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LINKING AND THE LERAY-SCHAUDER INDEX

MARTIN SCHECHTER

ABSTRACT. We show how infinite dimensional linking can be used to solve prob-
lems that could not be solved before. We study applications to n-dimensional
nonlinear partial differential equations.

1. LINKING PAIRS

Many problems arising in science and engineering call for the solving of the Euler
equations of functionals, i.e., equations of the form

(1.1) G'(u) =0,

where G(u) is a C! functional (usually representing the energy) arising from the
given data. As an illustration, the equation

—Au(z) = f(z,u(z))

is the Euler equation of the functional

G(w =5 VulP = [ Flou(w)do

on an appropriate space, where

(1.2) F(a:,t):/o f(z,s)ds,

and the norm is that of L%. The solving of the Euler equations is tantamount to
finding critical points of the corresponding functional. The history of this approach
goes back to the calculus of variations. Then the desire was to find extrema of
certain expressions G (functionals). Following the approach of calculus, one tried
to find all critical points of G, substitute them back in G and see which one gives
the required extremum. This worked fairly well in one dimension where G'(u) = 0
is an ordinary differential equation. However, in higher dimensions, it turned out
that it was easier to find the extrema of G than solve G'(u) = 0. This led to the
approach of solving equations of the form G'(u) = 0 by finding extrema of G.

The classical approach was to look for maxima or minima. If the functional is
bounded from below and one is looking for a minimum, one can obtain a minimizing
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sequence satisfying
(1.3) G(u) — a = inf G.

If such a sequence converges or has a convergent subsequence, then we indeed obtain
a minimum. However, in dealing with such sequences it is difficult, in general, to
establish the convergence of a subsequence because there is very little with which
to work.

Luckily, there is some help. In such a case, one can show that there is a sequence,
called a Palais-Smale PS sequence, satisfying

(1.4) G(ug) = a, G'(ug)—0

where a = inf G. It is much easier to establish the existence of a convergent sub-
sequence of a PS sequence than of a minimizing sequence. In fact, a minimizing
sequence may not have a convergent subsequence while a PS sequence for the same
functional does.

Actually, one can do better. If the functional G(u) is bounded from below, then
there exists a sequence (called a Cerami sequence) satisfying

(1.5) Glur) = a,  (1+[Jug])G'(u) — 0

for ¢ = inf G. As in the case of a PS sequence, if a Cerami sequence has a conver-
gent subsequence, it will produce a minimum. The advantage of obtaining such a
sequence is that the additional structure allows one to prove the convergence of a
subsequence in cases where a corresponding PS sequence need not have a converging
subsequence.

However, when the functional is not semi-bounded, the methods for producing
critical points become more complicated. It appears that no one procedure works in
all cases. The same is true even for semibounded functionals if one wishes to obtain
critical points which are not extrema. We present an approach which produces
sequences similar to (1.5) when one is searching for critical points whether or not
they are extrema.

This method of detecting critical points is called linking, initiated by Ambrosetti
and Rabinowitz ( [1,13]. It was discovered that there are pairs of sets A, B such
that whenever they separate a functional G, i.e., satisfy

ag :=sup G < by := inf G,
A B

one obtains a Cerami sequence of the form

(1.6) G(ur) = a < oo, (1+ [[ugDIG (ur)ll = 0,

provided the functional is bounded on bounded sets. If this sequence has a conver-
gent subsequence, we obtain a critical point. The main question is to identify such
pairs of sets. We now describe a method of obtaining them.
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2. A GENERAL LINKING THEOREM

A basic question is how to find linking subsets. Once we have them, we will have
a very useful theorem:

Theorem 2.1. Let G be a C'-functional on E, and let A, B be subsets of E such
that A links B and

ag:=supG < by :=inf G < by :=supG < oo,
A B c(A)

where c¢(A) is the convex hull of A. Then there is a sequence {uy} C E such that
(2.1) G(uk) = a, by < a < bi, (1+ [lug|)|G"(up)ll — 0.
If {ur} has a convergent subsequence, then there is a solution u € E of
G(u) =a, G'(u)=0.
All the theorem requires is that A links B and
ag < bgp < by < .

Finding sets A and B which separate the functional G is quite easy, but deter-
mining whether or not the set A links the set B is quite another story. There are
many criteria which are used to determine whether or not the set A links the set
B, but the most general one is the following (cf. [14,22]):

Let E be a Banach space. Let ® be the set of all mappings I'(t) € C(E x [0,1], E)
having the following properties:

a): for each t € [0,1),I'(¢) is a homeomorphism of E onto itself and T'(t)~! is
continuous on E x [0,1)
b): I'(0) =1
c): for each I'(t) € ® there is a ug € E such that I'(1)u = wug for all u € F and
['(t)u — ug as t — 1 uniformly on bounded subsets of E.
d): For each ty € [0,1) and each bounded set A C E we have
sup {|[T(e)ull + [T (Ful} < oo

0<t<tg
u€A

We have

Definition 2.2. A subset A of E links a subset B of F if AN B = ¢ and, for each
I'(t) € ®, there is a t € (0, 1] such that I'(t)A N B # ¢, i.e.,

U rwaAnB#¢.

te(0,1]

This says that if I'(t) takes A into ug, it must intersect B.

Now that we have the general definition of linking, it appears that the only way
we can check to see if two sets link, is to require that one of them is contained in
a finite-dimensional subspace. The reason is that in order to verify the definition,
we need to invoke the Brouwer fixed point theorem. This is not easy to do, and the
following result is what is used in most cases (cf. [14,22]).
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Theorem 2.3. Let N be a finite dimensional subspace of a Banach space E, and let
Q2 be a bounded open subset of N containing a point p. Let F' be a continuous map
of E onto N such that F is bijective on Q. Then 0 links F~1(p).

Proof. Assume that 92 does not link F~!(p). Then there is a I' € ® such that
LN FHp)=¢, 0<t<1,
or, equivalently,
(2.2) FT@t)o)n{pt=9¢, 0<t<1.
Let
v(t) = F o T'(t).
Then v(t) € C(Q, N) for each t € [0, 1] and

y(t)x #p, €0, te0,1].

Also

(2.3) y(0)z = F(z), =€

IET(1)E = {up}, then

(2.4) A(1)r = Flug) £p, ©€0,
FIM)o2)n{p} = ¢

by (2.2).

In view of (2.2) and (2.3), the Brouwer degree satisfies

i(y(1), 2, p) = i(7(0),2,p) = 1
for all ¢ € [0,1]. But this contradicts (2.4). Hence OS2 links F~!(p). O

3. LINKING SETS

In order to find sets that link in the sense of Definition 2, we apply Theorem 3.
We give a partial list below.

Example 1. Let B be an open set in F, and let A consist of two points ey, e2 with
e1 € B and ey ¢ B. Then A links 0B. 0B links A as well if 0B is bounded.

Example 2. Let M, N be closed subspaces such that dim N < oo and E = M & N.
Let

(3.1) Br={ue€E:|u| <R}

and take A = 0Br NN, B= M. Then A links B.

Example 3. Take M, N as before and let vg # 0 be an element of N. We write
N = {vo} ® N'. We take

A = {WeN V| <RU{svg+v :v € N s>0,]svg+ | = R},
B = {weM:||w|>dU{svg+w:weM,s>0,|svy+wl| =48},
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where 0 < 6 < R. Then A links B.

