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ON DIRECTIONAL CONTINUITY, LIPSCHITZIAN

PROPERTIES, AND DIFFERENTIABILITY

BINGWU WANG

ABSTRACT. In this paper we give a survey on various concepts related to direc-
tional differentiabilities, calmness/Lipschitzian properties, and continuity. Some
basic results are presented with some basic techniques involving directional con-
structions exhibited.

1. INTRODUCTION

It has been a very active field of research recently on directional differentiabilities
and corresponding nonsmooth constructions in variational analysis and its appli-
cations; we refer the readers to [2-5,8-14,18,19] for directional constructions with
applications, and [1,6,7,15,16,20] for the general framework of variational analy-
sis and related discussions. In this survey paper we explore some basic notions of
directional differentiabilities. We shall present some basic results and exhibit some
basic techniques special to directional constructions. Most results have parallel
non-directional versions while some proofs need slightly more delicate arguments.

By X,Y we mean Banach spaces with norm || - ||; Bx denotes the closed unit ball
of X, and Bx(7;0) denotes the closed ball in X centered at & with radius § (we
often omit the subscript X when there is no ambiguity). The dual spaces of X and
Y are denoted by X*, Y*. We use B(X,Y) to denote the space of all continuous
linear operators from X to Y.

By a bornology 8 on X we mean a family of bounded subsets of X that satisfies
the following conditions:

(i) A is centrally symmetric for all A € 3;

(ii) The union of all sets in the family is the whole space X;
(iii) MM e pif A € B and A > 0;
(iv) For any A1, As € 3, there is A € 5 such that A; U Ay C A.

Note that the results in this sequel still hold if we drop conditions (i), (iii), and (iv)
in the above definition. The following bornologies are commonly used:

(i) the Gateaux bornology (8 = G), which contains all centrally symmetric finite
sets;
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(ii) the Hadamard bornology (8 = H), which contains all centrally symmetric
compact sets;

(iii) the weak Hadamard bornology (8 = WH), which contains all centrally sym-
metric weakly compact sets;

(iv) the Fréchet bornology (8 = F'), which contains all centrally symmetric
bounded sets.

In what follows, by 81 < s or B2 > (1, we mean 81 C (B9; and we also assume that
G < B for all 8 in consideration.
Recall that cone(§2) denotes the cone generated by the set Q C X, i.e.,
cone(2) = Uy>pAQ.
A directional neighborhood ( [10]) D(z,u;d,n) at & € X in direction u € X is
defined as
D(z,u;0,m) = B(x;0) N (Z + cone(u + nB))
for given §,n > 0, and D°(Z, u;d,n) is the set of interior points of D(Z,u;d,n). Note
that D(z,u;0,n) reduces to the usual neighborhood B(z;0) when u = 0.

2. DIRECTIONAL CONTINUITY AND LIPSCHITZIAN ROPERTIES

In this section, we present the notion of directional continuity, calmness, and
Lipschitzian properties.

Definition 2.1. Let f: X — Y and z,u € X. We say that f is directionally
continuous at T in the direction u if for any ¢ > 0, there are §,17 > 0 such that
|f(z) — f(z)|| < e for all z € D(z,u;d,n).

When @ = 0, the directional continuity reduces to the continuity in normal sense.
When @ # 0, it is a rather different concept; see example 2.3 below. Before we see
the example, we define the directional calmness/Lipschitzian property.

Definition 2.2. Let f: X — Y, Z,u € X, and let 8 be a bornology on X. We say
that

(i) f is directionally [3-Lipschitzian around Z in direction @ if for each A € 3,
there are 9,17 > 0 such that
— . £+ th) ~ F@)] _
R @, z-+theD(Z,1:8,1), heA,t>0 t

(ii) f is directionally B-calm at T in direction u if for each A € [, there are
d,m > 0 such that
U AT, 15 0,m) = sup |/@+th) = F@)] < 0.
B FHheD(Z,a:6,n), hEA,t>0 t

The constant € (%, u;0,n) is called a Lipschitzian (resp. calmness) modulus of
f around Z in direction @ with respect to A. When u = 0, the directional S-
calmness/Lipschitzian property reduces to the [-calmness/Lipschitzian property
introduced in [21]. When @ = 0, and 8 = F, the directional Lipschitzian property
reduces to the usual Lipschitzian property, and the directional calmness reduces to
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the usual calmness. When 3 = F', the directional F-Lipschitzian property reduces
to the directional Lipschitzian property introduced in [13].

