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DERIVED HEAT TRACE ASYMPTOTICS FOR THE DE RHAM
AND DOLBEAULT COMPLEXES

J. ALVAREZ LOPEZ AND P. GILKEY

ABSTRACT. We examine the derived heat trace asymptotics in both the real and
the complex settings for a generalized Witten perturbation. If the dimension is
even, in the real context we show the integral of the local density for the derived
heat trace asymptotics is half the Euler characteristic of the underlying manifold.
In the complex context, we assume the underlying geometry is Kéhler and show
the integral of the local density for the derived heat trace asymptotics defined by
the Dolbeault complex is a characteristic number of the complex tangent bundle
and the twisting vector bundle. We identify this characteristic number if the real
dimension is 2 or 4. In both the real and complex settings, the local density
differs from the corresponding characteristic class by a divergence term.

1. INTRODUCTION

1.1. Motivation. Let h be a smooth function on a compact Riemannian manifold
M = (M, g) without boundary of dimension m. In this context, Witten [27] defined
a perturbed de Rham differential dj, := d+ext(dh) where ext(-) denotes left exterior
multiplication. Since dj, = e " odoe”, dj, is gauge equivalent to d and consequently
the Betti numbers are unchanged. Let int(-) denote left interior multiplication. The
perturbed de Rham co-differential is given by d;, := 0 + int(dh) and the perturbed
Laplacian is given by Ay, := dpdp + dpdp. For a generic metric g, Ay and A will not
be gauge equivalent and their spectra will be different. Witten obtained the Morse
inequalities by analyzing the spectral asymptotics of the family of operators Ay, as
s — oo when h is a Morse function; we also refer to subsequent work of Bismut and
Zhang [6] and of Helffer and Sjéstrand [17]. One can replace dh by a real closed
1-form w to define d,, := d + ext(w). Since d,, need not be gauge equivalent to d,
the twisted Betti numbers 8% can be different. However the numbers 8%, defined
by the family s — sw for s € R have well defined ground values (common values
of the numbers g%, for all but finitely many s, where these numbers may jump),
which are called the Novikov numbers and only depend upon the cohomology class
defined by w in de Rham cohomology. If w is of Morse type, these Novikov numbers
satisfy a generalized Morse inequality; we refer to work of Braverman and Farber [7],
Pazhitnov [22], and other authors [9, 10,16, 20].
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We studied the local index density for Witten deformation of the de Rham and
Dolbeault complexes in two previous papers. In [1], we used invariance theory to
show that the local index density of the twisted de Rham complex is the Euler form
if m is even, and vanishes if m is odd; in particular, it does not depend on w. A
different proof of this result was given previously by the first author, Kordyukov,
and Leichtnam [3], where it was applied to study certain trace formulas for foliated
flows. Let (E,h) be a Hermitian vector bundle over a Kéhler manifold (M,g, J).
In analogy to the real setting, one may introduce the perturbed Dolbeault operator
0s = 0 + ext(@) mapping C®(E ® AP4(M)) — C®(E ®@ AP9+1(M)) where w is a
0 closed form of type (1,0). If w = 0, it follows from the work of Atiyah, Bott, and
Patodi [5] and the work the second author [11,12] that the local index density is
{Td(M,g,J) A ch(E,h)}, as we shall explain presently; this result can fail if the
metric is not assumed to be Kihler. In [2], we showed that the index density of 05
exhibits non-trivial dependence on w; we summarize the results of [1,2] below in
Theorem 1.1.

Giinther and Schimming [15] defined a sequence of secondary heat invariants for
the de Rham complex of which the first is called the derived heat invariant. In a
different form, this invariant was used by Ray and Singer [25] to study the analytic
torsion. In the perturbed setting, define adeR = 3, (=1)Pp - amp(z, AL), where
AL is the restriction of A, to forms of degree p, and @, (z, Al) is its heat trace
invariant of order n. Another version of this invariant, aEL‘:}L, is similarly defined for
the Witten-Novikov pertubation of the Dolbeault complex in the Kahler setting.
Our results for these invariants are given below in Theorem 1.3. We summarize
those results as follows. Consider first the Riemannian setting. Let &, o, denote
the Euler invariant of order 2k (see Section 1.3). We prove that afrf’% vanishes if
n < m — 1, and exhibits a nontrivial dependence on w for even n > m. We show
that adeR _1 = Emm-1 if m is odd, and that [,, adR dvol = 2 [, Emm dvol if m

is even. In particular, [, a ade® dvol is independent of w, Wthh is relevant in [4] to
study certain zeta 1nvar1ants assoc1ated to closed 1-forms (our original motivation).
In the Kahler setting, the situation is more complicated. We show that aDO1 =0 if

n < m—2, and that aDOl exhibits a nontrwlal dependence on w for even n > m— 2.

We describe aD°1 _5 as a perturbation of = ),g(Td(M g,J)Ach(E, h), Q™ 1), We

Dol

prove that |’ A Ymom dvol is a characteristic invariant independent of w. We determine

J u @ alol dvol in general if m = 2 or m =4 in terms of characteristic classes of the
complex tangent bundle of M and the twisting bundle E. This is a global result as
the local invariants aDOl exhibit non-trivial dependence on the twisting (1,0) form
w.

