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A STRONG MAXIMUM PRINCIPLE AND A COMPACT
SUPPORT PRINCIPLE FOR INFINITY LAPLACIAN

ANUP BISWAS

ABSTRACT. In this article we find necessary and sufficient conditions for the
strong maximum principle and compact support principle for non-negative solu-
tions to the quasilinear elliptic inequalities

Asu+ G(|Dul) — f(u) <0 inO,
and
Asxu+ G(|Dul) = f(u) >0 inO,

where A~ denotes the infinity Laplacian, GG is an appropriate continuous function
and [ is a nondecreasing, continuous function with f(0) = 0.

1. INTRODUCTION

The strong maximum principle of second order elliptic partial differential equa-
tions is due to Eberhard Hopf and it is one of the fundamental results in theory of
differential equations. A very complete account of the developments in the area of
maximum principles can be found in the works of Pucci and Serrin [17,18], where
a thorough discussion and a complete bibliography is presented.

In this article we are interested in maximum principles for inequalities involving
two operators £1 and Ly where

Liu=Asu = Z@xiu 8a;i$].u 8g;ju and Lou= ﬁAmu.
0.

L7 is popularly known as the infinity Laplacian and Ly is known as the normalized
infinity Laplacian. Though there are other variants of infinity Laplacian operators
one could consider, these two operators in particular, have received more attention
in the literature. Infinity Laplacian was first introduced in the pioneering works
of G. Aronsson [1-3] and became quite popular in the theory of partial differential
equations. For more details on infinity Laplace operator we refer the readers to
[4,15]. To introduce our problem we consider a domain O in RY. Let v be a
non-negative solution to

(1.1) Liv—K|Dv]? — f(v) <0 inO,
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or
(1.2) Lov — K|Dv|— f(v) <0 inO,

where K > 0 is a constant. By a (sub or super) solution we always mean a viscosity
(sub or super) solution (see Definition 2.1). In this article, f : [0,00) — [0,00) is a
given continuous, non-decreasing function and f(0) = 0. Let F(t) = fot f(s)ds. A
nonnegative solution v is said to satisfy a strong maximum principle (SMP) in O
if v(zp) = 0 for some zy € O implies that v = 0 in O. We establish the following
SMP for (1.1) and (1.2).

Theorem 1.1. Consider the following two conditions: for some (and thus for all)
0 > 0 we have

1
(1.3) /0 [F(s)]i ds = oo.

!
(1.4) /0 [F(s)]é ds = o

Then the following hold.

(a) Assume (1.3) holds. If v > 0 is a solution of (1.1), then v > 0 in O.
(b) Assume (1.4) holds. If v > 0 is a solution of (1.2), then v >0 in O.

To compare the above result with the existing results let us consider the p-
Laplacian operator of the form

(1.5) div(|Dv|P~2Dv) — f(v) <0 in O.

It was proved by Vazquez in [20] that v in (1.5) satisfies a SMP if for some § > 0
we have

o1
(1.6) /O[F(s)]l/pds:oo.

It turns out that this condition is also necessary for the validity of SMP; see Benilan-
Brezis-Crandall [7] for p = 2 and Diaz [12] for all p > 1. These results are then
extended by Pucci, Serrin and Zou [19] and by Pucci and Serrin [18] for operators
of the form

div(A(|Dv|)Dv) — f(v) <0 in O,

for a suitable continuous function A. For further developments in this direction
we refer to the works of Felmer-Montenegro-Quaas [13], Felmer-Quaas [14]. Our
Theorem 1.1 extends the SMP for infinity Laplacian operators.

It is shown in [19] that when (1.6) fails, that is,

é

1

———ds < oo, for some d > 0,
/0 [F' ()]

then a compact support principle (CSP) holds in the sense that any nonnegative

solution u of

diV(\Du|p_2Du) — f(u) >0 in B¢(0,r)
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which also vanishes at infinity, must vanish outside a compact set ( see also [13,14,
18]). Our next result is about CSP which states that any nonnagtive solution of

Liu+ G(|Dul) — f(u) >0 in O,

that vanishes at infinity, must have a compact support. Here G : [0, 00) — [0, 00) is
a continuous, nondecreasing function with G(0) = 0. We prove a stronger version
of the CSP where we do not assume the solution to vanish at infinity.

