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The aim of this paper is to address both questions for a general class of nonlinear
optimal control problems governed by index two differential algebraic equations
(DAEs) where controls appear linearly and are box-constrained. Optimal control
problems subject to DAEs can be seen as an extension to the classical case, where
the dynamics of the control problem are given by ordinary differential equations
(ODEs). Such problems arise, e.g., in mechanical engineering, path planning or
process engineering. As reference for this topic, we point to the textbooks of Kunkel
and Mehrmann [22] and Gerdts [18]. Due to the fact that the studied control
problems are control-affine, they give rise to discontinuous optimal controls of bang-
bang or bang-singular type. In this paper, we focus on the bang-bang case, which
can be assured by certain typical assumptions on the problem data.

The discretization of nonlinear optimal control problems subject to ODEs to-
gether with its convergence analysis is well-studied for the case that the optimal
control is sufficiently smooth, see, e.g., Dontchev et al [12, 14, 15] and Malanowski
et al [23]. We also refer the reader to Tröltzsch [37] and the papers cited therein for
similar results on control problems governed by PDEs. Very recently, Martens and
Gerdts [24–26,28] were able to transfer those results to control problems subject to
index one and index two DAEs, respectively.

Usually, second-order optimality conditions are used for the error analysis of dis-
cretizations. Due to the lack of such conditions for bang-bang and bang-singular
controls, initially only a few papers studied the discretization of control-affine prob-
lems, see, e.g., Alt and Mackenroth [4] and Veliov [38]. The development of new
second-order optimality conditions for control-affine problems by Agrachev et al [1],
Felgenhauer [17], and Osmolovskii and Maurer [29–31] supported the achievement of
new discretization results. Alt et al [2,6,7] and Seydenschwanz [36] used these new
second-order conditions to obtain error estimates for the discretization of linear-
quadratic control problems with bang-bang solutions. While in [2], the explicit
Euler method has been applied, [7,36] used the implicit midpoint rule and [6] used
the implicit Euler method. Again, by also using the implicit Euler scheme, Martens
and Gerdts [27] were able to transfer those results to the case of linear-quadratic
DAE control problems. Alt and Schneider [5] and Schneider and Wachsmuth [35]
obtained error estimates for the discretization of linear-quadratic ODE control prob-
lems with additional L1-sparsity terms in the cost functional. Veliov [39] obtained
error estimates for convex control problems of Mayer type with controls appearing
linearly by using Runge-Kutta methods of at least third order local consistency.
In Haunschmied et al [20], these results have been extended by using the stability
concept of strong bi-metric regularity. Pietrus et al [33] study higher order dis-
cretization schemes for Mayer type problems based on second order Volterra-Fliess
approximations, see also Scarinci and Veliov [34].

Most recently, Alt et al [3] prove convergence of order one w.r.t. the mesh size of
the discretization for a general class of control-affine problems in Mayer form. Under
slightly weaker assumptions, Osmolovskii and Veliov [32] prove a similar result for
control-affine problems in Lagrange form, where they make use of a stability concept
called strong metric sub-regularity (SMsR).

In the present paper, we combine ideas of [26] (discrete index reduction for DAEs),
[3] (existence of discrete local solutions), and [32] (SMsR), to also prove convergence
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of order one for a general class of nonlinear control-affine problems governed by
DAEs. We chose to analyze problems with index two DAEs for the following reasons:

(i) Problems with index one DAEs can be treated similarly to problems with
explicit ODEs. In the cases, where the index of the DAE is two or higher, a
discrepancy between the continuous and discrete necessary conditions occurs
(compare Section 2.2).

(ii) For the implicit Euler method the algebraic state does not converge on the
first step, if the index is three or higher. In this case, discretization schemes
of higher order are required in order to obtain error estimates of order one
(cf. Brenan et al [10]).

Therefore, we consider the index two case, where the difficulty for optimal control
problems with DAEs arises and we can still apply the implicit Euler scheme.

This paper is structured as follows: In Section 2, we present the considered DAE
control problem, its implicit discretization, and a comparison of the continuous and
discrete optimality conditions. In Section 3, we introduce the assumptions we make
throughout this paper and state the main result (Theorem 3.4). We prove strong
metric sub-regularity (compare Definition 4.1) for the continuous KKT-conditions
in Section 4 (Theorem 4.2). Then, in Section 5, we show that for a sufficiently small
mesh-size, the distance between a local solution of the discretized problem with
multipliers solving the alternative discrete necessary conditions (2.22)–(2.25) and
a continuous KKT-point can be made arbitrarily small (Theorem 5.3). Using the
results of Section 4 and Section 5, we are able to prove Theorem 3.4 in Section 6. An
example, which numerically confirms the theoretical results of the previous sections,
is presented in Section 7.

Notations. Throughout this paper, the n-dimensional Euclidean space with the
norm | · | is denoted by Rn. The space of n ×m-matrices A is equipped with the
spectral norm ∥A∥. We use Γ,Γ1,Γ2, . . . ∈ R for generic, non-negative constants.
For a metric or normed space X, we define by BX (w; ν) the closed ball with radius
ν > 0 and center w ∈ X w.r.t. the metric or norm of X. Moreover, for a closed ball
in, e.g., Rn, we omit the dimension and just write BR (w; ν). A set-valued mapping
for spaces X,Y is denoted by F : X ⇒ Y . For α ∈ [1,∞] and vector functions
w : [0, 1] → Rn, we introduce the Banach spaces

Ln
α . . . space of equivalence classes, which consist of measurable functions

that are bounded in the norm ∥ · ∥α,
Wn

1,α . . . Sobolev space of absolutely continuous functions
that are bounded in the norm ∥ · ∥1,α,

BV n . . . space of functions that are of bounded variation,
BV n

1 . . . space of absolutely continuous functions with first derivative in BV n,

with the norms

∥w∥α :=

 1∫
0

|w(t)|α dt


1
α

, α ∈ [1,∞) , ∥w∥∞ := ess sup
t∈[0,1]

|w(t)| ,

∥w∥1,α := (∥w∥α + ∥ẇ∥α)
1
α , α ∈ [1,∞) , ∥w∥1,∞ := ∥w∥∞ + ∥ẇ∥∞ ,
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and the total variation of w on [τ1, τ2] ⊆ [0, 1], τ1 < τ2 is denoted by
τ2∨
τ1

w.

When it comes to the discretization of control problems, we associate discrete
sequences (wi)i=0,...,N ⊂ Rn for N ∈ N, h = 1

N , and α ∈ [1,∞] with the spaces

Ln
α,h ⊂ Ln

α . . . space of functions that are piecewise(1.1)

constant on (ti−1, ti] for i = 1, . . . , N,

Wn
1,α,h ⊂Wn

1,α . . . space of functions that are continuous and(1.2)

piecewise linear on (ti−1, ti] for i = 1, . . . , N.

Furthermore, to simplify notation, we often use the abbreviation F [t] for func-
tions of type F (w(t)) (usually evaluated at an optimal solution or KKT-point).

2. The Continuous Problem and Its Discretization

In this section, we formulate the DAE optimal control problem that is analyzed
throughout the paper. We then use the implicit Euler scheme to obtain an dis-
cretized version of the time-continuous problem. Finally, we discuss the resulting
optimality conditions.

2.1. The Continuous DAE Optimal Control Problem. Let X =Wnx
1,1×L

ny

1 ×
Lnu
1 . For a control u(t) ∈ Rnu , a differential state x(t) ∈ Rnx , and an algebraic

state y(t) ∈ Rny at time t ∈ [0, 1], we consider the following optimal control problem

Minimize
(x,y,u)∈X

1∫
0

f0 (x(t), y(t), u(t)) dt(OCP)

subject to ẋ(t) = f (x(t), y(t), u(t)) a.e. in [0, 1] ,(2.1)

0 = g (x(t)) in [0, 1] ,(2.2)

0 = D
(
x(0)− x0

)
,(2.3)

u(t) ∈ U a.e. in [0, 1] .(2.4)

The running costs f0 : Rnx × Rny × Rnu → R of the objective functional,

(2.5) f0 (x, y, u) := p (x) + q (x)⊤ y + r (x)⊤ u,

and the right hand side f : Rnx × Rny × Rnu → Rnx of the system equation (2.1),

(2.6) f (x, y, u) := a (x) +B (x) y + C (x)u ,

are affine linear w.r.t. y and u and may be nonlinear w.r.t. x. For the initial
condition (2.3) we have D ∈ R(nx−ny)×nx . Furthermore, the algebraic equation (2.2)
is defined by g : Rnx → Rny . The control set U ⊂ Rnu in (2.4) is defined by box
constraints, i.e.,

U := {u ∈ Rnu | bℓ ≤ u ≤ bu} with bℓ, bu ∈ Rnu and bℓ < bu .

Here, all inequalities are to be understood componentwise.
Note that the dynamics in Problem (OCP) are given by a differential algebraic
equation (DAE), which consists of a differential equation (2.1) and an algebraic
equation (2.2) in semi-explicit form. A DAE is usually characterized by its index,
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which has multiple concepts (cf. [22]). By differentiating the algebraic equation
(2.2) twice with respect to time t, we get

0 =
d

dt
g (x(t)) = g′ (x(t)) f (x(t), y(t), u(t)) ,

0 =
d2

dt2
g (x(t))

= g′′ (x(t)) f (x(t), y(t), u(t)) f (x(t), y(t), u(t))

+ g′ (x(t)) f ′x (x(t), y(t), u(t)) f (x(t), y(t), u(t))

+ g′ (x(t)) f ′y (x(t), y(t), u(t)) ẏ(t) + g′ (x(t)) f ′u (x(t), y(t), u(t)) u̇(t) .

We can solve the latter equation for ẏ, if the matrix g′ (x) f ′y (x, y, u) = g′ (x)B (x) is
non-singular with a bounded inverse along a trajectory (compare Assumption (A2)
below). Thus, after two differentiations of the algebraic equation we obtain an
explicit differential equation for the algebraic variable y and therefore the DAE has
the (differentiation) index two.

Remark 2.1. In theory, with the above index two condition, it would be possible
to first solve the time derivative of (2.2) for the algebraic state y depending on x
and u, to insert the expression into (2.1) in order to obtain an explicit ODE, and
to then apply the implicit Euler scheme. However, as outlined in [26, Remark 1],
considering discretizations of this reduced problem has numerous drawbacks, e.g.,
the drift-off effect (cf. [11, 19]).