1.2. The real setting. Let M := (M, g,w) where (M,g) is an m-dimensional
Riemannian manifold without boundary which is equipped with an auxiliary real
closed 1-form w. Let dvol be the associated Riemannian measure on M. Let J%n
be the space of smooth p-form valued invariants which are homogeneous of weight n
in the derivatives of the metric and w; we refer to Section 2 for a precise definition.
These spaces vanish for p + n odd. The First Theorem of Invariants of Weyl [26]
shows that such invariants can be expressed in terms of contractions of indices in
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pairs where the indices range from 1 to m. We illustrate this result as follows. Let
R;j1; be the components of the curvature tensor and let w; be the components of
w. The scalar curvature 7 € 32%2, the norm squared ||wl||? € 3?,%2, and the first
Pontryagin form p; € an,zl are given by

m m
T= > gYRyn, Wl =) ¢Fwjw,
okl =1 jk=1
1 . .
P = _@g“dgbCRijabRklcddxz Ada? A dx® A dat

The restriction map r : an,n — an—l,n is defined by restricting the range of sum-

mation to range from 1 to m — 1 rather than from 1 to m. We shall discuss the
restriction map further in Section 2.

1.3. The Euler form. Let &, o1 be the integrand of the Chern-Gauss-Bonnet
Theorem [§]:

m (—1)k . S .
gm,2k = Z 8k7rkk;!g(ezl A A elk’ elVA- A e]k)
I T T |
Rilizjljz s Rikflikjk—ljk € 32@,% :
This element is universal; 7(Ep, o) = Em—1,2% for any m. One has, for example,
Ema = (4m) 711 and &4 = (327%) H7r? — 4||p|1* + | R|I*}

where p is the Ricci tensor. Similar formulas for &, ¢ and &, can be found in
Pekonen [23]. Let ¢ be the co-derivative

e ~0
d: ‘jm,n—l - ‘Jm,n :

1.4. The Kahler setting. Let K := (M, g, J, E, h,w) where (M, g,J) is a Kéhler
manifold of real dimension m = 2m, (F,h) is a holomorphic vector bundle over
M which is equipped with a Hermitian fiber metric h, and w is a 9 closed (1,0)
form. Let © be the Kéhler form of KC; dvol = %Qm. Let ﬁf”mn be the corresponding
space of invariants in the complex setting; we refer to Section 2 for precise details.
These spaces vanish for k + n odd. Again, we have a natural restriction map
T ﬁ’fn,n — ﬁfﬂ—&n' We can pair form valued invariants with an appropriate power
of the Kéahler form to obtain scalar invariants; if P € ﬁ?r]f’% then g(P,QF) € ﬁ?m%.

For example, if £ = m, then the Hodge x operator takes the form xP = %g(P, aQm).

1.5. The ring of characteristic forms. Let ¢, chy, and Td; be the k™ Chern
class, Chern character, and Todd class, respectively (see [18]). For example, chg =
dim(E), Tdy = 1,

chy =¢;, chy= %(C% —2¢p), chsy = %(c‘;’ — 3c1e2 + 3c3),

b
_ca _ ¢cte _ cic
Td1—2, Tdy = 51 Tds = T

Let T.M := (T'M, J) be the associated complex tangent bundle. We decompose the
graded ring of characteristic forms

¢ = Clchy (T.M), . .., chy(ToM), chy (E, h), . .., chm(E, h)]
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into homogeneous components €,, = ©x€2¢ where €2 ¢ #2F .

1.6. The Witten deformation. In the real setting, let d,, := d + ext(w) be the
Witten deformation of the exterior derivative; the adjoint is then given by 4, :=
d + int(w). Decompose the associated Laplacian

A = dyby + dudy = Bp AL,

where Al is a self-adjoint elliptic operator of Laplace type on C°°(AP(M)). Sim-
ilarly, in the complex setting, let d, = 0 + ext(w) define the deformation of the
Dolbeault operator; the adjoint is then 6" = §” +int(w). Decompose the associated
Laplacian

A = 2(0500 + 6/,05) = Bp g AR1
where AR? is a self-adjoint operator of Laplace type on C*°(AP4(M) ® E).

1.7. The local index density. If A is an operator of Laplace type on a com-
pact Riemannian manifold of dimension m, let a, (2, A) be the local heat trace
asymptotics. If f € C°°(M), then

Tr2{fe 2} ~ Zt(n_m)/Q/ f(@)amn(x,A)dvol as t|0.
M

n=0
The invariants am, ,(x, A) vanish for n odd. We introduce the local index densities
for the de Rham complex and Dolbeault complex by setting:

0l () = 3 (~1Pamar, Aly) € 30,0,

p
apoh(x) =Y (= 1)Pamn(z, ARP) € 89, .
p

A cancellation argument due to Bott yields:
deR. 0 for n #m
/M O, (¥) AVOl(9) = { Euler characteristic(M) for n =m } '

(1.1) /M D) () dvol(g) = { 0 for n #m } .

arithmetic genus(M, E) forn=m
1
Let (w) be the imaginary part of w. Set © := Z W{d%(w)}k We have the
I
k

following previous results [1,2] of the authors.

