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OPTIMAL CONTROL OF MEASURES INDUCED BY
STOCHASTIC DIFFERENTIAL EQUATIONS ON UMD BANACH
SPACES

N. U. AHMED

ABSTRACT. In this paper we consider stochastic evolution equations on Banach
spaces and their optimal control. We present briefly some recent results on exis-
tence and regularity properties of solutions of stochastic differential equations on
UMD Banach spaces. We use these results in control theory and prove existence
of optimal relaxed controls for partially observed control problems. Also we study
the properties of measure valued functions induced by the solution trajectories
and prove weak compactness of reachable set of measures. Then we prove ex-
istence of optimal controls for several control problems involving functionals of
induced measure valued functions and problems related to first escape (blow up)
time.

1. INTRODUCTION

In this paper we consider control problems of stochastic evolution equations on
UMD Banach spaces. Our work is based on some fundamental results on existence,
uniqueness and regularity properties of solutions of stochastic differential equations
on UMD Banach spaces due to Neerven, Verrar and Weis [17,19] and Brzezniak
[7,11]. It is clear from their work that, it is the UMD Banach spaces introduced
by Burkholder [10,13] which play the crucial role in the development of stochastic
integration in Banach spaces like the Ito integration in Hilbert spaces as seen in
Da Prato and Zabczyk [12]. Further, in the Banach space setting, v-Radonifying
operators play the same role as the Hilbert-Schmidt operators do in the Hilbert space
setting [12]. We use these results as our starting point for study of control problems
on UMD Banach spaces. It is interesting to note that most of the work on optimal
control of stochastic systems are based on Hilbert space setting as seen in [3,6] and
the references therein. Recently Brzezniak and Serrano [8] have considered control
problems for a class of stochastic systems on UMD (type-2) Banach space proving
existence of optimal controls for Bolza problem. They prove the existence of optimal
relaxed controls under the assumptions that the sum of the principal operator A
(more precisely, its restriction to a Banach space B continuously embedded in the
UMD-type-2 Banach space E) and the nonlinear drift F, giving Ap+ F), is dissipative
while F' is continuous in all its arguments. The (diffusion) operator G is assumed to
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be given by (—A)?Gyg, o € (0, 1), where the map Gg : I x B — ~(H, E) is bounded
and continuous with respect the state variable. Further, it is also assumed in [8]
that the operator G is independent of the control variable. The technique used by
Brzezniak and Serrano [8] to prove existence of optimal relaxed controls is based
on an extension of Skorohod representation theorem where the probability space is
not fixed a priori. In [4,5] we considered relaxed control problems in Hilbert space
setting under somewhat similar assumptions requiring the nonlinear drift F' to be
dissipative admitting polynomial growth and A to be the generator of an analytic
semigroup. But only additive noise is admitted.

Here in this paper we assume that A is the infinitesimal generator of an analytic
semigroup and that both the drift and the diffusion operators F' and G are Lipschitz
in the state variable from E to E_g, and E_g,, 61,02 € (0,1), respectively. This
implies that both F' and GG are unbounded nonlinear operators on the state space
E. But both contain control variables unlike in [9]. Our approach is different. We
introduce a metric topology on the space of relaxed controls adapted to a current
of subsigma algebras of the parent sigma algebra F, and then prove continuity of
the control to solution map. Using this result we prove the existence of optimal
relaxed controls for Bolza problem. Further on, we prove weak compactness of the
reachable set of measures induced by the mild solutions. Using the reachable set we
formulate several interesting control problems involving the induced measures, and
present several results on existence of optimal relaxed controls for such problems.
Such problems are not considered in [9]. Thus there are two fundamental differ-
ences between our paper and the paper of Brzezniak-Serrano [9]. We do not impose
dissipativity condition on the drift but we demand Lipschitz property for both drift
and diffusion. However, we believe the Lipschitz assumption can be relaxed to local
Lipschitz property using stopping time arguments. In [9], the authors assume the
diffusion to be free of control while we assume that both the drift and diffusion
operators are explicitly control dependent. Another interesting difference is that
Brzezniak-Serrano paper uses weak formulation based on generalized Skorohod rep-
resentation, and in contrast, we use strong formulation. Thus the results of [9] and
this paper are complementary. To admit non-Lipschitz, and non-dissipative vector
fields one is required to extend the notion of mild solutions to relaxed solutions or
measure valued solutions as seen in [3,5].

The rest of the paper is organized as follows. In section 2, we state some well-
known facts on v-Radonifying operators, the class of UMD Banach spaces, and the
notions of type and cotype of Banach spaces. Further, we discuss the question of
integrability of Banach space valued (operator valued) stochastic processes with
respect to cylindrical Brownian motion. In section 3, we introduce stochastic dif-
ferential equations on Banach spaces and present some special spaces in which the
solutions are expected to reside. In section 4, we present the basic assumptions
on the operators describing the stochastic system and consider the question of ex-
istence and uniqueness of mild solutions after presenting some basic properties of
~v-Radonifying operators and stochastic convolutions. In section 5, we consider con-
trol problems and introduce a metric topology on the space of relaxed controls. We
prove continuity of the control to solution map with respect to the metric topology
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on the set of admissible controls and the norm topology on the path space of solu-
tions. Then we prove the existence of optimal relaxed controls for Meyer’s problem.
Further, in section 6, we present some compactness properties of induced measures.
In particular, we prove weak compactness of the reachable set of measures and then
consider several interesting control problems involving objective functionals which
are suitable functions of induced measures and measure valued functions. The au-
thor is not aware of any paper dealing with such problems in the context of SDE
on Banach spaces.

2. UMD SPACES AND Y-RADONIFYING OPERATORS

For study of stochastic differential equations on Banach spaces we need some
basic concepts and definitions not encountered in the study of stochastic differen-
tial equations on Hilbert spaces. These are UMD-Banach spaces, y-Radonifying
operators and type and co-type of Banach spaces. We present these materials here
briefly. For details the reader is referred to the literature [7,10,11,13,16,17].

Let H be a real separable Hilbert space and E a real Banach space and {~,}
a sequence of mutually independent, centered, zero mean, standard Gaussian ran-
dom variables defined on the probability space (Q2, F, P). Let {h,} be a complete
orthonormal basis of H and let F(H, E') denote the class of (linear) finite rank oper-
ators from H to E. An element L € F(H, E) has the representation L = Zf hi @ e;
with Lh = Zle(h, h;)e; where {e;} € E is an arbitrary sequence from the Banach
space E and k is any finite positive integer. Let F(H, E) be given the norm topology

1/2

k 1/2 k
VL = (E IS h u%) = (E 1> e ||%)
=1 =1

Completion of F(H, E) with respect to this norm topology is a Banach space which
is denoted by v(H, E') and it is called the space of y-Radonifying operators. Since
finite rank operators F(H, F) are compact, and the y-Radonifying operators are
given by the limits of finite rank operators with respect to the above norm topology,
~v-Radonifying operators are also compact. If E is also a Hilbert space, the space
v(H, E) coincides with the space of Hilbert-Schmidt operators denoted by L2(H, E)
and the Hilbert-Schmidt norm equals the v-Radonifying norm. In other words, when
both H and E are Hilbert spaces, the space v(H, F) is isometrically isomorphic to
L9(H, E) and this property is symbolized by the expression v(H, E) = Lo(H, E).

Let E be any real Banach space and let FON(H) denote the class of all finite
subsets of any system of complete orthonormal basis of the Hilbert space H. It is
known, Neerven [17] and Brzeziiak [7,11], that for L € v(H, E)

L|? = sup E ~viLhi ||%,
I L5, ) . 1>~ ~iLhi lI%

where the supremum is taken over all finite orthonormal systems in the Hilbert
space H. In view of this, the class of v-Radonifying operators is formally defined
as follows.
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Definition 2.1 (y-Radonifying Operators)). Let E be a Banach space and H a
separable Hilbert space. A bounded linear operator L € L(H, F) is said to be a
~v-Radonifying operator if there exists a constant C, > 0 such that

(2'1) E H Z'YnLhn ||2E < (g

for every complete orthonormal system {h,, } of H. In other words, the sum converges
in Ly(Q, F) independently of the choice of the orthonormal system.