Denoting the feasible set of Problem (OCP) by

F :=
{
(x, y, u) ∈ X | ẋ(t) = f (x(t), y(t), u(t)) a.e. in [0, 1] , g (x(t)) = 0 in [0, 1] ,

D
(
x(0)− x0

)
= 0 , and u(t) ∈ U a.e. in [0, 1]

}
,

we introduce the concept of a local solution of Problem (OCP).

Definition 2.2. A tuple (x̂, ŷ, û) ∈ F is called a local solution of Problem (OCP),
if there exists some ε > 0, such that

1∫
0

f0 (x̂(t), ŷ(t), û(t)) dt ≤
1∫

0

f0 (x(t), y(t), u(t)) dt

for all (x, y, u) ∈ F ∩BX ((x̂, ŷ, û); ε).

In order to formulate optimality conditions for Problem (OCP), we introduce the
Hamilton function

(2.7) H (x, y, u, λ, µ) := f0 (x, y, u) + λ⊤f (x, y, u) + µ⊤g′ (x) f (x, y, u) .

Let (x̂, ŷ, û) ∈ F be a local solution of Problem (OCP), then there exist functions

λ̂ ∈ Wnx
1,1 and µ̂ ∈ L

ny

1 , such that the following necessary conditions hold (cf. [18,
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Theorem 3.1.11]):

0 =
˙̂
λ(t) +∇xH

(
x̂(t), ŷ(t), û(t), λ̂(t), µ̂(t)

)
a.e. in [0, 1] ,(2.8)

0 = ∇yH
(
x̂(t), ŷ(t), û(t), λ̂(t), µ̂(t)

)
a.e. in [0, 1] ,(2.9)

0 = λ̂(1),(2.10)

0 ∈ ∇uH
(
x̂(t), ŷ(t), û(t), λ̂(t), µ̂(t)

)
+NU (û(t)) a.e. in [0, 1] ,(2.11)

where the normal cone operator to U at u is defined by

(2.12) NU (u) :=

{
{w ∈ Rnu | ⟨w, v − u⟩ ≤ 0 for all v ∈ U} , if u ∈ U ,
∅ , otherwise.

2.2. Implicit Euler Discretization of Problem (OCP). For N ∈ N with N ≥ 2
and the mesh size h = 1/N , let ti = i h for i = 0, . . . , N be the grid points of the
discretization. We approximate the controls and the algebraic states by piecewise
constant functions in Lnu

1,h and L
ny

1,h (compare (1.1)) represented by their values

u(ti) = ui and y(ti) = yi, resp., at the grid points. Further, we approximate the
differential states by continuous, piecewise linear functions in Wnx

1,1,h (compare (1.2))

represented by their values x(ti) = xi at the grid points. With the backwards
difference approximation

x′i :=
xi − xi−1

h
, i = 1, . . . , N ,

we obtain the implicit Euler discretization of (OCP):

Minimize h
N∑
i=1

f0 (xi, yi, ui)(DOCP)

subject to x′i = f (xi, yi, ui) , i = 1, . . . , N ,(2.13)

0 = g (xi) , i = 0, . . . , N ,(2.14)

0 = D
(
x0 − x0

)
,(2.15)

ui ∈ U , i = 1, . . . , N .(2.16)

In order to derive convergence properties for solutions of (DOCP), we compare
the respective KKT-conditions of (OCP) and (DOCP). For the discretized prob-
lem (DOCP) we have the Hamilton function

(2.17) H (x, y, u, φ, ψ) := f0 (x, y, u) + φ⊤f (x, y, u) + ψ⊤g (x) .

One would expect the continuous necessary conditions to hold for (2.17), where the
algebraic constraint (2.2) is directly adjoined to the Hamilton function. However,
in [8, Example 3.16] it was shown that the continuous necessary conditions (2.8)–
(2.11) are not satisfied for (2.17) in general. Thus, there is a discrepancy between the
continuous necessary conditions formulated with the Hamilton function (2.7) and
the discrete necessary conditions which use the Hamilton function (2.17) (cf. [18,
Theorem 5.4.4]). This originates from an implicit index reduction that occurs for
the continuous necessary conditions. If the DAE (2.1), (2.2) has index two, then the
adjoint DAE (2.8), (2.9) has only index one. Furthermore, the necessary conditions



ERROR ANALYSIS FOR AFFINE DAE OPTIMAL CONTROL PROBLEMS 1389

(2.8)–(2.11) correspond to the equivalent index one problem, where we replaced the
algebraic equation (2.2) in (OCP) with the equivalent constraints

0 =
d

dt
g (x(t)) = g′ (x(t)) f (x(t), y(t), u(t))

= g′ (x(t)) [a (x(t)) +B (x(t)) y(t) + C (x(t))u(t)] a.e. in [0, 1] ,(2.18)

0 = g (x(0)) .(2.19)

Note that the index reduced algebraic constraint (2.18) is adjoined in (2.7) instead
of (2.2). In order to obtain consistent necessary conditions for (OCP) and (DOCP),
we emulate the index reduction in (2.18), (2.19) for the discrete algebraic equation
(2.14) in (DOCP) (cf. [26]), and obtain

(2.20)
0 = g (xi) , i = 0, . . . , N

⇐⇒ 0 =
1

h
[g (xi)− g (xi−1)] , i = 1, . . . , N , 0 = g (x0) .

Now, with the relation

xi−1 = xi − h f (xi, yi, ui) , i = 1, . . . , N

derived from the difference equation (2.13), and the discrete approximation of the
time derivative of g (x(·)),

g̃h (x, y, u) :=
1

h
[g (x)− g (x− hf (x, y, u))] ,

we introduce the alternative discrete Hamilton function

(2.21) Hh (x, y, u, λ, µ) := f0 (x, y, u) + λ⊤f (x, y, u) + µ⊤g̃h (x, y, u) .

We obtain the alternative discrete necessary conditions (cf. [18, Theorem 5.4.4])

0 = λ′i +∇xHh (xi, yi, ui, λi−1, µi−1) , i = 1, . . . , N ,(2.22)

0 = ∇yHh (xi, yi, ui, λi−1, µi−1) , i = 1, . . . , N ,(2.23)

0 = λN ,(2.24)

0 ∈ ∇uHh (xi, yi, ui, λi−1, µi−1) +NU (ui) , i = 1, . . . , N .(2.25)

In addition, we have the following relationships between the multipliers associated
with (2.17) and (2.21):

φi = λi + g′ (xi)
⊤ µi , λi = φi − g′ (xi)

⊤
N−1∑
k=i

hψk , i = 0, . . . , N ,

ψi−1 = −µi − µi−1

h
, µi−1 =

N−1∑
k=i−1

hψk , i = 1, . . . , N , µN = 0 .

It is easy to show that the usual discrete necessary conditions formulated with
the Hamilton function (2.17) are equivalent to the necessary conditions (2.22)–
(2.25) with the alternative discrete Hamilton function (2.21), i.e., using the relations
between the multipliers, we can transform the usual discrete necessary conditions
into the alternative ones and vice versa.
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3. Assumptions and Main Result

In this section, we first present the assumptions we make throughout this paper,
and then we introduce the main result, which will be proven in the following sections.

(A1) There exists a local solution (x̂, ŷ, û) ∈ Wnx
1,1 × L

ny

1 × Lnu
1 of (OCP) and

a convex compact set M with BR (x̂(t); 1) ⊂ M for all t ∈ [0, 1]. The
functions p, q, r, a,B,C are twice differentiable and g is three times differ-
entiable with respect to x on M. Furthermore, p, q, r, a,B,C and their first
two derivatives, g and its first three derivatives are Lipschitz continuous on
M with constant L.

(A2) The matrix

g′ (x̂(t)) f ′y (x̂(t), ŷ(t), û(t)) = g′ (x̂(t))B (x̂(t)) ∈ Rny×ny

is non-singular and the inverse is continuous and uniformly bounded for all

t ∈ [0, 1]. Moreover, the matrix

(
g′ (x̂(0))

D

)
∈ Rnx×nx is non-singular.

Remark 3.1.

(i) According to (A1) and (A2), there exist Lagrange multipliers
(
λ̂, µ̂

)
∈

Wnx
1,1 × L

ny

1 solving (2.8)–(2.11). Moreover, we can enlarge M in (A1) if

necessary such that BR

(
λ̂(t); 1

)
⊂ M for all t ∈ [0, 1]. In addition, since

û(t) ∈ U for almost every t ∈ [0, 1], we have

û ∈ U := {u ∈ Lnu
∞ | u(t) ∈ U a.e. in [0, 1]} .

Exploiting (A2), we can solve (2.18) (the time derivative of the algebraic
equation (2.2)) for ŷ and the algebraic equation (2.9) for µ̂ to obtain

ŷ(·) = −
(
g′ (x̂(·))B (x̂(·))

)−1
g′ (x̂(·)) [a (x̂(·)) + C (x̂(·)) û(·)] ,(3.1)

µ̂(·) = −
[(
g′ (x̂(·))B (x̂(·))

)−1
]⊤ [

q (x̂(·)) +B (x̂(·))⊤ λ̂(·)
]
,(3.2)

which implies ŷ ∈ L
ny
∞ and µ̂ ∈ W

ny

1,1. Then, the differential equations (2.1)

and (2.8) yield x̂ ∈ Wnx
1,∞ and λ̂ ∈ Wnx

1,∞. Exploiting (3.2) again, gives us

µ̂ ∈W
ny

1,∞.

(ii) For every (y, u, µ) ∈ BL1 (ŷ; ϵ) × BL1 (û; ϵ) ∩ U × BL1 (µ̂; ϵ), where ϵ > 0
is sufficiently small, the differential equations (2.1) and (2.8) have solutions
x ∈Wnx

1,1 and λ ∈Wnx
1,1 with BR

(
x(t); 12

)
∪BR

(
λ(t); 12

)
⊂ M for all t ∈ [0, 1].

We denote by M the bound of p, q, r, a,B,C and their first two derivatives,
g and its first three derivatives on M.

