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ON LOCALITY OF HARMONIC GENERALIZED BARYCENTRIC
COORDINATES AND THEIR APPLICATION TO SOLUTION OF
THE POISSON EQUATION

CHONGYANG DENG* AND MING-JUN LAI

ABSTRACT. We first extend the construction of generalized barycentric coordi-
nates (GBC) based on the vertices on the boundary of a polygon © to a new
kind of GBCs based on vertices inside the €2 of interest. For clarity, the standard
GBCs are called boundary GBCs while the new GBCs are called interior GBCs.
Then we present an analysis on these two kinds of harmonic GBCs to show that
each GBC function whose value is 1 at a vertex (boundary or interior vertex of
Q) decays to zero away from its supporting vertex exponentially fast except for
a trivial example. Based on the exponential decay property, we explain how to
approximate the harmonic GBC functions locally. That is, due to the locality
of these two kinds of GBCs, one can approximate each of these GBC functions
by its local versions which is supported over a sub-domain of 2. The local ver-
sion of these GBC function will help reduce the computational time for shape
deformation in graphical design. Next, with these two kinds of GBC functions at
hand, we can use them to approximate the solution of the Dirichlet problem of
the Poisson equation. This may provide a more efficient way to solve the Poisson
equation by using a computer which has graphical processing unit(GPU) with
thousands or more processes than the standard methods using a computer with
one or few CPU kernels.

1. INTRODUCTION

Generalized barycentric coordinates (GBC) provide a simple and convenient way
to represent a surface over the interior of a polygon by weighted combinations of
the control points. They are widely used in computer graphics and related areas.
See, e.g. [14], [20], [15], [25], [26], [21], [23], [44], [7], and etc. In addition, they
found their applications in numerical solution of partial differential equations. We
refer the interested reader to [32], [34], [16], [27] and etc. The study of generalized
barycentric coordinates (GBC) started from a seminal work in [41]. Since then,
there are many GBCs which have been constructed. See [13] and [1] for numerous
GBC studied in literature.

However, many of them are defined as a combination of all control points. So
changing a single control point will lead to a change to the surface entirely inside the
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polygon. This is not convenient for practical applications. For example, in shape
and image deformation, a control point should only influence the surface nearby the
places where the changes are made. This is the so-called locality property which
is extremely important to a designer. In additional, without locality, the geometry
design requires a large memory consumption of all GBC functions as a polygon
with n sides may have a very large n for a reasonable object. Such a design will
be computationally expensive. To overcome this difficulty of computation, several
approaches have been developed. For example, Zhang et al. [44] proposed a family
of local barycentric coordinates (LBC) through a convex optimization approach.
For another example, subdividing barycentric coordinates (SBC) [2] inherit local
property from local support of subdivision surfaces. Another example is blended
barycentric coordinates (BBC) [3] which are blended from mean value coordinates
over the triangles of the constrained Delaunay triangulation of the input polygon
which possesses a locality. In fact, there is a folklore in the community of computer
graphics that harmonic GBC functions have desired intuitive locality behavior in
all situations during a geometry design although the maximum principle shows that
any harmonic GBC function is nonnegative even over a polygon which is strongly
concave and never be zero inside the polygon. However, even though the researchers
and practitioners in the community have observed this locality for a long time, there
is no mathematical justification of this locality in the literature. Nevertheless there
is a trivial example that harmonic GBCs over a rectangular domain do not have
any local property. This makes a doubt that such a locality can be established for
polygons with more than 4 sides.

In this paper, our first goal is to explain the nice locality of harmonic GBC
function over a polygon which is more complicated than a rectangle mathematically.
To this end, let us define an exponential decay property.

Definition 1.1. Let f(x) be a function defined on a polygon Q C R% d > 2 and
suppose that f(xg) = 1 for xg € Q. f has an exponentially decay property away
from its supporting vertex xq if |f(x)| < Cexp(—c||x — x¢||) for positive constants
C and c¢. Such a property is called e-locality for short.

That is, we shall discuss the e-locality of harmonic GBC functions in this paper.
Mainly, we present a method to analyze that each harmonic coordinate with 1 at
a vertex of the polygon 2 decays away from its vertex exponentially over 2. We
have to exclude the case when €} is a parallelogram as the harmonic GBCs are
simply bilinear functions. We will discuss this pathological example more later in
this paper. This makes sense as for most applications,(2 of interest usually has a lot
of sides. Thus, any change of the control point of a harmonic coordinate function
(the value at the supporting vertex) will affect the surface nearby and the change
will decay exponentially to 0 away from the control point over the polygon. Next
let us be more precise about the exponential decay property as follows.

To do so, let us introduce harmonic GBC functions now. Given a polyhedron
Q= Py € RYd > 2of N vertices v;,i = 1,..., N, we say Py is an admissible
polyhedron if Py admits a simplicial partition A with these vertices of Py being
the vertices of A. In R?, any polygon Py is admissible. Note that in R3, one can
have a polyhedron which does not admit a simplicial partition without adding more
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vertices. The admissible condition allows us to define a piecewise linear function ¢;
associated with each vertex v; on the boundary of ) satisfying /;(x) = 1 if x = v;
and 0 if x = v;,7 # i and /;(x) is linear on each lower dimensional boundary
simplex of €. For each ¢;, let ¢; be the function solving the following minimization
problem:

(11) {minueCW(Q) fQ |V’U,|27

U :E’b XE&Q:

where V is the gradient operator. It is known that the minimizer ¢; satisfies the
following Laplace equation:

(1.2)

Au =0, xe€Q
U =/{;, x€ 09,

where A is the standard Laplace operator. That is, the minimizer ¢; is a harmonic
function. It is easy to see that these ¢; satisfy the three properties in (1.3). In fact,
one can use (1.2) to verify these properties.

Z oi(x) =1 x€Py
i=1

(13) Z ¢i(x)v; =x x€ Py
i=1

@@) >0, i=1,...,N.

Hence, these {¢1,...,dn} are generalized barycentric coordinates (GBC) and these
are called harmonic GBCs (cf. [13]).