Another definition of v-Radonifying operators is more intuitive. Let 7 denote
the cylindrical Wiener measure on the Hilbert space H, and E a separable Banach
space. An operator L € L(H, E) is said to be y-Radonifying if

1/2 1/2
P (/H IILhII%dv(h)> =</E |z|r%du<z>) <o,

where ;1 = yoL ! is a Borel measure defined on the Borel algebra B(E) of subsets
of the Banach space E. It is interesting to mention that any L € v(H, F) maps the
cylindrical Wiener measure v on the Hilbert space H to a Radon measure p defined
on B(FE). This means that the y-Radonifying operators are sufficiently regular or
smoothing. An excellent illustration of y-Radonifying operators, based on special
pairs of Hilbert and Banach spaces (H, E), in terms of integral operators in classical
Banach spaces L, 1 < p < 0o, can be found in Brzezniak in [11].

Definition 2.2 (UMD Space). A Banach space E is called an UMD-space (Un-
conditional Martingale differences) if for each 1 < p < oo and every E valued L,
martingale difference sequence {d;}, there exists a constant « > 0 such that for any
e € {—1,1}" the following inequality holds

n n
(2.2) E||Y edi <o E| Y dilf
i=1 =1

for every n € N.

It is known that the UMD property is independent of p € (1,00). If E is a Hilbert
space, it is easy to verify that a = 1. It is also known that, for all p € (1,00), all
L, spaces (over sigma finite measure spaces) are UMD spaces and clearly they are
also reflexive Banach spaces. In general UMD spaces are reflexive Banach spaces
but the converse is false. For details on UMD spaces see [7,9-11,13,16,17].

Definition 2.3 (Type and Co-type [Tzafriri, 18]). A Banach space F is said to be
of type p € [1,2] if, and only if, there exists a constant C' > 0 such that for any
n € N and for any sequence {¢;}7; € E and any symmetric i.i.d random variables
{¢;} with values {—1,1} the following inequality holds

n 1/2 n
(T1) - (E 1S Ges r%) < c(z e H%)
i=1 i=1

The smallest constant C' for which the above inequality holds is called the type
p-constant of E and denoted by Cp(FE).

1/p
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A Banach F is said to have co-type p € [2,00) if the reverse inequality holds,
that is, there exists a constant C such that

n 1/p B n
(T2) - (Z ™ u%) < c(E IS Ges ||%)
i=1 i=1

It is known that all normed spaces have type 1 and co-type oo, and that the
type for Banach spaces always lies in the interval 1 < p < 2 and co-type lies in the
interval 2 < p < oco. All Hilbert spaces have type 2. The type and also co-type is a
kind of measure of disparity or distance of a Banach space with respect to Hilbert
space. For Hilbert spaces the parallelogram identity,

lz+y I+ la—y*=2(l= >+ y?),

holds, and in fact this distinguishes Hilbert spaces from general Banach spaces. The
inequality (T1) plays somewhat similar role for Banach spaces as the parallelogram
identity does for Hilbert spaces. For type 2 Banach space E, compare (T1) with the
above parallelogram identity. If a Banach space has type 2 and co-type 2 then the
inequality turns into an equality with C' = 2 and in this case E' must be isomorphic
to a Hilbert space. Thus Hilbert space is at the center with type p Banach spaces
sitting on the left and co-type p Banach spaces sitting on the right. It is known
that the L, spaces, for 1 < p < 2, have type p and co-type 2; while the spaces
L,,2 < p < o0, have co-type p and type 2. It is known that if a Banach space X
has type p then its dual X* has co-type q for 1/p+1/q = 1. For more on type and
co-type of Banach spaces see Tzafriri [19].

1/2

Stochastic Integrability: One crucial question that arises in the study of stochas-
tic differential equations on Banach spaces is the question of integrability of Banach
space valued random processes with respect to Wiener process. Here we present a
brief outline of some crucial points. Let (€2, F, Fi>0, P) denote a complete filtered
probability space equipped with the filtration F;,¢ > 0, which is right continuous
having left limits. Consider the stochastic integral,

T
(2.3) = /0 O(t)dWy,

where ® is an Fi-adapted operator valued process with values in L(H, E), and Wy
is the H-cylindrical Brownian motion defined on the above probability space. It is
well known that if both H and E are Hilbert spaces, the integral (2.3) is well defined
as an It6 integral provided @ is an F; adapted random process taking values in the
space of Hilbert-Schmidt operators, that is, ® € L§(IxQ, Lo(H, E)) where Lo(H, E)
denotes the space of Hilbert-Schmidt operators from H to E. The superscript “a”
indicates that the elements of this class are Fi-adapted. Under these conditions
z € Ly(Q2, E) and

T T
E|z|5= E/O Tr(®*(t)®(t))dt = E/O I 2(t) 12, (11, dt-

Under the same conditions, the process {{(t),t € I}, given by

£(t) z/o B(s)dWi(s),t € I,
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is a well defined F valued stochastic process having continuous modification yielding
€ € Ly(Q,C(1, E)) satisfying the well known Doob’s martingale inequality,

E{sup || £@) |5} < (p/p— 1P E || £(T) ||,
tel

for all p € (1, 00).

In contrast, in the case of Banach spaces, the stochastic integral is well defined if
E is a UMD space and the operator valued Fi-adapted process @ is y-Radonifying,
that is, ® € v(Ls(I,H), E) P-a.s. The question, why we need UM D spaces and
~v-Radonifying operators for stochastic integration in Banach spaces, can be clearly
understood from the pioneering work of Neerven, Veraar and Weis [16,17]. Here
we present only an intuitive understanding of the subject by writing the integral
(2.3) for step functions ®. Consider the interval I = [0,7] and, for each n € N, the
partition

HNE{A?E(] 1,1 ] ((j_l)T/an/n] 1727"'7n}

of I into disjoint intervals {AT,j =1,2,--- ,n} giving I = U?:l A with the under-
standing that ty = 0. Letting d denote the diameter of the partition II,, it is clear
that d(II,,) — 0 as n — co. Let ®(-) be a step function or simple process with values
in L(H, F) P-a.s and let Fii=F i1 C F denote the subsigma algebra correspond-
ing to the time index t; 1 = (j — 1)T/n,j = 1,2, n, with ®(t) = ¢;_1,t € A7,
with ®;_1 € L(H, E) being F;_1 measurable. Let us define the random element
(variable) z, as given by

(2.4) =Y @ 1 [Wu(GT/n) = Wa((j — 1)T/n))].

j=1
Since H is separable, it has a complete orthonormal basis {h;} and we can define
a sequence of standard and mutually independent Brownian motions as {8(t) =
(W (t), hg),t > 0} . For each k € N, define the sequence

(@ —1) = (/DB (GT/n) — Be((j — DT/n)],j =1,2,+ ,njk > 1.
Clearly, for each fixed j € {1,2,--- ,n}, this is a sequence of independent Gaussian
random variables with mean zero and variance one. In fact, for each j € {1,2,---n},
the sequence {yx(j — 1),k € N} is a martingale difference sequence. Thus the
expression (2.4) can be rewritten as

(2'5) Zn—ZZ'Vk]_l j— 1hk—zd]7

7=1 k=1
where for each j € {1,2,--- ,n},

o0
(2.6) dj =Y (i — 1)1y

k=1
For convergence of the series (2.5) in the Banach space F, first and foremost, it
is clearly necessary that, for each j € [1,2, .- n], the series (2.6) converges in
probability unconditionally in the Banach space E. Note that {d;} in the summa-
tion, z, = Z;L:1 d;, is a martingale difference sequence. We want this sequence
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to converge strongly in L,(, E) for some p € [1,00). This requires that the Ba-
nach space E be a UMD space and that, for each j, {®;,7 = 0,1,---,n — 1}
be a 7-Radonifying operator belonging to L,(Q,~v(H, E)) for some 1 < p < oo.
This ensures that the sum on the right-hand side of equation (2.6) converges in
Ly(Q2, E) and hence d; € L,(§2, E). Thus for each n € N, z, is a well defined ran-
dom element belonging to L,(Q2, E). Now assuming that ®, as a random process,
belongs to L,(2,v(L2(I,H), E)), and that the class of simple processes is dense
in L,(Q,v(L2(I, H), E)), one proves that the sequence z, converges strongly to an
element z in the Banach space L,(€, E). This is the intuitive explanation of the
stochastic integral (2.3) with values in E.