Example 4. Let M, N be as in Example 2. Take A = 0Bs N N, and let vy be any
element in 9B1 N N. Take B to be the set of all v of the form

u=w+ svg, weE M,

satisfying any of the following:

(a): [lwl < R, s=0

(b): |wll < R, s =2Rg

(c): w|| =R, 0 <s< 2Ry,

where 0 < § < min(R, Rp). Then A and B link each other.

Example 5. Let M, N be closed subspaces of E such that
E=M®®&N,

with one of them being finite-dimensional. Let wp be an element of M \ {0}, and
let 0 <0 <r < R. Take

A = {veN: o< ||| <R}U{swyp+v:veEN,s>0,|swy+v|| =0}
U {swog+v:veEN,s>0,|swy+v| =R},

B = 0B,NM,0<)<r<R.
Then A and B link each other.

Example 6. Let M, N be closed subspaces of E such that
E=M&N,

with one of them being finite-dimensional. Let wp be an element of M \ {0}, and
let 0 <r <R,

A = {weM:|w|=R}
B = {veN:|v|>r}u{u=v+swy:veE N,s>0,|ul=r}
Then A links B.

Example 7. Let M, N be as in Example 2. Take A = 0Bs N N, and let vy be any
element in 9B; N N. Take B to be the set of all u of the form

u=w+ svg, wE M,

satisfying any of the following:

(a): s=0

(b): s =2Ry

where 0 < 0 < Ry. Then A links B.

Example 8. Let N be a finite dimensional subspace of a Hilbert space E with
orthogonal complement M @ Y, where Y is a finite dimensional subspace of F
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orthogonal to both M and N, and let § < R be positive numbers. Let yq,--- ,y, be
an orthogonal basis for Y and let

Vi={yeY:(yye) 20, 1<k<n},
Q={v+y:veN,yeY,, |v+y| <R},

|w + yl|

(3.2) F(v—i—w—i—y)zv%—w

n
> 1w ur)lye, vEN, yeY, we M
1

Then Ag = 0Q links B=F YY;: NoBs)={w+yeMaY : |lw+yl =3}

Note that all of these examples follow from Theorem 2.3. Related research can
be found in [2-4,6,10,11,31,32] and their references.

4. THE LIMITATION

The only reason these examples work is because we are able to use the Brouwer
fixed point theorem in finite-dimensional spaces. However, there are many appli-
cations for which we would like to obtain critical points if both sets are infinite-
dimensional. It is not obvious how to proceed. It is not clear that we can ob-
tain similar results in such cases. We now describe one method that works in the
infinite-dimensional case. It was initiated by Kryszewski and Szulkin [9]. It involves
adjusting the topology of the underlying space. Our aim is to find a counterpart of
Theorem 3 that holds true when N is infinite dimensional. We adjust our definitions
of the functional G and the mapping F' to accommodate infinite dimensions. These
definitions reduced to the usual when N is finite dimensional. We can then prove
the counterpart of Theorem 3 when NV is infinite dimensional. In order to do so, we
make adjustments to the topology of the space and introduce infinite dimensional
splitting. This allows us to use a form of compactness on the subspace N. We lose
the Brouwer index, but we are able to replace it with the Leray-Schauder index.
We carry out the details in Sections 5 and 6. In Sections 7 - 16 we solve several
equations which require infinite dimensional splitting. In Sections 7 - 10 we study
general semilinear partial differential equations, and in Sections 11, 12 we consider
the wave equation. In Sections 13 - 15 we study the n-dimensional radially sym-
metric wave equation and in Section 16 the non-periodic Schrodinger equation. In
all cases we obtain results stronger than those previously known.

5. FLows

Let Q be a set of positive functions p(t) on [0, 00), which are
(a) locally Lipschitz continuous,

(b) nondecreasing

(c) satisty

< dt
(5.1) /0 o0 =00

Moreover, Q is to satisfy
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p1,p2 € Q = max(p1, p2) € Q,
and contain functions of the form
1+’ B<1.

Let Q # ¢ be a subset of a Banach space E/, and let ¥¢ be the set of all continuous
maps o = o(t) from E x [0,1] to E such that
(1) o(0) is the identity map,
(2) for each t € [0,1], o(¢) is a homeomorphism of E onto F,
(3) o'(t) = do(t)/dt is piecewise continuous and satisfies

(5.2) lo’(t)ull < Cpld(o(t)u, Q) u € E,

for some p € Q. If Q = {0}, we write ¥ = ¥¢g. The mappings in 3¢ are called flows.
We note the following.

Remark 5.1. If 01, 03 are in X, define 03 = 01 0 02 by
1(2s), 0<s<y,
03(5) = ( ) 1 2
o2(2s — 1)o1(1), 3 <s<L
Then o3 € ¥g, and o3(1) = o2(1)01(1).
Proof. The first two properties are obvious. To check the third, note that

J/(S)— 20/1<23)7 0<s< (%)—,
B 20425 - Don(1), (34 <s<1.

Thus, if
(5.3) loi(t)ull < Cipi(d(oi(t)u,Q)), weE, i=1,2,
then
2|0 (28)ull, 0<s<(})_,
I (spull < § 2112 Sos b
doy2s — Dor(Dul, (B <s<1,
or
2C1p(d(os(s)u, Q)), 0<s<(3)_,
HO’S(S)U” < 1 ( ( 3( ) )) . (2)
202p(d(03(8)u> Q))’ (§)+ <s< 17
where p = max(p1, p2). We can now take C3 = 2max(C1, Cy). O

6. INFINITE DIMENSIONAL SPLITTING

The idea of splitting the topologies of subspaces originated in [9]. Let N be a
closed, separable subspace of a Hilbert space E. We can define a new norm |v/,,
satisfying |v],, < [|v]| Vv € N and such that the topology induced by this norm is
equivalent to the weak topology of N on bounded subsets of N. This can be done
as follows: Let {er} be an orthonormal basis for N. Define

[e.o]

(U, 0)y = Z (wek)(v, k) ek)(v,ek)7 u,v € N.

2k
k=1



318 MARTIN SCHECHTER

This is a scalar product. The corresponding norm squared is
0 2
2 (v, ex)|
oy = e n
k=1

Then |v|, satisfies [v|,, < [Jv]|, v € N. If v; — v weakly in N, then there is a C' > 0
such that
[vsll, o]l < €, Vj > 0.

For any e > 0, there exist K > 0, M > 0, such that 1/2% < £2/(8C?) and |(v; —
vyer)| <e/2for 1 <k < K,j> M. Therefore,

(e.¢]
(v — v, ex) ]
ool = Yo el

IN
] =
w‘%
= =
_l’_
]
2| &

k=1 k=K+1
2 2
€ 1 4C 1
=7 Z oF T 9K ok
k=1 k=1
L.
=92 "2

Therefore, v; — v weakly in N implies |v; — v|,, — 0.

Conversely, let ||vj]], [Jv]] < C for all j > 0 and |v; —v|, — 0. Let € > 0 be given.

If h = Zakek € N, take K so large that ||hk|| < e/(4C), where hx = Z ager.

k=1 k=K+1
K
Take M so large that |v; — v|? < 52/(422k\ak\2) for all j > M. Then
k=1
K
(v — v, h = i) |? = | Y anlvy — v, ex)]
k=1
<3 ity Il
<e /4

for j > M. Also, |(vj — v, hk)| < 2C| hi| < /2. Therefore,
|(v; —v,h)| <e, Vj>M,
that is, v; — v weakly in V.