Let us denote the switching function by

(3.3) σ(·) := ∇uH [·] = r (x̂(·)) + C (x̂(·))⊤ λ̂(·) + C (x̂(·))⊤ g′ (x̂(·))⊤ µ̂(·)
and assume the following growth condition:

(A3) Let there exist constants ς, ρ > 0 such that for every j ∈ {1, . . . , nu} and
s ∈ [0, 1] with σj(s) = 0 we have

|σj(t)| ≥ ς |t− s| , for all t ∈ [s− ρ, s+ ρ] ∩ [0, 1] .
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Since
(
x̂, λ̂, µ̂

)
∈ Wnx

1,∞ ×Wnx
1,∞ ×W

ny

1,∞ by Remark 3.1(i), we have σ ∈ Wnu
1,∞. In

addition, according to (A3), each component of the switching function has at most 1
ρ

isolated zeros, which implies the following:

Lemma 3.2. If Assumptions (A1)–(A3) are satisfied, then the optimal control is
of bang-bang-type and we have

(3.4)
(
x̂, ŷ, û, λ̂, µ̂

)
∈ BV nx

1 ×BV ny ×BV nu ×BV nx
1 ×BV

ny

1 .

Proof. The structure of the optimal control û is determined by the switching func-
tion (3.3) and condition (2.11). Thus, for j = 1, . . . , nu we have

(3.5) uj(t) =

 bℓ,j , if σj(t) > 0 ,
bu,j , if σj(t) < 0 ,
undetermined, if σj(t) = 0 .

Since the switching function has finitely many, isolated zeros, the optimal control
is bang-bang, i.e., uj(t) ∈ {bℓ,j , bu,j} a.e. in [0, 1] for j = 1, . . . , nu. Hence, û ∈
BV nu . Equation (3.1) implies ŷ ∈ BV ny . Exploiting the differential equations

(2.1) and (2.8) we get x̂, λ̂ ∈ BV nx
1 , since µ̂ ∈ W

ny

1,∞ ⊂ BV ny . Finally, (3.2) yields

µ̂ ∈ BV
ny

1 , which proves the assertion. □

According to [17, Lemma 3.3] and [32, Proposition 4.1], Assumptions (A1)–(A3)
are sufficient for the following lower bound condition for the switching function (3.3):

Lemma 3.3. Let (A1)–(A3) be satisfied. Then, there exists η1 > 0 such that for
every u ∈ U we have

(3.6)

1∫
0

⟨σ(t), u(t)− û(t)⟩ dt ≥ η1 ∥u− û∥21 .

Next, we define the quadratic functional P :Wnx
1,1 × L

ny

1 × Lnu
1 → R by

P (δx, δy, δu) :=
1

2

1∫
0

δx(t)⊤∇2
xxH [t] δx(t)(3.7)

+ 2δx(t)⊤
(
∇2

xyH [t] δy(t) +∇2
xuH [t] δu(t)

)
dt ,

where H[t] := H
(
x̂(t), ŷ(t), û(t), λ̂(t), µ̂(t)

)
. Note that ∇2

(y,u)(y,u)H [t] = 0 by (2.5),

(2.6). For this functional we assume the following:

(A4) There exists η2 ∈ (0, η1), where η1 > 0 is the constant in Lemma 3.3, such
that

(3.8) 2P (δx, δy, δu) ≥ −η2 ∥δu∥21
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for every (δx, δy, δu) ∈Wnx
1,1 × L

ny

1 × Lnu
1 satisfying

δẋ(t) = f ′x [t] δx(t) +B′ [t] δy(t) + C ′ [t] δu(t) a.e. in [0, 1] ,(3.9)

0 = g′ [t] δx(t) in [0, 1] ,(3.10)

0 = Dδx(0) ,(3.11)

δu(t) ∈ U − û(t) a.e. in [0, 1] .(3.12)

An immediate consequence of Lemma 3.3 and Assumption (A4) is

(3.13)

1∫
0

⟨σ(t), δu(t)⟩ dt+ 2P (δx, δy, δu) ≥ η ∥δu∥21

for η := η1 − η2 > 0 and every (δx, δy, δu) satisfying (3.9)–(3.12). This in turn
implies that (x̂, ŷ, û) is a strict local solution of Problem (OCP) and, according
to [32, Corollary 2.1], we have the following quadratic growth condition for the
objective functional:

(3.14)

1∫
0

f0 (x(t), y(t), u(t)) dt−
1∫

0

f0 (x̂(t), ŷ(t), û(t)) dt ≥
η

4
∥δu∥21

for all feasible (x, y, u) ∈Wnx
1,1 × L

ny

1 × Lnu
1 with

δu = u− û ∈ (U − û) ∩BL1 (0; ν) \ {0} ,
where ν > 0 is sufficiently small.

Assumptions (A1)–(A4) allow us to state the main result of this paper, whose
proof will be given in Section 6:

Theorem 3.4. Let (A1)–(A4) be satisfied and h > 0 be sufficiently small. Then,

(DOCP) has a solution (x̂h, ŷh, ûh) with unique multipliers
(
λ̂h, µ̂h

)
satisfying the

alternative necessary conditions (2.22)–(2.25), and for Γ ≥ 0 independent of h, we
have the error estimates

(3.15) ∥x̂h − x̂∥1,1 + ∥ŷh − ŷ∥1 + ∥ûh − û∥1 +
∥∥∥λ̂h − λ̂

∥∥∥
1,1

+ ∥µ̂h − µ̂∥∞ ≤ Γh .

4. Strong Metric sub-Regularity

In this section, we aim to show that the continuous KKT-conditions satisfy a
certain stability property, if Assumptions (A1)–(A4) hold. To that end, we introduce
the notion of strong metric sub-regularity (cf. [16, p. 202], [32, Definition 1.1]).

Definition 4.1. Let (Ξ, dΞ) and (Ω, dΩ) be two metric spaces. A set-valued map-

ping F : Ξ ⇒ Ω is strongly metrically sub-regular (SMsR) at ξ̂ ∈ Ξ for ω̂ ∈ Ω, if

ω̂ ∈ F
(
ξ̂
)
and there exist constants α, β, γ > 0 such that for any ω ∈ BΩ (ω̂;α)

and for any solution ξ ∈ BΞ

(
ξ̂;β
)
of ω ∈ F (ξ) the inequality

(4.1) dΞ

(
ξ, ξ̂
)
≤ γ dΩ (ω, ω̂)

is satisfied.
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In order to prove that the continuous KKT-conditions are strongly metrically
sub-regular, we denote the following abstract setting: Let us define the metric
spaces

Ξ := Wnx
1,1,D × L

ny

1 × U ×Wnx
1,1,0 × L

ny
∞ ,(4.2)

Wnx
1,1,D :=

{
x ∈Wnx

1,1 | 0 = D
(
x(0)− x0

)}
,

Wnx
1,1,0 :=

{
λ ∈Wnx

1,1 | 0 = λ(1)
}
,

Ω := Lnx
1 ×W

ny

1,1 × Lnx
1 × L

ny
∞ × Lnu

∞ ,(4.3)

with elements ξ = (x, y, u, λ, µ) ∈ Ξ, ω =
(
ωf , ωg, ωHx , ωHy , ωHu

)
∈ Ω, and the

metrics

dΞ
(
ξ1, ξ2

)
:=

∥∥x1 − x2
∥∥
1,1

+
∥∥y1 − y2

∥∥
1
+
∥∥u1 − u2

∥∥
1

(4.4)

+
∥∥λ1 − λ2

∥∥
1,1

+
∥∥µ1 − µ2

∥∥
∞ ,

dΩ
(
ω1, ω2

)
:=

∥∥ω1
f − ω2

f

∥∥
1
+
∥∥ω1

g − ω2
g

∥∥
1,1

+
∥∥ω1

Hx
− ω2

Hx

∥∥
1

(4.5)

+
∥∥∥ω1

Hy
− ω2

Hy

∥∥∥
∞

+
∥∥ω1

Hu
− ω2

Hu

∥∥
∞ .

We denote the function T : Ξ → Ω and the set-valued mapping F : Ξ ⇒ Ω by

(4.6) T (ξ) :=


ẋ− f (x, y, u)

g (x)

λ̇+∇xH (ξ)
∇yH (ξ)
∇uH (ξ)

 , F (ξ) :=


{0}
{0}
{0}
{0}

NU (u)

 ,

with the normal cone operator to U at u

NU (u) :=

{
{w ∈ Lnu

∞ | w(t) ∈ NU (u(t)) for a.e. t ∈ [0, 1]} , if u ∈ U ,
∅ , otherwise.

Then, the continuous KKT-conditions can be written as the generalized equation

(4.7) 0 ∈ T (ξ) + F (ξ) .

In the main theorem of this section, we state that T+ F is SMsR at

(4.8) ξ̂ :=
(
x̂, ŷ, û, λ̂, µ̂

)
∈ Ξ

for 0 ∈ Ω. For the reader’s convenience we included the proof, where we use similar
techniques as in [32, Theorem 3.1, Proposition 3.2], in Appendix A.1.

Theorem 4.2. Let (A1)–(A4) be satisfied. Then, there exist α, β, γ > 0 depending
only on the constants L,M, and η (compare (A1), Remark 3.1(ii), (3.13)) such that

T+ F is strongly metrically sub-regular at ξ̂ for 0 with constants α, β, γ.
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5. Existence of a discrete Solution

We associate solutions (x, y, u, λ, µ) of the discrete problem (DOCP) and the al-
ternative necessary conditions (2.22)–(2.25) with piecewise linear, continuous func-
tions xh, λh ∈ Wnx

1,∞,h, and piecewise constant functions yh ∈ L
ny

∞,h, uh ∈ Lnu
∞,h,

µh ∈ L
ny

∞,h (compare (1.1) and (1.2)) defined by

xh(t) = x′h(ti) (t− ti−1) + xh(ti−1), t ∈ (ti−1, ti] , i = 1, . . . , N ,(5.1)

yh(t) = yh(ti), t ∈ (ti−1, ti] , i = 1, . . . , N ,(5.2)

uh(t) = uh(ti), t ∈ (ti−1, ti] , i = 1, . . . , N ,(5.3)

λh(t) = λ′h(ti) (t− ti−1) + λh(ti−1), t ∈ (ti−1, ti] , i = 1, . . . , N ,(5.4)

µh(t) = µh(ti−1), t ∈ (ti−1, ti] , i = 1, . . . , N .(5.5)

Note that we evaluate µh at ti−1 for t ∈ (ti−1, ti] instead of ti.
In this section, we aim to show that there exists a discrete solution

(5.6) ξ̂h :=
(
x̂h, ŷh, ûh, λ̂h, µ̂h

)
of (DOCP) and the alternative necessary conditions (2.22)–(2.25) with

(5.7) dΞ

(
ξ̂h, ξ̂

)
≤ β .