0 ifn<m
deR _
Theorem 1.1. ay;; = { < Fn—m },

m,m

N ifn<m
e T (@ {TA(TM) A ch(E) ABY,) ifn=m |

Remark 1.2. We note that this result for a%’?}b can fail in the Hermitian setting.
Although Equation (1.1) continues to hold if (M, g, J) is only assumed Hermitian,
it is necessary to restrict to the context of Kéahler geometry to identify the local
index density with a characteristic form even if F is trivial and w = 0. We refer to

Gilkey, Nikéevié¢, and Pohjanpelto [14] for details.
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1.8. Derived invariants. The following is the first in a sequence of invariants
introduced by Giinther and Schimming [15] in the real category (see the discussion
on page 181 of Gilkey [13]); a related invariant appears in the discussion by Ray
and Singer [25] of analytic torsion. Define

deR p ~0
am,n_z p amnxA )e\jm,ru

m,n

aPol —Z Pp - amnxAO’p)Eﬁo

If we define
Ql],%‘fz(s) = Zp(—l)pspamjn(x,Ap),

(1.2) AL (5) 1= 32 (~1)P 5P (2, AOP),

we then have

(1 3) deR Q[Der( )|s:17 deR =90 QlDer( )|s:17

' deR = AL (5)] -1, a?f,% = 0,20 (5)] 5= -
This formalism will play a useful role subsequently in Section 7 and perhaps justifies
the words “derived” in discussing these invariants. The terminology “derived”, is
of course, not ours — see for example Bismut and Zhang [6]. Ramachandran [24]
notes concerning the invariant » (—1)’pdim H?(M) that “...this secondary invari-
ant dates back to 1848 when it was introduced by A. Cayley...”.

Theorem 1.3.

(1) Let M = (M,g,w) be a Riemannian manifold which is equipped with an
auziliary closed 1-form w.
(a) If n <m —1, then adeR =0.

(b) If m is odd, then aﬂfﬁl 1 = Emm—1 15 independent of w.

(¢c) If m is even, then adeR = B Emm +0Q), 1 where
}nn 1 € ,jmn 1 is 1-form Ualued.
(2) Let K = (M,g,J,E, h,w) where (M,g,J) is a Kdihler manifold, (E,h) is
a holomorphic Hermitian vector bundle over M, and w is an auziliary O
closed form of type (1,0).

()Ifn<m—2 anch(K) = 0.

(b) Ifn=m -2,
ag?}ﬂ_Q = arni9(Td(M, g, J) A ch(E, h) A ©, Q).
Moreover, there exists Q}mmf?’ € ﬁ}nm 3 50
alol_y = = ling(Td(M, g, J) A ch(E, h), Q") + QL .
(c) aDl = Lg(Rm, Q™) + 0Qpm—1 where Qum—1 € K, 1 is 1-form

valued and where R] € € is a characteristic form.

Assertion (1c) and Assertion (2c) show that [, a deR - dvol is a characteristic num-
ber which is independent of w in the Rlemanman settlng and [ u @ alol dvol is a
characteristic number which is independent of the structures in the Kahler setting.
In Theorem 1.3 (2b), we may eliminate © at the cost of introducing an additional
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divergence term. The divergence terms are in general present. We have, for ex-

ample, Q3 = (27)~'© in Assertion (2b). We will establish the following result in
Dol Dol

Section 7. It shows, in particular, that a,%, mom-

is not a multiple of a

Theorem 1.4. Use Theorem 1.3 to express ahh, = 21g(Rm, Q™) + 0Q)} for

m,m m,m—1
mm_1 € Ry and R € €.

(1) Let M = (M, g,J,E,h) where (M,g,J) is a Kdhler manifold and (E,h) is
a Hermitian vector bundle bundle.
(a) If m =2, R} = 2c1(T.M) cho(E) + 3c1(E).
(b) If m =1,
R} = (Tdy +53)(TeM) cho(E) + 5e1(T-M)er(E) + cho(E).
(2) Let M = My x -+ X My, where M; = (M;,g;,J;) are Riemann surfaces
and (E;, h;) are Hermitian line bundles.
(a) If (M;, gi, J;) are flat tori,
R (M) = mabel (M) = Lmchn(E).
(b) If (E;, h;) is trivial for all i,
R(M) = 2maDo (M) = 2m Tdw(T.M).

2. SPACES OF INVARIANTS

2.1. Spaces of local formula in the real setting. It is necessary to be a bit
careful concerning what we mean by a local formula. Introduce local coordinates
r = (z%,...,2™) which are centered at a point P of M. Let U = (i1,...,i4) be a

collection of indices. Decompose w = w;dz’. Set |U| := a, 0; := %,

O =i, ... 04, gij :=9(8:,05), 9ij v = 0 gij,
wiU = Y ws, weight{g;; v} = [U|, weight{w; s} =1+ |U|.

Let S,,(R) be the vector space of symmetric m x m real matrices. Let O, C S,,(R)
be the subset of matrices g so that g defines a positive definite inner product; O,,
is an open subset of S, (R). Let

R 1= C%(Om)gij v, wi, wisuliu)>o -

These are the local formulas in the derivatives of the metric and of w with coefficients
which are smooth functions of the Riemannian metric g which we will be considering.
The weight induces a natural grading on R and we may decompose R,,, = R0
into the polynomials which are homogeneous of weight n. If P € R,,, we can
evaluate P in a coordinate system in the obvious fashion; we say P is invariant
if the value of P is independent of the particular local coordinate system chosen
and we let J,, C MR, be the ring of invariant local formulae; we may decompose
Im = DnIm.n where I C Ryppn. The space of p-form valued invariants Jh, ,, is
defined similarly.