Example 2.3. Let f: R? — R be defined as f(u,v) = —/1 — (u— 1)2 — 02 for
all (u,v) € R% then f is convex on the disk {(u,v) | (u — 1)? +v? < 1}, and
is directionally continuous at z = (0,0) in direction @ = (1,0). However, we can
check that f is not directionally G-calm at Z in direction %, and consequently, not
directionally calm at or Lipschitzian around z in direction .

This examples shows, the directional continuity of convex functions does not imply
the directional calmness/Lipschitzian property. This is very different to the classical
result that the continuity (actually boundedness is sufficient) of convex functions
implies the local Lipschitzian property.

Next we present a relation of the directional calmness/Lipschitzian property
among different bornologies. The case u = 0 is established in [21].

Proposition 2.4. If f is directionally B-Lipschitzian around (resp. directionally (-
calm at) T in direction u with 8 > H, then f is directionally F-Lipschitzian around
(resp. F-calm at) T in direction u.

Proof. The proof is a slight modification of the proof of Proposition 2.2 in [21]); for
completeness, we reproduce it here (cf. the proof of Proposition 2.2.1 in [6] or the
proof of Proposition 2.3 in [17]). For simplicity, we only present the proof to the case
of directional B-Lipschitzian property, the proof to the case of directional S-calmness
is similar. Suppose, to the contrary, that f is not directionally F-Lipschitzian
around Z at the direction @. Then for each k € N, there are u, vy, € D(Z,u;1/k,1/k)
with ui # v and ||f(vk) — f(uk)H > k:||vk — ukH Let ¢, = \/E”Uk — ukH, h, =
(Uk — uk)/tk. Then

te < VE(log — z)| + ug — 2])) < VE2/k) =2/VE =0

and ||hx|| = 1/Vk — 0 (as k — o) with vy, = uy, + tghg. Let A = {hy, ho...} U{0};
then A is a compact set in X, and so is A U (—A) which is centrally symmetric. It
follows that AU (—A) € g since § > H. By the directional S-Lipschitzian property
of f around Z, there exist d,n > 0 such that

| f(ur + tehe) — f(ui) ||/t < Lpa(Z,1;560,m) < 00
for all large & € N. On the other hand,
1 f (uk + tehe) — fQup)ll/te = [1f(vk) — f(ur)ll/tx
> kllog — wll/(VE|ve — wil]) = VE = 00 (as k — 00),
which is a contradiction. O

By the result above, we can derive a relation between the directional continuity
and the directional calmness/Lipschitzian property.

Proposition 2.5. If f is directionally -Lipschitzian around (resp. directionally
B-calm at) T in direction u with § > H, then f is directionally continuous at T in
direction u.
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Proof. Tt is easy to check that the F-calmness/Lipschitzian property implies the
directional continuity; and then the result follows from Proposition 2.4. O

In the case when X is finite-dimensional, next result shows that there is only one
directional Lipschitzian property among different bornologies.

Proposition 2.6. Let f: X — Y. If dmX < oo and f is directionally G-
Lipschitzian around T € X in direction u € X, then f is directionally F'-Lipschitzian
around T in direction u.