Herein, β > 0 is derived from Theorem 4.2 and can be arbitrarily small. In order to
prove the main result of this section (Theorem 5.3 below), we consider the discrete
problem (DOCP) with the extra constraints

(5.8) ∥xh − x̂∥1,1 ≤ υ , ∥yh − ŷ∥1 ≤ υ , ∥uh − û∥1 ≤ υ ,

for an arbitrarily small constant 0 < υ ≤ ϵ (compare Remark 3.1(ii)), and show
that for sufficiently small h this problem has a solution. To that end, we first prove
that the feasible set of this problem is not empty. Let (A1)–(A3) be satisfied. Then,
according to Lemma 3.2, we have û ∈ BV nu . Set

ūh(t) := û(ti) , t ∈ (ti−1, ti] , i = 1, . . . , N ,

which implies ūh ∈ U and ∥ūh − û∥1 ≤
1∨
0
h ≤ υ for sufficiently small h (cf. [2,

Lemma 3.1]). Thus, ūh is feasible. Next, we consider the system

xh(ti) = f (xh(ti), yh(ti), û(ti)) , i = 1, . . . , N , xh(t0) = x̂(0) ,

0 = g (xh(ti)) , i = 1, . . . , N ,

∥xh − x̂∥1,1 ≤ υ , ∥yh − ŷ∥1 ≤ υ .

We prove that this system has a solution (x̄h, ȳh) ∈ Wnx
1,∞,h × L

ny

∞,h, which implies

that the feasible set is not empty, by applying [13, Theorem 3.1]. Let us introduce
the following abstract setting: We define the spaces

Xh :=
{
zh = (xh, yh) ∈Wnx

1,∞,h × L
ny

∞,h | xh(t0) = x̂(0)
}
, Yh := Lnx

1,h ×W
ny

1,1,h ,
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equipped with the metric dX
(
z1h, z

2
h

)
:=
∥∥x1h − x2h

∥∥
1,1

+
∥∥y1h − y2h

∥∥
1
and the norm

∥(ωf,h, ωg,h)∥Y := ∥ωf,h∥1 + ∥ωg,h∥1,1. Additionally, with ẑ := (x̂, ŷ) we define the

function T : Xh → Yh and the linear mapping L : Xh → Yh by

T (zh(ti)) :=

(
x′h(ti)− f (xh(ti), yh(ti), û(ti))

g (xh(ti))

)
,

L (zh(ti)) := T ′ (ẑ(ti)) zh(ti) =

(
x′h(ti)− f ′x [ti]xh(ti)−B [ti] yh(ti)

g′ [ti]xh(ti)

)
for i = 1, . . . , N . Finally, we define the elements ω̂ := −T (ẑ), π̂ := T (ẑ) − L (ẑ),
and the set Π := BY (π̂; ν) ⊂ Yh for sufficiently small ν > 0. In order to not disturb
the reading flow, we moved the proof of the following lemma to Appendix A.2.

Lemma 5.1. Let (A1)–(A3) be satisfied. Then, the equation

(5.9) 0 = T (zh) ,

has a solution z̄h = (x̄h, ȳh) ∈ Xh and there exists Γ ≥ 0 independent of h such that

(5.10) ∥x̄h − x̂∥1,1 ≤ Γh , ∥ȳh − ŷ∥1 ≤ Γh .

This proves that the feasible set of (DOCP) together with (5.8) is not empty
for sufficiently small h. Additionally, the objective functional is continuous and the
feasible set is compact. Hence, the problem has a solution

(5.11) (x̂h, ŷh, ûh) ∈Wnx
1,∞,h × L

ny

∞,h × Lnu
∞,h .

This also yields a bound for the associated multipliers:

Lemma 5.2. Let (A1)–(A3) be satisfied. Then, there exist unique multipliers as-
sociated with (5.11)

(5.12)
(
λ̂h, µ̂h

)
∈Wnx

1,∞,h × L
ny

∞,h

satisfying the alternative necessary conditions (2.22)–(2.25), and there exists a con-
stant Γ ≥ 0 independent of h such that

(5.13)
∥∥∥λ̂h − λ̂

∥∥∥
1,1

≤ Γ (υ + h) , ∥µ̂h − µ̂∥∞ ≤ Γ (υ + h) ,

where υ > 0 is given in (5.8).

The proof of Lemma 5.2 can be found in Appendix A.3. Finally, we are able to
prove the main result of this section:

Theorem 5.3. Let (A1)–(A3) be satisfied. Then, for every ζ > 0 and sufficiently
small h, Problem (DOCP) has a solution (x̂h, ŷh, ûh) ∈ Wnx

1,∞,h × L
ny

∞,h × Lnu
∞,h

associated with unique multipliers
(
λ̂h, µ̂h

)
∈Wnx

1,∞,h×L
ny

∞,h solving the alternative

necessary conditions (2.22)–(2.25) such that

(5.14) ∥x̂h − x̂∥1,1 + ∥ŷh − ŷ∥1 + ∥ûh − û∥1 +
∥∥∥λ̂h − λ̂

∥∥∥
1,1

+ ∥µ̂h − µ̂∥∞ ≤ ζ .

Proof. Let ζ > 0 be given. Then, according to Lemma 5.1 and Lemma 5.2 for suf-
ficiently small υ, h > 0, Problem (DOCP) and the alternative necessary conditions
(2.22)–(2.25) have a solution (5.6) satisfying the bound (5.14). □
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6. Error Estimates for Local Solutions

With the results of the previous sections we are now able to prove the main result
of this paper, i.e., with the requirements of Theorem 3.4 we show that

∥x̂h − x̂∥1,1 + ∥ŷh − ŷ∥1 + ∥ûh − û∥1 +
∥∥∥λ̂h − λ̂

∥∥∥
1,1

+ ∥µ̂h − µ̂∥∞ ≤ Γh ,

where the constant Γ ≥ 0 is independent of the mesh size h.

Proof of Theorem 3.4. By Theorem 4.2, the set-valued mapping T + F defined in

(4.6) is strongly metrically sub-regular at ξ̂ =
(
x̂, ŷ, û, λ̂, µ̂

)
∈ Ξ for 0 ∈ Ω with

constants α, β, γ > 0. Hence, for any ω ∈ BΩ (0;α) and for any solution ξ ∈
BΞ

(
ξ̂;β
)
of ω ∈ T (ξ) + F (ξ) we have

(6.1) dΞ

(
ξ, ξ̂
)
≤ γ dΩ (ω, 0) .

In addition, according to Theorem 5.3, for sufficiently small h there exists a solution

ξ̂h =
(
x̂h, ŷh, ûh, λ̂h, µ̂h

)
∈ Ξ of (DOCP) and the alternative necessary conditions

(2.22)–(2.25) in BΞ

(
ξ̂;β
)
. With the residual

(6.2) ω̂h :=
(
ω̂f,h, ω̂g,h, ω̂Hx,h, ω̂Hy ,h, ω̂Hu,h

)
∈ Ω

defined for t ∈ (ti−1, ti], i = 1, . . . , N by

ω̂f,h(t) := ˙̂xh(t)− f (x̂h(t), ŷh(t), ûh(t)) ,(6.3)

ω̂g,h(t) := g (x̂h(t)) ,(6.4)

ω̂Hx,h(t) :=
˙̂
λh(t) +∇xH

(
ξ̂h(t)

)
,(6.5)

ω̂Hy ,h(t) := ∇yH
(
ξ̂h(t)

)
(6.6)

−∇yHh

(
x̂h(ti), ŷh(ti), ûh(ti), λ̂h(ti−1), µ̂h(ti−1)

)
,

ω̂Hu,h(t) := ∇uH
(
ξ̂h(t)

)
(6.7)

−∇uHh

(
x̂h(ti), ŷh(ti), ûh(ti), λ̂h(ti−1), µ̂h(ti−1)

)
,

we have ω̂h ∈ T
(
ξ̂h

)
+ F

(
ξ̂h

)
. Hence, it remains to show dΩ (ω̂h, 0) ≤ Γh ≤ α for

Γ ≥ 0 and sufficiently small h. Then, (6.1) yields an error estimate for the discrete

solution ξ̂h.
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For the first component of ω̂h we obtain

∥ω̂f,h∥1 =
N∑
i=1

ti∫
ti−1

∣∣∣ ˙̂xh(t)− f (x̂h(t), ŷh(t), ûh(t))
∣∣∣ dt

=

N∑
i=1

ti∫
ti−1

|f (x̂h(ti), ŷh(ti), ûh(ti))− f (x̂h(t), ŷh(ti), ûh(ti))| dt

≤
N∑
i=1

ti∫
ti−1

L |x̂h(ti)− x̂h(t)| dt

≤
N∑
i=1

ti∫
ti−1

L |f (x̂h(ti), ŷh(ti), ûh(ti))|h dt

≤ LMh .