Theorem 1.2. Suppose that O is unbounded and B¢(0,7) C O for some # > 0. Let
f(s) >0 for s > 0. Then the following hold.

(a) Define I'(t) = 02t G(s)ds + t* and assume that

1
1
1.7 ———ds < .
7 |, =
Let u be a nonnegative, bounded function that solve
(1.8) L1+ G(|Du|) — f(u) >0 inO.

Then there exists R > 0 such that u(x) =0 for |x| > R.

(b) Define I'(t) = 02t G(s)ds + 3t? and assume that

! 1
(1.9) /0 mds < o0.

Let u be a nonnegative, bounded function that solve
Lo+ G(|Du|) — f(u) >0 inO.
Then there exists R > 0 such that u(x) =0 for |x| > R.

The boundedness assumption in Theorem 1.2 can not be relaxed. For instance,
take u(z) = el*!, G(s) = s* and f(s) = s3* for a € (0,1). Then an easy calculation
reveals that for x # 0

Asou(z) + |Du(z)® — f(u(z)) = 232! — &3zl > 0,

Next we prove existence of a nonnegative solution with compact support. To
compare it with Theorem 1.2 take G(s) = Ks? in Theorem 1.3(a) and G(s) = Ks
in (b) below.

Theorem 1.3. Let O = B¢(0,1) and f(s) > 0 for s > 0. Then the following hold.
(a) Suppose that

1
1
1.10 —ds < oo.
140 | <
Then for every K > 0, there exists a u > 0 with compact support satisfying
(1.11) Liu+ K|Dul® — f(u) =0 in0O.

(b) Suppose that

b
(1.12) /0st<00.
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Then for every K > 0, there exists a u > 0 with compact support satisfying
(1.13) Lou+ K|Du| — f(u) =0 inO.
We note that the solution u of (1.11) ((1.13)) also satisfies
Liu— f(u) <0 in O, (Lou— f(u) <0 in O,respectively).

Thus Theorem 1.3 also establishes the necessity of the conditions (1.3) and (1.4) in
Theorem 1.1.

Before conclude this section let us also mention the works [5, 6, 10, 16] which
also consider maximum principles for infinity Laplacian operators. However, our
maximum principles are quite different from the one studied in these works. On
the other hand, though infinite Laplacian can not be written in a divergence form,
many ideas from [13,19] still works for our model. The proofs of our results relies on
two ingredients: the ode method of [19] and a new comparison theorem for infinity
Laplacian recently obtained by Biswas and Vo in [8,9].

2. PrROOFS OF THEOREMS 1.1, 1.2 AND 1.3

We provide proofs of Theorems 1.1, 1.2 and 1.3 in this section. We begin with
the definition of viscosity solution. Denote by

Liu= Lyu+ H(xz,Du), and 20u = Lou+ H(x, Du),

where H is a continuous function. As mentioned before, in this article we deal with
viscosity solutions to the equations of the form

(2.1) Liu4l(z,u) =0 inO, and u=g ondO,

where ¢ and g are assumed to be continuous and ¢ = 1,2. For a symmetric matrix

A we define
M(A) = max(z, Az), m(A) = min(x, Ax).

|z[=1 |z[=1

The open ball of radius r centered at z is denoted by B(z,7). We use the notation
u <, ¢ when ¢ touches u from above exactly at the point z i.e., for some open ball
B(z,r) around z we have u(y) < ¢(y) for y € B(z,7) \ {z} and u(z) = ().