These GBCs are based on the corners of 2. We now extend the GBC functions
to more boundary points of 2. Let us add more points on the boundary and
inside of  and let A be a triangulation of  if  is a polygonal domain in R?.
For d > 2, A is a simplicial partition of 2 when 2 is an admissible polygon in
Re. Let Vg = {v € A : v € 0Q} be the set of boundary vertices of { and
Vi ={v e A:v e Q° be the collection of the interior vertices of €2, where A°
stands for the interior of A. As Vp contains more than the corners of €0, we can
view (1 is a degenerated admissible polyhedron with vertices in V. Let ¢1,...,¢n
be GBC functions associated with the vertices of Vg defined before.

The second goal of this paper is to introduce another kind of GBC functions
which are based on interior points of Q as follows. For A of Q, let S?(A) be the
continuous piecewise linear functions over simplicial partition A. That is, SP(A)
is the space of continuous linear splines. For each v; € Vi = {v € A : v € Q°},
let h; € SY(A) be the hat function which is a continuous piecewise linear function
satisfying h;(v;) = d;;, for all v; € V7. For each h;, let 1; € H>(Q) be the solution
to the following boundary value problem:

A =hi, x€Q
Uy =0, xe€dN,

(1.4)

fori=1,..., M, where M = #(V7). It is easy to see that there exist such functions
1; by solving the Poisson equation with zero boundary condition. Let us further
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explain their properties. A triangle T € A is a boundary triangle if T' has one side
on the boundary of 2 or a vertex at the boundary of Q. Let A° be the union of all
simplexes in A without boundary triangles.

It is easy to see that 1;’s satisfy the properties in (1.5) below and hence, v; are
called interior GBC functions.

Lemma 1.2. Let ¢;,i =1,..., M be functions defined above. Then
ZAwi(x) =1, xeA°
i=1

(15) i AYi(x)v; =x, x€AN°
=1

i(x) —0, xed,

where vi, i = 1,..., M are interior vertices of /\. See Figure 1 for an illustration
of interior domain A°.

Proof. Since >, hi(x) = land ) ;" v;hi(x) = x over A°, we see that Y ;" | A(x) =
Yot hi(x) =1 for x € A°. Similarly, we have the second equation in (1.5). The
third equation follows from the boundary condition of ;. O

RRRR CRRER NS v
= \ g A g

FIGURE 1. Hlustration of A° (in blue) inside a triangulation A (all
triangles in red and blue)

It is known that there is no analytic representation of harmonic GBCs ¢; when 2
is not a parallelogram. One has to compute them numerically. A standard approach
is to use finite element method or more generally, multivariate spline method (cf.
[10]). Similarly, 1; have no analytic representation to the best of the authors’
knowledge. Of course, one can solve the Poisson equation in (1.4) numerically to
obtain an approximation of v;. Indeed, let Ay be the kth uniform refinement of A
for an integer k > 1 if d = 2 or A\ be a refined simplicial partition of A if d > 3
with |Ag| < |Al, where |A| the largest diameter of simplexes in A. Thus, |A] is
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called the size of A. Let S; = Sy, be a spline approximation of ¢; over triangulation
A and similarly R; = Sy, be a spline approximation of v; over Ay.

One of the significances of these functions is that we can use ¢;,i = 1,..., N
and v;,7 = 1,..., M to approximate the solution of any Dirichlet boundary value
problem of the Poisson equation:

{—Au —f, xcQ

1.6
(16) u =g, XE€Ooa,

for any given f € L?(Q) and g € L%(09). For simplicial partition A of €, we
are interested in the approximation of S; and R; when |A| is small. Indeed, the
following is one of the main results in this paper:

Theorem 1.3. Suppose that f is a piecewise continuous function in L*(Q) and g
is a piecewise continuous function in L?(0Q). Let /\ be a simplicial partition of €
such that He(x,y) ==Y 10, f(vi)hi(z,y) is a linear spline approzimation of f over
Q, e.g. f(z,y) — He(z,y) = O(|A]*) and Ly == > v,co09(Vi)Si is a linear spline
approzimation of g on 0%, i.e., ||g — Lg|| 1290y = O(|A?). Then the solution u to
(4.1) can be approximated by

(L.7) wr Y fviti+ Y gvidix Y f(vi)Ri+ Y g(vi)Si.
v;EAN° v; €O v;EAP° v; €00
That is, letting Ly, = Ly + Lg with Ly =3 c no f(Vvi)Ri and Ly =3 50 9(vi)Si,
we have
IV(u—= L[| = O(A)).

Proof. As expected, L, is just like the standard finite element solution. We shall
give a proof in a later section. See §3 for a detailed proof and numerical experimental
results which support the statement in (1.7). In addition, a comparison with the
numerical results from the standard finite element method will be shown. ([l

Remark 1.4. We remark that the GBC solution L, = Ly + Ly is not an FEM
solution. For simplicity, let us say the solution u satisfying the zero boundary
condition. In this case, L, = Ly which is a linear combination of f(v;),v; € A°
while the FEM solution is a linear combination of the coefficient vector ¢ which is
the solution of the linear system Kc = Mf, where K and M are the stiffness and
mass matrices, respectively.

Let us continue to discuss the locality of these harmonic GBC functions. First of
all, we need to explain that a numerical harmonic GBC function S; approximates
the exact harmonic GBC function ¢; very well. Similar for R; for ;. Therefore,
the e-locality of ¢; and 1; can be seen from the e-locality of S; and R;, respectively.
To avoid a pathological example, we assume that the number of distinct boundary
vertices is more than 4 as most applied problems have a lot of boundary vertices.