The second component of ω̂h can be estimated by

|ω̂g,h(t)| = |g (x̂h(t))| = |g (x̂h(t))− g (x̂h(ti))| ≤ LMh

for t ∈ (ti−1, ti] , i = 1, . . . , N . For its time derivative, we derive

∥∥∥ ˙̂ωg,h

∥∥∥
1
=

1∫
0

∣∣∣g′ (x̂h(t)) ˙̂xh(t)∣∣∣ dt
=

N∑
i=1

ti∫
ti−1

∣∣∣∣g′ (x̂h(t)) x̂′h(ti)− g (x̂h(ti))− g (x̂h(ti−1))

h

∣∣∣∣ dt
=

N∑
i=1

ti∫
ti−1

∣∣∣∣∣∣
1∫

0

[
g′ (x̂h(t))− g′

(
x̂h(ti−1) + θhx̂′h(ti)

)]
x̂′h(ti) dθ

∣∣∣∣∣∣ dt
≤ 2LM2h .
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For ω̂Hx,h and t ∈ (ti−1, ti], i = 1, . . . , N we have

ω̂Hx,h(t) =
˙̂
λh(t) +∇xH

(
ξ̂h(t)

)
= λ̂′h(ti) +∇xH

(
ξ̂h(t)

)
= ∇xH

(
ξ̂h(t)

)
−∇xHh

(
x̂h(ti), ŷh(ti), ûh(ti), λ̂h(ti−1), µ̂h(ti−1)

)
= ∇xf0 (x̂h(t), ŷh(ti), ûh(ti))−∇xf0 (x̂h(ti), ŷh(ti), ûh(ti))

+
[
f ′x (x̂h(t), ŷh(ti), ûh(ti))− f ′x (x̂h(ti), ŷh(ti), ûh(ti))

]⊤
λ̂h(t)

+ f ′x (x̂h(ti), ŷh(ti), ûh(ti))
⊤
(
λ̂h(t)− λ̂h(ti−1)

)
+

[
g′′ (x̂h(t))−

g′ (x̂h(ti))− g′ (x̂h(ti−1))

h
+

+
(
g′ (x̂h(t))− g′ (x̂h(ti−1))

)
f ′x (x̂h(t), ŷh(ti), ûh(ti)) + g′ (x̂h(ti−1))(

f ′x (x̂h(t), ŷh(ti), ûh(ti))− f ′x (x̂h(ti), ŷh(ti), ûh(ti))
) ]⊤

µ̂h(ti) ,

which implies ∥ω̂Hx,h∥1 ≤ Γ1h for Γ1 ≥ 0 independent of h. Then, for ω̂Hy ,h and
t ∈ (ti−1, ti], i = 1, . . . , N we get

∣∣ω̂Hy ,h(t)
∣∣ ≤ |q (x̂h(t))− q (x̂h(ti))|+ |B (x̂h(t))−B (x̂h(ti))|

∣∣∣λ̂h(t)∣∣∣
+ |B (x̂h(ti))|

∣∣∣λ̂h(t)− λ̂h(ti−1)
∣∣∣

+ |B (x̂h(t))−B (x̂h(ti))| |g (x̂h(t))| |µ̂h(ti−1)|
+ |B (x̂h(ti))| |g (x̂h(t))− g (x̂h(ti−1))| |µ̂h(ti−1)|

≤ Γ2h ,

and analogously for ω̂Hu,h we obtain ∥ω̂Hu,h∥∞ ≤ Γ3h with Γ2,Γ3 ≥ 0 independent
of h. In conclusion, for sufficiently small h we have dΩ (ω̂h, 0) ≤ Γ4h ≤ α, where
Γ4 ≥ 0 is independent of h. Thus, the inequality (6.1) yields

∥x̂h − x̂∥1,1 + ∥ŷh − ŷ∥1 + ∥ûh − û∥1 +
∥∥∥λ̂h − λ̂

∥∥∥
1,1

+ ∥µ̂h − µ̂∥∞

= dΞ

(
ξ̂h, ξ̂

)
≤ γdΩ (ω̂h, 0) ≤ γ Γ4h ,

which completes the proof. □

7. Numerical Example

By the following illustrative example, we numerically confirm the error estimates
of Theorem 3.4.
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Example 7.1. We study the following modified minimum energy problem (cf. [18,
Example 3.1.13]):

Minimize

1∫
0

[
x1(t)

4 + (x2(t) + 1)2
]
dt(Pω)

subject to ẋ1(t) = u(t)− y(t) a.e. in [0, 1] ,

ẋ2(t) =
[
1 + ω x1(t)

]
u(t) a.e. in [0, 1] ,

ẋ3(t) = −x2(t) a.e. in [0, 1] ,

0 = x1(t) + x3(t) in [0, 1] ,

x1(0) = 0 , x2(0) = 1 , x3(0) = 0 ,

u(t) ∈ [−3,−1] a.e. in [0, 1] .

The system equation for ẋ2 is control-affine and depends on some parameter ω ∈ R.
Problem (Pω) clearly is of type (OCP) with

f0 (x, y, u) = x41 + (x2 + 1)2 , f (x, y, u) =

 u− y
[1 + ω x1]u

−x2

 , g (x) = x1 + x3 .

Since two differentiations of the algebraic constraint w.r.t. t are necessary to obtain
a differential equation for the algebraic variable y, the DAE has index two. The
Hamilton function (2.7) for Problem (Pω) is now given by

H (x, y, u, λ, µ) = x41 + (x2 + 1)2

+ λ1 (u− y) + λ2 (1 + ω x1)u− λ3x2 + µ (u− y − x2) .

Therefore, we have

∇xH (x, y, u, λ, µ) =

 4x31 + ω λ2u
2 (x2 + 1)− λ3 − µ

0


and

∇xxH (x, y, u, λ, µ) =

12x21 0 0
0 2 0
0 0 0

 , ∇xuH (x, y, u, λ, µ) =

ω λ20
0

 .

Since ∇xyH (x, y, u, λ, µ) = 0, the quadratic functional (3.7) in Assumption (A4) is
given by

P (δx, δy, δu) :=

1∫
0

[
6 x̂1(t)

2 (δx1(t))
2 + (δx2(t))

2 + ω δx1(t)λ̂2(t)δu(t)
]
dt .

If ω is sufficiently small and x̂1 ̸≡ 0 on [0, 1], Assumption (A4) is fulfilled, i.e., there
exists some constant η2, such that

2P (δx, δy, δu) ≥ −η2 ∥δu∥21
for every (δx, δy, δu) ∈ W 3

1,1 × L1 × L1, especially for every (δx, δy, δu) satisfying

(3.9)–(3.12).
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Figure 1. Optimal differential states x̂1, x̂2, x̂3 (left), optimal al-
gebraic state ŷ and optimal control û (right) for ω = 1, N = 2048.

Table 1. Discretization error for ω = 1.

N 16 32 64 128 256 512

∥ûh − û∥1 0.0813 0.0485 0.0240 0.0115 0.0051 0.0029
∥ûh−û∥1

h 1.3000 1.5514 1.5389 1.4720 1.3173 1.4757

Figure 2. Optimal differential states x̂1, x̂2, x̂3 (left), optimal al-
gebraic state ŷ and optimal control û (right) for ω = 10, N = 2048.

We study the two cases where ω = 1 and ω = 10, respectively. The numerical
solution of Problem (Pω) is done by the interior point solver Ipopt, see [41]. We
generated a fine-mesh reference solution for N = 211 = 2048 discretization points.
The optimal states and controls are shown in Figures 1 and 2. In both cases,
x̂1 ̸≡ 0. Therefore, Assumption (A4) is fulfilled. The discretization errors for
N = 2k, k = 4, . . . , 9, depicted in Tables 1 and 2, indicate convergence of order one
w.r.t. the mesh size h = 1/N as predicted by Theorem 3.4.
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Table 2. Discretization error for ω = 10.

N 16 32 64 128 256 512

∥ûh − û∥1 0.5109 0.3442 0.1915 0.0994 0.0483 0.0194
∥ûh−û∥1

h 8.1746 11.0147 12.2559 12.7224 12.3754 9.9566

Appendix A. Proofs

A.1. Proof of Theorem 4.2. Let us introduce the abbreviations

(A.1)

Â(·) := f ′x [·] , B̂(·) := B [·] , Ĉ(·) := C [·] ,
Ĝ(·) := g′ [·] ,
P̂ (·) := ∇2

xxH [·] , Q̂(·) := ∇2
xyH [·] , R̂(·) := ∇2

xuH [·] ,
p̂(·) := ∇xf0 [·] , q̂(·) := q [·] , r̂(·) := r [·] ,

and the alternative mappings

L (ξ) :=



(
ẋ− ˙̂x

)
− Â(·) (x− x̂)− B̂(·) (y − ŷ)− Ĉ(·) (u− û)

Ĝ(·) (x− x̂)(
λ̇− ˙̂

λ
)
+∇2

xξH [·]
(
ξ − ξ̂

)
∇2

yξH [·]
(
ξ − ξ̂

)
∇2

uξH [·]
(
ξ − ξ̂

)
+∇uH [·] +NU (u)



(A.2)

S (ξ) :=



(
˙̂x− f (x, y, u)

)
+ Â(·) (x− x̂) + B̂(·) (y − ŷ) + Ĉ(·) (u− û)

(g (x)− g [·])− Ĝ(·) (x− x̂)

(∇xH (ξ)−∇xH [·])−∇2
xξH [·]

(
ξ − ξ̂

)
(∇yH (ξ)−∇yH [·])−∇2

yξH [·]
(
ξ − ξ̂

)
(∇uH (ξ)−∇uH [·])−∇2

uξH [·]
(
ξ − ξ̂

)


,

(A.3)

which satisfy

(A.4) T (ξ) + F (ξ) = L (ξ) + S (ξ) , ξ ∈ Ξ.

We first show that for arbitrary ᾱ, β̄ > 0 there exist γ̄ > 0 depending only on L,M, η
such that L defined in (A.2) is SMsR at ξ̂ ∈ Ξ for 0 ∈ Ω with constants ᾱ, β̄, γ̄.