Definition 2.1 (Viscosity solution). An upper-semicontinuous (lower-semicontinous)
function v in O is said to be a viscosity sub-solution (super-solution) of (2.1) , writ-
ten as L;u + £(x,u) > 0 (L;u+ £(z,u) <0), if the followings are satisfied :

(i) u < gon 90 (u > g on 00);
(ii) if u <g ¢ (¢ <z u ) for some point 2o € O and a C? test function ¢, then
Lio(xo) + (xo, u(xg)) > 0, (zicp(xo) + L(z0,u(z0)) < 0, resp.,) ;
(ili) for i =0, if u <4, ¢ (¢ <z, v) and Dy(xp) = 0 then
M (D*p(x0)) + H (x, Dp(0)) + £(z0, u(wo)) > 0,
(m(D2<p(xo)) + H(z, Dp(x0)) + £(z0, u(z0)) < 0, T@Sp.,) .

We call u a viscosity solution if it is both sub and super solution to (2.1).
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As well known, one can replace the requirement of strict maximum (or minimum)
above by non-strict maximum (or minimum). We would also require the notion of
superjet and subjet from [11]. A second order superjet of u at z¢ € O is defined as

J(29’+u(:60) = {(Dg(x0), D*p(x0)) : ¢is C? and u — ¢ has a maximum at zg}.
The closure of a superjet is given by

Tg ulwe) = {(p, X) € RY x 8™+ 3 (py, X,) € JG  uwn) such that

(Z’n, u<$n)7pn7 Xn) - ($07 U(x())vpv X)}

Similarly, we can also define closure of a subjet, denoted by jé’_u. See [11] for more
details.

Let H : [0,00) — R be a continuous function. Denote by G; = £; + H(|Dul).
Our next ingredient is the following comparison principle which is a special case
of [8, Theorem 2.1].

Lemma 2.1. Let O be a bounded domain and h, h: O — R be continuous functions
with h > h in O. Suppose that Giv — f(v) < h in O and Giu— f(u) > h in O. Then
v > u on 00 implies v > u in O.

Proof. As mentioned before, the proof follows from [8, Theorem 2.1]. We just
provide a sketch of the proof here. Suppose, on the contrary, that M = maxs(u —
v) > 0. Now consider the coupling function

1 4 ~

=yl wyeo.

Let M. be the maximum of w. and we(ze,y:) = M.. It is then standard to show
that (cf. [11, Lemma 3.1])

’U)E(l',y) - ’U,(.T}) - v(y) -

1
lim M, =M and lim 4—|$€ —y[t=0.

e—0 e—0 4¢e

Thus, without any loss of generality, we may assume that z.,y. — 2 € O as ¢ — 0.

Otherwise, we may choose a subsequence. Since v — v < 0 on 00O we must have

z € O. Denote by 1. = 1|2 —ye|*(z. — y:) and 0-(z,y) = ;- |z —y[*. It then follows

from [11, Theorem 3.2] that for some X,Y € S™? we have (1., X) € jg)’+u(x5),
.

(77€>Y) € Jd 'U(ys) and

(2.2) (Jg _OY> < D20€<$ea ys) + g[DQQE(xaye)]g'

In particular, we get X < Y. Moreover, if . = 0, we have x. = y.. Then from
(2.2) it follows that

X 0 00
(550
Note that (2.3) implies that X < 0 < Y and therefore, M(X) < 0 < m(Y).
Applying the definition of superjet and subjet on G; we now obtain for n. # 0
h(ze) < e X, ne) + H(|nel) — f(u(z:))
< Yone) + H(|nel) — f(ulze))
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< MeY,ne) + H(|nel) — f(v(ye))
(2.4) < h(ye),

where in the third line we use the fact f(v(yc)) < f(u(ze)). Letting e — 0 we
obtain h(z) < h(z) which is a contradiction to our hypothesis. Similar argument
also works for Gy. This completes the proof. O

Following lemma is a key ingredient in the proof of Theorem 1.1.