For a simplicial partition A of €2, we say it is S-quasi-uniform if there is a positive
number 8 > 0 such that

A

1.8 =l<p,
(18) R or <7
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where pr is the radius of the inscribed ball of simplex T'. Let S, (A) be the spline
space of degree d and smoothness 7 > 0, e.g. when n = 1 and r = 0, S(A) is
the standard continuous finite element space. In general, we can use any n > 1
and r > 0 as long as n > 3r + 2 if O C R%. Otherwise, we can use n = 1 and
r=0orn>9and r=1. See [29] for trivariate splines. There are two numerical
implementation methods of multivariate splines which can be found in [4] and [36]
as well as other efficient implementations in [33] and [40]. Recall ¢; € H'(f2) be a
GBC function in the Sobolev space H!(f2) satisfying (1.1) and S; is the minimizer
of the following minimization (1.9) over the spline space S; (A) of degree n and
smoothness r» > 0:

(1 9) mlnuGSﬁ(A) fQ |vu|27
’ u =/{;, x €.

We split S; into S; 0 and G;. That is, S; = S;0 + G; € S;,(A), where G; € S, (A)
satisfies the boundary condition G; = ¢; on 9Q and S; o € HJ ()N S (A). Then S;
satisfies the following weak formulation:

(1.10) (VSi0, Vi) = —(VG;, V), Vo € SL(A) N H(Q).

It is easy to see that S; is a numerical harmonic GBC which approximates ¢; very
well in the following sense:

(1.11) IV(Si = éi)ll < Co, A

by using the well-known Ced lemma, where Cy, is a positive constant dependent on
¢i, d, and €. Furthermore, there is a maximum norm estimate, i.e.

(1.12) 1S = Gillse < C,log(|AD| AT
We refer to [9] for detail. Similarly, R; € S}, (A) is the weak solution satisfying
(1.13) (VR;, Vi) = —(hi ), Vi € S(L) 0 H(9).

The standard finite element theory shows that R; satisfies the same inequalities as
S; in (1.11) and (1.12). Hence, one can see that the locality of ¢; can be estimated
based on the locality of R;. We leave the proof of (1.11) and (1.12) to Appendix.

In terms of spline functions, the exponential decay can be recast more precisely.
Let star!(v;) be the union of all simplexes in A sharing vertex v; and star®(v;) is
the union of all simplexes in A sharing vertices in star*~!(v;) for k > 2. We will
show that there exists a constant o € (0,1) such that

(1.14) 19i(v)| < Co® and |R;(v)| < Co®, if v & star”(vy)

for a positive constant C' independent of ¢. That is, if v is a far away from v;
according to the triangulation A (cf. Definition 2.1), |.S;(v)| is close to zero. Similar
for R;. See the statement of Theorem 2.6 in the next section for more detail.

The rest of the paper is devoted to the estimate (1.14) of the e-locality of S;
and R; by using a theoretical approach which was used in study of the domain
decomposition methods for scattered data interpolation and fitting (cf. [30]) and
the convergence of discrete least squares (cf. [18]). We shall present some numerical
e-locality of our GBC functions. See §4. In addition, an application to numerical
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solution to Poisson equations using our GBC functions will be demonstrated in §5,
where Theorem 1.3 will be proved.

2. THE EXPONENTIAL DECAY PROPERTY OF BOUNDARY AND INTERIOR GBC
FUNCTIONS

Let us start with an explanation of some useful concepts, notations, and defini-
tions on spline spaces. For each vertex v € A, let star(v) be the collection of all
simplexes from A attached to v. Similarly, for each simplex T' € A, let star(7") be
the collection of all simplexes in A connected to T'. Next for each integer £ > 1, let
star’(v) the the collection of all simplexes in A which is connected to star~!(v)
with star! (v) := star(v) for £ > 1. Similar for star’(T). See an example in Figure 2
for star’(T) for ¢ = 1,2,3 in the setting of R2.

FIGURE 2. Illustration of star!(T),star?(T),star?(T) over a trian-
gulation with 7" shown in red

Now we define a measure between two points x,y € 2 based on triangulation A
in the following sense:

Definition 2.1. We say a point x € 2 is k-simplexes away from another point
y € T € A is x ¢ star®(T), but in star**1(T). We say x is far away from y € T or
from T is x ¢ star®(T") for positive integer k > 1.

Next let Be, & € M be a basis for S}, (A), where M is an index set. For an integer
¢ > 1, we say B¢,§ € M is stable and f-local in the sense that there is a positive
constant K such that for all indices £ € M,

(2.1) | Bellso,0 < K1,
and there is an integer £ > 1 for all £ € M,
(2:2) supp(Be) C star’(T¢),
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for a simplex Ty € A associated with index &, where the constant K; may be
dependent only on ¢ and the smallest angle in A.

There are many spaces which have stable local bases. For example, in Euclidean
space R? with d > 2, the continuous spline spaces SO(A) have stable local bases
with ¢ = 1 for any degree n > 1. In R? the same is true for the superspline spaces
SZ;,Q_:l(A) for all » > 1 of degree 4r + 1 and smoothness r and supersmoothness 2r

at vertices. E.g. 551’2(A), the Argyris C! quintic finite element space with super
smoothness C? at vertices. In [29], several families of macro-element spaces defined
for all » > 1 with the same property are explained. We refer to [18] for more such
spaces.

We now use the format of multivariate Bernstein polynomials to write each poly-
nomial over a simplex T (see [8], [6], and [29] for detail). For polynomial u € Py,
we write

d

(2.3) u(x) = Z Cio,ia Trd b,

io+ii+-tig=n HJZO ty: Jj=0
where bg,...,by are barycentric coordinates of point x with respect to T =
(vo,...,vq). Let ¢ = (ci,....iy% + -+ +iq = n) be the coefficient vector of u.

Following the proof of Theorem 2.7 for the R? setting and/or the proof of Theorem
15.9 (for the R3 setting) in [29], we can show
1/2

(24) Tllell2 < llullar < Vi 2llell2, Vu € Py

for a positive constant K dependent only on n, where Vr is the volume of simplex
T. Letting

d
n! ;s
|| FEY Zin
with & = {ig,...,iq,T}, we note that there are redundancies for the collection

{p¢, & = (io,...,iq,T), T € Nig+ -+ +1iqg = n} due to the neighboring simplexes.
Indeed, if two simplexes T} and 75 sharing a common face, there is ¢, for some
§ associated with Th and ¢, for n associated with 75 which are the same function
on the common face T} NT5. For these two functions, we let B¢ be the function
which is piecewise defined on the union 77 U T with By = ¢¢ on T1 and By = ¢,
on Tj. Let us delete the index 1 from the whole index set {{ = (ig,...,iq,T),T €
Nig + - -+ +1iq =n}. For simplicity, let us show B¢ in the 2D setting in Figure 3.

