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SADDLE-POINT EQUILIBRIUM SEQUENCE
IN A SINGULAR FINITE HORIZON ZERO-SUM
LINEAR-QUADRATIC DIFFERENTIAL GAME
WITH DELAYED DYNAMICS

VALERY Y. GLIZER

ABSTRACT. A finite horizon zero-sum linear-quadratic game with point-wise and
distributed state delays in the dynamics is considered. The cost functional of
this game does not contain a control cost of the minimizing player, which means
that the game under the consideration is singular. For this game, we propose
definitions of the saddle point equilibrium and the game value. The game is
solved by a regularization method. Namely, we replace the original game with
a new game for the same delayed dynamics. The functional in this new game is
the sum of the functional of the original game and a finite horizon integral of the
quadratic form of the minimizing player’s control with a small positive coefficient.
The new game is regular, and it is a cheap control game. An asymptotic analysis
of this cheap control game is carried out in the frames of the singular perturbation
theory. This analysis is applied to derive the saddle-point equilibrium and the
value of the original singular game.

1. INTRODUCTION

A game, which is unsolvable in the frames of first-order solvability conditions,
is called singular. A singular zero-sum dynamic game can be solved neither by
application of the Isaacs MinMax principle [20], nor by application of the Bellman—
Isaacs equation approach [2,20]. Singular zero-sum dynamic games appear in various
applications (see e.g. [17,19,24-26,29,30]). In solution of singular zero-sum dynamic
games, higher order necessary/sufficient solvability conditions can be helpful (see
e.g. [6,22,26] and references therein). In some cases, to derive a solution of a
singular game, one can use a geometric analysis of the set of all its candidate optimal
trajectories (see e.g. [18,24]). A singular game also can be solved numerically [5].
However, all these methods fail to yield a solution of a singular zero-sum game,
having no players’ saddle-point controls in the class of non-generalized (regular)
functions. Games with such a feature and with undelayed dynamics have been
studied extensively in the literature (see e.g. [1,13-15,25,28]). To the best of our
knowledge, a singular zero-sum game with delayed dynamics was studied only in the
single work [12] in the literature. In this work, a singular infinite horizon zero-sum
linear-quadratic differential game with state delays in the dynamics was solved. In
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the present paper, a finite horizon zero-sum linear-quadratic game with point-wise
and distributed state delays in the equation of dynamics is considered. It should be
noted that this equation is more general than the one considered in [12]. The cost
functional of the game, considered in the present paper, does not contain a control
cost of the minimizing player (the minimizer). This means that the game cannot
be solved by application of the Isaacs MinMax principle and by the Bellman-Isaacs
equation approach, i.e., this game is singular. Moreover, this game does not have, in
general, a saddle-point equilibrium in the class of regular functions. For this game,
we propose novel definitions of the saddle-point equilibrium and game value. We
solve this game by a regularization method, consisting in an approximate replacing
the original singular game with a new regular game. Namely, the dynamic equation
of the new game is the same as in the original game, while the cost functional in the
new game is the sum of the original cost functional and a finite horizon integral of the
square of the minimizer’s control with a small weight coefficient (a small positive
parameter). Due to the latter, the new game is a cheap control game. For this
new game, we derive solvability conditions, as well as a saddle-point equilibrium
and a game value. The derived solvability conditions reduce the solution of the
regular cheap control game to solution of a hybrid system of Riccati-type matrix
ordinary and partial differential equations subject to boundary conditions. The
matrix of the coefficients in the quadratic terms of these equations is symmetric but
indefinite. The system of the Riccati-type equations and the boundary conditions
(the boundary-value problem) are perturbed by the small parameter appearing in
the cost functional of the cheap control game. Subject to a proper assumption,
an asymptotic solution to this boundary-value problem is constructed and justified.
Using this asymptotic solution, the existence of the saddle-point equilibrium and the
value of the original singular game is established, and their expressions are derived.

The paper is organized as follows. In the next section, the game is rigorously
formulated, including main notions and definitions. Objectives of the paper are
outlined. In Section 3, some auxiliary results are obtained. The regularization of
the original singular game is carried out in Section 4, yielding a cheap control zero-
sum differential game with state delays in the dynamics. The solvability conditions
of this game in a class of state-feedback players’ controls are established. The
saddle-point equilibrium and the game value are derived. In Section 5, the zero-
order asymptotic solution of the hybrid system of the Riccati-type equations, arising
in the solvability conditions for the cheap control game, is constructed and justified
in the frames of the singular perturbations theory. In Section 6, the cheap control
game is transformed equivalently to a game with a singularly perturbed dynamics.
Based on the latter game, a reduced zero-sum differential game is derived. A saddle-
point state-feedback solution of the reduced game is obtained. In Section 7, using
the results of the previous sections, the existence of the saddle-point equilibrium
sequence and the game value in the original singular game is established. The
expressions of these sequence and value are derived. Conclusions are placed in
Section 8.
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2. GAME FORMULATION: MAIN NOTIONS AND DEFINITIONS

We consider the following differential time delay system describing the dynamics
of the game:

d:;it) = Ana(t) + Apy(t) + Hiz(t — h)