Proof. (cf. the proofs of Theorem 2.4 in [21] and Theorem 2.5 in [13]) Let dimX = n
and ey, e, ..., e, are unit vectors in X that form a basis. We use the ¢! norm on
X, ie, || 300 Newll = Do || for all Aq, ..., A, € R. By the directional Gateaux
Lipschitzian property of f, we can find some §,7 > 0 such that

(2.1) 17+ th) — f(a)| < M

for some M > 0 and for all z € D(z,4;8,7), t > 0 with 2 + th € D(z,4;0,7), h €
A = {+u, +ey, *eq, ..., e, }. Fix x € D°(z;4;6,7) and B(z; 1) C D( 5 7) for
some ;1 > 0. For any @’ € B(z;61), let 2/ —xz = > | Nie; for some A, ..., A\, € R;
then |2/ — z|| = >°1, [N\ < d1; consequently || Zle Xeil| = Ele |Ai| < 01 and
vp =2+ SF Nie; € B(x;6y) for all k= 1,...,n. By (2.1) we have

(2.2) 1/ () ||<2Hf vi) = f(via ||<ZM|M—MIISU—95||

=1
for all 2’ € B(x;61), where vg := x. Now for any x1,z2 € D°(Z;u;0,7), we can
find 6o > 0 such that B(z1;d2), B(x9;02) € D(Z,u;6,7). Choose | € N such that
|9 — z1]|/1 < b2, and let wy := x1, wg = x1 + ¥(x2 — 21) for k = 1,...,1. Then
w; = x9, B(wg;62) C D(Z,u;6,7), and wy € B(wg_1;02) for all k = 1,...,1. By
(2.2), we have

X a
(2.3) |1 f(w2) - xw<ZwW ww<zM“g”'Mm—m

=1

for all 21,9 € D°(z;4; 6, 7]). B

Now we consider the case 1 = T, x93 # & with x9 € D°(Z;u;0,7). By (2.1) again,
we have [|f(Z +tu) — f(z)|| < Mt for all t € (0,03) for some d3 > 0. Now choose
t € (0, 03) so small such that ¢,t||u| < ||z2 — Z| and T+ tu € D°(Z,@;d,7). Then by
(2.3) we have

1f (@2) = f(z1)ll

1f(z2) = f(z +ta)|| + || f(z + ta) — f(z)]

M|z — T — tu|| + Mt

M(||lwz — 2| + tllul]) + Mt

M(||z2 — 2| + ||lv2 — z[) + M||z2 — Z||

3M”$2 — f”
(2.3), we obtain

1f(@2) = fz)|| < 3M|[zg — 21|

<
<
<
<
<
h

Combining this wit
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for all z1,29 € D°(Z,4;6,7) U {z}. It derives that £;p(Z, u; %, 7) < 3M and the
proof is complete. U

We present a corollary of Proposition 2.5 and Proposition 2.6 to end this section.

Proposition 2.7. Let f: X — Y. Ifdim X < oo and f is directionally Gateauz
Lipschitzian around T € X in direction u € X, then f is directionally continuous
at T in direction u.

3. DIRECTIONAL DIFFERENTIABILITIES
We explore various kinds of directional differentiabilities in this section.
Definition 3.1. Let f: X - Y, Z,u € X, and let 8 be a bornology on X. We say
that

(i) f is directionally strictly B-differentiable at T in direction w if there exists a
continuous linear operator A: X — Y such that for any ¢ > 0, A € 3, there
are §,n > 0 with

Hf(w +1th) — f(z)
t

for all x € D(z,u;0,n), t > 0 with  + th € D(z,u;d,n), and h € A.

(ii) f is directionally (-differentiable at T in direction u if there exists a contin-

uous linear operator A: X — Y such that for any ¢ > 0, A € 3, there are

d,m > 0 with (3.1) holds for all z =z, t > 0 with z + th € D(z,u;d,n) and

h € A.

(3.1) - A(h)H <e

When @ = 0, these reduce to the -/strict S-differentiabilities in the classical
sense. The case of directional strict G/F-differentiabilities were introduced in [13].
The continuous Linear operator A in the above definions is called a directional S5-
derivative. Let us proceed to examine the uniqueness of such derivatives. We start
with the directional g-differentiability. The result below shows that the derivative
is never unique in this case unless X is of dimension one.