For another case, if a vertex v shared by more than one simplex, there will be
more than one function ¢¢ with { on 77, ...,n on T}, which have the common value
at the vertex, we let B¢ be the spline function which is ¢¢ on 71, ..., B¢ = ¢, on
Ty if T1,. .., T}, share the vertex v. We delete all the indices n on 15, ..., T} from
the whole index set. We do the same thing for other common facets such as edges,
.., (d — 2) facets sharing by more than one simplex from A. For the remaining
indices &, we let B¢ = ¢¢. Let us put these B¢ together to form {Bg, & € M} which
is a basis for SY(A), where M C {£:T € Ayig+---+iq = n} is the subset after
deleting the redundant indices mentioned above.
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FIGURE 3. Construction of Be over 11 UT5 shown on the right based
on ¢¢ (left) and ¢,(middel)

We are now ready to explain the exponential decay property of the GBC func-
tions. Let us first begin with a key result, Lemma 2.3 whose proof can be found
in [30]. The similar results hold in the multivariate setting which will be stated in
Theorem 2.4. The proof of Theorem 2.4 relies on the following stability of spline
functions.

Lemma 2.2. Suppose that S°(A) is a continuous spline space of degree n defined on
a B-quasi-uniform simplicial partition /\ of polyhedral domain Q C R% with d > 2.
Let W = H}(Q) N SY(A) be a subspace with inner product (f, g}w = (Vf,Vg) and

norm || fllw = ||V f|l. Then there exist two positive constants C1,Ca, the following
equalities
2
(2.6) Cr Y leel® < | 3 ceBellyy < C2 3 leel?
§eEM EeEM £eM

hold for all coefficient vectors ¢ := {c¢}eem, where {Bgteea is an 1-local basis for
W.

Proof. Let P,, be the space of polynomials of degree < n in R%. Let T be the set of
all simplexes T with one vertex at 0 and 1/8 < pp < |T'| = 1, where pr is the radius
of the ball inscribed in 7" and |T'| is the diameter of the minimum ball containing
T. Let

C = inf {|IVpl||% such that p € P, / p* =1,p(v1) =0}.
T=(v1,....,va+1)€T T

Then there exist sequences pg, Ty of polynomials and simplexes, respectively, such

that py = p € P, and T, — T € T with [, p* =1 and C; = ||Vpl3. We claim that

Cy > 0. Indeed, if ||Vp||2 = 0, then p € Py. But then using the fact that p vanishes

at one vertex, it follows that p = 0, contradicting fT p? = 1. We have shown that

C1 > 0 and that it certainly depends only on S, n, and d.

Next let

Cy = sup {|IVp||% such that p € Pn,/ p> =1, and p(v1) = 0}.
T

T=<V]_,...,Vd+1>€T
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Clearly, by using the Markov inequality, it is easy to see that Co < oco. Certainly,
C5 depends only on 3, d, and n. Now if T is an arbitrary simplex in /A, then after
translating one vertex to 0 € R% and substituting x = |T'|X, we see that for any
u€eW,

(2.7) C’l/ @2 < | T4 Vull2 < 03/ w2,
T T
Combining (2.7) and (2.4) together, we have
(2.8) IVullz < C:%IT\_d/TU2 < G| T|™Vrlic|3 = Cullel3
for a positive constant Cy and
(2.9) IVullF > Cllifjl_d/:‘ru2 > C1/K|T|"Vr|c|l3 = Colcl3

for another positive constant Cy. Then summing over all simplexes in A gives 2.6
with new constants C7 and Cy with a consideration of the redundant indices over
the common facets of neighboring simplexes of A. Indeed, it is easy to see that the
largest number of redundant indices is the largest number of simplexes sharing a
common vertex v € A. Let v € A be the vertex sharing by k, number of simplexes
in A. Let Ny be the ball centered at v with radius |A[/2. It is easy to see all
simplexes sharing v are inside Ny. The volume of Ny is less or equal to Am(|A|/2)?
for a positive constant A. As each of these simplexes contains the inscribed ball
with radius pa which has a volume A7 (pa)?. It follows that number k, of simplexes
in A sharing v is estimated by

An(|Al/2)T 1
ky < —————— = — .
- A7rpdA ZdB =0
That is, Cy = 042%ﬂd and C1 = (Y. O

With the estimates (2.6) in the bivariate setting, Lai and Schumaker in [30] proved
the following result.

Lemma 2.3 (Lai and Schumaker, 2009 [30]). Let w be a cluster of triangles in A\,
and let T € w be a triangle, e.g. w =T. Then there exists constants 0 < o < 1 and
C' depending only on the ratio Cy/CY in (2.6) such that if g is a function in W with

(2.10) (g, wyw =0, for all w € W with supp(w) C star® (w),
for some fixed k > 1, then

(2.11) lg - xrlw < Co®llgllw,

where xr 1s the characteristic function of T.

Now let us translate the result in Lemma 2.3 in the setting of Q € R%,d > 2 to
have

Theorem 2.4. Let A be a simplicial partition of @ C R%, d > 2. Suppose that W
has an 1-stable basis {B¢}ee m satisfying (2.6). Let w be a cluster of simplexes in A
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or a simplex, e.qg. w ="T. Then there exists constants 0 < o < 1 and C' depending
only on the ratio Cy/CY in (2.6) such that if g is a function in W with

(2.12) (g, w)y =0, for all w € W with supp(w) C star*(w),
for some fixed k > 1, then

(2.13) lg - xzllw < Ca¥llgllw,

where xr 1s the characteristic function of T'.

