude

m
1Y asuil3 < lall2l0allz < |1Ullgp—ep lall3 < Collall3,
=1

which completes the proof of Lemma 3.4.
O

Proof of Theorem 1.2. Bound (1.1) with p = oo follows directly from (3.5)
and Lemma 3.1. The case p = 1 in (1.1) is covered by (3.4). Let us consider the
case p = 2. We now apply Lemma 3.4 in the case u;(x) = Vg, (x —y")/|[Va, ||2-
Then

(us, uz) = V5 (v =¥Vl >,
where for f € Ly(T?) we denote
FHx) = (f % )(x) = (2m) 72 . fx=y)f(y)dy.
In order to apply Lemma 3.4 we need to satisfy condition (3.9).

Lemma 3.5. Let r € N be such that 2" < ~b,. Then we have
1 &
- * —_vY)| < * )
max ™ ; Vo, (x—y")| < Cr

Proof. The argument follows the same lines as the proof of Lemma 3.1. We use
representations (3.2) with d = 2 and (3.6), the fact that if f is nonnegative then f*
is also nonnegative, and the fact that

Asx Ay =0 provided |s—s'| > 2.

Then Lemma 3.4 and Lemma 3.5 imply

1 & ) = a, ||V, |2
2o wVo, (x—yY)|| = |3 I (x)
no,—1 ) v=1 n 2

< Vo, Iz (0nClr) [all2lVa, 12/bn = (Cor)?llall2,
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Thus, we have proved (1.1) in three cases p = oo, p = 1, and p = 2. Applying the
Riesz-Thorin interpolation theorem two times, for the pairs (1,2) and (2,00), we
obtain (1.1) for all 1 < p < co and complete the proof.

Consider now the following kernel, which is closely related to Vg,

AVQ’I‘ = VQ’V‘ - VQr—l = Z AS'
llbs|l1=r

It turns out that we can use other technique and prove a better bound in the case
2 < p < oo than (1.1).

Theorem 3.6. Let r € N be such that 2" < b, /4. Then for 1 < p < oo we have
max(1/p,1/2)
18Vl oy, < COIF .

Proof. Rewrite

b b
1 & 1 &
fx) = > a AV (x—y) = > W > ayAs(x—y")
" =1 Isfli=r " v=1

It is well known that the Littlewood-Paley theorem implies the following inequality
(see, for instance [25], p.513) for 2 < p < 0o
2

bn
(312 17 <) 3 S adix -y
v=1

Isll=r P
and for 1 <p <2
1 & !
(3.13) I <Cw) Y |5 D avAs(x—y")
lsfl=r 117 v=1 P

In case p = 1 inequality (3.13) obviously holds as well.
Applying an analog of Lemma 2.2, we obtain

(3.14) < Cllallp,,-
p

It remains to substitute (3.14) in (3.12) and in (3.13) and complete the proof.

b
1 & y
FZQVAS(X_y )
" oy=1

0

4. THE KOROBOV POINT SETS

In this section we extend results of Section 2 to the case d > 3. Instead of
the Fibonacci point sets we consider the Korobov point sets. We obtain results
somewhat similar to those from Section 2 but not as sharp as results on the Fibonacci
point sets. It is a well known phenomenon in numerical integration. Here we study
the Korobov cubature formulas instead of the Fibonacci cubature formulas. We
prove a conditional result under the assumption that the Korobov cubature formulas
are exact on a certain subspace of trigonometric polynomials with frequencies from
a hyperbolic cross. There are results that guarantee existence of such cubature
formulas.
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Let m € N, h := (hq,...,hq), h1,...,hq € Z. We consider the cubature formulas

Pn(f,h) = m—lgjlf <27r{“£1}27r{‘$d})

which are called the Korobov cubature formulas. In the case d = 2, m = by,
h = (1,b,—1) we have

Palf ) = ®0(f) = 1 3 ().
" yeFn

Denote

N (S e 173 B

m m
The set R, (h) is called the Korobov point set. Further, denote

S(k,h) := P, (ei(k,X)7h> _ m—liei(k,wﬂ)‘
pn=1

Note that
(A1) Palfl) =32 F0S0h), - fk) = (2m)7 | fx) e ®

k

where for the sake of simplicity we may assume that f is a trigonometric polynomial.
It is clear that (4.1) holds for f with absolutely convergent Fourier series.
It is easy to see that the following relation holds