Foru=v+h, uy =vi1+h € E=N& Nt with v,u; € N,h,h1 € N+, we
define the scalar product (u,u1)y = (v,v1)w+(h, h1). Thus, the corresponding norm
satisfies |u|y < |Jul| Vu € E.
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We denote E equipped with this scalar product and norm by F,,. It is a scalar
product space with the same elements as F. In particular, if (u, = v, + wy) is

|| - [[-bounded and wu,, &)ﬂ u, then v, — v weakly in N, w,, — w strongly in N=,

Uy — v+ w weakly in F.
For w € F and @) C E, we define
dy(u, Q) = inf |u — vly.
vEQ

Let L be a bounded, convex, closed subset of N. Then L is | - |,-compact. In
fact, since L is bounded with respect to both norms |- |, and || - ||, for any v, € L,
there is a renamed subsequence such that v, — vg weakly in E. Then vy € L since
L is convex, and on the bounded set L the | - |,-topology is equivalent to the weak

|l

topology. Thus, v, — vo and L is | - |,-compact.

Let L be a compact subset of E,,. We define ¥,,(L) to be the set of all o(t) € X :
[0,1] X E + E such that

(1) o(t) is | - |p-continuous.
(2) There is a finite dimensional subspace Ey of E such that dim E; > 0 and
o(t)u—u € Ey, (t,u) € I x L. (Ey does not depend on ¢.)

Here we use Ey to denote various finite-dimensional subspaces of E' when exact
dimensions are irrelevant. Note that ¥,,(L) is not empty since o(t) = 1 is a member.

We let ¥, denote the set of those o € ¥, which satisfy
(6.1) lo' (t)ulw < Cp(dy(o(t)u,Q)), ue€E,
where () C E.

We have
Lemma 6.1. If L is compact in E,, and o € ¥,,(L), then

L={oc(t)L:tel}
18 compact in E,,.

Proof. Supose {tp} C I, {ur} C L are sequences. Then there are renamed subse-
quences such that

tr — to, |uk — UO‘w — 0.
Thus I x L is a compact subset of I x E,,. By definition, there is a finite dimensional
subspace Ey containing the set {o(t)u —wu, t € I, v € L}. Since this set is bounded,
every sequence has a convergent subsequence. Since every sequence in L has a
convergent subsequence, the same must be true of L. O

Lemma 6.2. If o1, 09 € X (L), then 03 = 01 0 09 € Xy (L).

Proof. By the definition of ¥,,(L), for any (so,up) € I x L, there is a | - |-
neighborhood Uy, 4,y such that {u — o1(t)u : (t,u) € Upyuy) N (I x L)} C Ey.
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Note that, I x L C U U(s,uy- Since L is | - [y-compact, [ x L C U Ul i)
(s,u)eIxL i=1
where (s;,u;) € (I x L). Consequently, {u — o1(t)u : (t,u) € (I x L)} C Ef. The
same is true of os. Since

o3(s) = {01(28)’

A A
[V Va)
IA A

02(28 — 1)01(1),

o= O

u — o3(t)u € Ey as well. O

Concerning the mapping F' we define

Definition 6.3. Let N be a closed separable subspace of a Hilbert space E. We shall
call a map F of E onto N an N-weakly continuous mapping if F' is a |- |,-continuous
map from F onto N satisfying

e F = I and it maps bounded sets into bounded sets;

e There exists a fixed finite-dimensional subspace Fy of E such that
F(u—v)— (F(u) — F(v)) € Eyg, Yu, veE,

e F maps finite-dimensional subspaces of E to finite-dimensional subspaces of
E;

Note that every continuous map F' of E onto N satisfying Fiy = I is N-weakly
continuous when N is finite dimensional.

Our counterpart of Theorem 2.3 for infinite dimensional subspaces is:

Theorem 6.4. Let N be a closed, separable subspace of a Banach space E, and let €2
be a bounded, convex, open subset of N containing a point p. Let F' be an N-weakly
continuous mapping. Assume

a(t)IANFH(p)=¢, 0<t<1,
for some o € $,,(Q). Then
cM)QNF T p) #£¢, 0<t<1

Proof. Assume that there is a o € ¥,,(Q) such that
(6.2) oct)OQNF1(p)=9¢, 0<t<1,
and

o) QN Fp)=9¢, 0<t<1,
or, equivalently,
(6.3) Flet)Q)n{pt=9¢, 0<t<1
Let

yt)x = F(o(t)z), (t,z)e I x .
Then ~(t) € C(I x Q,E, N N) and
(6.4) y({t)x #p, €I, te]0,1].
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Also
(6.5) y(0)z = F(z) =z, €.

By hypothesis, there exists a fixed finite-dimensional subspace Ey of E such that
F(u—v) — (F(u) — F(v)) € Ey, Vu, v € E. Take u = o(t)z, v = z. Since Q is
compact in E,, and o € Ew(ﬁ), there is a finite dimensional subspace F; of E such
that dim E; > 0 and o(t)u —u € By, (t,u) € I x Q. Hence

y(t)x = Py(Fo(t)r — F(x) — Flo(t)x — x])
+ FPio(t)r —x]+x
=x— )z, (t,r)elxQ,

where ¢(t)x = —Py(Fo(t)x—Fz—F[o(t)x—x])— FPi[o(t)x—z], and the Py, P; are
projections onto the finite dimensional subspaces Ey, E;. Thus, ¢(t) is a compact
map from I x § to I x Ey. In view of (6.2), the Leray-Schauder degree i satisfies

i(y(1), 2, p) = i(v(0),2,p) = 1
for all t € [0,1]. But this contradicts (6.3). Hence
cMQNFHp)#¢, 0<t<L
U

Definition 6.5. Let N be a closed separable subspace of a Hilbert space E. A C’
functional G(u) on E will be called an N-weak-to-weak continuously differentiable
functional on E if

(6.6) Up — V| = 0
implies
(6.7) |G (v) — G’ (V)| — 0.
Thus,
(6.8) vp = Pu, — vweakly in F, w, = (I — P)u, — w strongly in E
implies
(6.9) G'(vp, + wy) — G'(v + w) weakly in E,

where P is the projection of F onto N.

Note that every C’ functional is N-weak-to-weak continuously differentiable when
dim N < oo.

Our counterpart to Theorem 2.1 for infinite dimensional subspaces is:

Theorem 6.6. Let N be a closed separable subspace of a Hilbert space E, and let §2
be a bounded, convex, open subset of N containing a point p. Let G be an N-weak-to-
weak continuously differentiable functional on E. Let F' be an N-weakly continuous
mapping. Assume d = d(A,B) > 0, and

ag:=supG < by:=infG < by :=supG < oo,
A B Q
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where A = 02 and B = F~Y(p). Then for each p € Q and B > 0 satisfying

d
dt
6.10 B/ —— > b1 — by,
(010 o 710
there is a sequence {uy} C E such that
(6.11) Glug) = ¢, bo < c < by, pldu(ur, B)) G (w)ll < B.

Proof. If the theorem were false, then there would be a § > 0 such that

(6.12) pldw(u, B)|G'(u)]| > B

when

(6.13) uelU={ue€FE:b—30<G(u) <b +30}.

Forue E={ueE:G u)#0}, let h(u) = G'(u)/||G'(v)|. Then by (6.12)
(6.14) (G'(w), h(w)) > B/p(du(u, B), el

For each u € U there is an E = E,, neighborhood W(u) of u such that
(6.15) (G'(v), h(w)) > B/p(dy(v,B)), veW()NU.

For otherwise there would be a sequence {vi} C U such that

(6.16) v — ulw — 0 and (G'(vg), h(w)) < B/ p(dw(vk, B)).