Clearly we can express the curvature tensor R and its covariant derivatives in
terms of the derivatives of the metric. Conversely, in geodesic coordinates, we can
express the derivatives of the metric in terms of the covariant derivatives of the
curvature tensor. The weight of the curvature tensor R is 2 since it is linear in the
second derivatives of the metric and quadratic in the first derivatives of the metric.
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We increase the weight by 1 for every explicit covariant derivative which appears.
Thus, for example, the scalar curvature 7 and ||w||? have weight 2 while the square of
the norms ||p||? and || R||? of the Ricci tensor and full curvature tensor, respectively,
have weight 4. Similarly, ||V R||> has weight 6 and &,, 2 has weight 2k.

2.2. Spaces of local formulae in the complex setting. The situation is con-
siderably more delicate here and we must proceed with some care. Let (M, g, J)
be a Hermitian manifold; we assume J*g = g but do not impose the Kahler con-
dition. Let (E,h) be a holomorphic vector bundle over M of dimension ¢. Fix a
point P of M. Choose local holomorphic coordinates Z = (z!,...,2™) centered at
P and a local holomorphic frame § = (s1,...,s¢) for E. Let U = (ay,...,q,) and
V = (B1,...,Bp) be collections of indices. Expand w = w,dz® and @ = ngéﬁ. Set
\U|:=a, |V]:=b, Do = 2% 027 = Oy -+ - Oory»

Oz

. 0 _ 9 _ o _ —
aB = ﬁ’ 82; = 851 e 851), gaﬁ = g(aa,aﬁ), hp(j = h(Sp, Sq) .
Introduce the following notation for the derivatives of the structures involved:

JoB/uv = 8Z;U85;Vg(aaaaﬁ)a hpq/UV = 82;U82;\7h(3p7 Sq)7

2.1
@1) Wa UV = az;Uaz;Vwaa “—}B/U\_/ = 8Z;U82;‘7<DB.

If [U| = 0, there are no holomorphic derivatives, if |V| = 0, there are no anti-
holomorphic derivatives, and if |U| 4 |V| = 0, there are no derivatives at all. We
have

Ow = —Wg/3dz" A dz° and ow = wg/qdz® A dz° .

Consequently, the variables {wq,w,, /5 W5, W3 /a} are tensorial unlike the remainder
of the variables defined in Equation (2.1). Define

weight {g,3/07} = weight{h,q 7} = [U] + V],
weight (.} = weight{@gpp} = 1+ |U] +[V].

Let Si(C) be the vector space of Hermitian k£ x k complex matrices. Let Uy, C
Sm(C) ® Sp(C) be the subset of matrices (g,h) so that g and h define positive
definite inner products; Uy is an open subset of Sy (C) ® Sp(C). We suppress the
dependence upon £ in the interests of notational simplicity as it will play no role in
our further development whereas the dependence on m will be crucial. We consider
the polynomial ring

P := C%(Un) 9 vy Ppg/uvs Wajuvs @301 Was Wl o)+ vi>o -

As in the real setting, we say that P € P, is invariant if the evaluation is indepen-
dent of the particular coordinate system 2 and frame § chosen. Let &, be the ring
of invariants in the Kahler context; R, is a graded ring and we may use the weight
to decompose R, = @, fm,n into the polynomials which are homogeneous of weight
n. For example, ap, ,(AP?) € Ry, . The spaces £, , of p-form valued invariants
are defined similarly. For example, dw € R?,w.



56 J. ALVAREZ LOPEZ AND P. GILKEY

2.3. Homotheties. The weight of a polynomial describes its behaviour under ho-
motheties. The following is immediate from the definition and could be used to give
an equivalent definition of the weight.

Lemma 2.1.
(1) Let P € JF . Then P(z,c*g,w) = P *P(z,g,w).
(2) Let P € 8 . Then P(z, g, J,E h,w) =P %Pz, g,J E, hw).

Example 2.2. It is worth giving some examples to illustrate Lemma 2.1. We
work in the real context. Let [lw]|? := g”ww;. Since w; has weight 1, ||lw||? has

weight 2 so |jwl|2 € J9,5. If we rescale the metric and set g.;; = c?gij, then

gl = c2gY so Hw||§c = c_2||w||£2). The components of the curvature tensor R;;i’
have weight 2 since they are linear in the 2-jets of the metric and quadratic in
the 1-jets of the metric. The Levi-Civita connection is unchanged if we rescale
the metric and thus Rgc;ijkg = Rg;ij;f. Let 74 € Jgn’z be the scalar curvature;

jk i -2 5 i -2 ~1 -2
Tge = G0 Riji® = ¢ 2gF Ryt = ¢ 27,. We have dr, € Tz and dry, = c™2dry.

2.4. The restriction map. As noted in the introduction, a spanning set for the
space of invariants in the real setting is given by contraction of indices in pairs and
alternations of indices where the indices range from 1 to m; there is an analogous
result in the complex setting. If P € an,n, r(P) € Jﬁl_lm is defined by restricting
the range of summation to range from 1 to m — 1. Although Weyl’s First Theorem
of Invariants yields a spanning set, it is not a basis as one has the Bianchi identities
and higher order analogues. Thus it is not immediately obvious that the restric-
tion map is independent of the particular expression of an invariant in terms of a
Weyl spanning set. To get around this difficulty, it is convenient to use a slightly
different more geometric formalism. Let T! = (S, d6?,0) be the circle with the flat
structures. If NV = (N, ds?v,wN) is an m — 1 dimensional structure, one forms the
m dimensional structure

M=N xT!:= (N x S, ds% + db?, wiwy).

Let ig(x) = (z,0) be an inclusion of N in N x S!; the particular basepoint  chosen
is irrelevant since T! is homogeneous. Then r(P) € 3];1—1,71 is characterized by the
identity

(2.2) r(P)(N) := isP(N x T1).