1 for ke L(m,h),

(4.2) Sk, h) = {0 for k¢ £(m,h)

where
L(m,h):={k:(hk)=0 (mod m)}, L(m,h) :=L(m,h)\{0}.
For N € N define the hyperbolic cross by
d
D(N,d) = k= (ky,..., kg) € Z%: []max(|ky],1) < N
j=1

Denote

T(N,d):=<Xf: f(x)= Z et

kel(N,d)
It is easy to see that the condition
(4.3) Pu(f.h) = f(0), feT(N,d),
is equivalent to the condition
(4.4) ['(N,d)NL(m,h) = 2.

Definition 4.1. We say that the Korobov cubature formula P,,(-,h) is exact on
T(N,d) if condition (4.3) (equivalently, condition (4.4)) is satisfied.
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Special Korobov point sets. Let L € N be given. Clearly, we are interested
in as small m as possible such that there exists a Korobov cubature formula, which
is exact on T(L,d). In the case of d = 2 the Fibonacci cubature formula is an
ideal in a certain sense choice. There is no known Korobov cubature formulas in
case d > 3, which are as good as the Fibonacci cubature formula in case d = 2.
We now formulate some known results in this direction. Consider a special case
h = (1,h,h%, ..., h% 1), h € N. In this case we write in the notation of R,,(h) and
P, (-, h) the scalar h instead of the vector h, namely, R,,(h,d) and Py(-, h,d). The
following Lemma 4.2 is a well known result (see, for instance [25], p.285).

Lemma 4.2. Let m and L be a prime and a natural number, respectively, such that

(4.5) IT(L,d)| < (m—1)/d.
Then there is a natural number h € [1,m) such that for allk € I'(L,d), k # 0
(4.6) ki 4 hkg 4 -+ hT kg 20 (mod m).

Therefore, for any f € T(L,d) we have
Pp(fhyd) = (2m)~" | f(x)dx.
Td

Note that the cardinality of I'(L,d) is of order L(log L)4~! and, therefore, the
largest L, satisfying (4.5), is of order m(logm)'~¢.

In the same way as Theorem 1.1 was derived from Lemma 2.1 in Section 2 the
following Theorem 4.3 can be derived for special Korobov point sets. We do not
present this proof here.

Theorem 4.3. Let the Korobov cubature formula Py, (-,h) be exact on T (L,d) and
let 1 < p < oo. Then the Korobov point set Ry, (h) provides the following two
properties for the collection C'(L,d).

(I). For any j € N?, satisfying 2% Hle Ji < L, and any f,g € T(R(j)) we have

(Fe)(x)= 3 F(w")glx — w)
v=1

(IT). Let Vj(x) := Hle Vj,(x;) be the de la Vallée Poussin kernels for R(j). Then

for any j satisfying 2% Hf’zl ji < L we have

1 & ,
m;a,ﬂ)j(x—w )

S3d||‘r’l||p,m, a= (al,...,am),

p
Remark 4.4. Lemma 4.2 implies that for any L € N there exist h and m <
C(d)L(log L)%~ with some positive C(d) such that statements (I) and (II) of The-
orem 4.3 hold.

5. DISCUSSION

The property of a numerical method of approximation or presentation (recovery)
to be universal is very important. The classical concept of unsaturated methods
(see, for instance, [1]) is the universality property with respect to smoothness. Later,
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universality with respect to anisotropy was introduced (see [16]). Study of univer-
sality in numerical integration (see [17], [18], and the book [25], section 6.8) and
in linear approximation (see [16] and [25], section 5.4) brought new phenomena.
Universality concept under the names adaptive learning and distribution-free theory
of regression is very important in learning theory (see [7] and [20], Chapter 4).