(6.17) (G'(vk), h(u)) = (G'(u), h(u)) < B/p(dw(u, B)),

by (6.7) in view of (6.16). This contradicts (6.14). Thus (6.15) holds.

Let U be the set U with the inherited topology of E. It is a metric space, and
W(u) N U is an open set in this space. Thus, {W(u) NU},u € U, is an open
covering of the paracompact space U (cf., e.g., [8]). Consequently, there is a locally
finite refinement {W;} of this cover. For each 7 there is an element u, such that
Wr C W(u;). Let {¢.} be a partition of unity subordinate to this covering. Each
¥ is locally Lipschitz continuous with respect to the norm |u|, and consequently
with respect to the norm of E. Let

(6.18) => Wr(wh(us), uwel.

Then Y (u) is locally Lipschitz continuous with respect to both norms. Moreover,
(619 Y0l < 3 ek <1

and

(6.20) (G'(u),Y (w) = > ¢r(u)(G' (), h(ur)) > B/p(dw(u, B)), uel.
Reduce § to satisfy
B/ —bg + 9.
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Let
Qo = {ue€FE:by—20<G(u) <b + 26},
Q1 = {uek:bp—0<G(u) <b+6},
Q2 = E\Q,
n(u) = dw(u, Q2)/[dw(u, Q1) + duw(u, Q2)].

It is easily checked that n(u) is locally Lipschitz continuous (with respect to the E,
norm) on F and satisfies

7)(“) =1, u € Qq,
(6.21) n(u) = 0, u € Qo,
n(u) € (0,1), otherwise.
Let
W(u) = =n(u)Y (u)p(dw(u, B)).
Then

IW ()|l < p(dw(u, B)) < p(d(u,B)), uel.

Then, for each v € U there is a unique solution o(t)v of

(6.22) o'(t) =W(o(t), t e RT, (0) =w.
Take
4 dt
(6.23) T - /5 5= (= bo+0)/8.
Let

K={(u,t):u=0c(t)v, veQ, te0,T]}.
Then K is a compact subset of EN_’ x R. To see this, let (ug,tx) be any sequence in K.
Then uy = o(ty)vk, where vy € €. Since Q is bounded, there is a subsequence such
that vy — vg weakly in E and t;, — to in [0, T]. Since 2 is convex and bounded, vy
is in 2 and |vg — volw — 0. Since o(t) is continuous in E x R, we have

U = U(tk)’l)k — J(to)vo e K.

Each uy € U has a neighborhood W(ug) in E and a finite dimensional subspace
S(up) such that Y(u) C S(up) for u € W(ug) N U. Since o(t)u is continuous in
E x R, for each (ug,tp) € K there is a neighborhood W(ug,tp) € E x R and a
finite dimensional subspace S(ug,t9) C E such that z:(u) C S(uo,to) for (u,t) €
W(up, to), where

ng(a(s)u)p(dw(a(s), B))ds, ue U,
0

(6.24) %wy_u_a@u_{’ ugU.

Since K is compact, there is a finite number of points (u;,t;) C K such that
K C W = UW(uj,t;). Let S be a finite dimensional subspace of E containing p
and all the S(uj,t;) and such that F'S # {0}. Then for v € Q and ¢ € [0, T] we have
z(v) € S. Thus o € %, ().
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We also have

dG(o(t)v)/dt = —n(o(t)v)(G'(o(t)v),Y (o(t)v))p(dw(a(t)v, B))
< —pn(o).

Let v € A. If there is a t; < T such that o(t1)v ¢ @1, then
(6.25) G(o(T)v) < G(o(t1)v) < by — 0.
On the other hand, if o(t)v € @ for all ¢t € [0, 7], then we have by (6.25)
G(o(T)v) < by — BT < by — 0.
Hence
(6.26) G(o(T)v) <bg—9, veA
Let u(t) be the solution of
u'(t) = —p(u(t)), t € [0,T], u(0)=d=d(A,B).

Then,
d(o(t)v, B) > u(t), t € [0,T], v e A.
But
d
/ ATy e
u(t) P(T)
Consequently,
u(t) > u(T) > 6, te0,T)
since
T—/ddt > (b — ao +6)/8
s p) =0 '
Thus,

d(o(t)v,B) >4, te][0,T], veA.
Consequently, o(t)v N B = ¢, t € (0,7]. This means that
oct)vNnB=¢, veA te(0T)
Hence,
c(t) AnNB=¢, te(0,T],
and

sup G < by — 0.
o(T)A

But 0 € ¥,(Q). By Theorem 6.4, this implies
cQNB#£d, 0<t<T.

Thus, there is a u € Q such that o(7)u € B. But that would mean that G(o(T)u) >
by, contradicting (6.26). This completes the proof. O
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Theorem 6.7. Let N be a closed, separable subspace of a Hilbert space E with
orthogonal complement M @Y, where Y is a finite dimensional subspace of E or-
thogonal to both M and N, and let § < Ry be positive numbers. Let yi,- -+ ,yn be an
orthogonal basis for Y and let

Yi={yeY:(yu) >0, 1<k<n}
Qr={v+y:veN,yeYy, |v+y| <R}, R> Ry,
and

lw + yll
Iyl

n
(627)  Flu+w+y)=v+ > | wk)lys, vEN, yeY, we M.
1

Let G be a an N-weak-to-weak continuously differentiable functional on E and as-
sume

(6.28) —co<supG <bgp=infG <supG < by <oo, R> Ry,
AR B Or

holds with Ap = 0 and B = F7 Y (Y. NOBs) ={w+y e MDY : |w+y| =4}
Then for each sequence vy, — oo there is a > 0 and a sequence {ux} C E such
that

(6.29) Gug) = ¢, bo<c<by, (v + uklw) |G (uk)] < B
Proof. If y € Y\{0}, let

S
7= 1) k-
lyll <

Then ||g|| =1, g € Y4 N OBy, and
Flotw+y)=v+|w+yl- g
Consequently,
Frop) ={w+y:we M, ycY,||w+y| =5}
Thus, if z € Yy N 0By, then
Fl'oz)={weM, yeY |w+ty| =46 §=-=2}
and
FYY,noBs)={we M, yeY :|wt+y| =96 §€Y,NB}
={weM, yeY :|w+yl =5}

Apply Theorem 6.6.
O

Definition 6.8. We shall say that a set A C FE links a set B C E weakly if
d=d(A,B) > 0 and whenever

ag :=supG < by :=infG < by :=supG < o0
A B Q
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holds for some N-weak-to-weak continuously differentiable functional G on E, then
for each p € @ and 8 > 0 satisfying

d
dt
(6.30) B/ —= > by — by,
o p(t)
there is a sequence {uy} C E such that

(6.31) G(ur) = ¢, bo < ¢ <br, p(du(ug, B)IG (up)|l < B.

Corollary 6.9. Let N be a closed, separable subspace of a Hilbert space E with
orthogonal complement M @Y, where Y is a finite dimensional subspace of E or-
thogonal to both M and N, and let § < R be positive numbers. Let yi,--- ,yn be an
orthogonal basis for Y and let

Vi={yeY:(yu) >0, 1<k<n},

Q={v+y:veN, yeYy, [v+y| <R}

and

[w + yll

Z’(%yk)‘yk, veEN,yeY, wec M.
1

Then F is N-weakly continuous and Ar = 0Q links B = F~Y(Y,. N0Bs) = {w+y €
MeY :|w+yl =0} weakly.

Remark 6.10. It follows from Theorem 6.7 that Examples 2 - 8 produce weakly
linking sets when the subspace N is separable but not finite dimensional.