In the complex setting, the invariance theory is that of the unitary group rather than
the orthogonal group and one sums over pairs of holomorphic and anti-holomorphic
indices where the indices range from 1 to m. Instead of considering T' one considers
the flat 2-torus T2 but the remainder of the analysis is the same and one obtains:

Lemma 2.3.

(1) 7 is a well defined map from 5, » onto fﬁ)n_Ln.
(2) 7 is a well defined map from 8K, ., onto ’ﬁ'zr)n—ln'

We introduce the ring
T = Clchg(T'M, J, g),chi(E, h), dw, dw,w,®] .
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We may decompose T, := ©,TF, where TF, C /F mk- We refer to [1] for the proof
of Assertions (1) and to [2] for the proof of Assertions 2 in the following result; it
is necessary to restrict to the Kéhler setting.

Lemma 2.4.

(1) In the Riemannian setting, we have that:
(a) 7 : Jpun = Jou_1, 18 injective if n < m.
(b) If m is even, then ker{r:3% . — 3971_1’771} =Emm - R.
(2) In the Kdhler setting, we have that:
(a) 7: R, , — ﬁ(r)n—z,n is injective if n < m.
(b) ker{r: &), ,, = &Y o} =T

We have the following useful result.

Lemma 2.5. r(alR) = —(47)~1/2adR, = and r(aD%) = —(4m)taDo ..

Proof. Although the lemma in the real setting follows from work of Giinther and
Schimming [15], we shall give a direct proof in the interests of completeness. Let
My, = Ny—1 x T'. We compute:

APM = APN @ AP~IN A df,

ARy = {AR @id+id @AY} & {AR ! @id +id AL},

A ((2,0), AR ) = (A7) "2 {am—10(2, AR) + am—1n(z, AR},
Z(—l)pp . am,n((ma H)a AI/)\/[)

p

_ (4w)_1/2 Z(fl)pp. {amfl,n(xa Af\/) + am—1n(z, Aﬁ;l)}
p

(47) 1/22 DPam1n(z, AR ) {p — (p+ 1)}

Assertion 1 now follows from Equation (2.2); the argument is the same for the
Dolbeault complex. O

2.5. Low dimensional computations. We refer to [1] for the following result:

1
Lemma 2.6. af — _O% a3 = T~ L),

NS 8t

3. THE PROOF OF THEOREM 1.3 (1A,2A)

Let n < m — 1. By Lemma 2.5, r( deR) adeR . By Theorem 1.1, adeR, = 0.

m—1,n" m—1,n
By Lemma 2.4, 7 : 3 n — Im—1,n is injective for n < m. This shows that adeR =0
which establishes Theorem 1.3 ( a); the proof of Theorem 1.3 (2a) is the same in

the Kahler setting. O
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4. THE PROOF OF THEOREM 1.3 (1B,2B)

We use Lemma 2.5 and Theorem 1.1 to see

deR _ 1/2 deR deR __
7’(°‘2k+1,2k) = —(4m)” / Aok 2k and A2k 2k = Eok,2k -

By Lemma 2.4, 7 : Jopt1,2k — Jok,2k is injective. By construction, we have that
rE%+41,2k = Eak,2k- Assertion (1b) follows. The same argument in the Kéhler setting
shows

1
Dol m—1
=——9(Td(M,g,J h(E,h) AN O, Q
am,m 2 ( 1)'9( ( ' 9, )/\C ( ) )/\ ’ )

which establishes the first part of Assertion 2b. It is immediate from the definition
that © = 1+ d®. Since Td and ch are closed,

{Td(M,g,J) ANch(E,h) AN O} o
= {Td(M,g,J) Ach(E,h)}pm—2+d{Td(M,g,J) Nch(E,h) NP}y 3.
Taking the inner product with m 1),9"‘ 1is just the Hodge * operator in complex
dimension m — 1. Thus
“19(Td(M, g, J) A ch(E,h) A ©,Q"1)

(4.1) " n-t
= Wg(Td(Maga J)/\Ch(E h) Q )+5Qm 2,m—3

for Qy, o3 =*{Td(M,g,J)Ach(E, h)A®},, 3. We have 6r = rd. By Lemma 2.3
and Lemma 2.4, we can lift Equation (4.1) to a corresponding equation in complex
dimension m and thereby complete the proof of Assertion (2b). O

Remark 4.1. This gives an explicit description of the 1-form qun,mﬂ?, of Theo-
rem 1.3 (2b) as the unique element Q;n,m—?) € R}n7m_3 such that
r(Qhm—3) = *{TdAchA®}, 3 € R, 5, 3

m,m—3
5. THE PROOF OF THEOREM 1.3 (1¢)
We continue our discussion by generalizing a result of Gilkey [13] (see Asser-

tion 4 of Lemma 2.9.1 on page 210) from the context of purely metric invariants to
invariants which also depend upon the derivatives of w.