Lemma 2.2. For everye, K >0 and R € (0,1) we have oo < 0 so that
(i) under (1.3), there is a twice continuously differentiable solution ¢ satisfying

(2.5)
(@) +K() = flp)+a=0 in(R/2,R+e1), ¢(R)=a, ¢R)=0,
(2.6) O<p<e, ¢ <0 in(R/2,R),

for some g1 > 0.
(i) under (1.4), there is a twice continuously differentiable solution ¢ satisfying

2.7) "+ EY - flp)+a=0 in(R/2,R+e1), ¢(R)=a, @(R)=0,
(2.8) O0<p<e, ¢ <0 in(R/2,R),
for some g1 > 0.

Proof. We only find ¢ satisfying (2.5)-(2.6) and the proof for (2.7)-(2.8) would
be analogous. The proof of (2.5)-(2.6) actually follows from the argument of [19,
Lemma 2]. Nevertheless, we provide a proof to keep the article self-contained.
Denote by f, = f — a for a < 0. Also, we extend the domain f, to R by setting
fa(x) = —a for z < 0. First we note that existence of a local solution of (2.5) follows
from the Schauder-Tychonoff fixed point theorem. In fact, for any (£,7) € R x R,
consider the map T : C[tg — 3, to] — C[to — [3,t0] defined as

29 @o = [ (R [T g0 ac) s,

Now given positive My, My we can find 8 > 0 so that for any [£| < My, |y| < Ma, T
satisfies the condition of Schauder-Tychonoff fixed point theorem and hence, it has
a fixed point. Set £ = 0,7 = « and find a fixed point ¢ of T'in [R — 3/2, R + 3/2].
Next, setting to = R—3/2,£ = ¢(to),y = ¢'(to), we can extend ¢ to (R— 3, R+/3/2)
provided |p(to)] < My and |/ (to)] < Ms. Let (Ro, R+ 3/2) be the maximal interval
on which ¢ can be defined by repeating the above scheme. It is evident that ¢ is
continuously differentiable and

R 1/3
o) = (em—“a:” - [ R et dc) <0.

Thus ¢ is strictly deceasing and ¢’ < 0 in (R, R+ 3/2). It is then easily seen from
(2.9) that ¢ is twice continuously differentiable and satisfies (2.5) in (Rp, R+ /2).
Thus ¢ satisfies (2.5) in (Ro, R + 3/2). Let R; € (R, Ry] be the maximal number
so that ¢ satisfies (2.5)-(2.6) in (R1, R+ 3/2). To complete the proof we only need
show that if we choose || small enough then we can have Ry < R/2. Suppose, on
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the contrary, that Ry > R/2. Given the maximality of Ry, one of the following to
possibilities hold:

(2.10) (2) lim o(t)=e, (b) lim &' ()] > M.

It is easily seen from (2.5) that ¢” > 0 in (Ry, R) and thus ¢’ is increasing. Letting

/ fals
and multiplying (2.5) by ¢’ we see that

(ekt(w’)“)/ — gem(Fa(@))’ =0,

where K = 3K. Since (Fa(p)) = fa(p)¢’ <0, we get

Kl — ekt(gpl(t))4 + %ekRFa(ap(t)) >0.

3
This of course, gives us

KR

(2.11) (@' () < e ot +ez

QO W~

Falp(t), € (RuR).
Now, without any loss of generality, we may take ¢ € (0,1). Therefore, at the
beginning, if we choose M large enough to satisfy
Er 4, 4 Er Y/
e2 a"+-e2 max Fo(s)| < My,
3 s€[0,1]

possibility (b) in (2.10) can not occur before (a). In other words, if we have R; >
R/2, then (a) is the only possibility. Thus it is enough to consider (a). Restrict
e < ¢ where § is given by (1.3). We can further restrict ¢ to satisfy F,(¢) < d.
Choose a small enough so that & = F;!(a?*) < e. Then we can find R € (R, R)

«

satisfying ¢(R) = ¢ and ¢(t) > € in (Ry, R). Then
Fo(p(t)) > Fu(8) =a* in (Ry,R).
Using (2.11) we then obtain

)< () L)) in (R, R).