Recently, because of demand on nonlinear approximation importance of the uni-
versality property has increased. We illustrate it on the example of sparse ap-
proximation. Suppose we have a finite dictionary D, := {g;}7_; of functions from
Ly(2, p). Applying the strategy of sparse m-term approximation with respect to
D,, we obtain a collection of all subspaces spanned by at most m elements of D,, as a
possible source of approximating (representing) elements. Therefore, we would like
to build a discretization scheme, which works well for all such subspaces. This kind
of discretization is called universal discretization. There are some known results on
universal discretization, which show that it is a very interesting and deep area of
research (see, for instance, [22], [5], [4]).

For a more detailed discussion of universality in approximation and learning
theory we refer the reader to [16], [18], [6], [23], [7], [3], [19].

5.1. Discretization. It is well known and easy to check that for centrally symmet-
ric Q the problem of discretization of the convolution on 7(Q): For any f,g € T(Q)

m

er) [ 1)ax = y)dy = LS HEgx - €)

v=1

is equivalent to the problem of exact discretization of the Lo norm on 7(Q): For

any f € T(Q)
1713 = - D17
v=1

Thus, part (I) of Theorem 1.1 is equivalent to the exact discretization of the Lo
norm on 7 (R(j)).

We now discuss part (IT) of Theorem 1.1. We prove the following conditional
statement.

Proposition 5.1. Suppose that for a given Q C Z% the point set {£¥ ™ | has the
following properties. There exists an even function Vg such that for any f € T(Q)
we have

m

_ 1 v v
(5.1) ) =0@m) | flyVox—y)dy == f(€)Vo(x—¢")
Td m 1
and for a given 1 < p < oo we have for all a = (ay,...,an) and for ¢ = p and
q=17p, where p' is dual top (1/p+1/p' =1)
1 & ,
(5:2) HmZaqu(x—f )| < Cdp)allgm.
v=1

q
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Then, the following sampling discretization inequalities hold for all f € T(Q)

(5:3) Cu(d, pllfII < *Z\f )P < Cod,p) | f1I5.

Proof. The left inequality in (5.3) with Ci(d,p) = C(d,p)™? directly follows from
(5.2) and (5.1). We prove the right inequality in (5.3). Using (5.1) and (5.2), we
obtain (g, := sign f(£"))

fZ\f Z FEe | fE) =

(2m)~ / f(x s,,\f(gy)\p‘va(x — &)dx <

<|Ifllp

%Zsu\f@”)l“v@(x &)
v=1

p/
Using (5.2), we see that the last term is

(p—1)/p
(depr< Z!f&” ) :

which implies the required inequality with Ca(d, p) = C(d, p)P. O

The above discussion shows that instead of the universal discretization in a style
of Theorem 1.1 the universal simultaneous (of the Lp and L, norms) sampling
discretization problem can be considered. We give a precise formulation of this
problem in a general setting. We begin with the known settings.

Sampling discretization. Let  be a compact subset of R? with the probability
measure p. We say that a linear subspace Xy (index N here, usually, stands for
the dimension of Xx) of L,(2, i), 1 < ¢ < oo, admits the sampling discretization
with parameters m € N and ¢ and positive constants C; < (5 if there exist a set
{&€"}7, such that for any f € Xy we have

Cil|fle < — Z | £(€)]9 < Call £]12.

In the case ¢ = co we define L, as the space of continuous functions on €2 and ask
for

Clflloo < max (€] < -

Universal sampling discretization. This problem is about finding (proving
existence) of a set of points, which is good in the sense of the above sampling
discretization for a collection of linear subspaces (see [23]). We formulate it in an

explicit form. Let An = {X} }] 1>

subspaces XN]_ of the Ly(2, 1), 1 < g < oo. We say that a set {£”}7-, provides
universal sampling discretization for the collection XN if, in the case 1 < ¢ < oo,

= (Ny,...,Ng), be a collection of linear
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there are two positive constants C; = C;(€2,q), i = 1,2, such that for each j € [1, k]
and any f € X J]Vj we have

Cillfle < = Z |F(€)]9 < Col| f12.