To that end, let ᾱ, β̄ > 0 be arbitrary, ω ∈ BΩ (0; ᾱ), and let ξ ∈ BΞ

(
ξ̂; β̄
)
be a

solution of ω ∈ L (ξ). With the notation

(A.5) ∆ξ := ξ − ξ̂ = (∆x,∆y,∆u,∆λ,∆µ) , ∆ẋ = ẋ− ˙̂x, ∆λ̇ = λ̇− ˙̂
λ
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the generalized equation ω ∈ L (ξ) yields the perturbed system

∆ẋ(t) = Â(t)∆x(t) + B̂(t)∆y(t) + Ĉ(t)∆u(t) + ωf (t), a.e. in [0, 1] ,(A.6)

0 = Ĝ(t)∆x(t)− ωg(t), in [0, 1] ,(A.7)

0 = D∆x(0),(A.8)

∆λ̇(t) = −P̂ (t)∆x(t)− Q̂(t)∆y(t)− R̂(t)∆u(t)(A.9)

− Â(t)⊤∆λ(t)−
(
˙̂
G(t) + Ĝ(t)Â(t)

)⊤
∆µ(t)

+ ωHx(t), a.e. in [0, 1] ,

0 = Q̂(t)⊤∆x(t) + B̂(t)⊤∆λ(t)(A.10)

+
(
Ĝ(t)B̂(t)

)⊤
∆µ(t)− ωHy(t), a.e. in [0, 1] ,

0 = ∆λ(1),(A.11)

0 ∈ R̂(t)⊤∆x(t) + Ĉ(t)⊤∆λ(t) +
(
Ĝ(t)Ĉ(t)

)⊤
∆µ(t)(A.12)

+ σ(t)− ωHu(t) +NU (u(t)) , a.e. in [0, 1]

with the switching function σ defined in (3.3). Multiplying (A.10) from the left by
∆y(t) and (A.12) give us

0 =

〈
∆y(t), Q̂(t)⊤∆x(t) + B̂(t)⊤∆λ(t) +

(
Ĝ(t)B̂(t)

)⊤
∆µ(t)− ωHy(t)

〉
,(A.13)

0 ≥
〈
∆u(t), R̂(t)⊤∆x(t) + Ĉ(t)⊤∆λ(t)(A.14)

+
(
Ĝ(t)Ĉ(t)

)⊤
∆µ(t) + σ(t)− ωHu(t)

〉
for almost every t ∈ [0, 1]. Furthermore, (A.7) at t = 0 and (A.8) together with
(A2) imply

(A.15) ∆x(0) =

(
Ĝ(0)
D

)−1(
ωg(0)
0

)
=: ω̃gD ∈ Rnx .

Differentiating the algebraic equation (A.7) with respect to t yields

(A.16) 0 =
(
˙̂
G(t) + Ĝ(t)Â(t)

)
∆x(t) + Ĝ(t)B̂(t)∆y(t) + Ĝ(t)Ĉ(t)∆u(t)− ω̇g(t)

for almost every t ∈ [0, 1]. Assumption (A2) allows us to solve (A.16) and (A.10)
for ∆y and ∆µ, respectively, to obtain

∆y(·) = −
(
Ĝ(·)B̂(·)

)−1 [( ˙̂
G(·) + Ĝ(·)Â(·)

)
∆x(·)(A.17)

+Ĝ(·)Ĉ(·)∆u(·) + Ĝ(·)ωf (·)− ω̇g(·)
]
,

∆µ(·) = −
[(
Ĝ(·)B̂(·)

)−1
]⊤ [

Q̂(·)⊤∆x(·) + B̂(·)⊤∆λ(·)− ωHy(·)
]
.(A.18)
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Hence, for ∆ξ and the solution (δx, δy, δu) of the unperturbed, linearized system
(3.9)–(3.11) with δu = ∆u ∈ U − û we get

(A.19)
∥∆x− δx∥∞ ≤ Γ1dΩ (ω, 0) , ∥∆y − δy∥1 ≤ Γ1dΩ (ω, 0) ,
∥∆x∥∞ ≤ Γ1 (∥δu∥1 + dΩ (ω, 0)) , ∥∆y∥1 ≤ Γ1 (∥δu∥1 + dΩ (ω, 0)) ,
∥∆λ∥∞ ≤ Γ1 (∥δu∥1 + dΩ (ω, 0)) , ∥∆µ∥∞ ≤ Γ1 (∥δu∥1 + dΩ (ω, 0))

with Γ1 ≥ 0 depending only on L,M. Now, using (A.6), (A.9), (A.11), and (A.15)
we have

−⟨ω̃gD,∆λ(0)⟩ = ⟨∆x(1),∆λ(1)⟩ − ⟨∆x(0),∆λ(0)⟩

=

1∫
0

d

dt
⟨∆x(t),∆λ(t)⟩ dt

=

1∫
0

⟨∆ẋ(t),∆λ(t)⟩+
〈
∆x(t),∆λ̇(t)

〉
dt

=

1∫
0

〈
Â(t)∆x(t) + B̂(t)∆y(t) + Ĉ(t)∆u(t) + ωf (t),∆λ(t)

〉
(A.20)

−
〈
∆x(t), P̂ (t)∆x(t) + Q̂(t)∆y(t) + R̂(t)∆u(t) + Â(t)⊤∆λ(t)

+
(
˙̂
G(t) + Ĝ(t)Â(t)

)⊤
∆µ(t)− ωHx(t)

〉
dt

=

1∫
0

〈
B̂(t)∆y(t) + Ĉ(t)∆u(t) + ωf (t),∆λ(t)

〉
−
〈
∆x(t), P̂ (t)∆x(t) + Q̂(t)∆y(t) + R̂(t)∆u(t)

+
(
˙̂
G(t) + Ĝ(t)Â(t)

)⊤
∆µ(t)− ωHx(t)

〉
dt .

Integrating and subtracting (A.13), (A.14) from (A.20), and exploiting (A.16) yields

−⟨ω̃gD,∆λ(0)⟩ ≤
1∫

0

⟨ωf (t),∆λ(t)⟩+ ⟨ω̇g(t),∆µ(t)⟩

+ ⟨ωHx(t),∆x(t)⟩+
〈
ωHy(t),∆y(t)

〉
+ ⟨ωHu(t),∆u(t)⟩ dt

−
1∫

0

⟨σ(t),∆u(t)⟩ dt− 2P (∆x,∆y,∆u) .
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Thus, using |ω̃gD| ≤ Γ2 ∥ωg∥1,1 and (A.19) we obtain

1∫
0

⟨σ(t),∆u(t)⟩ dt+ 2P (∆x,∆y,∆u)

≤ Γ3

[
∥ωg∥1,1 ∥∆λ∥∞ + ∥ωf∥1 ∥∆λ∥∞ + ∥ωg∥1,1 ∥∆µ∥∞(A.21)

+ ∥ωHx∥1 ∥∆x∥∞ +
∥∥ωHy

∥∥
∞ ∥∆y∥1 + ∥ωHu∥∞ ∥∆u∥1

]
≤ Γ4dΩ (ω, 0) (∥δu∥1 + dΩ (ω, 0))

for Γ2,Γ3,Γ4 ≥ 0 depending only on L,M. Additionally, the bounds (A.19) and
δu = ∆u give us

|P (∆x,∆y,∆u)− P (δx, δy, δu)|

≤ 1

2

1∫
0

∣∣∣〈∆x(t), P̂ (t)∆x(t) + 2Q̂(t)∆y(t) + 2R̂(t)∆u(t)
〉

−
〈
δx(t), P̂ (t)δx(t) + 2Q̂(t)δy(t) + 2R̂(t)δu(t)

〉∣∣∣ dt
=

1

2

1∫
0

∣∣∣〈∆x(t)− δx(t), P̂ (t) (∆x(t) + δx(t))
〉

(A.22)

+2
〈
∆x(t)− δx(t), Q̂(t)∆y(t)

〉
+ 2

〈
δx(t), Q̂(t) (∆y(t)− δy(t))

〉
+2
〈
∆x(t)− δx(t), R̂(t)δu(t)

〉∣∣∣ dt
≤ Γ5dΩ (ω, 0) (∥δu∥1 + dΩ (ω, 0))

with Γ5 ≥ 0 depending only on L,M. Then, with (3.13), (A.21), and (A.22) we get

η ∥δu∥21 ≤
1∫

0

⟨σ(t), δu(t)⟩ dt+ 2P (δx, δy, δu)

≤
1∫

0

⟨σ(t),∆u(t)⟩ dt+ 2P (∆x,∆y,∆u)

+2 |P (∆x,∆y,∆u)− P (δx, δy, δu)|
≤ Γ6dΩ (ω, 0) (∥δu∥1 + dΩ (ω, 0))

with Γ6 ≥ 0 depending only on L,M. This yields the bound

(A.23) ∥∆u∥1 = ∥δu∥1 ≤
Γ6 +

√
Γ2
6 + 4Γ6

2η
dΩ (ω, 0) .

Hence, using (A.19) and the differential equations (A.6) and (A.9) gives us a con-
stant γ̄ > 0 depending only on L,M, η such that

(A.24) dΞ

(
ξ, ξ̂
)
≤ γ̄dΩ (ω, 0) ,
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which proves the strong metric sub-regularity of L.
Next, we aim to show that L+S is SMsR at ξ̂ ∈ Ξ for 0 ∈ Ω using [32, Proposition
3.1], i.e., we need to find constants α, β, γ, ϑ > 0 such that

(A.25) ϑγ̄ < 1, β ≤ β̄, α+ ϑβ ≤ ᾱ, γ ≥ γ̄

1− ϑγ̄
,

and prove that the function S defined in (A.3) satisfies

(A.26) S
(
ξ̂
)
= 0, dΩ

(
S (ξ) ,S

(
ξ̂
))

≤ ϑdΞ

(
ξ, ξ̂
)

for all ξ ∈ BΞ

(
ξ̂;β
)
.

To that end, let 0 < β < ϵ be sufficiently small with ϵ defined in Remark 3.1.
Obviously, we have S(ξ̂) = 0. Let us consider the first component

S1 (ξ) := − (f (x, y, u)− f (x̂, ŷ, û)) + Â(·)∆x+ B̂(·)∆y + Ĉ(·)∆u

of S (ξ). Using the mean-value theorem we get

S1 (ξ) = −
1∫

0

[ (
f ′x ((x̂, ŷ, û) + θ (∆x,∆y,∆u))− f ′x (x̂, ŷ, û)

)
∆x

+ (B (x̂+ θ∆x)−B (x̂))∆y + (C (x̂+ θ∆x)− C (x̂))∆u
]
dθ.

Hence, we obtain

∥S1 (ξ)∥1 ≤
1∫

0

Lθ
(
∥∆x∥1,1 + ∥∆y∥1 + ∥∆u∥1

)
∥∆x∥1,1

+ Lθ ∥∆x∥1,1 ∥∆y∥1 + Lθ ∥∆x∥1,1 ∥∆u∥1 dθ

≤ L
2
βdΞ

(
ξ, ξ̂
)
.