Integrating both sides we have

R _ 1
/ A O R <7> R3]
Ry [Fa(e(t))] 3 2
which in turn, gives

212 / [F(t) i af 7 / [F(lm A= @ Z eLg

Since o — 0 implies € — 0, using monotone convergence theorem we note that

/Elldt%/alldt, as a — 0.
¢ [F(t) —at]s o [F()]¥

=
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But the limit is oo by (1.3). This is a contradiction to (2.12). Hence (a) in (2.10) is
also not possible for small enough . Thus R; < R/2 which completes the proof. O

Now we are ready to prove our main results. We start with the proof of Theo-
rem 1.1.

Proof of Theorem 1.1. We only provide a proof for (a) and the proof for (b) would
be analogous. Suppose, on the contrary, that the set {z € O : wv(z) = 0} is
non-empty. Then since v # 0, we can find a ball B(xg, R) C O such that v > 0
in B(zg,R) and B(xg,R) N{z € O : v(z) = 0} # 0. Without loss of generality,
assume that R € (0,1). Choose & < ming, g/ v. Using Lemma 2.2 we now find
a twice continuously differentiable function ¢ satisfying

(2.13)
()" + K@)~ flp) ta=0 in(R/2,R+e1), ¢(R)=a, ¢(R)=0,
(2.14) O<p<e ¢ <0 in(R/2,R),
for some £ > 0 and a < 0. Let u(z) = ¢(|x — xo|). Then in B°(zo, R/2) we have
r—xo
D = " _
ula) = = o = o)
(z —xo)i(x — x0);
Oy = |z — o2 2" (|2 = zol) + ' (|l — o)

< 6 (x—x0)i (x_mo)J).

B |z — 2o
Using (2.13)-(2.14) we then have
Liu— K|Dul® = f(u) = (¢')*(lr = zo)¢" (|2 — wo]) = K|¢']> = f()
(2.15) — (¢)2(Jz — o)1z — wol) + K (&) — f(9) = —a > 0.

Using Lemma 2.1 we then have u < v for R/2 < |z — x| < R. Also, note that for
R < |z —x0| < R+ €1, u(z) < 0. Thus, u touches v from below at some point, say
z, on the sphere |x — 29| = R. Applying the definition of viscosity solution we must
have

Liu(z) — K|Du(2)]’ = f(u(2)) = L1u(z) = K|Du(z)| - f(v(2)) <0,
which contradicts (2.15). Thus {x € O : v(z) = 0} = (), completing the proof. O

Next we prove Theorem 1.2.

Proof of Theorem 1.2. First we consider (a). We start by assuming that | llim u(z)=
T|—00

0 and establish a compact support principle. For this proof we borrow the ideas
from [13]. The main idea is to construct a nonnegative super-solution to (1.8) with
a compact support. To do so we again use the ODE technique. Note that by
monotonicity of f we have F(at) < aF'(t) for every a € [0, 1], since

F(at) /f ds—a/fasds<a/f aF(t).
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Thus, by (1.7), we have

! 1
J, T

Define a continuous function ¢ by

o(t) 1 q
t= —_ds.
/0 14 1F(s))

Note that ¢ is strictly increasing with ¢(0) = 0. Also,

/
¢'(t) / 1

2.16 1= = T t) = -F(e(1)).

Since T', F, ¢ are strictly increasing, we have ¢’ strictly increasing and ¢’(0) = 0.
Hence for t < 1 we have p(t) = fg ¢'(s)ds < ¢'(t). Tt is also evident from (2.16)
that ¢’ is continuously differentiable for ¢ > 0. Therefore, using (2.16) and the fact
G is nondecreasing, we obtain for ¢ € [0, 1] that

2¢' (1)

(e (1) (1) < / (!

@' (t)

s))ds < T(¢'(t)

—~
~—

which in turn, implies
1
(2.17) G(¢') < Zf(gp(t)) for all ¢ > 0 small.