7. APPLICATIONS

We consider semilinear partial differential equations of the form
(7.1) Au = f(x,u),u € D

in unbounded domains. Included is the case of the Schrodinger operator A =
~A+V(x) on D = H'(R"), where V(z) is a given potential. One wishes to find
nontrivial solutions and, in particular, the so called “minimizing solutions.” These
are solutions that minimize the corresponding energy functional. If they are not
trivial, they are called “ground state solutions.”

The existence of solutions depends both on the linear operator A and the non-
linear term f(x,u). We shall study the problem for the case when A is selfadjoint,
having a nonempty resolvent set, and f(x,u) is superlinear. The results are stated
in the next section and proved in Sections 9 and 10.
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8. SUPERLINEAR PROBLEMS

Let © C R™ be an open set and A a selfadjoint operator on L?(£2). We assume
that o.(A) is not the whole of R. (The essential spectrum o.(A) of a selfadjoint
operator A consists of those points of the spectrum that are not isolated eigenvalues
of finite multiplicity.) For convenience, we assume there is an interval [0, b] satisfying
[0,b] Noe(A) = ¢, but [a,b] No(A) # ¢, where 0 < a < b. We let D = D(].A|(1/?),
With the scalar product (u,v)p = (JA|1/?u, |A|/?v), it becomes a Hilbert space.
We let

N = E(—00,0), M = E(b,), Y = E|a, b
be orthogonal invariant subspaces of A with D = N &Y & M. Hence,
(Av,v) <0, v€N,

(Aw,w) > b|lw|?, we M,
and
allyll® < (Ay,y) <dllyl*, yeY.

We assume that C§°(Q2) € D € H™?2(Q) for some m > 0. In particular,
(8.1) [ullm,2 < Cllullp, ueD.
Let ¢ be a number satisfying

2 < qg <2 :=2n/(n—2m), 2m<n

2 < q <oo, n < 2m.
We assume that D is compact in Lj () and
(8.2) ully < Cllullp, weD,

where || - ||, is the norm of L(Q). Let f(z,t) be a Caratheddory function on  x R
satisfying

(8.3) f(@, ) < V(@)*(t|+1), 2€Q,|t| >3,
and
(8.4) |f(x, )| <olt|, |t|<d €, teR,

for some o < a, § > 0, where V(z) > 0 is a function in L?*(Q) such that
Vull < Cllullp, weD
and multiplication by V() is a compact operator from D to L?(f2). Assume that

F(x,t) ::/O f(z,s)ds

satisfies

(8.5) F(z,t) >0, z€Q,teR,
and

(8.6) F(x,t)/t* = 00 as t* — oo.

We shall prove:
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Theorem 8.1. Under the above hypotheses there is a nontrivial solution of

(8.7) Au = f(z,u),u € D.
Theorem 8.2. Assume, in addition, that
(8.8) H(x,t) :=tf(x,t) — 2F (x,t) > —W(x) € L}(Q).

Let M be the collection of solutions of (8.7). Then there is a nontrivial solution
that minimizes the energy functional

(8.9) Glu) = (Au,u) — 2 /Q Fla,u), weD
over M\{0}.

Remark 8.3. A nontrivial solution that minimizes the energy functional is called
a ground state solution.

9. SOME LEMMAS

Before proving our main theorems (Theorem 8.1 and Theorem 8.2), we shall prove
a few lemmas. We define

(9.1) G(u) = (Au,u) — Q/QF(Q:,U), ue D,

where we write u =v+y+w, ve N, yeY, we M.

Lemma 9.1. Letr > 0 and q € [2,2*), where 2* = 2n/(n—2). If {ux} is a bounded
sequence in E := HY(R"), and

(9.2) sup / lug|9dx — 0, k — oo,
yER™ J B(y,r)

where B(y,r) :={u € E : |[u—y|

< r}, then uy — 0 in LP(R™) for g < p < 2*.

Proof. We consider n > 3 and make use of the fact that
/2
/ lu(x)|%dz < 0(/ (u? + |vuy2)dg;)q . 2<q<2 ue HY(RY.
B(y,r) B(y,r)

Choose

2*—p P—q 2*—q / t
— — 9% t = >1, ¢ = —— >1.
q2*_q7p2 2*_q7 2*_p ) r—1

Then pit = ¢, pot’ = 2%, 1/t +1/t' =1, p1 + p2 = p. By Holder’s Inequality, we

have
/ |ug [Pdx
B(y,r)
1/t NV
<([ e[ )
B(y,r) B(y,r)
1/t LN
/ |uk|qd1‘> (/ | dﬂ?)
B(y,r) B(y,r)

1/t p2/2
/ ugld) " / (u+ Vg )z )™
B(y,r) B(y,r)

b1
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Covering R™ by balls with radius 7 in such a way that each point of R" is contained
in at most n + 1 balls, we have

1/t
/ |ug|Pdz < (n+ 1)c sup </ |uk|qdaz) ,
n yeR™ B(y,r)

which implies the conclusion of the lemma. O

Lemma 9.2. Assume that px, = ||uk||p — o0 and G = ug/pr — @ a.e. If u Z# 0,
then

(9.3) /QF(:C,uk)/pz — 00.

Proof. Let €y be the subset of 2 where 4 # 0. If the measure of ) is positive, then

F
/F(a:,uzf)/piZ/ 7(:”’2“’“)ai—>oo,
Q Qo U

k

since the integrand is bounded below and ui — 00 on ). O
Lemma 9.3.

(9.4) v = Pup — vweakly in D, g = (I — P)ug — g strongly in D

implies

(9.5) G (v, + gr) — G' (v + g) weakly in D,

where P is the projection of D onto N.

Proof. Since the uy are bounded in D, there is a renamed subsequence converging
to a limit u weakly in D, Vaug — Vu in L?(Q2) and a.e. in Q. Let € >0 and h € D
be given. Then f(x,ug)h(x) converges to f(z,u)h(z) a.e. and is dominated by
(|Vug| + V)|V h| which converges to (|[Vu| + V)|Vh| in LY(Q), we have

/ f(x,up)h(x)de — / flx,u)h(x)dr as k — oc.
Q Q

Thus,
(G'(ug), h)/2 = (Aug, h) — /Qf(ﬂfvuk(x))h(l“)
S (Auh) — /Q F@ u(@)h(z)
= (G'(u),h)/2.
This gives (9.5). O

Lemma 9.4. For each p > 0 sufficiently small there is an € > 0 such that
(9.6) G(h)>e, h=y+weY @M, |h|p=np.
Proof. By (8.3) and (16.13),

2/ |F(z,h)| SJ/ h?
|h|<& |h| <&
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and
[ iF@mi=c [ k)
|h|>d |h|>6
<C (Ih|7/8972 + |n|9/6971)
|h|>d
<C |h|?
|h|>d
< Cr||g
Consequently,
G(h) > ||hlh — U/ h—C (Ih?+|a) > (1 —a o = C'|R)|272)|IR]ID-
|h|<d |h|>d
We take ||h|% sufficiently small. O
Lemma 9.5. Let
(9.7) Qr={v+y:veN,yeY,:|lv+ylp <R}
Then there is an R > 0 such that
(9.8) G(u) <0, wue€dQrg.