Proposition 3.2. If f is directionally B-differentiable at T in direction u # 0, then
the set of directional B-derivatives is

(3.2) {TeB(X,v)|T(m) = lim @+ tu) = J(@) L

t—0+ t
Proof. It f is directionally [-differentiable at z in direction ?g 0, and T is a
directional (-derivative, then clearly T(u) = y = lim;_,o+ w Next we
show the converse, i.e., if f is S-differentiable at Z in direction @, and T € B(X,Y)
with T'(z) = g, then T is a directional S-derivative. Fix ¢ > 0 and A € 3. Then
there is a constant M > 0 such that ||h|| < M for all h € A. Let A € B(X,Y) be a
directional S-derivative of f at Z in the direction @, then A(u) = T'(u) = ¥y, so there
exists 0 < m1 < ||lal|/2 such that
I

_ lall .
(3.3) |A@@) - T(@)]| < j7¢ Vo € a+mB.
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On the other hand, we can find §,7 > 0 such that n < n; and

) [ESDESE N

for all h € A and t > 0 with & + th € D(z,u;d,n). It follows that h = t'(a + nh')
M

<

for some ¢ > 0 and ' € B, and then ¢/ = ”uﬂ_};”h,” < ”u]|\|417 < ”ﬂ”M@ = ﬁTH
Consequently, ||A(h) —T(h)|| = t'||A(u+nh') —T(u+nh")|| < ﬁ% Ll — 5 due to
(3.3). Together with (3.4), we derive
f(Z +th) —
e 7w
_\fx+”? UL hw+wum—me
e €
< 5 + 5= ¢

for all h € A and ¢t > 0 with z + th € D(&,u;d,n). Therefore T is a directional
B-derivative of f at T in direction u, and the conclusion follows. O

Now let us exam some other variants of the directional differentiability.

Definition 3.3. Let f: X =Y, z,u € X, and let 8 be a bornology on X.

(i) We say that f is directionally B-differentiable of type B at Z in direction w if
there exists a continuous linear operator A: X — Y such that for any € > 0,
A € B, there are §,n > 0 with (3.1) holds for all x € D(Z, u;d,n) N{Z + \u |
A >0}, t >0 with z + th € D(z,u;d,n), and h € A.

(ii) We say that f is directionally B-differentiable of type C at Z in direction
@ if there exists a continuous linear operator A: X — Y such that for any
e > 0, A € 3, there are §,n > 0 with (3.1) holds for all x € D(z,u;d,n),
t > 0 with z + th € D(x,u;0,n), and h € A.

Note that the type C directional differentiability in the case Y =R, g = F' was
given in [10]. It does not guarantee the uniqueness of the corresponding derivative,
either; in fact, we can show by a similar argument like in the proof of Proposition 3.2
that,

Proposition 3.4. If a function is directionally B-differentiable of type C at T in
direction , then the set of derivatives is also (3.2).

On the other hand, type B directional differentiability in Definition 3.3 can guar-
antee the uniqueness of the g-derivative, as below:

Proposition 3.5. If a function f: X — Y is strictly directionally [-differentiable
or directionally B-differentiable of type B at T in direction u, then the B-derivative
1S unique.

Proof. It is clear that the directional strict S-differentiability implies the directional
[B-differentiability of type B; so it suffices prove the case of type B differentiability.
Let T, S be two directional S-derivatives of f at Z in direction # and fix h € B.
Then for any € > 0, we can find 6,7 > 0, t > 0 with (3.1) holds for A = T and
A= Sforall x € D(z,u;9,n) N{Z+ Au | A >0}, t >0 with x + th € D(z,u;d,n).
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Now we choose A > 0 such that x := Z+ \u € D°(Z,u; d,n), and then we can choose
t > 0 such that z + th =z + Au + th € D(&,u;d,n). Now applying (3.1) for A =T
and A = S for x and x + th, we have [|[(T'— S)(h)|| < 2¢. Since this is true for any
h € B, we derive that [|T"— S| < 2¢ for all € > 0. Therefore T' = S. O

Next we study the relation between directional differentiabilities and directional
calmness/Lipschitzian property.