Since ¢” > 0 for t > 0, differentiating (2.16) we have

(' (1)°¢" () < (D(p(t)) = %f(w(t))w’(t),

giving us

(2.18) (@' ()2 () < i F(p(t)) for all £ > 0 small.
Combining (2.17)-(2.18) we find 7o > 0 such that

(2.19) (@' (1)%¢"(t) + G(¢' (1) =27 f(p(t)) <O for all t € (0,7,),

and p(0) = ¢'(0) = 0. We extend ¢ on (—o0, 0] by setting ¢(t) = 0 for ¢t < 0. It is
easily seen that ¢ is continuously differentiable in (—o0,r,). Now for any R > 0, we
let v(z) = (R + 1o — |z|) for |x| > R. Using (2.19) and the calculations in (2.15)
we see that for R < |z| < R+ r, we have

L1v+G(IDv]) = 271 f(v) = (¢ (R + 70 — |z])¢" (R + 10 — |2])

(2.20) +G() =27 (p)
<.

We claim that
(2.21) Lo+ G(|Dv]) =27 f(v) <0 for|z| > R,

in viscosity sense. When R < |z| < R+ 1o, (2.21) follows from (2.20). Again, for
|| > R+ ro, (2.21) is evident as v is identically zero there. So we consider the
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case where || = R+ r,. Let x be a C? test with x <, v. Since v is C! we have
Dx(z) = Dv(z) = 0. Hence

Lix(z) + G(|Dx()]) = 27" f(v(z)) = 0,

implying v is supersolution. This gives us (2.21).

Now we complete the proof. Let f = ¢(r,) > 0. Since u(|z]) — 0 as |z] — oo,
we find R so that u(z) < g for |z|] > R. Define v (z) = v(z) + €. Since f is
non-decreasing, we get from (2.21) that

L1ve + G(|DU6|) - f(ve) < 2_1f(v) - f(ve) < *2_1]0(126) ) |l" > R.

Now we choose R, > R + r, large enough so that u(z) < € for |z| > R. Applying
Lemma 2.1 in {R < |z| < R} we obtain u < ve = v + € for |z| > R. Now let ¢ = 0
to conclude that v < v for || > R which implies u(z) = 0 for |z| > R + r,. This
completes the proof of (a) under the assumption limy|_, u(z) = 0.

Now consider a bounded solution u to (1.8) and we show that lim|,|_, u(z) = 0.
Then the conclusion of (a) follows from the first part of the proof. Suppose, on the
contrary, that imsup, o, u(z) = M > 0 and f(M) = 3. Given z¢ € RN, we
define &(x) = r 2|z — 29| — 1. Then & < 0 in B(zo,r) and vanishes at the boundary
0B(zg,r). Also,

L£16 4+ G(|DE|) = 87Oz — zo|® + G(2r 2|z — x0|) < Kk in B(zq, ),

provided 7 is large. Now choose a point xgp € O such that B(zg,r) C O and
u(zog) > M — e where € € (0,1/2) is small enough to satisfy f(M —e) > 2k. We may
also assume that SUPB oy U < M +1/2. Now we translate £ so that it touches u
in B(zp,r) from above. To do so, we define

f=inf{ye[M—2¢, M +2] : v+ &>u in B(zo,r)}.

Clearly, 5 > M +1—esince M +1 — e+ &(z9) = M — € < u(zp). Hence v(x) :=
B+&x)=0>M+1—¢€> u(x) on dB(xg,r). u being upper-semicontinuous,
v must touch w inside B(xg,r), say at a point z € B(xo,r). Then applying the
definition of viscosity solution we obtain

f(u(2)) = f(u(z)) < L1v + G(|Dv]) < k.

Since v(z) > M +1—€e+&(z) > M — €, we get from above that K > f(v(z)) >
f(M —€) > 2k which is a contradiction. Thus we must have lim,_ u(z) = 0.
Hence the proof.

Next we consider (b). The proof is similar to (a). Following a similar argument
of (2.19) we would obtain

@' (t) + G (1) — 27 fp(t) <0 fort € (0,75).