Proof. If not, 3Ry, — oo, up = v + yr € IQr,, such that G(ug) > 0. If y, = 0,
then

Gloe) =~y =2 [ Fla,o) < ~[ulfy <o
Q
Hence, yi # 0 and
lorllB + luellp = RE.
Let uy = up /Ry = U + . Then
I5kllD + 1315 = 1.
Since dimY < oo, there are renamed subsequences such that ¢ — ¢ in D and

Uy = uk/Rk = U + U — U a.e. Since,

0<waﬂ£§ww%—mm%—zéF@wwﬂﬁ

we have by hypothesis
19611B — (1 = 1gkllD) > 0,
or

156115 >

N |

Thus, @ # 0. Lemma 9.2 implies

(9.9) / F(x,ut) /R = oo.
Q
Since,
0<waﬂﬁ=WM%—MM%—?AF@wwﬂﬁ%—w,

this produces a contradiction, and the lemma follows. Il
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Lemma 9.6. For any R >0

(9.10) by =supG < oo.
Qr

Proof. If not, there is a sequence uy = v + yr € Qr, such that G(ug) — oo.
Consequently,

ol — lloel — 2 /Q Fla, ) > Glu) — oc.

Thus ||yk||% — oco. Since the sequence uy is bounded, there are subsequences such
that yx — vy in Y and ug = vg + yxr — w a.e. This provides a contradiction. O

Lemma 9.7. If ux, gr are bounded sequences in D, then there are renamed subse-
quences such that up — u, g — g a.e. and

(9.11) /Q £ ur) g — /Q f(@,u)g
and
(9.12) /QF(Q;,U,C) %/QF(x,u).

Proof. Since ug, gr are bounded in D, there are renamed subsequences for which
they converge weakly and a.e. to limits u, g. On renamed subsequences Vu, — Vu
and Vg, — Vg in L?(Q). Since f(x,ux)gr — f(z,u)g a.e., and it is dominated by
|(IVug| + V)|V gx| which converges to |(|Vu|+ V)|Vg| in L}(Q2), we see that (9.11)
holds. The same argument applies to (9.12). O

10. PROOFS OF THE THEOREMS

Proof of Theorem 8.1. Let 0 < p < § < R be such that Lemmas 9.4 and 9.5 hold.
Then
sup G < inf G,
A B

where A = 0Qpr and B ={w € M : ||w||p = p.} We let  be the interior of Q. By
Theorem 6.7, there is a sequence {ur} C D satisfying (6.29) with ¢ > by > 0. Let
pk = |lugl|lp, and assume that pr, — oco. Let @y = ug/pg. Then ||ag||p = 1. Hence,
there is a renamed subsequence such that i, — % in D, and Vg — Vi in L2(9)
and a.e. This implies

1 =lalB < (G (ur), v)l/2 + (G (ur) wi) /2 + (G (i) )| /21/ 2
" /Q )] - (ol + ] + o)/ 2.

Since | f (ug)|- (|wg|+|yx|+|ve])/p? is dominated by |(|Viig|+V p, 1) (|V k| + |V ii| +
|V©k|) which converges in L(€2), we have in the limit

1< / V(| + [Vl + V).
Q
This shows that @ # 0. Then by Lemma 9.2

10.0)  Glur)/od = Il + 153 — loel3 - 2 /Q F(z,ux)/p} — —oc.
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But this contradicts (6.29). Hence, the py are bounded.

Consequently, there is a renamed subsequence converging to a limit v weakly in
D and a.e.in Q. For any ¢ € C5°(2), we have

(G (ur), )/2 = (Aug, o / £, u())pl) 0.
Hence,
(@02 = (Aug) = [ flawpla) =0,
showing that G'(u) = 0.

To show that u # 0, note that

(10.2) Glug) = (Aug, ug) — 2 / P, u).
Q
By Lemma 9.7,

(Aug i) = (G (up), ur) /2 — /Q F(@ ) u(z) — — /Q @ wu(z) = (Au, ).

Since

(10.3) /ﬂF(x,uk) —>/QF(ac,u),

we see that G(ur) — G(u). But G(ug) — ¢ > by > 0. Hence, G(u) > 0. Since
G(0) = 0, we see that u # 0. O

Proof of Theorem 8.2. By Theorem 8.1, M\{0} # ¢. Let

= inf G.
v M\{0}

We must show that v # —oo. Let {ug} be a sequence in M\{0} such that
G(ug) — 7.

Thus

(10.4) G(ur) = |wkl[p + lyellD — loslp — Q/QF(%%) —7.

Note that

/QH(x,uk(a;)) = G(ur) — (G'(ur), ur) /2 — 7,
where

H(z,t) :=tf(z,t) — 2F(x,t).
Also, H(z,ug(x)) > —W(x) a.e. by (8.8). Hence,
(10.5) v > - / W(x
Since uy, € M\{0}, we have

(G (ur), wi) /2 = wllD — /Qf(ﬂfmk(w))wk(ﬂf) =0,



LINKING 333

@ﬁmwwﬂ=mw%—/ﬂ%WQMM@=0
Q
and

(G (ur), vi)/2 = = lvkllD — /Qf(x,Uk(x))vk(ﬂf) =0.

Let pr = ||uk||p. Assume that py — oo. Let uy = ux/px. Then ||Ug||p = 1. Hence,
there is a renamed subsequence such that i, — @ in D, and Vg — Vi in L?(9)
and a.e. This implies

(10.6) 1= flallh < /Q |f (ur)| - (k] + lyxl + [okl)/ k-

Since | f (ug)|- (|wg|+|yx|+|ve])/p? is dominated by |(|Viig|+V p, 1) (|Vg|+ |V ii| +
|V Uk|), in the limit we have,

1< oval®.
This shows that u # 0.

Then by Lemma 9.2
107 Gl/ot = b+ Ionlh = loulb 2 | Flaw)/ot — —oc.
But this contradicts (10.5). Hence, the p are bounded.

Consequently, there is a renamed subsequence converging to a limit v weakly in
D and a.e.in Q. For any ¢ € C§°(2), we have

(GWMWV?:Wm@D+@m@D—@m@D—AfWWM@M@%*U

Hence,
(G )/2 = (W) + (5:9)p — (0,900 = | Flasu)o(a) =
showing that G'(u) = 0. Thus v € M.
I claim that u # 0. To see this, note that
(G"(ug), ar) /2 = (wi, @)D + (Yrs ) D — (Vg Tk)D — /Qf(fv,uk(ff))ﬁk(x) =0,

where i, = wy, — vg. Thus,

ww%+mw%+ww%—/fmwmn—/ +/
Q |lug|<o |ug|>d

< ollug] - [l + Cllugllg lnlq-
Hence,
ellunlD < lurllb = ollurll® < C'llurll lanl o

for some € > 0. Since uy, # 0, this shows that ||ug|q > ¢ > 0. By Corollary 9.1, (9.2)
cannot hold. Hence, there is a B(z,r) such that

/ lug|?dx > o > 0,
B(z,r)
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showing that u # 0 in B(z,r). From this we imply that u # 0.

To show that G(u) = -, note that

(108) Glur) = Joell? + lwelD — l[og]® — 2 /Q F(z, up).
k3 = (G (ur), wi) /2 — /Q £y i) = — /Q fa,wyw(z) = Jwll?,
okl = (G (ur). )2 — /Q F )y () — — /Q fawy(@) = yl3,

and
Joullh = ~(G' (). v)/2+ [ flowonta) = [ flaujota) = ol
Since
(10.9) / Fla,u) — / Pla,u),
0 Q
we see that G(ur) — G(u). But G(ur) — . Hence, G(u) = . Thus, u is a ground
state solution. O

11. THE SEMILINEAR WAVE EQUATION

In this section we study periodic solutions of the Dirichlet problem for the semi-
linear wave equation:

(11.1) Ou :=uy —upr =p(t,r,u), teR, 0<r<R,

(11.2) u(t,R) =u(t,0) =0, teR,

(11.3) ut+T,r)=u(t,r), teR, 0<r<R.