It is easy to verify that the covariance operator of the random element z is given
by

< Qe e" >pex pr= E/ < O(t)@*(t)e*, e* >p p- dt,
I

for ¢* € E*. The random element z determines a regular probability measure on

B(E) if, and only if, @ is nuclear belonging to the space of nuclear operators

,Cl(E*, E) C L (E*, E**)

Remark 2.4. Using the expression for the norm topology of the Banach space
v(H, E), it is easy to verify that it is both a left and right ideal in the Banach
space of bounded linear operators endowed with the uniform operator topology.
In particular, for any pair of UMD spaces {E, F'} and separable Hilbert space
H, and for any B € L(E,F), and L € vy(H,E), we have BL € ~(H,F) and
| BL ||lya,m)<Il B llze,m |l L llym,E) - Similarly, for any separable Hilbert space
H,and C € L(H,H), we have LC € v(H, E) and

I LC Ny, < C ll el L lly(a,) -

As an application of the ideal property, let us consider the stochastic convolution,

y(t)Z/O S(t — 5)B(s)dWy (s), £ € 1,

where S(t),t > 0, is a general Cp-semigroup Ahmed [1] on the Banach space E, and
® is an Fi-adapted stochastic process satisfying ® € L§(Q, Lo(I,v(H, E))) and E
is a UMD Type-2 Banach space. Then, it follows from the preceding discussion on
stochastic integration and ideal property that

t
E | y(t) 5= C(M)E/O 1 ®(s) 151,55 ds < o0, t € 1,

where c¢(M) is a positive constant dependent on M = sup{|| S(t) || z(g),t € I}. Thus
y € B§(I, L2(Q2, E)), the space of F; adapted E valued strongly measurable random
processes having uniformly bounded second moments. In contrast, if S(¢),¢ > 0,
is an analytic semigroup, the process y has better spatial regularity. As discussed
in the next section, its infinitesimal generator A has the property that —A has
fractional powers, and using these fractional powers one can construct scales of
Banach spaces E, — E — E_,, for any n € [0,1) with E as the pivot space. Let
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n,6 € [0,1) satisfying 0 < n+ 6 < 1/2, and suppose ® € B{(I, L2(Q2,v(H, E_g))).
Recall that, for analytic semigroups, there exists a constant M, ¢ such that

I (=A)™0S(t) || 2y < Myo/t"7, 8 > 0.

For proof see Ahmed [1]. Again, let F be a UMD-type-2 Banach space. Then using
the above properties and Fubini’s theorem one can easily verify that

E | y(t) 15,= B || (—A)y(0) |3
t
< Cyo /0 (t = )20 E || B(s) | 1.5, s,

< CpoT' 210 || @ ||ZBg(1,L2(Q,7(H,E,9)))v

for all t € [0,T] where C, 4 is a positive constant dependent on M, 4. This shows
that, if the semigroup is analytic we have y € Bf(I, L2(f2, Ey))) possessing better
spatial regularity. Temporal regularity has been studied by Brzezniak using the
well known DaPrato-Kwapien-Zabczyk factorization technique asserting that the
process y € C(1, E;)) P-a.s. For details see Brzezniak [7, Theorem 2.4].

3. THE SYSTEM MODEL AND SPECIAL BANACH SPACES

The system without control is governed by a class of nonlinear stochastic differ-
ential equations on a suitable Banach space. It is given by

(3.1) dxr = Axdt + F(t,x)dt + G(t,x)dWg,t € I = (0,T],2(0) = xo,

where A is the infinitesimal generator of a Cy-semigroup [1] in a Banach space E, and
F and G are suitable Borel measurable maps to be clarified later and {Wg(t),¢t > 0}
is H-cylindrical Brownian motion on a probability space (2, F, P).

Throughout the rest of the paper we assume that the operator A is the infinitesimal
generator of an analytic semigroup S(¢),t > 0, and without loss of generality we
may also assume that 0 € p(A), the resolvent set of A, so that —A has fractional
powers [1]. Using the fractional powers one can introduce the scale of Banach spaces

E,— FE<—FE_,,

for 0 < n < 1, where E,, = {x € E : (—A)"z € E}. The space E; endowed with
the norm topology, || = ||g,=|| (—A)"x ||g, is a Banach space. The space E_,, is the
completion of E with respect to the norm topology || z ||g_,= || (=4) "= | .

For study of SDE on UMD spaces, Neerven et all [17,19] introduced several special
Banach spaces. Let (S, Bg, 1) = S, be a finite measure space. The space LJ (S, Ey)
is defined as

L3 (S, Ey) = La(Su, Ey) N y(L2(Sy), Ey).-

Endowed with the norm topology,
1O Nzg= 1Y rasuzy) + 1Y Iy (as,).5)

the space L;(S#,En) is a Banach space. Note that the first one is the Lo-norm
in the sense of Bochner and the second one is the v-radonifying norm. Potentially
there are several Banach spaces on which one can consider the question of existence
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of solutions of the evolution equation (3.1). We present a brief description of these
spaces.

For v € (0,1/2), n € [0,1), and 1 < p < o0, let us denote the space of all
Fi>o-adapted F, valued random processes defined on the interval I = [0,7] by
V& (I x Q; E,) which is endowed with the following norm topology,

1/p
62 lelz.= (Bl Eus,)

tel

1/p
+suP(E It =) X0,4()e () ”S(Lz[o,t],En)> ’

where X|o () denotes the indicator function of the set [0,t]. Closely related to this

space, there are two other spaces VI,(I x Q, E;) and ‘N/(ﬁoo(l x Q; E,)) where the
first one is given the norm topology

1/p
(3.3) @ llve, = (E e ||[5(1,En)>

1/p
" (/[ E (=" %000)e0) [Swai0.0.8,) dt) '

These are the two classes of path-wise continuous Fi-adapted processes. The last
one is given the following norm topology

1/p
6O otz (Bl e lhus,)

1/p
+sup(B (=900 090) Eior )
where By(/, E;) denotes the Banach space of E,-valued path-wise bounded mea-
surable functions furnished with the standard sup norm topology. Clearly, V¥
is a closed subspace of VC{D oo- It is known that, with respect to the above norm
topologies, these are Banach spaces. It was shown in Neerven, Veraar and Weis [17]
that under certain assumptions one can prove the existence and uniqueness of mild
solutions of the evolution equation (3.1) in all of the three spaces introduced above.
The proof is largely similar.

Throughout the rest of the paper we use the Banach space V¥ o, endowed with the
norm given by the expression (3.2) and, for convenience of notation, we denote it by
V. For convenience of presentation, we shall also use the notation V' ([s,t] x Q, E,)),
and when Ej is understood simply V[, 4, for the restriction of the elements of the
Banach space VgZOO =V to the interval [s,¢],0 < s <t <T.

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Now we introduce the following basic assumptions used for study of existence of
solutions of the stochastic differential equation (3.1) and their regularity properties.

Basic Assumptions:
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(A1) The Banach space E is a UMD space of type 7 € [1,2) and A is the infini-
tesimal generator of an analytic semigroup [1] S(t),t > 0, on E. For details
on semigroup theory see Ahmed [1].

(A2) There exist n € [0,1),0; € [0,1) such that F': I x Q x E, — E_g, is Borel
measurable and there exist constants Cy > 0, L; > 0 such that
(1) | F(t,w,2) sy, < G101+ || @ 1g,), ¥ w € O

(2) ” F(tawax) —F(tM,y) HE_gl < Ly ” r—y HE,], YV w e .
Further, for each « € E,, (t,w) — F(t,w,x) is an Fi-adapted E_p, valued
strongly measurable function.