It can be easily seen from this equation that lim;—,04+ ¢”(t) = ¢”(0) = 0. Thus the
extension of ¢ is twice continuously differentiable in (—oo,r,). Now we can follow
the arguments of (a) to complete the proof. O

Finally, we prove Theorem 1.3.
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Proof of Theorem 1.3. As before, we only prove (a) and the proof for (b) would be

analogous. Let
/ o

where H(t fo s)ds and h(s) = 4k f(s) for some k > 0 to be chosen later. We
define a contlnuous functlon ¢ : [0, ] [0,00) by

! 1
r = /@(T) 7[H(s)]1/4 ds.

It is evident that ¢ takes values in [0, 1] and is strictly decreasing. Differentiating
we obtain
—¢'(r)

[H ((r))]*

Since ¢’ # 0 in (0, R), differentiating once again we get

=1 forO0<r<R.

(222) ()"~ {h(e(r) =0 in (0,R)

Since ¢(R) = ¢'(R) = 0, from (2.22) we have

(2.23) cp('r):/r [/tRih( ())ds] " e (0,5

Choose § > 0 small enough so that 8¢ 359 > 1, where K is same as in Theorem 1.3.
Now consider a map T : C[R — §, R] — C[R — ¢, R] given by

(2.24) T - | ’ [ / " 66 On(g(0) dc} .

It is easily seen that T is a continuous function. Also, if g > ¢, then since h is
non-decreasing using (2.23) we get

WCEN ’ [ / Rﬁe?’“h(so(o)dq} P / ’ [ / R3h<so(<>>d<] R

Denote by M = SUPse(0,1] h(s). Then, restricting ¢ small enough we see that if
SUPe(r—s,r) |9(t)| < 1 then

=

R 1 4 1 .4
()0 < M)} [ (R=9"ds = JOM)H(R =) = J6M)30% < 1.

Furthermore,
(Tg)(t1) — (Tg)(t)| < (6M6)5 [ty — to].
Thus, letting
A={g€CIR=6.R] + g2, max g <1, |gt) = g(t2)] < (6MO)Ttr —ta
\V/tl,tQ € [R - 5’ R]}a
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we note that T': A — A. Therefore, by Schauder fixed point theorem, T has a fixed
point ¥ in A. In particular, we get from (2.24)

wit) = | ! [ / "oy ac] ds.

This of course, implies ¥(R) = 0. Differentiating we obtain

R
—(W(1))* = / 663 -On(p(0)) ¢ te (R 6.R).

t
Thus D_t(R) = 0 and differentiating the above equation we obtain

(2.25) (W/(1)26"(6) — K(W'(£)° — 2h(b(t) =0 for t € (R— 6, R).
Extend v in (R,0) be setting ¢(t) = 0 for t > R. Note that 1 is continuously
differentiable in (R — §,00) and ¢/ < 0 in (R — 6, R).

Now we let £ = §. Let ro = R— 4 — 1 and define v(z) = ¢(|z|+ro). Using (2.25)
and the calculations in (2.15) we see that for 1 < |z| < 1+ ¢ we have

L1v+ K[Dv’ = 2f(v) = (") (Jz| + o)y (J2] + 10) + K9P — £(4)

(2.26) = ()2 (|2] + o))" (|| + 7o) — K(¥')* = 2h(¢) = 0.
We claim that
(2.27) Liv+ K|Dv]? — f(v) =0 for |z| > 1,

in viscosity sense. When 1 < |z| < 144, (2.27) follows from (2.26). Again, for
|z| > 1+46, (2.27) is evident. So we consider the case where |z| =14 6. Let x be a
C? test with v <, x. Since v is C! we have Dx(z) = Dv(z) = 0. Hence

Lix(@) + K|Dx(2)P — f(v(x)) = 0,

implying v is subsolution. Similarly, we show that v is a supersolution. This gives
us (2.27) and this completes the proof. O
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