Our basic assumption is that the ratio R/T is rational. Thus, we can write
(11.4) 2R/T = a/b,

where a,b are relatively prime positive integers. We also assume

(11.5) p(t,r,s)| < C(ls| + 1), |s| >4

and

(11.6) p(r;t,8)| < als|, |s| <4,

for some 0 < a = R’;—iz and § > 0. We have

Theorem 11.1. Under assumptions (11.4) - (11.6), the operator O has a selfadjoint
extension L having discrete spectrum except for the point 0. Assume that

(11.7) P(t,r,s) >0,

where

(11.8) P(t,r,s) = /Os p(t,r,0)do,
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and
(11.9) P(t,r,s)/s* — 00, |s| — oo.
Then (11.1) - (11.8) has at least one nontrivial solution.
An important aspect of this theorem is that all rational values of R/T are allowed.
12. THE SPECTRUM OF THE LINEAR OPERATOR

In considering problem (11.1)—(11.3), we shall need to calculate the spectrum of
the linear operator [.

Theorem 12.1. Consider the operator

(12.1) Ou = wg — Upy

applied to functions u(t,r) in C(Q) satisfying

(12.2) u(t+T,r)=u(t,r), teR, 0<r<R
(12.3) u(t,R) =u(t,0) =0, teR,

where Q = [0, T]x[0, R]. Then O is symmetric on L*(Q). Assume that2R/T = a/b,
where a,b are relatively prime integers (i.e., (a,b) = 1). Then O has a selfadjoint
extension having no essential spectrum other than {0}.

Proof. 1f

(12.4) Yik(t,r) = sin(jrr/R)e* /T
then

(12.5) Ok = [(j7/R)® — (21k/T)* |-
Thus 91 (t,r) is an eigenfunction of [J with eigenvalue
(12.6) Nk = (jm/R)? — (2rk/T)>.

It is easily checked that the functions %;;, when normalized, form a complete or-
thonormal sequence in L?(Q). We shall show that the corresponding eigenvalues
(12.6) are not dense in R. It will then follow that [J has a selfadjoint extension L
with spectrum equal to the closure of the set {\;i} (cf., e.g., [24]). Now

2
(12.7) Nik = gz (b — alk) (b + alk]).
Hence

7.[.2

(12.8) Astl 2 (85 + alk|
when bj # ak, and
(12.9) Ajp =0, bj=ak.
Thus
(12.10) sim [Aje] = o0
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and
(12.11) Jim A =0,
TR

Hence, the point 0 is the only limit point of eigenvalues. Consequently, it is in
oc(L). This completes the proof. O

Proof of Theorem 11.1. We apply Theorem 8.1. Let 8 be a number greater than
a. Then L = [0 has no essential spectrum in the interval (0, 5), but it has spectrum
in that interval. By Theorem 8.1 there is a nontrivial solution of

Lu(t,r) = p(t,r,u).
This is precisely what we want.
Theorem 12.2. Assume, in addition, that
(12.12) H(r,t,s) = sp(r,t,s) —2P(r,t,s) > =W (r,t), (rt)€Q, s€eR,

where W (r,t) € LY(Q). Let M be the collection of solutions of (11.1). Then there
is a nontrivial solution that minimizes the energy functional

(12.13) G(u) = (Lu,u) — Q/QP(r,t, u), weD

over M\{0}.

Such solutions are called ground state solutions.

Proof. This follows from Theorem 8.2. 0

13. RADIALLY SYMMETRIC WAVE EQUATIONS

In this section we study radially symmetric periodic solutions of the Dirichlet
problem for the semilinear wave equation

(13.1) Ou:=wuy — Au = f(t,z,u), teR, x¢€ Bg,
(13.2) u(t,z) =0, teR, z € IBR,

(13.3) u(t+T,x) =u(t,x), teR, xz€Bpg,
where

(13.4) Br ={z € R": |z| < R}.

In this case we have
f(t,z,u) = f(t,|z],u), =z € Bg.
Our basic assumption is that the ratio R/T is rational. Thus, we can write
(13.5) 8R/T = a/b,
where a, b are relatively prime positive integers. We show that

(13.6) n#3 (mod (4,a))
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implies that the linear problem corresponding to (13.1) — (13.3) has no essential
spectrum. If

(13.7) n=3 (mod (4,a))

then the essential spectrum of the linear operator consists of precisely one point Ag,
where

(13.8) Ao =—(n—3)(n—1)/4R?.
This shows that the spectrum has at most one limit point.
Let ¢ be any number satisfying

2 < ¢g<2°=2n/(n—-2), n>2
2 < q <oo, n <2

and let u(r,t) be a Carathéodory function on R x R. By the Sobolev inequality,

lully < Cllulla,  weH,

where

Il == i) = en [ )=y, ful = ol

We consider the nonlinear case for f(t,r,s) satisfying

(13.9) |f(t,r,s)| < C(|s| 1+ 1), [s| > 6, r = |z,
and
(13.10) Frts)| <olsl, s| <3,

for some o < o = smallest positive eigenvalue and § > 0. We have

Theorem 13.1. Under assumptions (11.2) - (11.4), the operator O has a selfadjoint
extension L having discrete spectrum except for the point Ao, where

Mo = —(n—3)(n—1)/4R?
when n = 3(mod (4,a)). Assume that

(13.11) F(t,r,s) >0,

where

(13.12) F(t,rs) :/ f(t,r,o)do,
0

and

(13.13) F(t,r,s)/s?> = 0o, |s| — oco.

Then the problem (13.1) — (13.3) has at least one nontrivial solution.

An important aspect of this theorem is that all rational values of R/T are allowed.
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Theorem 13.2. Assume, in addition, that
(13.14) H(r,t,s) = sp(r,t,s) — 2P(r,t,s) > =W(r,t), (r,t)eQ, seR,
where W (r,t) € LY(Q). Let M be the collection of solutions of (13.1) — (15.3) .

Then there is a nontrivial solution that minimizes the energy functional

(13.15) G(u) = (Lu,u) — Q/QP(T,t,u), ueD

over M\{0}.

Such solutions are called ground state solutions.

Before proving Theorems 13.1 and 13.2, we shall need to determine the spectrum
of the linear term.

14. THE SPECTRUM OF THE LINEAR OPERATOR

In proving Theorem 13.1 we shall need to calculate the spectrum of the linear
operator [J applied to periodic rotationally symmetric functions. Specifically, we
shall need

Theorem 14.1. Let Lo be the operator

(14.1) Lou = ugy — Upp — T_l(n — 1Du,

applied to functions u(t,r) in C®(Q) satisfying

(14.2) u(T,r) =u(0,r), u(T,r) =uw(0,7), 0<r<R
(14.3) u(t,R) = u,(t,0) =0, teR

where @ = [0,T] x [0, R]. Then Lq is symmetric on L*(Q,p), where p = "1,
Assume that 8R/T = a/b, where a,b are relatively prime integers (i.e., (a,b) = 1).
Then Lo has a selfadjoint extension L having no essential spectrum other than the
point \g = —(n — 3)(n — 1)/4R%. If n # 3 (mod(4,a)), then L has no essential
spectrum. If n = 3 (mod(4,a)), then the essential spectrum of L is precisely the
point Ag.

Proof. Let v = (n —2)/2 and let v be a positive root of J,(x) = 0, where J, is the
Bessel function of the first kind. Set

(14.4) o(r) = Jy(yr/R) /.