(A3) There exists 3 € [0,1) such that G : I x Q x E, — ~(H,E_p,) C
L(H, E_p,) is H-strongly measurable and there exist constants Cy > 0, Ly >

0 such that for every z,y € L3(I,, E,) and for all w € Q

(1) I G(,w, ) ||A/(L2(IH,H),E_92) < 02(1+ | = ||L3(1H,E7,))

2) | G(w, @) = GC,w, y) (Lo, i) By < L2 (12 =y l2y01,,8,)-
Further, for each x € ), (t,w) — G(t,w,x) is an Fs-adapted v(H, E_g,)
valued strongly measurable function defined on I x €.

Before we consider the question of existence, uniqueness and other regularity

properties of mild solutions of SDE (3.1), we need some preparatory materials as
presented below. As stated earlier, we use the Banach space V = VI (I x Q, E,).

Definition 4.1. An F;-adapted process x, defined on the interval I and taking
values in the Banach space E;), is said to be a mild solution of the evolution equation
(3.1) if it satisfies the following conditions:

(i) 2 € V=V xQ,E,) and
(ii) x satisfies the following integral equation,

(4.1) z(t) = S(t)xo + /0 S(t—s)F(s,x(s))ds

Jr/t S(t—s)G(s,x(s))dWg(s),t € I.
0

To consider the question of existence of solutions of the above integral equation
we introduce the family of operators, {Y,,r € I} on V, where Y, is given by the
following integral operator,

(4.2) (Y,x)(t) = S(t)xo + /0 S(t—s)F(s,x(s))ds

—i—/ S(t—s)G(s,z(s))dWg(s),t € [0,r],
0

for x € V. It is clear that the question of existence of a solution of the integral
equation (4.1) is equivalent to the question of existence of a fixed point of the
operator Yp. We prove that T has a unique fixed point in V.

We quote two fundamental estimates for deterministic and stochastic convolutions
due to Neerven, Veraar and Weis [17,19]. These are used in the study of existence
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and regularity properties of solutions of the integral equation (4.1). For proof see [17,
Lemma 4.2, pl7; Proposition 6.1, p26]

Deterministic Convolution:

Lemma 4.2. Let o € (0,1/2),n > 0,61 > 0,p > 2 satisfy n+ 61 < 1. Let A be the
infinitesimal generator of an analytic semigroup {S(t),t > 0} on a UMD Banach
space E of Type T € [1,2], and let U : I x Q — E_g, be measurable and Fi-adapted
and belong to Ly (S, Bo(I, E_g,)). Then there exists a constant ¢y > 0 such that the
process z1 = {z1(t),t € I}, given by

/St—s s)ds,t €1,

satisfies the estimate || z1 ||y < ey T1/2—NA=n=01) || @ ||LP(Q7BO(I7E_01)) .

Proof. See expression 6.5 [17, Lemma 6.1, p27]. O

Stochastic Convolution:

Lemma 4.3. Leta € (0,1/2),A > 0,7 > 0,05 > 0,p > 2 satisfy \A+n+03 < a—1/p.
Let A be the infinitesimal generator of an analytic semigroup {S(t),t > 0} on a
UMD Banach space E of Type 7 € [1,2] and let ® : I x Q — L(H,E_g,) be
H —strongly measurable and Fy-adapted satisfying

Stteula{E X0, ()t =) @) 5 Ly 0,60). 50, ) < O

Then there exist constants € > 0 (dependent on {a,n,02}), and co > 0 such that the
process zo = {z2(t),t € I}, given by the following stochastic convolution

/St—s AW (s),t e I,

satisfies the following estimate

1/p
| 22 [lv < eaToA(1/2-1-02) (SJQPE I X0 ()t =) @) ||§<L2<Oyt;ﬂ),E_92)) .

Proof. See expression 6.8 [17, Lemma 6.1, p28]. d

Next we present some important properties of the family of integral operators
{Y,,r € I} defined by the expression (4.2). In particular, we present some impor-
tant estimates which are used to prove existence of solutions of the integral equation
(4.1). These estimates are derived from Lemmas 4.2 and 4.3.

Theorem 4.4. Let E be an UMD space with type 7 € [1,2) and suppose the as-
sumptions (A1)-(A3) hold and further the parameters {T,p,a,n, 01,602} satisfy
() 0<n+6<3/2—1/r
(i) 0<n+6<1/2
(iii) p > 2, € (0,1/2) such that n+ 6y < a—1/p.
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Then, for every xo € Ly(Q, Fo, Ey), the operator Yo is well defined on the space V.
Further, there exist constants C3 > 0 and ©, > 0 for r € (0,T], with the property:
lim, 0 O, = 0, such that for all @, p1,p2 € Vg, restriction of V to the interval
[0, 7], we have

(81) [17+(9) lIvip,, < Ca(1+ [ wo ||z, (2.7.8,) + Or | ¢ [V,
(82) [ Tr(p1) = Tr(w2) v < Or [l 01 = 2 llvjg,,) -

Proof. See Neerven-Veraar-Weis [17, Proposition 6.1, p26]. O

We note that the map r — 6, used above is strictly a function of the measure
of length of any interval [a,a + 7] for all a,7 > 0 such that a,a + r € I. In other
words, @ is actually a nonnegative measure absolutely continuous with respect to
the Lebesgue measure.

Using the above estimates one can prove the following result on existence and
uniqueness of solution of the integral equation (4.1). The existence result given be-
low is originally due to Neerven-Veraar-Weis [17]. For some degree of completeness
we present a brief outline of its proof.

Theorem 4.5. Consider the integral equation (4.1) and suppose the assumptions of
Lemma 4.2, Lemma 4.8 and Lemma 4.4 hold. Then, for every xg € Ly(Q2, Fo, Ey),p >
2, the integral equation has a unique solution x € V = VL (I x Q, Ey) and there

exists a constant C such that

(4.3) Iz llv < CO+ | @0 llL,@.70.8,)-

Proof. We present a brief outline of the proof. It is based on classical Banach fixed
point theorem. For any r € I, let Vig | = V& oo ([0,7] X Q, E;)) denote the restriction
of V' to the interval [0, r] as stated above. It follows from Lemma 4.4, in particular
(S1) and (S2), that for any r € I, T, (the restriction of the operator T to V|g,)
maps Vjg,) into itself and it follows from the property of ©, that, for r sufficiently
small, @, < 1/2. Thus for such a choice of r, the operator T, is a contraction on
the Banach space Vg, and therefore it has a unique fixed point in it. Hence the
integral equation (4.1) has a unique solution over the interval [0, r]. Since x € V|y ),
we have x € C([0,r], Ey) P — a.s, and hence x(r) is well defined. Thus, starting
with z(r) as the initial state, and repeating the above procedure, one can verify
that the operator T restricted to V|, has a unique fixed point. Since r > 0,
and 7'(> 0) is finite, continuing this process for a finite number of times, one can
cover the entire interval I = [0,7] and conclude that Y7 has a unique fixed point
in V and hence the integral equation has a unique solution in V. This completes the
outline of our proof. O

5. OPTIMAL CONTROL

In this section we consider control of the following stochastic system

(5.1) dxr = Axdt + F(t, x,ug)dt + C’(t, x,u)dWy(t),t € 1,
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where u denotes the control and F and G are suitable functions to be defined shortly.
The cost functional is given by

(5.2) J(u) = E{/OT O(t, (L), ug)dt + @(m(T))}.

The objective is to find a control policy u € U,4 that minimizes the functional (5.2).
Before we can do so we must introduce the set of admissible controls i,q.