Lemma 5.1. Let P € J,,, where n # m. Suppose [,, P(z,g,w)dvol(g) is in-
dependent of (g,w) for all closed m-dimensional manifolds M. Then there exists

Qmn—1 € Jp 1 80 that P =06Qu 1.
Proof. Let f € C*°(M) and ¢ € R. We consider the conformal variation
Pi(f,9,w) dvol(g) i= 0. { P(w, %/ g,c0) dvol(¢*/g) }

Since P is linear in the jets of f , we have that

Pi(fg,0)=> > firq@"*(g,w).

ko i1,..0k

e=0 '

We integrate by parts formally to express

P1—5Q+ZZ FrQiv-ie, ..

k i1,..00k
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By assumption,

0 = 0: {/ P(a:,e2€fg,w)dvol(62€fg)} :/ Pi(f,g,w)dvol(g)
M e=0 M

= [ 1Y 1R dvolla).

ko 1,0k

Since f was arbitrary,

Z Z Qll Zkik 1120‘

ko 1.0k
Thus Pi(f,g,w) =0Q(f,g,w). We set f =1 to see
(51) Pl(lvgaw) :6Q(1ang)

We have that dvol(e?*g) = e™ dvol(g). Since P is homogeneous of weight n,
Lemma 2.1 yields P(z,e*g,w)dvol(e*g) = ™ ™eP(x, g,w)dvol(g). Differenti-
ating this identity shows P, = (m — n)P; the Lemma now follows from Equa-
tion (5.1). O

We now establish Assertion (1c) of Theorem 1.3. Let P = r(ajcy,) belong to

deR
m—1m"

~0

Im—1,m- By Lemma 2.5, P is a multiple of a The hypothesis of Lemma 5.1

deR) —

are satisfied by Equation (1.1). Consequently, Lemma 5.1 shows that 7(
6@y, 1m_1- By Lemma 2.4, we may choose Q) .. 1 so r(Q},,, 1) = Q}n_Lm_l.
Since 0r = 76, r(agey, — 6Q, 1) = 0. We use Lemma 2.4 to see that

deR - 5Qmm 1= C( )gm,m .

To evaluate the coefficient c(m), we may take w = 0 and use (local) Poincare duality
to see that @, m(AL,) = apm(Aly 7). Consequently, we may show that c¢(m) = im
by computing;:

2 ?r?lfn = Z(_l)pp : {am,m(x; A%;M) + Gm,m(l‘, A%fp)}
P
= > (DPamm(z, AL ){p+m—p} =m - alk .
p

Suppose m = 2. We use Lemma 2.6 to see —(477)_1/2a?:32R = (2m)"1ow. Conse-
quently, T‘(Q%’l) is non-zero. O

6. THE PROOF OF THEOREM 1.3 (2C)

There are several fundamental differences between the real and the complex set-
tings and we must treat the variables {wq,ws} differently from the other variables.
In Section 6.1, we introduce some additional notation. Section 6.2 is devoted to
showing that in fact the heat trace invariants a,, (A7) do not involve the {wa, @z}
variables but only the derivatives of positive order in w are present; this uses a gauge
renormalization. This is in marked contrast to the real setting. In Section 6.3, we
complete the analysis; again, there is a subtlety in that the conformal variation of
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a Kéhler metric need no longer be Kéhler. Consequently, we pass (temporarily) to
the Hermitian setting.

6.1. Spaces of invariants. We adopt the notation of Section 2.2. Recall that
Um C Sn(C) ® S¢(C) is the subset of matrices (g, h) so that g and h define positive
definite inner products on C™ and C¢, respectively. We adjoin variables sucessively
to the ground ring C*°(Uy) to define the sub-rings:

Wi == C%(Un)[9ag /vy hpg/ov U1 41vi>00

Ui = Up[we/ov, Wz,0v] U1+ V>0 -
We explicitly exclude the variables {wq, G)B} from 4L, and from U,,. Let Y, , C &y,
and U,,, C U,, be the subspaces of weight n. We impose no assumption of

invariance as we are simply interested in the nature of the polynomials for the
moment. Let

End(APY(M) @ E;4) and  End(APY(M) ® E;0)

be the vector space of endomorphisms of AP?(M) ® E with coefficients in the rings
il and U, respectively.

6.2. Normalizing the gauge. The variables {w,, a;g} are troublesome and we
eliminate them from consideration as follows. We work in the Hermitian setting as
we have imposed no conditions on ).

Lemma 6.1. ay, (2, AP?) € V), i.€., amp(z, AP?) does not involve the vari-
ables {wa,wg}-

Proof. We may decompose
O = ext(dZB) {63 + &JE} and 6, = int(dz®) {—04 + wa} + L

where £ € End(A(M) ® E; 8, 1) arises by taking the adjoint of d and is linear in
the first derivatives of g and of h; £ and int(dz“) lower the anti-holomorphic index
¢ by 1 and ext(dz?) raises the anti-holomorphic index ¢ by 1. We define:

EPY = ext(dz7) int(d2%)w, 5 € End(AP4(M) @ E; D, 2),
EDT = int(dz®) ext(dz”)@g,, € End(AP4(M) @ E; D, 2),
Lrae = ext(dz?)dz{int(dz*)} € End(API(M) @ E;hy,1),
LP9F = ext(dZP)L + Lext(dz?) € End(AP4(M) ® E;$hn 1),
QP4 := ext(dz°)95{L} € End(API(M) @ E; il 2).

Since the matrices ext(dzE ) are constant with respect to the coordinate frame, we
do not need to introduce their derivatives. Note that £"? and £'? are invariantly

defined while £P9% LB , and OQP? are not invariantly defined but rather depend
on (Z,§). We use the identity

int(dz®) ext(dz") + ext(dz?) int(dz®) = g7
to express AP := 2005 + 2059] in the form:
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AP = anﬁ{—aaag + Wa05 — W50a + walp} + 2677 — 26579 + 2P
+2LP0 (=g + wa) + 2L (D + @g).