Proof. We use the ideas in the proof of Lemma 4.2 in [30] to establish this similar
result in Theorem 2.4. The detail is omitted here. O

Note that the proof of Theorem 2.4 is based on the ideas in [19] and [18] and an
elementary inequality in [5] which is included below.

Lemma 2.5 (de Boor, 1996 [5]). If the sequence ag, a1, ... satisfies

(2.14) lam| > ¢ o, m=0,1,2,...,
jzm

for some c € (0,1), then A\=1—c € (0,1) and

(2.15) lam| < lag|A" /e, m=0,1,2,...

This equality was called discrete Gronwall inequality as in [12]. Please notice
that this exponential decay includes a linear decay as a special case. For example,
let £ > 10 be an integer and let

aO:k,a1:k—l,...,ak:O,akﬂ-:O,ij1

be a sequence. Then it is clear that this sequence decays to zero in a linear fashion,
but satisfies the de Boor condition (2.14) for ¢ = 1/k. Indeed, if m > k, we have
(2.14) as the both sides are zero and if 0 < m < k, we have

k—m

1 . k—mk—-m+1
cg \aj\:%g i=— 5 <k—m=an.
j>m i=1

Lemma 2.5 shows that this sequence is of exponential decay in the sense of (2.15).
We shall use this sequence to explain the decay property of the GBC functions
over a rectangular domain. That is, the GBC functions over a rectangular domain
linearly decay to zero and satisfy the decay property (2.15).

We now explain how to use Theorem 2.4 for establishing the e-locality of our
numerical harmonic GBC functions 5; and R;. First of all, we explain the e-locality
of S; = S; 0+ Gi. We start with G;. Let us fix a simplicial partition Ay which is
a refinement of A and fix a spline space, say S!(A) with n > 5in R? or n > 9 in
R3 and etc. Then we can construct G; € S!(A) satisfying the boundary condition,
ie. Gilopo = ¢; as follows. Without loss of generality, we may assume that 2 is
a star-shaped polygon in R?. There is a center v, which can be connected to all
vertices of ). Let us form an initial triangulation in this way, say Ag. Then our
Ay is a uniformly refined triangulation of Ag. Let us say A is the third refinement
of Ao.
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If we use a continuous spline space SO(Ay) with n > 1, we can easily construct
G; at boundary vertex v;. Indeed, let us use Figure 4 to show spline coefficients
of G; in S}(Ao) over the domain points on three triangles. The remaining spline
coefficients of G; over other triangles of /\g are all zero.

[S2{[9N)

F1GURE 4. A Construction of G over the two triangles sharing v
using continuous spline space S9(A)

Next let us explain how to construct G; € S3(Ap). Once we have G;, we can
rewrite G; over Si(A) due to the nestedness of our spline spaces. On S2(A), Gy
can be constructed by specifying the coefficients as shown in Figure 5 over domain
points of degree 5 over Ay. Note that vi,va,..., vy are boundary vertices. v,
is an interior vertex. wu,v,X,Y > 0 are coefficients which are dependent on C*
smoothness conditions. That is, we use C'' smoothness condition connected to the
coefficients 1, two 4/5 and Y to find Y first if the edge e; = (vi,v2) and the
edge (vi,vy) are not parallel. Then we find two positive values X by solving the
C'! smoothness condition connecting the coefficients Y, 0 and X, X. If the edge
e; = (v1,vy) and the edge (vy, vy) are parallel, we simply choose Y = 0 and hence,
X = 0. Next we use the C' smoothness condition to find v and then v. The
remaining coeflficients of (G; are all zero which we do not show in Figure 5. Hence,
this function Gy is in SE(Ay).

In the same way, we can construct G; € SO(Ay) or in S}(Ay) for Ay in the higher
dimensional setting. We leave the detail to the interested reader. It is clear that
G, is of exponential decay. To show the e-locality of S;, we only need to discuss the
e-locality of S; o with S; o = 5; — G;.

To this end, let ; = star!(v;) be the union of all simplexes which are connected
to the boundary vertex v;. According to the construction above, the support of G;
is contained in €2; in both C° and C' cases. We say a simplex T is L-simplex away
from the boundary 02 if L is the smallest integer such that there exist L simplexes
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[S3{[6N)

FIGURE 5. A Construction of Gy € S3(/Ao) over three triangles shar-
ing vy

Ti,...,Tr41 in A such that T =Ty and T N OQ # 0 as well as T; N Tjq # 0
for j =1,..., L. Furthermore, we say T is L-simplex away from the boundary 9
in the opposite direction of v; if there exists an integer k such that star®(7T) C Q¢,
the complement of Q; in Q and T; € star**%(T) C Qf for i1 > ¢; > 0 for
i=1,...,L+ 1. See Figure 6 for v; (the red dot), Q;, T'= Ty, T» and Ty, where
T3 can be any triangle between Ty and T} as long as T3 N1y # () and T3 N1y # 0.
There are three choices for T3.

Number of Vertices is 81

18

16

14

12

08

06

04

02F

FIGURE 6. Illustration of 7" whose star®(7T) C Q¢ and Ty and Tj.
Note that T3 is not shown. It can be any triangle between 75 and
Ty as long as T3 N T # () and T3 N Ty # (.
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We are now ready to state and prove one of the main results in this paper.

Theorem 2.6. Fiz a boundary vertex v; € Q. Suppose that Q; = star(v;) # Q. Let
v € Q be a point in Q\ Q;. Let T € A contain v, i.e. v € T. Suppose k > 1 is the
integer such that star®(T) C QS, the complement of Q; in Q and L > 1 is another
integer such that T is L simplezes away from the partial boundary 0Q\Q; in the
opposite direction of v;. Then there exists a positive constant K > 0 independent
of L and o € (0,1) such that

(2.16) 1S;(v)| < K(L+1)o".