Proposition 3.6. Let f: X — Y with Z,u € X, and let 5 be a bornology on X.

(i) If f is directionally B-differentiable at T in direction u, then it is directionally
B-calm at T; in particular, f is directionally calm at T in direction u if
B>H.

(ii) If f is directionally strictly B-differentiable at T in direction w, then it is
directionally B-Lipschitzian around T in direction u; in particular, f is di-
rectionally Lipschitzian around T in direction u if 8 > H.

Proof. Both the first assertion in (i) and that in (ii) can be derived directly from the
definition of the directional differentiabilities. The corresponding second assertions
can then be derived taking into account of Proposition 2.4 O

We then have the following corollary of the above result which gives a relation of
directional differentiabilities and continuity.

Proposition 3.7. Let f: X — Y with ,u € X, and let 8 be a bornology on X.
If f is directionally B-differentiable or directionally strictly B-differentiable at T in
direction uw with 8 > H, then f is directionally continuous at T in direction .

The following result generalizes the classical result (when @ = 0); the general
scheme of the proof is standard while a much more involved analysis involving the
directional neighborhood is used.

Proposition 3.8. Let f: X — Y with T,u € X. Suppose that f is directionally
Gateauz-differentiable (resp. directionally strictly Gdteauz-differentiable) at T in di-
rection u, and that f is directionally H-Lipschitzian around T at direction . Then
f is directionally H-differentiable (resp. directionally strictly H-differentiable) at T
in direction .

Proof. By Theorem 2.4, f is directionally F-Lipschitzian around Z in direction @ un-
der the assumptions made; then we can find 8,7 > 0 such that £ := Cep(x,u; 5, n) <
oo. We only consider the case of the directional strict differentiability (the proof
of the case of the directional differentiability corresponds to the situation z = T,
h = A\ in case (i) below). Suppose that f is not directionally H-differentiable at =
in direction %. Then there are sequences 0y, g, tx L 0, € > 0, a compact set A € H,
and hy € A, zg, xp + tphy € D(Z, u; 0k, ni) such that

H S+ tehe) — f (@)

2

for all £ € N, where A is a directional G-derivative of f at Z. Since A is compact,

without loss of generality, assume that limg o hx = h for some h € X. Then we
have

(3.6) £+ AN I = Bl < 5

(3.5) _ A(hk)H > ¢
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when £ is sufficiently large. By the directional strict G-differentiability of f at Z in
direction @ we can find § € (0,0), 7 € (0,7) such that

‘ f@+tw) — f(z)
t
for all x € D(%,4;9,7), t > 0 with = + tw € D(Z,%;0,7), and w € {h,—h}. Let
x), = T4 0, (T +nphly), Tp +tphy, = T+ 87 (@ +mhy) with 8,87 € [0,01), by, h? € B,
and we consider two cases:
Case 1. u=0orh = At for some A > 0. If u = 0, then clearly rp+th € D(Z,u;6,1)
when k is large. If h = Au for some A > 0, then
v+ teh = T4 6, (a+phy) + te)a
/
5 Y
when £ is sufficiently large. Taking into account (3.6) and (3.7), we have
’ f(@g + thy) —

(3.7)

] <

= T+ (6, + te))(u+ xhy) € D(z,4;0,1)

f(ag) _A(hk)H

tg
< ‘ka+tkh) H
< i
tihg) — tih _
+fok+ k ’“)tk St b )H+||A(h—hk)!|
f(xg + teh) — f(x) -
< | ; —A®)
k
+ L[y = Rl + [[A][ - |h — Rl
< f_,_f:g
2 2 ’

which contradics to (3.5).