Fix a point P of M and let £ := w,(P)z* — (I)B(P)Z’B. Since £ is purely imaginary,
A’g’q = e €AP4et is defined by a unitary change of gauge. We compute

AP = 29°P{~0005 + (wa — wa(P))95 — (@5 — @5(P))a}
+29%% (wa — wa(P)) (@5 — @(P)) + 2607 — 2659 + 2QP4
+2LP9 (=8 + wa — wa(P)) + 2LP%F (85 + 5 — ws(P)).

Since AP and AP? differ by a gauge transformation,
G (AP) =y (ALY).

It is immediate that the symbol of A?q and all the derivatives of the symbol of A?q
at P do not involve the w, and w5 variables. Consequently, amm(A’g’q) €Vppn O

Remark 6.2. We have exploited a fundamental difference between the deformed
real Laplacian and the deformed complex Laplacian that relates to gauge freedom.
We illustrate this as follows. Suppose m = 1. We work on the circle. Let w = adz
fora € R. Then d, = 0, +a and 6, = —0, +a; A = Al = 6,d, = —(0? + a?)
is already normalized optimally since there is no first order term and, unlike in the
complex setting, it is not possible to make a change of gauge that eliminates the
dependence of the symbol on a.

6.3. Conformal variations. If ¢ is a Kéhler metric, then the conformal varia-
tion €2¢/¢ need no longer be Kihler. However, this variation remains within the
class of Hermitian manifolds. Since Equation (1.1) continues to hold for Hermit-
ian manifolds, the argument given to prove Lemma 5.1 shows that we may express
aTDnO_IZm = 6Q, 9m_1 in the class of Hermitian and hence in the class of Kahler
manifolds. Thus we may choose Q}n’mfl so that
A, — 6Qn, m_1 € ker(r).

The integration by parts procedure discussed in Section 5 arises from a conformal
variation of g; thus although additional derivatives of w may be introduced, the
number of derivatives of w are not reduced. Thus ) belongs to %}n’m_l and we

have a,%"’,ﬂl —0Q € Uy - Let
61n = (C[Chk;(TMa Jag)a Chk’(E7 h)7 dwa dO_J] C Sm

be obtained by omitting the {wa,wz} variables. We restrict to the Kéhler setting
to obtain

abo —6Q € #{TN N Wy m = +GI .
Since we have omitted the {wa,ws} variables, and since chy, is a closed differential
form, we complete the proof of Theorem 1.3 by computing

™ = M4 d{wAST 2L ASTT2Y,
*GM = KM LA {wACT I L AGTT2Y,
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7. THE PROOF OF THEOREM 1.4

Let A%? be the complex Laplacian with coefficients in E. Let A™ be the real
Laplacian. If P is a local invariant, let P[M] = [, P(M)dvol. We will use
the following resuls in our analysis. Assertion 1 is immediate from the definition,
Assertions (2,3) are Serre-duality, and Assertions (4,5) follow by specializing the
Hirzebruch-Riemann-Roch Theorem.

Theorem 7.1. Let E be a holomorphic vector bundle over a Kahler manifold M.

b 07
(1) ABT =A%,

) There exists a conjugate linear isomorphism intertwining AR and A1,
) Complex conjugation intertwines AP? and ATP; A" = @pyq=p APL.

4) If m=2, then index(0) = {3c1(T.M) chy(E) + c1(E)}[M].
5) If m=4, then

index(9) = {Tda(T.M) cho(E) + chy(T.M) chy (E) + cha(E)}M].

(2
(3
(
(

We use Leibnitz’s formula to establish the following result.
Lemma 7.2. Let M; have real dimension m;. Then

aDol [M1 x My

mi1+ma,mi+msz
= aa(il,ml [Ml]agzzl,mz [M ] + agglrm [Ml] R(;lmw [MQ]
Proof. We adopt the notion of Equation (1.2) and set
Anon M () := Y (=1)Pum n (AP M]s?
P

We have the following product formula for the heat trace asymptotics:
A (AP M x Mo
Z Z am17”1 Op) )[Ml] ammnz( 0.p2) )[MQ]

p1t+p2=pni+n2=n
This then yields that
(T1) WM X Mol(s) = Y A, M) - A, [Ma](s)
ni+n2=n
We differentiate Equation (7.1) and use Equation (1.3) to obtain
oMl = Y apt M ap, IMe] + aptt, M -l [M ]
ni+ne=m

We have that a2°! [Mi] = 0if my # ny and aP® [My] = 0 if ma # ny. We may

mi,m1 m2,n2
therefore safely set ny = my and ns = mo in the above identity to complete the
proof of Lemma 7.2. O

The heat trace invariants are additive with respect to direct sums, i.e.

a’mJL(Ap’q)(M)ga J7 El S E27 hl 2] h?)
= am,n(Ap,qu?ga J> Ela hl) + am’n(AP»Q)(M"g’ Ja E27h2) .
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Since aPn?}n and ag‘?}n can be expressed in terms of characteristic classes, only the

Chern character ch(E) enters. If F is a line bundle, then we have that chy(E, h) =
kl 1 (E h)