We consider relaxed controls. Let (2, F, Fi>0, P) be a complete separable filtered
probability space. Let U be a compact Polish space and M1 (U) the space of regular
probability measures on B(U), the class of Borel subsets of the set U. Let Gi>o be
a nondecreasing family of subsigma algebras of the sigma algebra F;>o and let P
denote the Gi-predictable subsigma algebra of the product sigma algebra B(I) x F
and let v denote the restriction of the product measure dt x dP on P and intro-
duce the Lebesgue-Bochner space Li(v,C(U)) as v measurable Bochner integrable
processes with values in C(U). Since the dual of C(U) is given by the space of reg-
ular Borel measures Mp(U) and the later space does not satisfy Radon-Nikodym
property (RN P), the dual of Li(v,C(U)) is not given by Lo (v, Mp(U)). However,
it follows from the “theory of Lifting” [16, Theorem 7, p94] that the dual is given
by LY (v, Mp(U)) which consists of weak star P-measurable essentially bounded
random processes with values in M p(U). Recall that M;(U) C Mp(U) denotes the
space of regular probability measures on B(U). Let MY (v, M1(U)) denote the class
of weak-star v-measurable processes with values in the space of probability mea-
sures M (U). For admissible controls one may like to choose the set MY (v, M;(U)).
Clearly this is a closed bounded convex subset of LY (v, Mp(U)). Thus by Alaoglu’s
theorem this set is weak star compact. But this vague topology is rather too weak.
We introduce a slightly stronger topology. Since U is a compact Polish space,
C(U) is a separable Banach space, and since the probability space is assumed to
be separable, the Banach space Li(v, C(U)) is separable. Therefore, it follows from
Dunford-Schwartz [14, Theorem V.5.1, p426] that the set MY (v, M;(U)) is metriz-
able. Let {¢;} be a set dense in Ly (v,C(U)). For u,v € M2 (v, M1(U)) define the
metric

oo
63) Ao =307 [ wminlla) - e} dv
X

=1

where p(u) = @(u)(t,w) = [; @(t,w,E)usw(dE), (t,w) € I x Q. This is a complete
metric space. A sequence {u"} € U,q, converging in the metric topology d to

u, is equivalent to convergence of ¢(u") to ¢(u°) in v-measure on I x 2 for any
v € L1(v,C(U)). That is, for each ¢ € Ly(v,C(U)),

[xQ5 (hw) — /U (w0, €) [l (dE) — u, (d€)
= o(u") — p(u®) = p(u" —u®) — 0

in v measure on I x ) as n — co. We denote this metric space by (M, d) and note
that it is a complete metric space. For the set of admissible controls we take any
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compact (closed and totally bounded) subset of the metric space (M, d), and denote
it by Z/Iad.

As stated earlier, for control problems (5.1) and (5.2) we have chosen the Banach
space V = Vis(I x Q, E,). In this case we need slight modification of the basic
assumptions (A1), (A2),(A3). They are replaced by (B1),(B2), (B3) as follows:

(B1) = (A1).

(B2) There exist n € [0,1),6; € [0,1) such that F': I x Qx E, xU — E_g, isa
Borel measurable F;>o adapted map, continuous in the last two arguments,
and there exist constants C; > 0, L1 > 0 such that

(1) | Ftw2,.8) B, < C1(1+ || 2 ||g,), Vw € Q, uniformly with respect
to & e U,

2) | Ft,w, 2, §) - F(t,w,y.8) lB_, < L1 z—y B, Vw € Q, uniformly
with respect to € € U.

Further, for each € E,, and { € U, (t,w) — F(t,w,x,&) is an Fy-adapted

E_y, valued strongly measurable function.

(B3) There exists 2 € [0,1) such that G : [ x Q x By x U — y(H,E_y,) C
L(H, E_p,) is H-strongly Borel measurable F;> adapted map, continuous
in the last two arguments, and there exist constants Cy > 0, Lo > 0 such
that, for every =,y € Lg(lm E,),

D) Il G(yw,z,8) ||~/(L2(IH,H),E_92) < 02(1+ | x ||L;’(IM,E,7))7 VweQ,
uniformly in £ € U,

2) [ G w,2,8) = G(w,4,8) (Lot 1)) < Lol = =y l30..8))
YV w € Q, uniformly in £ € U.

Further, for each z € E,,¢{ € U, (t,w) — G(t,w,x,§) is an Fp-adapted

v(H, E_g,) valued H-strongly measurable function.

The system is now given by the following controlled stochastic differential equa-
tion,

(5.4) de = Axdt 4+ F(t, 2, us)dt + G(t, z,u)dWy, t € I = [0,T),
x(0) = xo,

where for each u € Uyg, U(t, x, us) = Jor €(t, 2, §)ug(dE), and

(5.5) F(t,x,ut)E/(]F(t,x,f)ut(dﬁ), G(t,x,ut)E/UG(t,:c,§)ut(d§).

Recall that U,4 consists of relaxed controls convexifying nonconvex control problems.
For example, U may be nonconvex; it may consist of a finite or a countable set of
discrete points in a Polish space etc. In the absence of convexity optimal control
may not exist in the class of regular controls (P-measurable random processes with
values in U). However relaxed controls may exist. We prove in this section that
optimal controls exist in the class of relaxed controls.

Corollary 5.1. Suppose the assumptions (B1)-(B3) hold. Then, for each zy €
Ly(Q2, Fo, P), 00 > p > 2, and u € Uyq, the control system (5.4) has a unique mild
solution x = x(u)(-) € V. Further, the solution set S = {x(u),u € Upq} is a bounded
subset of V.
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Proof. Under the assumptions (B1)-(B3), for each given control u € U,y the as-
sumptions (A1)-(A3) hold. Thus the statement on existence of solution follows as
a corollary of Theorem 4.5. It remains to prove that the solution set S is bounded.
Note that U is a compact Polish space and both F' and G are Lipschitz with respect
to the state variable z € FE) uniformly with respect to { € U, and posses linear

growth property in the state variable. Thus both F and G are also Lipschitz in the
state variable uniformly with respect to the controls u € U,4. This is what is used to
prove the bound. Let u € Uyq and let x(u) € V' denote the corresponding solution.
Then considering the restriction of V' to V[0,¢] for t € I = [0,T], it follows from
Lemma 4.4, in particular the inequality (S1), that for all u € U,4, we have

I z(u) vien< Cs[1+ | 2o llL,0.7.5)] + O | 2(w) [lvpg,t €1,

where the constant ('3 and the function © are independent of u € U,y4. It follows
from the property of the function ¢ — Oy, as stated in Lemma 4.4, that there
exists a t; € (0,7] such that ©;, < (1/2). Thus, for t = t;, it follows from the above
inequality that

| 2(u) vion < 2C3[14+ || o ||z, (9.70.5,)] s Yt € Uad-

Since x € V implies € C(I, E;) P — a.s, we conclude that 2 (u)(t1) is well defined
and belongs to L,(S2, F;,, E,). Thus following similar steps we obtain the following
inequality

2(u) v, g < Cs[1+ || 2(w)(tr) L, .7, .20)
+ Oty || 2(u) [yt € [t1, T

Again it follows from the property of the function ©, that there exists to € (¢1,7]
such that ©4,_¢, < 1/2. Thus following similar steps we arrive at the following
inequality

| () [Vt 42 < 2C3 [14 || 2(u)(t1) L0720 -

Clearly, || @(u)(t1) ||z, @.7,,5)< | ©(u) [lv,,, - Using this in the above inequality
we arrive at the following bound

| 2(u) lli,, o, < 2Cs + 2C)2[1+ || @0 |11, @50 5,))s Yt € Uoa:

Continuing this process for a finite number of times, say m, so that t¢,, = T, we find
that

H x(u) |“/'[tm717tm]§ {203 + (203)2 + .+ (203)m—1}
+(203)™ [1+ || 20 ||, (70,5, Vit € Uaa.

From the above estimates it is clear that there exists a finite positive number b
dependent on the parameters {C3, T, || zo ||, (0.7,E,)} such that

sup{|| z(w) lvio,r), v € Uaa} < b.
This completes the proof. O

For the proof of existence of optimal controls we need the continuity of the control
to solution map u — x(u). We prove this in the following theorem.
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Theorem 5.2. Consider the control system (5.4) with the admissible controls Uyq
and suppose the assumptions of Corollary 5.1 hold. Then the control to solution
map u — x(u) is continuous with respect to the metric topology on Uyq and the
norm, topology on V.