Then

(14.5) "+ (n— 1) fr = (2], + xJ, — 2 J,) /1" 2 = =42, /R*r,
where z = yr/R. If

(14.6) Wt r) = g™,

then

(14.7) Loy = [(v/R)* = (27k/T)*|y.
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Let «y; be the j-th positive root of J,(z) = 0, and set

(14.8) Dii(t,r) = 70 (e R)eTHT
Then ;1 (t,r) is an eigenfunction of Ly with eigenvalue
(14.9) Ajk = (’Yj/R)2 — (27k/T)>.

It is easily checked that the functions i, when normalized, form a complete or-
thonormal sequence in L?(Q, p). We shall show that the corresponding eigenvalues
(14.9) are not dense in R. It will then follow that Ly has a selfadjoint extension L
with spectrum equal to the closure of the set {A;z} (cf., e.g., [24]). Now

(14.10) V=B — (u—1)/88; + O(8;") as B; — o0
where

1 1 2
(14.11) Bi=n(j+gv—7), p=4

(cf., e.g., [33]). Thus
NpRY = B =7 — (p = 1)/88; + O(6;7)]
18 + 7k — (1 —1)/88; + O(B;%)]
= B} =7~ (p=1/4+0(57?)
where 7, = 2knR/T. (We may assume k > 0.) Now

(1412)  Bj—m—n(j+ % v i — ak/4b) = 7[(4] + n — 3)b — ak]/4b.
Since the expression in the brackets is an integer, we see that either 3; = 7, or
(14.13) |8 — 11| > /4.
Thus
(14.14) im Ay = —(pn—1)/4R* = )\

=,
and
(14.15) j,\lki|111<>o |\ji| = oo.

BTy

If n — 3 is not a multiple of (4,a), then
(14.16) ﬂj—Tk:ﬂ[(4j+n—3)—ak/b]/4

can never vanish. To see this, note that if (b, k) # b, then ak/b is not an integer.
Hence B # 13,. If b= (b, k), then

(14.17) (n—3)#ak' —45 Vi, k' = k/b.

Thus in this case we always have ; # 75, and |Aj5| — 0o as j,k — oo. On the other
hand, if n = 3 (mod(4,a)), then there is an infinite number of positive integers j, k’
such that

(14.18) n—3=ak' —4j.
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Hence, the point g is a limit point of eigenvalues. Consequently, it is in o¢(L).
This completes the proof. O

15. PROOF OF THEOREMS 13.1 AND 13.2.

Proof of Theorem 13.1. In all cases L has no essential spectrum in an interval [«, /3)
with 0 < a < 8. We let M be the subspace of E = D(|L|'/?) on which L > 8, N
the subspace on which L <0, and Y the subspace on which o < L < .

By Theorem 8.1 there is a nontrivial solution of

Lu(t,r) = f(t,r,u).

This is precisely what we want. U
Proof of Theorem 18.2. This follows from Theorem 8.2. O

16. SCHRODINGER OPERATORS
In [28,30] we proved

Theorem 16.1. Let A= —A + V(z) on HY(R"). Assume

(1) V is continuous, 1-periodic in x1,--- ,xx and (a,b) C p(A), a <0 < b,
(2) f(x,t) is continuous, 1-periodic in x1,--- ,xp and

f D <O +1)
for some p € (2,2%), 2*:=2n/(n —2), n > 2, 2* : =00, n < 2.

(3)
Fa,t) <oltl, It<6 zeR" teR,

for some o < min[—a,b], 6 > 0.

(4)
F(z,t) >0, zeR" teR

(5)
F(z,t)/t? = 00 as t* — oo

uniformly in x.

(6)
2F (z,t + s) — 2F (z,t) — (2rs — (r — 1)%t) f(x, 1)
>—W(z), xzeR" s;teR, rel0,1],
where W (x) € LY(R™).
Then
(16.1) Au = f(x,u), wue€D.

has a nontrivial ground state solution.
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Theorems 8.1 and 8.2 allow us to dispense with periodicity.

In proving a non-periodic counterpart of Theorem 16.1 we shall use special norms.
Let « > 0,0 > 0,r,t > 1 be parameters with ¢ allowed to be oco. For a > 0 we
define

1/t

t/r
Ma,r,t,(S(V) = / </| <o |V($)’Twa(l‘ - y)d$> dy )

1<t<
1/r
= sup / V()| wa(x —y)dz |
Y |lz—y|<d
t =00
where w, () is given by
ws(x) = |z|*", 0<s<m,

= 1-1loglz|?, s=n,
= 1, s >n.

For a = 0 we put
(16.2) Mo s(V) = [[VIfs-
If we define

1/r
Vars(y) = (/ V(x)|"wa(x — y)d:c) , a>0,
|lz—y|<d

(16.3) = V@), a=0,

then we have

(164) Ma,r,t,&(v) = HVa,T,éHt'

We also put

(16.5) Ma,?’,t(v) = Ma,r,t,l(V)a Va,r(y) = Va,r,l(y)'

If we define

(16.6) Mop(V) =sup [ V(o= g)Plaf* ",
y Jlz|<1

then

(16.7) My, (V) =Myre(V), 0<a<n.

The following was proved in [15,29].

Theorem 16.2. Let P(D) be an elliptic operator of order m, and let V() be a
function in Mg 1, where 1 <p < 00,1 <r <oo,1<t<o0,a>0(a#0ift<r)
and

(16.8) a/nr <m/n—1/t.

Assume that one of the following holds:
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(a) r £ 1,
(b) inequality (16.8) is strict,
(c) p=2,r=1,t =o0.

If t = 00, assume in addition that

(16.9) Myyis(V)—=0asd—0

and

(16.10) Var(y) = 0 as |y| = oo

hold. If {P(€),€ € En} # R, then P(D) 4V has an s-extension B such that
(16.11) 0e(B) = o(Ry) = {P(€),€ € E"}

holds.

Using these norms we can prove:
Theorem 16.3. Let A be a selfadjoint extension of —A-+V(x) on HY(R™) satisfying
the hypotheses of Theorem 16.2 for m=2. Assume
(1) There is an interval [0,b] satisfying [0,b] Noe(A) = ¢, but [a,b]No(A) # ¢,
where 0 < a < b.
(2) f(z,t) is a Caratheddory function on R™ x R satisfying

(16.12) If(z,t)| < V(2)%(|t| + 1), z€R", |t| >0,
and
(16.13) |f(z,t)| <olt], |t|<d, zeR" teR,
for some o < a, § >0, where V(x) > 0 is a function in L*(R"™) such that
Vul < Cllulp, weD
and multiplication by V(x) is a compact operator from D to L*(R").

(3)
F(z,t) >0, zeR" teR

(4)
F(z,t)/t* = 00 as t* — oo

uniformly in x.
(5)
H(x,t) :=tf(z,t) — 2F(z,t) > —W(z), xze€R" teR,

where W (z) € L' (R™).
Then
(16.14) Au = f(z,u), weD.
has a nontrivial ground state solution.

Proof. If V satisfies the hypotheses of Theorem 16.2 with m = 2, then —A + V(x)
will satisfy the hypotheses of Theorem 16.3. Apply Theorems 8.1 and 8.2. O
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Remark 16.4. Note that
2F (x,t 4 8) — 2F (z,t) — (2rs — (r — 1)%t) f(x, 1)
>—W(x), zeR" s,teR, rel0,1],
implies
(16.15) H(x,t):=tf(x,t) —2F(x,t) > —-W(x), z€Q,teR
(just take s = —t and r = 0).
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