Proof. Tt is easy to see from the construction of G; above that G; is only supported
over €);. Since ; C Q and Q; # Q, G; has e-locality. That is, G; decays to zero
outside of £2;. We only need to show that S; o = S; — G; has e-locality. According
the assumptions, star®(T)N§; = . By (1.10), we use S; ¢ for g in Theorem 2.4 and
use (1.10) to have

<97 w)W = <VSi,07vw> = 7<VGlva> = 07

for all w € W with sup(w) C star®(T). Therefore, we can use the result from
Theorem 2.4 above to conclude that there exists a positive number o € (0, 1) such
that

(2.17) IVSio - xrll < Ca*||VSigl|.

We now show ||Sjollsc can be bounded by the left-hand side of (2.17). To do
so, let us use induction on L > 1. If L = 1, then T is one simplex away from
the partial boundary 9Q\; in the opposite direction of v;. Let v € T'N Ty and
u € To N (02\£;). That is, u on the partial boundary and hence S;o(u) = 0. By
Taylor expansion with remainder, we have

0=S;0(u) =Sio(v)+ VSio(w)(u—v)
for a point w € T in the line segment between u and v. It follows that
1Si0 (V) = [VSio(w)(u—v)[ <|A[[[VSiplleo,r < ClIVSiollLz(r,) = ClIVSio - x|l
by Theorem 1.1 of [29] over triangle T5. Similarly, we have the same estimate for
polynomials over simplex 7" in R? if d > 2. We now use (2.17) to conclude
[Si0(v)| < Co®|[ VS
As ||VSioll = |V(Si — Gy)]| is very close to ||V(¢; — G;)|| by (1.11), there exists a
constant K > 0 dependent on V¢; such that
|Sio(V)| < Cot|[VSioll < Cot|[V(S; — ¢i)|| + Co™[[V(hi — Gi)|| < Ko™,

Hence, |S;(v)| = [|Sio(v)| < Ko*.

Next assume that when 7' is (L — 1)-simplex away from the partial boundary of
Q in the opposite direction of v;, we have the desired estimate. Let us consider
the case when T is L-simplex away from the partial boundary of €2 in the opposite
direction of v;. Let uy, € Ty, be the intersection of Ty, and Tr41 and Tp 4 intersects
the partial boundary. By the argument above, we have

|SZ'70(UL)‘ S KJk—ML.
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for an integer /;, with ¢, > 0. For u; € T;NTj4q with j =1,..., L —1 with uy = v,
we use Taylor expansion again to have
Sio(uj) = Sio(wjr1) + VSio(w)(u; —ajt1)
for an appropriate w € T;. It follows that
19i0(a;)] < [Si0(wjpn)| + [AlSi0lloer; < [Sio(wjr1)l + ClIVSio
by Theorem 1.1 of [29] again and

L2(Ty)

L

|S@0(V)| <..-< Kohtie 4 ZCHVSLOHLQ(T])'
j=1

As T} is in the opposite direction of v;, similar to (2.17), we have [|[V.S; | 2(1;) <

Cok+4||V S, 0||. We put these inequalities together to have the desired result follows.
We have thus completed the proof. O

When §; is a GBC function over a rectangular domain 2, the above arguments
show that S; satisfies the decay problem (2.16) although S; decays linearly. We can
say that S; decays in the sense of (2.15). Except for this pathological example, the
GBC functions have indeed e-locality as shown in Example 2.7, i.e. Figures 8 and 9
and numerical experiments the researchers and practitioners have already observed.

Example 2.7. Consider a quadrilateral and a triangulation A shown on Figure 7

FIGURE 7. A triangulation of polygon 2 with boundary vertices

We use S3(A) to approximate harmonic GBC functions. There are 32 GBC func-
tions associated with boundary vertices shown in red in Figure 7. For convenience,
we show 6 of them to illustrate that these functions clearly have e-decay property.

From graphs above, we clearly see the e-decay property of various spline harmonic
GBC functions. Similar for other 26 GBC functions S; which are not shown here.

Next we show the e-locality of spline harmonic function R;. Let w; be the support
of function h; and §2; be the union of all starl(t), t € w;. Similar to S;, we have

Theorem 2.8. Let v € § be a point in  which is not in flz Let T' € A contain
v, i.e. v € T. Suppose that k > 1 is an integer such that star™(T) C Qf, the
complement of €; in Q. Suppose that T is L simplexes away from the boundary 02
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F1GURE 8. Spline Approximation of Various Harmonic GBC Func-
tions on the Boundary of a Polygon.

FIGURE 9. Spline Approximation of Various Harmonic GBC Func-
tions on the Boundary of a Polygon

opposite to v;. Then there exists a positive constant K > 0 independent of L and
o € (0,1) such that

(2.18) |R;(v)| < K(L 4 1)o".
Proof. For any triangle T € Q\€;, we know star®(T) N Q = 0. By (6.1), we use R;
for g in Theorem 2.4 and (2.12) to have

<gv w>W = <VR2,VUJ> = <h27w> =0,

for all w € W with sup(w) C star®(T"). Therefore, it follows from Theorem 2.4 that
there exists a positive number o € (0, 1) such that

(2.19) IVR: - xrll < Co*|VRi].
Next we use induction on L > 1. The argument is the same as the proof of Theo-
rem 2.6. We omit the detail here to complete the proof. O

Example 2.9. Consider a quadrilateral and a triangulation A shown on Figure 7.
We use S2(A) to approximate interior-harmonic GBC functions. There are 49 GBC
functions associated with interior vertices shown in Figure 7. For convenience, we
show 6 of them in Figure 10 and 11, where these functions also have e-decay property.

From graphs above, we clearly see the e-decay property of various spline interior
harmonic GBC functions. Similar for remaining 43 GBC functions R; which are
not shown here.