Proof. Recall the Banach space V¥ o with the norm given by the expression (3.2).
For convenience of presentation, as stated above, we denote this by simply V. Let
{z™,2°} € V denote the solutions of the following integral equation,

x(t) = S(t)xg + /0 S(t — s)F(s,x(s), us)ds

+f S(t = 5)G(s, 2(5), us AW (s), L € T,
0

corresponding to the controls {u”,u°} € U,q respectively. That is, {z", 2°} satisfy,
respectively, the following integral equations,

(5.6) (1) = S(t)wo + /0 S(t— 8)E(s, 2" (s), u")ds
+ /t St — s)G(s,2™(s), u?)dWy(s), t € I,
0

(5.7) z°(t) = S(t)xo —i—/o S(t — s)EF(s,2°(s),ul)ds
+/t S(t — s)G(s,2°(s),ul)dWy(s),t € I.
0
Subtracting the expression (5.7) from the expression (5.6) we obtain
(5.8) a"(t) — 2°(t) = / S(t — s)[F(s,a"(s),ul) — F(s,2°(s),u?)]ds
/ St — 8)[G(s, z"(s),u”) — G(s,2°(s), u?)|dWg(s),t € I.

By suitably rearranging the terms appearing on the righthand side of the above
identity one can easily verify that

(5.9) " (t) —2°(t) = Z1(t) + Z2(t) + e1n(t) + e2n(t) VI € I,
where, for all t € I, the processes {Z1(t), Z2(t), e1,n(t), e2,n(t)} are given by

(5.10) / S(t— s)(F(s,2"(s),u) — F(s,2°(s),u))ds,
(5.11) / S(t—s) x"(s),uy) — é(s,xo(s),u’;))dWH(s),
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and
(5.12) e1n(t) = /0 S(t— 8)(F(s, z°(s),ul) — F(s, x°(s), ug))ds,
(5.13) eon(t) = /0 S(t — s)(G(s,2°(s),u) — G(s,2°(s),u2))dWg (s).

We show that || 2" — 2° ||y — 0 as n — oco. Consider Z;, and let § = min{1/2 —
a,1—=n—01} where 1 —(n+61) > (1/7) — (1/2) and type 7 € [1,2). Then using the
assumption (B2) and the estimate for the deterministic convolution (See Lemma
4.2) we obtain,

(5.14) I Z1 v (ogxa,m) < (CL1t®) | 2™ — 2° lyo.gxa,5,). € 1,

for a constant C' which may depend on M = sup{|| S(t) |z),t € I}. Under
the assumption (B2), the estimate (5.14) holds uniformly with respect to the set
Uqq. Next, consider Z, and define f = min{e, 1/2 — n — 63}, € (0,1). Using the
assumption (B3) and the estimate for the stochastic convolution (see Lemma 4.3),
we obtain the following estimate for all ¢t € I,

(5.15) | Z2(4) [lv(o,gx0,E.) < (CLyt?) || 2™(-) — 2°() v (0.x0.E,)

for the same constant C' as above. We carry out similar computations and estimates
for the processes {e1 ,e2,}. Considering e; , and using the assumption (B2) and
following similar steps one can verify that

| ern(-) lvogxe,r,) < Cit’ |l /UF('aOCO(')aS)[U."d(ﬁ) —u?(d€)] [, (2,Bo([0,1,E_0,))
(516) = Clt(s H F("wo(')’un) - F('vxo(')vu? HLP(Q,BO([O,t},E_gl))
=Cit? || F(-,2°(), u™ — u® 1L, (2. Bo (041, E_g,))

where, for simplicity of notation, we have again used the abbreviation \fl(y) =
fU V(&) (dg). We use this abbreviation throughout the rest of the paper without
further notice. Define the measure p; o on B(0,t) as follows:

t
peal(J) = / (t — 5)"2¥x s(s)ds for any.J € B(0,1),
0

where 7 denotes the indicator function of the set J € B(0,t). Considering ez, and
using the assumption (B3) and following similar steps one can verify that

(5.17) | e2n() lv(o,x0.B,)
< Cot? || G(,2°(),ul" — u?) | Ly (A (L2 (10, 110,00, H), E—gy)) -
Defining

Cs(t) = C(L1t® + Lot?) and Cg(t) = (C1t° + Cot?),t € 1,
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and combining the above estimates, and using triangle inequality applied to the
expression (5.9), one can verify that

(5.18) 12™() = 2°C) llvoaxe.e) < Cs(t) | 27() = 2°C) llvogx.e,) +

+COL I P00 =) lo,mu00,5-0)

+ 1 GG ao(),ul —u) "LP(Q,V(LQ([o,t},m,a,H),E92))}, Viel.

Thus it follows from the definition of C5 = C5(t) that we can choose a t; € I,
sufficiently small, so that C5(t1) < 1/2. So for this choice, it follows from the
inequality (5.18) that

(5.19) [2™() = 2°C) llv o] xe.E,)

< 206@){” F(,2°(-),u™ — u®) 12y (90, Bo ((0,t1],5_g,))

+ | Gya°(), u —u) HLP(Q,'y(Lz([O,n],ml,a,H),E92))}-

Recall the expressions (5.5) and note that the controls are measure valued processes
and hence F and G, which are integrals with respect to these measure valued pro-
cesses, are linear in these variables. Since u" s (in the metric topology d), it
follows from the property of the metric topology and the continuity of the map F'
in its third argument, that

F(-,z°(-),u™ — u®) — 0 in v measure
and therefore there exists a subsequence, relabeled as the original sequence, such
that F'(s,z°(s),u? —u?) — 0 v-a.e on I x Q. Further, it follows from (B2) that
F(,20(),u —u?) € Ly(Q, Bo(I, E_g,)) independently of n € N, and hence it
follows from Lebesgue dominated convergence theorem that for every ¢ € I,
(5.20) Jim (| F(27C),ul = u?) (|, .80 (001,820, )= O-
Using the assumption (B3) and following similar argument one can verify that
(5.21) Jim [ Gl (), ul = u?) |y @a(La0t] ey 0 H),B-,) = O

for every t; € I. By virtue of (5.20) and (5.21) it follows from the expression (5.19)
that
(5.22) lim || 2™(-) = 2°() llv(o,t)x0.2,)= 0

n—oo

To continue this process beyond time t1, let us note that for any ¢ € [t1, T, it follows
from the semigroup property that

2 (t) — z°(t) = S(t — t1)[z"(t1) — 2°(t1)] +

+{/t S(t— s)[F(s,a™(s),ul) — F(s,2°(s),ul)]ds

t1

+ [ St —s)[G(s,z"(s), u) — G(s,xo(s),ug)]dW(s)},t > 1.

t1
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Note that the second term on the righthand side of the above expression is similar to
the one given by the expression (5.8). Now taking to € (¢1, 7], so that C5(te —t1) <
(1/2), and considering ¢; as the starting time, and using the uniform bound of the
semigroup on the interval I, we obtain an expression very similar to the expression
(5.19) as presented below

(5:23)  12"() = 2°0) v (e ta)xe,m) < 2M || 2" (t) — 2°() ||, +

+2Cs(t2 — t1){| F(,2°(),u" — u®) 12, (2, Bo([t1,t20,F—o, )

+ || G('vl‘o(')au@ - uo) ’Lp(Q,'y(L2([t1,tz],ut2,a,H),E92))}'

By virtue of the norm topology of V' given by the expression (3.2), the elements of
V' are continuous almost surely. Hence it follows from (5.22) that

2" (t1) = 2°(t1) in E,, P — a.s.
Thus, again using similar argument as seen above, we obtain
T [ 2"() = 2°C) vt tafer) = 0-

Since T is finite, continuing this process step by step for a finite number of times,
we conclude that

Jim || 2" () = 2°C) llv(or1x0.8)= 0

Thus we have proved that the control to solution map, v — x(u), from U,y to
V =V([0,T] xQ, Ey) is continuous with respect to the metric topology on U,q and
the norm topology on V. This completes the proof. g

Now we are prepared to consider the question of existence of optimal controls.

Theorem 5.3. Consider the control system (5.4) with the cost functional J given
by (5.2). Suppose @ : E, — R is lower semi-continuous, and £ : I x E, x U —
R = [0,00] is Borel measurable in all the variables, and lower semi-continuous in
the second and continuous in the third argument, and there exist g € L (I) and
constants a,b,c > 0 such that

(5.24) [0(t,z,6)| < g(t)+al =z H%,,’ oo>p>2 Vaek,
(5.25) [@(z)| <b+clz|h VrekE,.