For the second component

S2 (ξ) := g (x)− g (x̂)− Ĝ(·)∆x

we have

∥S2 (ξ)∥1 =
1∫

0

∣∣∣∣∣∣
1∫

0

(
g′ (x̂(t) + θ∆x(t))− g′ (x̂(t))

)
∆x(t)dθ

∣∣∣∣∣∣ dt ≤ L
2
βdΞ

(
ξ, ξ̂
)
.
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Furthermore, we get the time derivative

d

dt
S2 (ξ) (t) = g′ (x(t)) ẋ(t)− g′ (x̂(t)) ˙̂x(t)− g′′ (x̂(t)) ˙̂x(t)∆x(t)− g′ (x̂(t))∆ẋ(t)

=
[
g′ (x(t))− g′ (x̂(t))

]
ẋ(t)− g′′ (x̂(t)) ˙̂x(t)∆x(t)

=
[
g′ (x(t))− g′ (x̂(t))

]
∆ẋ(t) +

[
g′ (x(t))− g′ (x̂(t))

]
˙̂x(t)

− g′′ (x̂(t)) ˙̂x(t)∆x(t)

=
[
g′ (x(t))− g′ (x̂(t))

]
∆ẋ(t)

+

1∫
0

[
g′′ (x̂(t) + θ∆x(t))− g′′ (x̂(t))

]
˙̂x(t)∆x(t)dθ

for almost every t ∈ [0, 1]. Thus, we conclude∥∥∥∥ ddtS2 (ξ)

∥∥∥∥
1

≤ L ∥∆x∥21,1 +
LM
2

∥∆x∥21,1 ≤
2L+ LM

2
βdΞ

(
ξ, ξ̂
)
,

and therefore

∥S2 (ξ)∥1,1 ≤
3L+ LM

2
βdΞ

(
ξ, ξ̂
)
.

Similar bounds can be found for the remaining components of S (ξ). Hence, we
obtain

dΩ

(
S (ξ) ,S

(
ξ̂
))

= dΩ (S (ξ) , 0) ≤ Γ7βdΞ

(
ξ, ξ̂
)

with Γ7 depending only on L, M. Now, we choose 0 < β ≤ β̄ sufficiently small such
that for ϑ := Γ7β we have

ϑγ̄ < 1, α := ᾱ− ϑβ > 0, γ :=
γ̄

1− ϑγ̄
> 0,

i.e., conditions (A.25) and (A.26) are fulfilled. In conclusion, according to [32,

Proposition 3.1], T+ F = L+ S is SMsR at ξ̂ for 0 with constants α, β, γ > 0. □
A.2. Proof of Lemma 5.1: We need to verify conditions (P1)–(P4) in [13, Theo-
rem 3.1]:

(P1) 0 = T (ẑ) + ω̂ and (T − L) (ẑ) + ω̂ ∈ Π.
(P2) For arbitrary ϑ > 0 exists 0 < ϵ̃ ≤ ϵ such that for all z1h, z

2
h ∈ BX (ẑ; ϵ̃)∥∥(T − L)

(
z1h
)
− (T − L)

(
z2h
)∥∥

Y
≤ ϑdX

(
z1h, z

2
h

)
.

(P3) The map L−1 : Π → Xh is single-valued and Lipschitz continuous with con-
stant κ ≥ 0.

(P4) (T − L) (BX (ẑ; ϵ̃)) ⊂ Π.

(P1): The first part is satisfied by definition of ω̂. For the second part, we have
(T − L) (ẑ)+ ω̂ = π̂+ ω̂ and Π = BY (π̂; ν). Thus, we have to show that ∥ω̂∥Y ≤ ν
for sufficiently small h > 0. To this end, we consider the first component ω̂1 of ω̂
and exploit the mean value theorem, which yields

− x̂(ti)− x̂(ti−1)

h
+ f [ti] =

1∫
0

−f [ti−1 + θh] + f [ti] dθ .
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Since (x̂, ŷ, û) ∈ BV nx
1 ×BV ny ×BV nu , we get f [·] ∈ BV nx . This implies

|f [ti]− f [ti−1 + θh]| ≤ |f [ti]− f [ti−1 + θh]|+ |f [ti−1 + θh]− f [ti−1]| ≤
ti∨

ti−1

f [·]

for all θ ∈ (0, 1) and i = 1, . . . , N . Thus, we obtain

∥ω̂1∥1 = h
N∑
i=1

∣∣∣∣ x̂(ti)− x̂(ti−1)

h
− f [ti]

∣∣∣∣ ≤ h
N∑
i=1

1∫
0

|f [ti−1 + θh]− f [ti]| dθ

≤ h

N∑
i=1

ti∨
ti−1

f [·] ≤ h

1∨
0

f [·] .

Now, we consider the second component ω̂2. We have

g (x̂(ti)) = 0, i = 0, 1, . . . , N,
g (x̂(ti))− g (x̂(ti−1))

h
= 0, i = 1, . . . , N,

and therefore ∥ω̂2∥1,1 = 0. Hence, we can choose h sufficiently small such that

∥ω̂∥Y ≤ h
1∨
0
f [·] ≤ ν, which verifies (P1).

(P2): Let ϑ > 0 be given and z1h =
(
x1h, y

1
h

)
, z2h =

(
x2h, y

2
h

)
∈ BX (ẑ; ϵ̃) for ϵ̃ > 0

sufficiently small. Then, we have

f
(
z1h(ti), û(ti)

)
− f

(
z2h(ti), û(ti)

)
=

1∫
0

f ′
(
z2h(ti) + θ

(
z1h(ti)− z2h(ti)

)
, û(ti)

) (
z1h(ti)− z2h(ti)

)
dθ

=

1∫
0

f ′x
(
z2h(ti) + θ

(
z1h(ti)− z2h(ti)

)
, û(ti)

) (
x1h(ti)− x2h(ti)

)
dθ

+

1∫
0

B
(
x2h(ti) + θ

(
x1h(ti)− x2h(ti)

)) (
y1h(ti)− y2h(ti)

)
dθ .
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Thus, for the first component of (T − L)
(
z1h
)
− (T − L)

(
z2h
)
we obtain

h
N∑
i=1

∣∣f (z1h(ti), û(ti))− f ′ [ti] z
1
h(ti)−

(
f
(
z2h(ti), û(ti)

)
− f ′ [ti] z

2
h(ti)

)∣∣
≤ h

N∑
i=1

1∫
0

∣∣∣f ′x (z2h(ti) + θ
(
z1h(ti)− z2h(ti)

)
, û(ti)

)
− Â(ti)

∣∣∣ ∣∣x1h(ti)− x2h(ti)
∣∣ dθ

+ h
N∑
i=1

1∫
0

∣∣∣B (x2h(ti) + θ
(
x1h(ti)− x2h(ti)

))
− B̂ (ti)

∣∣∣ ∣∣y1h(ti)− y2h(ti)
∣∣ dθ

≤ Lϵ̃
∥∥x1h − x2h

∥∥
∞ + Lϵ̃

∥∥y1h − y2h
∥∥
1
≤ Γ1ϵ̃dX

(
z1h, z

2
h

)
≤ ϑdX

(
z1h, z

2
h

)

for Γ1 ≥ 0 independent of h and sufficiently small ϵ̃ > 0. For the second component
we have

g
(
x1h(ti)

)
− g

(
x2h(ti)

)
− Ĝ(ti)

(
x1h(ti)− x2h(ti)

)
=

1∫
0

[
g′
(
x2h(ti) + θ

(
x1h(ti)− x2h(ti)

))
− g′ (x̂(ti))

] (
x1h(ti)− x2h(ti)

)
dθ ,

for i = 0, . . . , N , which implies

∣∣∣g (x1h(ti))− g
(
x2h(ti)

)
− Ĝ(ti)

(
x1h(ti)− x2h(ti)

)∣∣∣ ≤ L
2
ϵ̃dX

(
z1h, z

2
h

)
.

We recall that for t ∈ (ti−1, ti], i = 1, . . . , N we get xh(t) = x′h(ti) (t− ti−1) +
xh(ti−1) and therefore ẋh(t) = x′h(ti). Then, for the discrete derivative of the
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second component we obtain(
g
(
x1h(ti)

)
− g

(
x2h(ti)

)
− Ĝ(ti)

(
x1h(ti)− x2h(ti)

))′
=

1

h

ti∫
ti−1

d

dt

1∫
0

[
g′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

))
− Ĝ(t)

] (
x1h(t)− x2h(t)

)
dθdt

=
1

h

ti∫
ti−1

1∫
0

[
g′′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

)) (
ẋ2h(t) + θ

(
ẋ1h(t)− ẋ2h(t)

))
−g′′ [t] ˙̂x(t)

] (
x1h(t)− x2h(t)

)
+
[
g′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

))
− Ĝ(t)

] (
ẋ1h(t)− ẋ2h(t)

)
dθdt

=
1

h

ti∫
ti−1

1∫
0

[
g′′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

)) (
ẋ2h(t) + θ

(
ẋ1h(t)− ẋ2h(t)

)
− ˙̂x(t)

)
+
(
g′′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

))
− g′′ [t]

)
˙̂x(t)
] (
x1h(t)− x2h(t)

)
+
[
g′
(
x2h(t) + θ

(
x1h(t)− x2h(t)

))
− Ĝ(t)

] (
ẋ1h(t)− ẋ2h(t)

)
dθdt ,

and thus∥∥∥∥[g (x1h)− g
(
x2h
)
− Ĝ(·)]

(
x1h − x2h

)]′∥∥∥∥
1

≤ (M+ LM+ L) ϵ̃
∥∥x1h − x2h

∥∥
1,1
.

Hence, we have∥∥∥g (x1h)− g
(
x2h
)
− Ĝ(·)

(
x1h − x2h

)∥∥∥
1

=
N∑
i=1

ti∫
ti−1

∣∣∣ (g (x1h(ti))− g
(
x2h(ti)

)
− Ĝ(ti)

(
x1h(ti)− x2h(ti)

))′
(t− ti−1)

+
(
g
(
x1h(ti−1)

)
− g

(
x2h(ti−1)

)
− Ĝ(ti−1)

(
x1h(ti−1)− x2h(ti−1)

)) ∣∣∣ dt
≤ (M+ LM+ L)h+ L

2
ϵ̃dX

(
z1h, z

2
h

)
.

Summarizing, we obtain∥∥(T − L)
(
z1h
)
− (T − L)

(
z2h
)∥∥

Y
≤ ϑdX

(
z1h, z

2
h

)
for sufficiently small h, ϵ̃ > 0.