In the case ¢ = oo for each j € [1,k] and any f € X]{, we have
< <
Cillflle < mas €)1 < e

Universal 51multane0us sampling discretization. Let 1 < p; < ps < o0 be
given. Let AN := {X] N = (Ny,...,Ng), be a collection of linear subspaces

XJ]VJ_ of the L,,(Q, p). We say that a set {£”})", provides universal simultaneous

Jl’

sampling discretization for the collection A if, in the case 1 < py < oo, there are
four positive constants C; (2, p,), i = 1,2, r = 1,2, such that for each j € [1, k]
and any f € X ]ij we have

m

(5.4) C1,r (2, py Hf| Z P < Cop(Q, pr)||f|

In the case pa = oo for each j € [1,k] and any f € X]j;, we have (5.4) for r = 1 and
for r = 2 we have

CLa(Q)[| flloe < max [f(£")] < [|f[loo-

1<v<m

Note that the case of exact discretization corresponds to the case C, = Ca,.

We now discuss universal discretization for a specific collection of subspaces. In
[23] we studied the universal sampling discretization for the collection of subspaces
of trigonometric polynomials with frequencies from parallelepipeds (rectangles). We
now formulate the corresponding result from [23]. For s = (s1,...,84) € Z4 define

R(2%) :={k = (ki,...,kq) € Z%: |ks| < 2%, i=1,...,d}.

Consider the collection C(n,d) := {T(R(2%)) : ||s|1 = n}.
We proved in [23] the following result.

Theorem 5.2 ([23]). For every 1 < q < oo there exists a positive constant C(d,q),
which depends only on d and q, such that for any n € N there is a set {{"'}7, C T¢,
with m < C(d, q)2" that provides universal discretization of the Ly norm for the
collection C(n, d).

Theorem 5.2 basically solves the universal discretization problem for the collection
C(n,d). It provides the upper bound m < C(d, ¢)2" with 2" being of the order of the
dimension of each T (R(2%)) from the collection C(n, d). Obviously, the lower bound
for the cardinality of a set, providing the sampling discretization for 7 (R(2%)) with
lIs||1 = n, is > C(d)2"

The proof of Theorem 5.2 from [23] is based on special nets, which we define
below.
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Definition 5.3. A (t,7,d)-net (in base 2) is a set T of 2" points in [0,1)? such that
each dyadic box [(a1 —1)27°1,a127°1) x -+ X [(aqg — 1)27%¢,0427°¢), 1 < aj < 2%,
j=1,...,d, of volume 2~" contains exactly 2! points of 7.

A construction (which is a very nontrivial construction) of such nets for all d and
t > Cd, where C is a positive absolute constant, r > t is given in [15].

It was proved in [24] that in the case d = 2 a very simple point sets, namely the
Fibonacci point sets, provide Theorem 5.2. Here is the corresponding result.

Theorem 5.4 ([24]). The Fibonacci point set F,, provides the universal discretiza-
tion in Lq, 1 < q < oo, for the collection C(r,2) with r satisfying the condition
9.2" < ~b,.

In this paper it is more convenient for us to consider instead of the collection
C(n,d) of dyadic rectangles a collection of all rectangles C'(N, d).
The following variant of Theorem 5.4 follows from its proof in [24].

Theorem 5.5. The Fibonacci point set F,, provides the universal discretization in
Lq, 1 < q < oo, forthe collection C'(N,2) with N satisfying the condition OIN < b,,.

As we pointed out above our requirement of discretization of the convolution is
equivalent to the exact sampling discretization of the Lo norm. It is known that
the property of the exact sampling discretization of the Ls norm is much stronger
than just sampling discretization with some constants C; and C. We now explain
this in more detail.

First, we note that for all j such that Hle ji < N we have the embedding
R(j) C I'(N,d). Therefore, for the universal exact discretization of the Ly norm for
the collection C'(N,d) it would be sufficient to provide the exact discretization of
the Ly norm for one subspace 7 (N, d). It is known (see [5], section 3.5) that for that
we need at least m of order N? points. It is also known (see [21], section 4) that
there exists a number theoretical construction of m < C(d)N?(log N)*@~1) points,
which provide the exact discretization of the Ly norm for the subspace T (N,d).
We point out that our Theorem 1.1 provides in the case d = 2 optimal in the sense
of order result for the universal sampling discretization for the collection C'(V,d)
simultaneously exact in case of Ly and non-exact in L,. Theorem 4.3 provides in
case of general d suboptimal results (up to the logarithmic factor).