Then there exists a control u° € Uy,q minimizing the cost functional J.

Proof. Let u™ € U,q be any sequence. Since the set U,y is compact in the metric
topology d, there exists a subsequence, relabeled as the original sequence, that
converges in the metric topology to some u® € Uyq. It follows from Theorem 5.2 that
the sequence of corresponding mild solutions {z"} of the system (5.4) converges in
the norm topology of V' to an element x° € V' which is the mild solution of equation
(5.4) corresponding to the control u°. Also, it follows from the definition of the norm
topology of V' (see equation (3.2)) that x™(-) — z°(+) in the sup norm topology of
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C(1,E,) P-as as u" 4w in Uyq. Thus it follows from lower semi-continuity of 1
in the second argument and continuity in its third argument that

(5.26) O(t, 2°(t), uf) < Lim (¢, 2™ (), u}) for v a.e on I x Q.
It follows from Corollary 5.1 that the solution set S is a bounded subset of Lg(I x

2, E,) and thus by virtue of the inequality (5.24) we conclude that ? is bounded
from bellow (and above) by an integrable process. Hence it follows from generalized
Fatou’s Lemma that

(5.27) E / 0t 2°(), u9) dt < lim E / it 2™ (1), ul) dt.
I I

Considering the terminal cost, since ® is also lower semicontinuous on E, and
bounded from below by an integrable random variable, again it follows from gener-
alized Fatou’s Lemma that

(5.28) E®(2°(T)) < lim E® (2" (T)).

It is well known that the sum of a finite number of lower semi-continuous func-
tionals is lower semi-continuous. Combing the above results we conclude that the
functional, u — J(u), given by (5.2), is lower semi-continuous on U, in the metric
topology d. The set U,4 is compact (in the metric topology d) and thus J attains
its minimum on it proving the existence of an optimal control. This completes the
proof. O

6. INDUCED MEASURES AND THEIR OPTIMAL CONTROL

In this section we consider some control problems related to the measure valued
functions induced by the solution set S C V as introduced in Corollary 5.1. Let
My(E;) denote the space of regular Borel probability measures defined on the Borel
algebra B of subsets of the space E,. Let x € S and define, for each ¢ € I, the
measure pf (D) = P{z(t) € D} for any set D C E,, D € B. Then, with slight abuse
of notation, we can introduce the reachable set of measures at time ¢t € I by

R(t) = {uf (), 2 € St = {uf™ () = p (), u € Una} € Mo ().

For convenience of presentation, we use the notation £(z) to denote the (probabil-
ity) law of the random element z. In the following theorem we prove an importan
property of the reachable set.

Theorem 6.1. Suppose the assumptions of Corollary 5.1 and Theorem 5.2 hold.
Then for each t € I, the reachable set R(t) is a weakly compact subset of the space
of regular Borel probability measures Mo(Ey).

Proof. Let p™ € R(t). Then there exists a sequence z™ € S such that for t € I,
u™ = L(z"(t)), the (probability) law of 2" (t). Corresponding to the sequence {x"}
there exists a sequence of controls {u"} such that z" = z(u"). Since the set Uyq
is compact in the metric topology d, there exists a subsequence of the sequence

{u"}, relabeled as {u"}, and a u® € Uyq, such that u” ~%, u°. Let {z™, x°} denote
the mild solutions of the evolution equation (5.4) corresponding to the controls
{u",u®} € Uyq respectively. It follows from Theorem 5.2 that along a subsequence,
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if necessary, 2" —— z° in V, that is, " converges to z° in the norm topology of
the Banach space V. Thus 2" —>+ 2° in the space L3 (2, C(I, Ey)) also. Hence for

each t € I, z"(t) - 2°(t) in Ly(Q, E,). Let BC(E,) denote the space of bounded
continuous real valued functions defined on the Banach space E, endowed with the
sup-norm topology. Then, for any ¢ € BC(E,), p(x™(t)) — ¢(z°(t)) in measure
and this is equivalent to convergence of pj' to pf in distribution. Since convergence
in distribution is equivalent to weak convergence, we conclude that uy converges
weakly to p? where pf = L(z°(t)) and hence p? € R(t). This proves the weak
compactness of the set R(t) as a subset of Mg (E;) O

Remark 6.2. It follows from Corollary 5.1 that whenever the initial state zg €
L,(2, Fo, P) for any p € (2,00), the (mild) solutions of equation (5.4) have p-th
moments for the same p, and therefore the reachable set R(t) C M,(E,) where
My, (E;) denotes the space of regular Borel probability measures on E,, having p-th
moment.

Remark 6.3. Let By(E,)(D BC(E,)) denote the Banach space of bounded Borel
measurable real valued functions defined on E; equipped with the standard supnorm
topology. Suppressing the time variable let A,, for each u € Uy, denote the forward
Kolmogorov operator corresponding to the controlled stochastic differential equation
5.4, and let L(zg) = ¥ € My(E,) denote the probability law of the initial state.
Then, under the given assumptions, one can verify that the measure valued function,
t — pi', t € 1, is weakly differentiable and satisfies in the weak sense the following
forward Kolmogorov equation,

d
(@) = 1(Aup), po(p) = 0(p) t € 1,
for every ¢ € BC(E,) for which A,(y) € Bo(£,), where

pe() = /E o(x) e (de).

For some control problems, it is required to find a control policy u € U,q so
that the corresponding measure valued function py,t € I, induced by the solution
process x(u) € V, is close to a desired measure valued function m € M2 (1, Mo(Ey)).
Since the topology of weak convergence of measures on separable metric spaces is
equivalent to convergence in the Prokhorov metric, this problem can be formulated
as follows. Let p denote the Prokhorov metric on My(£,) and define the cost
functional as

(6.1) Jy() = /I ol mOA(dt)

where A\ is a positive finite Borel measure on I. The problem is to find a control
policy u® € U,q that minimizes the functional Ji(u).

Corollary 6.4. Consider the control system (5.4) with the admissible controls Uyq
and cost functional Jy given by the expression (6.1). Suppose E is separable and
the assumptions of Theorem 6.1 hold. Then there exists a control u® € U,q that
minimizes the functional Ji(u) on Uyg.
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Proof. Let u™ € U,y be a minimizing sequence, that is,
lim Ji(u") = inf{Ji(u).,u € Upq}-
n—oo

By compactness of U,y in its metric topology d, there exists a control u® € Uyqg

such that, along a subsequence if necessary, u" Ay € Uyq. By Theorem 5.2,
a" = z(u") - z(u®) = 2° in V and hence also in C(I, E,)) P-a.s. Then it follows
from Theorem 6.1 that, along a subsequence if necessary, for each t € I,

pi" = pp =l = (weakly).
Recall that, for separable metric spaces, weak convergence (of measures) is equiv-
alent to convergence in the Lévy-Prokhorov metric p. Hence, for almost all ¢t € I,
p(uf, ug) — 0. Thus considering the integrand of the functional (6.1), we conclude

that p(up, my) — p(pg, my) for almost all ¢ € I. Since p(uy,m;) < 2, for all t € T
and n € N, it follows from Lebesgue bounded convergence theorem that

nh—>120 Ji(u") = Ji(u?).

Thus J; is continuous on U,g in its metric topology d. Since U, is compact in this
topology Jp attains its infimum on U4 at the point u® proving the existence of an
optimal control. O

Let C(t),t € I, be a nonempty closed bounded set valued function with values
C(t) C E, for all t € I, and possibly continuous in the Hausdorff metric. The
problem is to find a control that maximizes the functional

T
(6.2) To(u) = /0 LB (C(8))dt.

The physical significance of this problem is tracking or following a moving set valued
target, C(t),t € I, in the state space E,, as closely as possible under the given control
constraints.

Corollary 6.5. Consider the control system (5.4) with the admissible controls Uy
and the objective functional Jo given by (6.2). Suppose the assumptions of Theorem
6.1 hold and E is separable. Then there exists a control u® € U,y at which Jo attains
1ts mazximum.