3. LOCAL BOUNDARY AND INTERIOR GBC FUNCTIONS

In this section, we explore the e-locality of GBC functions using a numerical
method. Mainly, it is interesting to know how small o € (0,1) is. As the o is
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F1GURE 10. Spline Approximation of Various Interior-Harmonic
GBC Functions over the Polygon

F1GURE 11. Spline Approximation of Various Interior-Harmonic
GBC Functions

small, it makes sense to use GBC functions supported over star®(v) to approximate
the GBC function with supporting vertex v for some fixed £ > 1. For convenience
we simply use a convex polygon(as shown on the left in Figure 12) to numerically
compute a spline approximation of GBC functions (boundary and interior) globally
and locally, respectively based on the computational triangulation (the right as
shown in Figure 12). That is, for each boundary vertex (the red points given in
Figure 12), we compute the standard GBC functions. For each interior vertex
(the vertices inside the polygon on the left graph), we compute the interior GBC
function. Here we say k-local GBC functions if the GBC function with supporting
vertex v is computed based on the star®(v) for each k > 1. In general, we should
use k > 2. Fix a boundary vertex v; with i € V. Let ¢; be a triangle in A with v;

°
|

RN

\l

°
@

FiGUrRE 12. A triangulation of polygon 2 with boundary vertices
and its refinement

as one of its vertex. For each ring number k& > 1, let Vi, T be the triangulation of
star®(t;) shown in Figure 13.
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FIGURE 13. Various star”(to) for k =1,2,3

Let us first show how to compute a boundary GBC locally. Fix & > 1. Let
us compute Si(¢;) over the triangulation Ay = Uer,t at the boundary vertex v;.
Then we compare the accuracies of the local GBC functions against the global GBC
function supporting at v;. In Figure 14, we show the (global) GBC function and
its local versions, where ty := v;.

FIGURE 14. A GBC function and its local versions over star”(to) for
k=2,3,...,6.

Based on those 10,201 equally-spaced points of the bounding box of the polygon
which fall into the polygon, we compute the maximum errors of these local GBC
approximations shown in Figures 14 against the global GBC. These maximum errors
are presented in Table 1. From the ratios in Table 1, we can see that the rate of

TABLE 1. Local Approximations of S;

no. of rings | max errors | rates

2 0.0132
0.0072 0.5455
0.0042 0.5833
0.0024 0.5714
0.0011 0.4583

Sy U = W
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decay is about 0.5. These numerical results show that we can use local GBCs to
replace the (global boundary) GBCs for various applications of GBC functions such
as polygonal domain deformation. This will result a great saving of computational
time when a polygonal domain is complicated such as the domain of a giraffe or a
crocodile. Indeed, due to the sensitivity of human eye, an error of 0.0011 over a
graph/image will not be detected by a normal humanbeing.

Similarly, we can compute local GBC approximations for each interior GBC func-
tion R; = Sy,. For each interior vertex v;, we let star®(v;) be the k-th disk of
triangles sharing the vertex v;.

FIGURE 15. An interior GBC function and its local versions over
star®(v;) for k =4, k =5, and k = 6.

The maximum errors of these local GBC approximations shown in Figures 14
against the global GBC are given in Table 2. Again, we compute the errors based
on those 10,201 equally-spaced points of the bounding box of the polygon which
fall into the polygon. From the Table 2, we can see that the averaged decay rate is
about 0.68.

TABLE 2. Local Approximations of R;

no. of rings | max errors | rates

2 0.002500
0.001800 | 0.72
0.001200 | 0.66
0.000843 | 0.70
0.000559 | 0.66

S UL W

Due to the e-locality of these harmonic GBC functions, we can use k-local GBC
functions to approximate the globally GBC functions for an integer k = 2,3,4,....

4. NUMERICAL APPROXIMATION OF THE POISSON EQUATION

We now use these boundary-GBC and interior GBC functions to approximate
the solution to the Poisson equation. In this section, we use a simple domain to
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demonstrate that these GBC functions can indeed be used for numerical solution
of PDE. Besides the domain in the previous section, we also use the convex domain
as shown in Fig 12.

We shall test our method for Poisson equations with various right-hand sides:

(1) {Au =f x€Q

U =g, xE€0IN,

where f and g are computed based on testing functions
case 1 u=1/(1+ 22 +4?),

case 2 u = 2% + 3y3 + 4y,

case 3 u = z* + ¢,

case 4 u = sin(x) exp(y) and

case b u = 10exp(—z? — 3?).

Our method is to use a continuous piecewise linear spline based on the triangulation
shown in Figures 7 and 12 to approximate f and piecewise linear spline on 02 to
approximate g. Then the GBC approximation of the solution u is given by

(4.2) ughe = Y 9(vi)pi + Y f(vi),
1€Vp JEVT

where Vi and V; are the index set of the boundary vertices and the index set of
interior vertices of the triangulation shown in Figure 7 or Figure 12, respectively.
We use bivariate spline functions in Si(A) to approximate ¢; and ;. To have a
good approximation, we refine the triangulation shown in Figure 7 and Figure 12
once and then compute spline approximation of these two types of GBC functions.
That is, we have

(4.3) Lu= 9(vi)Ss, + Y f(vj)Sy;,
iEVB jEVI
We now show that L, is a good approximation of . That is, we are now ready

to present a proof of Theorem 1.3.

Proof of Theorem 1.3. First of all, let s, be the finite element approximation of u
over the simplicial partition A. It is well-known that ||V (u—s,)|| = O(|A]) (cf. [9]).
Note that sy|sq = Luloq- It follows that

IV (u — L)l = (V(u — Lu), V(u = s4)) + (V(u = Ly), V(su — Lu))-
We first use Cauchy-Schwarz inequality to the first term on the right to have
[(V(u—= L), V(u = su))| < [[V(u = Lo)[[[[V(u = su)[| = O(ANV (u = L)
Then we use the Green identity to the second term on the right to have
(V(u—=Ly),V(su—Lu)) = —(A(u—Ly), sy —Ly) = <f_Hf73u_u>+<f_Hf7U_LU>

since AL, = 0. Note that Hy is a continuous piecewise linear approximation of
f. Since H; is a good approximation of f, ||f — Hy|| = O(]A?) by the given
assumption, we have