Case 2. Now assume that @ # 0 and h # Au for all A > 0. We proceed to show that
5/
(3.8) tk > M for some M >0 and all k € N.
k
If this is not true, then there is a subsequence of {%} that converges to 0. Without
loss of generality, assume that the whole sequence converges to 0. Because

Tk + tehe = T + 03 (U + rhy) + tehy = T + 6 (4 + nehl),

we have
5 P
£ @+ mhy,) + b = (a4 nhy),
tx, tx
and then 5
or gk (u+nkhy,) + hy h
izntk( — i k)// | H H (as k — o0).
te @+ mhi|| 7 lal

It follows that , 5
hi = 2@+ nehy) — 2 (@ + nkhy) —
tx ty
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as k — oo, which is a contradiction. So (3.8) holds. Now we have
_ _ t _
Tk + thy — tgh = T + 6,(4 + nghy,) + t(hg — h) = T + 6}, (a + nehl + 5—',“(hk — h))
k
and

tx

anhZJr%(hk—’_%)H < 77k+$||hkz_ﬁ||<ﬁ

when k is sufficiently large; so xj + tphy — trh € D(Z,4;0,7) for such k. and
consequently, by (3.6) and (3.7),

Hf(l’k +tkil:) — flzg) A(hk)H
< H fzg + thi) — J;(:?k + trhy — th) A(E)H
n H f(@p + tihy, t—ktkh) ACL)) H + AR = )l
- Hf(xk + tihy —s—tk(;kh)) — flak +tehy) A(_}—L)H

+ IRy = R+ (AL 12— b

< E—i—i—a
2 2 7

which contradics to (3.5). O

Combining Proposition 2.6, 3.6, and 3.8, we have the following corollary in the
case dimX < oo.

Proposition 3.9. Let f: X — Y withz € X, u € X and dim X < oco. Then
the directional strict G-differentiability of f at & in direction u is equivalent to the
directional strict F-differentiability of f at T in direction u.

4. WEAK DIRECTIONAL DIFFERENTIABILITIES

Following [17,21], we can extend the study of directional differentiabilities to their
weak variants. Here we only present the definitions and omit the further discussions.
In the definition below, (y*, f): X — R is defined as (y*, f)(z) = (y*, f(z)), where
y* € Y*. By 7 we mean a linear topology on Y*; a sequence {y; } is said 7-convergent
if it is convergent under the topology 7.

Definition 4.1. Let f: X — Y and Z,u € X, and 8 be a bornology.

(i) f is said weakly directionally B-differentiable at T in direction @ if (y*, f) is
directionally g-differentiable at Z in direction u for all y* € Y™*.

(ii) f is said weakly directionally strictly 5-differentiable at T in direction @ if
(y*, f) is directionally strictly S-differentiable at Z in direction @ for all
y*e Y™
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(iii) f is said T-uniformly weakly directionally B-differentiable at T in direction u
if there is a function A*: Y* — X* such that for any 7-convergent sequence
{yi} CY* any € > 0, A € 3, there are 6,7 > 0 such that

[(yk, [f (z +th) = f(2)]/t) — (A™(y) h)| < e
Vk €N, he A, t >0 with 4+ th € D(z,u;4,n).
(iv) f is said T-uniformly weakly directionally strictly B-differentiable at T in

direction # if there is a function A*: Y* — X* such that for any 7-convergent
sequence {y;} C Y*, any € >0, A € 3, there are §,n > 0 such that

[(yr: [f (@ + th) — f(2)]/t) = (A"(yp). h)| < e
VkeN, he A, x € D(z,u;0,n),t >0 with x,z + th € D(z,u;d,n).

The non-directional versions of the weak differentiabilities were introduced in [17]
(the case uw = 0), and the non-directional uniform weak differentiabilities first ap-
peared in [21]. Extensive discussions on the theoretical issues as well as applications
to variational analysis can be found in these two papers. We will explore the direc-
tional versions of these results in separate papers.

(1]
2]
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