7.1. The proof of Theorem 1.4 (1a). Suppose that m = 2. There exist constants
a? and (9 so that ag2(A%Y) = alcy(T.M)chg(E) + B9¢1(E). We have ¢;(E*) =
—c1(E). Since AY°(M) is the dual of T.M, we have that c;(AYYM) = —cy(T.M).
We suppose dim £ = 1 and use Theorem 7.1 to compute:
{a'e1(ToM) + B'er (B)}IM] = aza(AFH M)
= az2(Ag)[M] = aza(AfYo g )M
= {a%c(T.M) + 1 (A0 (M)) + 8% (B*)}[M]
= {(a® = 8% er(TeM) — 8% (B)} [M].
Consequently, a! = a® — % and ' = —3°. Therefore,
index(Jg) = %{Cl(TCM) + 1 (E)HM] = aEgl[M]
= {(@” — ah)er(T.M) + (8° = Y)er (B) }M]
= {8 (T M) + 28°c1(E)}[M].
Consequently, 3° = % and ' = —%. Let S? be the unit sphere in R? with the usual
metric and complex structure; 7 = 2 and vol(S?) = 4. We compute

+7[8% =1 = index(9)[S?] = 1¢1[S?]
so ¢1(8?) = 7. Take E trivial. McKean and Singer [19] (see also Patodi [21])
computed ag 2(AP). Together with Theorem 7.1, this shows
as Q(AD %) = ay Q(AO) i T = écl(Tc),
a22(A%Y) = Zazo(AY) = S5 (—471) = —3c1(Te) -
1

1

Thus o 6anda—a - B0 = 6_52 3 O

7.2. The proof of Theorem 1.4 (1b). Suppose that m = 4 and that M =
(M, g,J,E, h) is a complex surface. There exist constants o and  and a character-
istic class Py(T.M) so that

aP Y [(M] = {Py(T.M) chy(E) + acy (T.M)e1(E) + B cha(E)HM].

Let M = Mj x Ms. Suppose first that M; are flat tori and (E;, h;) are line bundles
with ¢ (E;)[M;] # 0. Then

cl(Te(M)M] =0,  {P(T.M)cho(E)}M] =0,
chy(Ey ® Ep)[M] = c1(E1)[Mu] - e1(E2)[Mo].
Thus Theorem 7.1, Lemma 7.2 and Theorem 1.4 (1a) yield
Ber(Er)[Mi] - e1(Ea)[Ma] = Bchy(Ey ® Ep)[M] = ap§ [M]
= a2D31[M1] ay 2 5[ Ma] + aQDgl[Ml] a2Dgl[M2]
= jc1(B)[Mi] - e1(Ba)[Ma] + e1(E1)[Mi] - je1(E2)[Ms)]
= c1(En)[Mi] - 1 (E2)[Ma].
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This shows that 3 = 1. Suppose M; = S%, E; is trivial, My is the flat torus,
and c1(F2)[Ma] # 0. Then Pa(T.M)cho(E) = Pao(T.M; & 1)cho(E) = 0 and
ChQ(E) = ChQ(EQ) = 0. Thus

acy (TeMy)[M] - e1(Bs)[Mo] = aff [M]
= ap3 [Mi] - a3 [Ma] + a3 [M] - 35 [Mo]
= gcl(Tch)[Ml] c1(Ea)[Ma] + fer(TMy)[My] - 5e1(E)[Ma] .
This shows that a = % + % = ﬁ. Therefore, we have that
(7.2) apy [M] = {Po(TeM) chy(E) + {5¢1(TM)er(E) + chy(E)}M].
We now use Serre duality. Let £ = 1 @ A>%(T.M). We have
QEZI(M) =04 4(A0 DA2: o) + 2a4 4(A25A2 0)
(7.3) —a474(A1®(A2 0y<) + 2a4 4(Ai@(A2 oy)
= —a474(A?\2 0g1) T 2a474(A?\80@1)
We add the expressions of the second and third lines of Equation (7.3) to see
(7.4) 2009 (M) = 2as4(A%") — 2a44(A") + 2a44(AY) = 22T (M) .
We use Equation (7.2), Equation (7.4), and Theorem 1.4 to see
{Po(T. M) cho(E) + {5¢1(TeM)ei (E) + chy(E)}[M]
= {Tdo(T.M) chy(E) + sc1(T.M)c1(E) + chy(E)}M)].
We have chyg(F) = 2 and ch;(E) = ¢1(A?°) = —¢(T.M). Consequently
Py(TeM) = Tda(TeM) + 5(5 — 15) (=i (TeM))
:ng(TcM) A (T M). O

7.3. The proof of Theorem 1.4 (2a,2b). Let M := Nj x --- x Ny where
(Ni, gi, J;) are flat tori of real dimension 2 and (Ej;, h;) are Hermitian line bun-
dles over N;. Let E = F1 ® -+ ® Ey. Then chyn(F) = c1(E1) . ..c1(En). We apply
Lemma 7.2 and Theorem 1.4 to prove Theorem 1.4 (2a) by computing

mDalw] =11, C1<E<>wi], A5 () Vi) = 5 (1 + s)er (B NG,
DOI 8 {QLDOI ]} ‘s:l

— 0, {2 m<1+s>mn.cl< DIV oy

= smchy(B)[M] = $mPgM].

Similarly, let M; be arbitrary Riemann surfaces and let (Fj;, h;) be trivial. We
complete the proof of Theorem 1.4 (2b) by computing

angl[ ]—2 "1 e (T )[ il
alol [M] = 8, {ALL ()[M]} 5=
=0, {6~ (1+2s)mHzc1( ) M} [s=1
Im2=™ T, o1 (1) [My] = 2maDel [M]. O
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