((f = Hy,su =)l < ||f = Helllsu = ull = O(1AF)
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and
(f = Hpyu— Lo < |1 = Hyll(lull + 1 Zall) < CAP)
a8 1Ll < gl + Lol = 1/ 1220y + gl om + O(AP), where we have used the
GBC property of Sy,’s and the constant C'is dependent on ||ul|z2(q), ||fllz2(q), and
191 Lo (90 -
Combining the above estimates, we have

IV (u = Lo)lI* < O(ADIV (u = Lu)|| + O(AF) + C(IAP).
In other words, when |A| small enough, we have

(IV(u = Lo)ll = O(AD)* < O(AP) + O(AP) + C(IAP)
or [|[V(u— Ly)|| < O(|A]). These complete the proof. O

Remark 4.1. When the domain € is of uniformly positive reach (cf. [17] and [28]),
we know the solution u of the Poisson equation is in H?(Q2) when u|sq = 0 and
hence,

(44) A= Lo)llg2@) = IIf = ALfllzz) = If = D> Fvi)hill 12y = O(A)).

v, EA°
Following the argument in [28], there is a positive constant C' > 0 such that
(4.5) lu = Lullp2(0) < CllA(u = Lu)ll12(0),
where || - ||g2(q) is the standard H? norm in H%(Q).

Next we report our numerical results on the approximation of L, to u. We use
cases 1 through 5 to denote these testing functions mentioned above. To see how well
our method can approximate the exact solution, we present the maximum errors of
the GBC solution against the exact solution. In addition,we compare our numerical
results with the numerical results from the standard finite element method (i.e.
continuous linear finite element method). For simplicity, we compare the maximum
error of the numerical solutions from both method against the exact solution, where
the maximum errors are computed based on 1,000 x 1,000 equally spaced points
of the bounding box of the domain 2 which are located inside and on the 2. See
Tables 3 and 4.

TABLE 3. Numerical Approximation of L, over a Nonconvex
Quadrilateral

GBCmethod | FEM
case 1 0.0179 0.0171
case 2 0.3644 0.3827
case 3 0.3812 0.3506
case 4 0.0610 0.0610
case 5 0.1898 0.1824

In addition, we refine the triangulation used to generate the numerical approxi-
mation in Table 4 twice and compute the maximum errors again. The results are
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TABLE 4. Numerical Approximation of L, over a Convex Quadri-
lateral

GBCmethod | FEM
case 1 0.0188 0.0158
case 2 0.2444 0.5015
case 3 0.1911 0.2063
case 4 0.0175 0.0285
case b 0.2076 0.1726

TABLE 5. Numerical Approximation of L,, over a Triangulation (the
first row of each case) and its Refinement (the second row of each
case)

GBCmethod | FEM

case 1 0.00566 0.00439
0.00155 0.00111
case 2 0.06955 0.14491
0.01956 0.03888
case 3 0.05576 0.05542
0.01524 0.01433
case 4 0.00451 0.00737
0.00112 0.00185
case b 0.05966 0.04446
0.01596 0.01109

given in Table 5. Note that two methods yield similar numerical results. For cases
2 and 4, our GBC method is more accurate.

From these tables, we can see that the maximum errors of GBC approximation
L,, are similar to the finite element solutions. These verify Theorem 1.3 numerically.
Thus, L, can indeed be used to approximate the solution of the Poisson equation.
If the coefficients of these Sy, and Sy, can be precomputed and stored, then the
computational time for numerical solution of the Poisson equation for any right-
hand side and boundary condition will be greatly reduced. This gives a flexibility
of solving the Poisson equation, e.g. it allows a modification of a few places in the
boundary condition and/or a few places in the right-hand side to obtain updates
of the solution straightforwardly instead of repeatedly solving the system of linear
equations again. Furthermore, if each GBC function Sy, or Sy, is approximated
by using its k-local versions for small k, say k& < 6 and all of them are computed
individually using a GPU simultaneously, the computational time for numerical
solution of the Poisson equation will be even reduced if the computational domain
for each k-local GBC function is smaller than a quarter of the entire domain in the
2D setting.
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5. CONCLUSIONS

In this paper, we define a new type of GBC functions which are called interior-
GBC functions based on harmonic equations. Also, we have demonstrated the
e-locality of these GBC functions. That is, we showed that each GBC function
decays to zero away from its supporting vertex as explained in Theorem 2.6 and
Theorem 2.8. The proofs are based on a nice result from [30] and [18] on the decay
of locally supported spline functions. Furthermore, we showed that the solution to
the Poisson equation can be approximated by using the both GBC functions. One
can even use the k-local version of these GBC functions to approximate the solution
to Dirichlet problem of the Poisson equation. With a help of GPU processes, one
can solve the Poisson equation more efficiently in the sense that we use a computer
with a lot of GPUs to solve the Poisson equation for all S;, R;. Once these solutions
are done, for any right-hand side f and boundary condition g, we simply use the
linear combination

m N
Z f(vi)Ri + Z g(vi)S;
i—1 i1

to have a numerical solution without solving any system of linear equations any
more.

6. APPENDIX

In this Appendix, we mainly justify the approximation of S; = S4, of GBC
function ¢; with supporting vertex v; for i € V. From (1.1), we know that ¢;
satisfies the following weak formulation:

(6.1) (Véio, Vb)) = —(VG;, V), Vo € Hy(9Q),
where ¢; 0 = ¢; — G;. Together with (1.10), we have
(6.2) (V(¢i0 — Si0), Vi) = 0,V € S} (A) N Hy ().

Let By, € S;,(A) be the best approximation of ¢; in the spline space S},(A) satis-
fying the boundary condition By, = G; on 0f). It follows that

IV (¢i = Se)lI> = (Vi — Ss,), V(i — S5,)
= (V(dio — Sion), V(¢ — By,))
(6.3) < V(¢ = Se)llIV(¢i — By,) |l
by using (6.2). That is,
V(i = Sp)ll < [[V(¢i — By,)l|-

The computation of the quasi-interpolatory formula in [29] shows that we have
V(i — By,)|| < Cg,|A|%. Therefore, we have (1.11). Hence, we have (1.12).
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