Proof. Using the Prokhorov metric p on My(E;), we introduce the metric D(pu, v)
on the space of measure valued functions By(1, Mo(FE,)) as follows:
D(p,v) = sup{p(ps, 1), t € I}.
Let {u"} C U,q be a maximizing sequence for the functional Jy given by (6.2) in
the sense that
(6.3) lim Jy(u") = sup{Ja(u),u € Upa} = M,.
n—oQ

Since U,q is compact in the metric topology d, there exists a control u® € Uyq
such that, along a subsequence if necessary, relabeled as the original sequence,
u™ —%5 1. Let 2™ and z° denote the (mild) solutions of equation (5.4) corresponding
to the controls {u",u’} € U,q respectively. Then it follows from Theorem 5.2 that
2" -2 2° in V and hence in Ly(Q,C(1, Ey)). Let {u", u°} denote the corresponding
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probability measure valued functions. Then it follows from Theorem 6.1 that for
each t € I, up = p¢ and hence (by the equivalence of Prokhorov metric topology
and the topology of weak convergence) D(u", u°) — 0 as n — oo. In other words the
weak convergence is uniform in ¢ € I. Since, for each ¢t € I, C(t) is a closed subset
of E,, it follows from Parthasarathy [15, Theorem 6.1, p.40] that lim /(C(t)) <
u?(C(t)),t € 1. Hence we conclude that

T T n T-i n T o
Tim / §(C(1)) dt < / T i (C (1)) dt < / H(C(1)) dt.

Thus lim Jo(u™) < Jo(u®) and it follows from (6.3) that
(6.4) M, = lim Jo(u") < lim Jo(u™) < Jo(u®).

Since u® € Uyg, again it follows from (6.3) that Jo(u®) < M,. Combining the above
inequalities we conclude that Jo(u®) = M, and hence u° is the optimal control. [J

Another interesting problem is time optimal control related to stability and res-
idence time. Let po = v € My(FE;) denote the probability measure corresponding
to the initial state xg. Suppose it is supported on a closed bounded subset Cy C E;,.
Let

dy(z,y) =l = -y ||E, 2,y € Ey,
denote the metric induced by the norm topology of E,. For r > 0, let C, = {z €
E, : dy(z,Cp) < r} denote the closed r-neighbourhood of Cy. The objective is to
find a control that maximizes the residence time of the state in the set C, containing
the set Cy. This can be formulated as follows: for sufficiently small § € (0,1) (as
small as desired), find a control that maximizes the escape time 75(u) = inf{t > 0:
ui(Cr) < 1—46}. So we define the pay-off functional as

(6.5) J3(u) = 15(u) = inf{t > 0: p(Cy) <1 -6}

If the underlying set is empty, we set 75(u) = T. Clearly, such a control has a
stabilizing effect on the system. We prove the existence of such a control.

Corollary 6.6. Consider the control system (5.4) with the admissible controls Uyq
and the objective functional Js(u) = 15(u) given by (6.5). Suppose the assumptions
of Theorem 6.1 hold. Then there exists a control u® € U,q at which Js attains its
maximum.

Proof. We prove that the functional J3 is upper semicontinuous on U,y with respect

to the metric topology d. Let {u",u°} € U,q and suppose u" Ty w0, Let {p", ult
denote the measure valued functions induced by the (mild) solutions {z(u"), z(u®)}
of the system (5.4) corresponding to the controls {u",u°} respectively. It follows
from Theorem 5.2 that, along a subsequence if necessary, z(u") — x(u°) in V. By
Theorem 6.1, for each ¢ € I, the reachable set R(t) C Mo(FE,) is weakly compact.
Thus for each t € I, u' — ug, and therefore, since C, is a closed subset of E,,
again it follows from [15, Theorem 6.1, p.40] that

Ty (Cy) < wg(Cr), Yt € 1.
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Clearly, given any ¢ € (0,0), we can find a ny € N such that
o tE(CL) — e <Tmpl(C), Yk >1,t e .
In other words, the following inequality
R () <Tmpl(C) +e, Ve > 1t el
holds. From these inequalities one can readily deduce the following inclusions
{t>0: %) <16}
D{t>0:limu}(Cr)+e<1-46}
D{t>0:p(C)+e<1—6}, VEk>1,e€(0,6).
Clearly these inclusions imply the following inequalities,
inf{t >0: ot ey <1 - 6}
<inf{t > 0:limpu(Cp) +e <1—4}
<inf{t>0:p)(Cr) <1—(0—2)}, Vk>1.€(0,0)
and hence, by definition of 75(u) given by (6.5), we have
T5(u" TR < 75 (u0), ¥ k> 1,e € (0,6).
Hence lim 75(u") = m" 7s(u™ ) < 75_.(u°). Since this holds for any e € (0,9),
letting e | 0 in this expression we conclude that Iim" 75(u™) < 75(u°). By definition
of the objective functional (6.5) this is equivalent to lim" J3(u™) < Js(u®) and hence
J3 is upper semicontinuos on U,y in its metric topology d. Since U,q is compact in

this topology, J3 attains its maximum on U,q. This proves the existence of a time
optimal control. O

Another closely related problem is to find a control so as to avoid being in the
neighbourhood of a forbidden zone for long period of time. This can be formulated as
follows. Let D be a nonempty open subset of F,, denoting the open neighbourhood
of a forbidden zone D, C D. For a fixed 0 € (0,1) define the set

Ss(u) ={tel:pu!(D)>d}

where ui' = L(xz(u)(t)). Let A denote the Lebesgue measure on the real line and
define the objective functional as the Lebesgue measure of the set S5(u) :

(6.6) Ji(u) = M(Ss(u)).
The problem is to find a control policy that minimizes this functional.

Corollary 6.7. Consider the control system (5.4) with the admissible controls Uyq
and the objective functional Jy given by (6.6). Suppose the assumptions of Theorem
6.1 hold. Then there exists a control u® € U,q at which Jy attains its minimum.

Proof. The proof is largely similar to that of Corollary 6.5. If the underlying set is
empty there is nothing to prove. So let us assume the contrary. Let D be an open
set in E, containing the forbidden zone D, in its interior and suppose that for each
t eI, up % u?. Then it follows from Parthasarathy [15, Theorem 6.1, p.40] that
wf (D) < lim pf(D). Using this result and following similar arguments as seen in the
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proof of Corollary 6.5, one can prove that u — Jy(u) is lower semicontinuous on
U,q. Since U,q is compact, J4 attains its minimum at some point u° € U,q proving
existence of an optimal control. O

Some Open Problems:

[1]

2]
3]

[4]

[5]

(1) It follows from the works of Van Neerven, Veraar and Weis [17,19], and
Brzezniak [7,11] that stochastic integration is well defined with respect to
gamma radonifying operators from Hilbert spaces to UMD Banach spaces.
Since UMD spaces are reflexive (but the converse is false), this is certainly
a limitation. Thus, currently known theory does not cover all reflexive
Banach spaces. Clearly stochastic integration theory extended to general
Banach spaces will broaden the scope of applications. The author believes
that this may be possible in some weak sense based on Pettis and Dunford
integrals. Some results are known for linear stochastic differential equations
on Banach spaces [5].

(2) The most interesting topic in the area of stochastic control theory is Opti-
mal Feedback control [?,8,18]. This is a very challenging problem. Based
on Bellman’s principle of optimality one can formulate the optimal control
problem leading to the HJB (Hamilton-Jacobi-Bellman) equation giving the
value function from which one can determine the optimal feedback control
law and the optimum cost. This is the method used in [8] for stochastic
differential equations on Hilbert spaces. However, for practical application
this requires solving nonlinear partial differential equations on infinite di-
mensional spaces, a formidable task indeed. It is theoretically interesting to
investigate if the control problem considered here on UMD spaces can be
formulated in the form of HJB equation under the same assumptions used
here.

(3) We have not developed necessary conditions of optimality for the problem
considered here. We believe that this is an interesting problem and can be
treated following similar steps as seen in Ahmed [2].
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