(P3): We show that for sufficiently small h the linear system

L (zh) = π

has a unique solution zh(π) for all π ∈ Π, which satisfies

dX
(
zh(π

1), zh(π
2)
)
≤ κ

∥∥π1 − π2
∥∥
Y
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for all π1, π2 ∈ Π and κ ≥ 0 independent of h. To that end, for an arbitrary
perturbation π = (πf , πg) ∈ Π we consider the inhomogeneous system

x′h(ti)− Â(ti)xh(ti)− B̂ (ti) yh(ti) = πf (ti), i = 1, . . . , N, xh(t0) = x̂(0),

Ĝ(ti)xh(ti) = πg(ti), i = 0, 1, . . . , N.

For i = 1, . . . , N we have

π′g(ti) =
1

h

(
Ĝ(ti)xh(ti)− Ĝ(ti−1)xh(ti−1)

)
= Ĝ(ti−1)x

′
h(ti) +

Ĝ(ti)− Ĝ(ti−1)

h
xh(ti)(A.27)

= Ĝ(ti−1)
(
Â(ti)xh(ti) + B̂ (ti) yh(ti) + πf (ti)

)
+
Ĝ(ti)− Ĝ(ti−1)

h
xh(ti).

In addition, by (A2), for sufficiently small h > 0 the matrix

Ĝ(ti−1)B̂ (ti) = Ĝ(ti)B̂ (ti)−
(
Ĝ(ti)− Ĝ(ti−1)

)
B (ti)

is non-singular for all i = 1, . . . , N , since
∣∣∣Ĝ(ti)− Ĝ(ti−1)

∣∣∣ ≤ LMh. Hence, we can

solve (A.27) for yh(ti) and obtain the reduced difference equation

(A.28) x′h(ti) = Ãh(ti)xh(ti) + π̃f (ti), i = 1, . . . , N, xh(t0) = x̂(0)

with

Ãh(ti) = Â(ti)− B̂ (ti)
(
Ĝ(ti−1)B̂ (ti)

)−1
(
Ĝ(ti)− Ĝ(ti−1)

h
+ Ĝ(ti−1)Â(ti)

)
,

π̃f (ti) = πf (ti)− B̂ (ti)
(
Ĝ(ti−1)B̂ (ti)

)−1 (
Ĝ(ti−1)πf (ti)− π′g(ti)

)
for i = 1, . . . , N . Thus, for π1 =

(
π1f , π

1
g

)
, π2 =

(
π2f , π

2
g

)
∈ Π we obtain∣∣xh(π1)(ti)− xh(π

2)(ti)
∣∣ ≤ Γ2

∥∥π1 − π2
∥∥
Y
, i = 0, . . . , N,

which implies∥∥xh(π1)− xh(π
2)
∥∥
1
≤ 3

∥∥xh(π1)− xh(π
2)
∥∥
∞ ≤ 3Γ2

∥∥π1 − π2
∥∥
Y

for Γ2 ≥ 0 independent of h. Using the difference equation (A.28) yields∥∥x′h(π1)− x′h(π
2)
∥∥
1
≤ Γ3

∥∥π1 − π2
∥∥
Y
,

and therefore ∥∥xh(π1)− xh(π
2)
∥∥
1,1

≤ (3Γ2 + Γ3)
∥∥π1 − π2

∥∥
Y
,

where Γ3 ≥ 0 is independent of h. Exploiting

yh(ti) = −
(
Ĝ(ti−1)B̂ (ti)

)−1
[(

Ĝ(ti)− Ĝ(ti−1)

h
+ Ĝ(ti−1)Â(ti)

)
xh(ti)

+ Ĝ(ti−1)πf (ti)− π′g(ti)

]
,
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for i = 1, . . . , N gives us a constant Γ4 ≥ 0 independent of h such that∥∥yh(π1)− yh(π
2)
∥∥
1
≤ Γ4

∥∥π1 − π2
∥∥
Y
.

Summarizing, for κ := 3Γ2 + Γ3 + Γ4 we have

dX
(
zh(π

1), zh(π
2)
)
=
∥∥xh(π1)− xh(π

2)
∥∥
1,1

+
∥∥yh(π1)− yh(π

2)
∥∥
1
≤ κ

∥∥π1 − π2
∥∥ .

(P4): We recall π̂ = (T − L) (ẑ) and Π = BY (π̂; ν). Thus, using (P2) we get

∥(T − L) (zh)− π̂∥Y = ∥(T − L) (zh)− (T − L) (ẑ)∥Y ≤ ϑdX (zh, ẑ) ≤ ϑϵ̃ ≤ ν

for all zh ∈ BX (ẑ; ϵ̃), if ϵ̃ > 0 is sufficiently small.
Now, applying [13, Theorem 3.1] yields a solution z̄h = (x̄h, ȳh) solving (5.9) and
satisfying the bound

dX(z̄h,ẑ) ≤
κ ∥ω̂∥Y
1− κϑ

with ϑ > 0 chosen such that κϑ < 1. Exploiting ∥ω̂∥Y ≤ Γ5h with Γ5 ≥ 0
independent of h (compare the proof of (P1)), gives us

∥x̄h − x̂∥1,1 + ∥ȳh − ŷ∥1 ≤
κΓ5

1− κϑ
h.

Hence, the assertion follows for Γ := κΓ5
1−κϑ . □

A.3. Proof of Lemma 5.2. By (A2) and Lemma 5.1, the alternative necessary

conditions (2.22)–(2.25) have a unique solution
(
λ̂h, µ̂h

)
∈Wnx

1,∞,h×L
ny

∞,h associated

with (x̂h, ŷh, ûh). Moreover, we are able to solve the algebraic equations (2.9) and
(2.23) for µ̂ and µ̂h, respectively, to obtain

µ̂(t) = −
((

Ĝ(t)B̂(t)
)−1

)⊤ [
B̂(t)⊤λ̂(t) + q̂(t)

]
, t ∈ [0, 1] ,

µ̂h(ti−1) = −
((
g′ (x̂h(ti−1))B (x̂h(ti))

)−1
)⊤

(A.29) [
B (x̂h(ti))

⊤ λ̂h(ti−1) + q (x̂h(ti))
]
, i = 1, . . . , N.

Inserting this into the respective differential and difference equations yields

˙̂
λ(t) = −Ā(t)⊤λ̂(t)− χ̄(t), a.e. in [0, 1] , λ̂(1) = 0,(A.30)

λ̂′h(ti) = −Āh(ti)
⊤λ̂h(ti−1)− χ̄h(ti), i = 1, . . . , N, λ̂h(tN ) = 0,

with

Ā(·) = Â(·)− B̂(·)
(
Ĝ(·)B̂(·)

)−1 [ ˙̂
G(·) + Ĝ(·)Â(·)

]
,

χ̄(·) = p̂(·)−
[(
Ĝ(·)B̂(·)

)−1 ( ˙̂
G(·) + Ĝ(·)Â(·)

)]⊤
q̂(·),

Āh(ti) = f ′x (x̂h(ti), ŷh(ti), ûh(ti))

−B (x̂h(ti))
(
g′ (x̂h(ti−1))B (x̂h(ti))

)−1
g̃′h,x (x̂h(ti), ŷh(ti), ûh(ti)) ,

χ̄h(ti) = ∇xf0 (x̂h(ti), ŷh(ti), ûh(ti))

−
[(
g′ (x̂h(ti−1))B (x̂h(ti))

)−1
g̃′h,x (x̂h(ti), ŷh(ti), ûh(ti))

]⊤
q (x̂h(ti))
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for i = 1, . . . , N . Then, by Lemma 3.2 and Lemma 5.1, there exists Γ1 ≥ 0 inde-
pendent of h such that∥∥Āh − Ā

∥∥
1
≤ Γ1υ, ∥χ̄h − χ̄∥1 ≤ Γ1υ,∥∥∥λ̂h∥∥∥

1,1
≤ Γ1,

∥∥Ā∥∥∞ ≤ Γ1,
∥∥Āh

∥∥
∞ ≤ Γ1, ∥χ̄∥∞ ≤ Γ1, ∥χ̄h∥∞ ≤ Γ1.

We recall λ̂h(t) = λ̂′h (tk) (t− tk−1)+ λ̂h(tk−1) for t ∈ (tk−1, tk], k = 1, . . . , N . Thus,

using 0 = λ̂(1) = λ̂h(tN ) we obtain for t ∈ (ti−1, ti]∣∣∣λ̂(t)− λ̂h(t)
∣∣∣ ≤ 1∫

t

∣∣Ā(τ)∣∣ ∣∣∣λ̂(τ)− λ̂h(τ)
∣∣∣ dτ

+

t∫
ti−1

∣∣Ā(τ)− Āh(ti)
∣∣ ∣∣∣λ̂h(ti−1)

∣∣∣+ ∣∣Ā(τ)∣∣ ∣∣∣λ̂h(τ)− λ̂h(ti−1)
∣∣∣ dτ

+
N∑
k=i

tk∫
tk−1

∣∣Ā(τ)− Āh(tk)
∣∣ ∣∣∣λ̂h(tk−1)

∣∣∣+ ∣∣Ā(τ)∣∣ ∣∣∣λ̂h(τ)− λ̂h(tk−1)
∣∣∣ dτ

+

t∫
ti−1

|χ̄(τ)− χ̄h(ti)| dτ +
N∑
k=i

tk∫
tk−1

|χ̄(τ)− χ̄h(tk)| dτ

≤
1∫

t

∥∥Ā∥∥∞ ∣∣∣λ̂(τ)− λ̂h(τ)
∣∣∣ dτ + 2Γ2

1 (υ + h) + 2Γ1υ .

Hence, using the Gronwall Lemma yields∣∣∣λ̂(t)− λ̂h(t)
∣∣∣ ≤ Γ2 (υ + h) exp

(∥∥Ā∥∥∞ (1− t)
)
≤ Γ3 (υ + h)

for Γ2,Γ3 ≥ 0 independent of h. Finally, exploiting (A.29) and (A.30) we get∥∥∥λ̂− λ̂h

∥∥∥
1,1

≤ Γ4 (υ + h) , ∥µ̂− µ̂h∥∞ ≤ Γ4 (υ + h)

for Γ4 ≥ 0 independent of h, which proves the assertion. □
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