Second, in the case of non-exact sampling discretization of the Ly norm the
following optimal in the sense of order result is known.

Theorem 5.6 ([21]). There are three positive absolute constants C1, Ca, and Cs
with the following properties: For any d € N and any Q C Z% there exists a set of
m < C1|Q| points & € T¢, v =1,...,m, such that for any f € T(Q) we have

1=,
Cal fl3 < EZ £ < Cs) f1l3-
v=1
Theorem 5.6 was derived from results of the paper by S. Nitzan, A. Olevskii, and
A. Ulanovskii [14], which in turn is based on the paper of A. Marcus, D.A. Spielman,
and N. Srivastava [12]. The breakthrough results in sampling discretization of the
Ly norm (see [21], [11]) and in sampling recovery in the Lo norm (see [9], [10], [13])
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are based on results by A. Marcus, D.A. Spielman, and N. Srivastava from [12] (see
Corollary 1.5 with r = 2 there) obtained for solving the Kadison-Singer problem.
Also, results from [2] play a fundamental role in sampling discretization of the Lo
norm. The approach, based on [12] allows us to obtain optimal (in the sense of
order) results for discretization of the Lo norm (see [21] and [11]). For the first time
it was done in [21] with the help of a lemma from [14]. The corresponding lemma
from [14] was further generalized in [11] for proving optimal in the sense of order
sampling discretization results. A version of the corresponding lemma from [11] was
used in [13] for the sampling recovery. The first application of the results from [2]
in the sampling discretization of the Ly norm was done in [22]. The reader can find
a detailed discussion of these results in [8], Section 2.6.

5.2. Representation and discretization. We now give a general formulation of
variants of the setting that was studied in this paper.

Sampling shift representation (SSR). We say that a linear subspace Xy of
L (92), admits the SSR with parameter m € N if there exist a function ¢ € L (Q2)
and a set of points {¢”}" ; such that for any f € X we have

fla)= - 3" F(E)pla —€).
v=1

We also say that the above set of points {£”}]"; provides SSR for Xy.

Universal sampling shift representation (USSR). We say that a set of
points {£”}7" | provides USSR for the collection AN := {X]J\,j ?:17 N = (Ny,...,Ny),

if for each j € [1, k] there exists a function ¢/ € Lo () such that for any f € X]{,j
we have

fa)= 3" e - ).

Shift p-representation (SpR). We say that a linear subspace Xy of L,(),
admits the SpR with parameter m € N if there exist a function ¢ € L,(Q2) and
a set of points {£”}7", such that for any f € Xy there is a vector a(f) =
(a1(f),...,am(f)) € R™, which gives a representation

f@) = S alfele — €)

and satisfies the bound
1£llp < C (82, p)lallpm-

m

We also say that the above set of points {£”}]"; provides SpR for Xy.

Universal shift p-representation (USpR). We say that a set of points {£” T;l
provides USpR for the collection X if this set of points provides SpR for each X ]]Vj
from the collection AN.

Universal sampling shift p-representation (USSpR). We say that a set of
points {£”}72; provides USSpR for the collection A if this set of points provides

SpR for each X]J\,j from the collection Xn with a(f) = (f(&h),..., f(€™)).
For instance, a version of Theorem 1.1 gives the following result.
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Theorem 5.7. The Fibonacci point set F, provides the USSpR, 1 < p < oo, for
the collection C'(N,2) with N satisfying the condition 9N < ~b,,.

Open problem 1. Let d € N, d > 3. Is there a constant C(d) such that
there exists a point set {£”})2; with m < C(d)N, which provides the USSR for the
collection C'(N, d)?

Open problem 2. Let d € N, d > 3, and 1 < p < oo be given. Is there a
constant C'(d,p) such that there exists a point set {&}]"; with m < C(d,p)N,
which provides the USSpR for the collection C'(N,d)?

Open problem 3. Let d € N, d > 3. Is there a constant C(d) such that there
exists a point set {£”}7", with m < C(d)N, which provides the USSpR for all
1 < p < oo for the collection C'(N, d)?
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