(2.1) 4 /_ i Gy (m)a(t +n)dy + Cro(t),
d?ig) — Agia(t) + Asgy(t) + Hox(t — h) + Haoy(t — h)
(22) 4+ /(; [Gor(mz(t +mn) + Gaa(n)y(t + n)]dn + u(t) + Cav(t),

where t € [0,tf], (tf > 0 is a prescribed time instant); A > 0 is a given constant
time delay; x(t) € R, y(t) € R™; ((t),z(t +n)), (y(t),y(t +n)), n € [=h,0), are
state variables; u(t) € R™ and v(t) € R® are players’ controls; A;;, Hi1, C;, (1 =
1,2; j = 1,2), and Hoo are given constant matrices of corresponding dimensions;
Gi(n), (i = 1,2), and Gaa(n) are given matrix-valued functions of corresponding
dimensions continuous in the interval [—h, 0].

The system (2.1)-(2.2) is considered subject to the initial conditions

z(n) = e=(m),  ym) =eym), nel[=h0);
(2.3) z(0) = z9, y(0) = yo,
where . (n) € L*[—h,0;R"] and ¢,(n) € L*[—h,0;R™] are given vector-valued
functions; o € R™ and yg € R™ are given vectors.
The cost functional of the game, to be minimized by the control u (the minimizer’s
control) and maximized by the control v (the maximizer’s control), is

(2.4) J(u,v) = /Otf [xT(t)Dlx(t) + 3T (t)Day(t) — vT () Mo(t)|dt,

where D1, Do and M are symmetric matrices of corresponding dimensions; Dy is
positive semi-definite, while Dy and M are positive definite.

Since a quadratic control cost of the minimizer does not appear in the functional
(2.4), the game (2.1)-(2.4) cannot be solved by the Isaacs’s MinMax principle and
by the Bellman-Isaacs equation method, i.e., it is singular. Moreover, this game
does not have, in general, a minimizer’s saddle-point control among regular (non-
generalized) functions. In what follows, the game (2.1)-(2.4) is called the Singular
Differential Game (SDG).

Denote:

1>

A A
(2.5) z=col(z,y), 20 = col(zo,40), ©(n) = col(px(n), vy(n)),
where z € R", y € R™, while xo, yo, ©z(n), ¢y(n) are given in (2.3).
Let ¥(n) be any vector-valued function from the space L?[—h,0; R"*™]. For all

t € [0,%y], let us consider the t-parametric set U; of all vector-valued continuous func-
tionals u[z,¥(n),t] : R™™™ x L*[—h, 0; R"*™] — R™, and the t-parametric set V; of
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all vector-valued continuous functionals v[z,v(n),t] : R"™*™ x L?[—h,0;R"™] —
RS,

Definition 2.1. Let us denote by UV the set of all pairs (u[zt,t],v[zt,t]), 2t 2
{(2(t),2(0)),0 € [t — h,t)}, satisfying the following conditions: (i) for any fixed ¢ €
[0,t5], (2(¢), 2(t+n)) € R x L2 [—h,0; R™"™] and u[z, t] € Uy, v]z, ] € Vy; (ii) the
initial-value problem (2.1)—(2.3) for u(t) = ulz, t], v(t) = v[z, t], t € [0,tf], and any
©z(n) € L?[—h,0;R™), ¢, (n) € L*)[—h,0;R™], zp € R", yo € R™ has the unique ab-
solutely continuous solution zy, (t; zo,gp(n)) = col(acm, (t; zo,gp(n)),yw (t; zo,gp(n)))
in the interval [0,tf], where for any t € [0,tf], @uv(t;20,9(n)) € R™ and
Yuo (t; 20, 0(n)) € R™; (iii) the time realization u[zupy,t] of the control u[z,t]
along the solution 2z, (t; zo,cp(n)) belongs to L?[0,t;;R™]; (iv) the time realiza-
tion v[zyyt,t] of the control vz, t] along the solution z, (t;zo,go(n)) belongs to
L2[0,t5;R?).

In what follows, UV is called the set of all admissible pairs of the players’ state-
feedback controls (strategies) in the SDG.

For any given wug[z,t] € Uy and o[z, t] € Vi, t € [0,¢], we consider the sets
A
Foluolze,t]) = {vlzt,t] € Vi, t € [0,84] : (uozt,t], v[2,8]) € UV},

Fu(volent]) 2 {ulze, 1] € U, t € [0,47] : (ulz, 1], v0l2,1]) € UV},
(2.6)

Ho 2 {ulz,t] € U, t € [0, 2 Fy (u[zt,t]) £ 0},
Mo £ (o, € Vit € [0,t7] : Fulvlz,]) # 0.
Definition 2.2. For any prechosen u|z,t] € H,, the value

(2.8) Ju(ulee, 20, 0(m) = sup I (ula 1], vl )
vz, t)€Fy (U[zt’t])

(2.7)

is called the guaranteed result of u[z, ] in the SDG.
Definition 2.3. For any prechosen v[z,t] € H,, the value

(2.9) Jo (v[ze, t]; 20, (1)) = inf J (ulzt,t], v[ze, 1])
ulz¢,t]E€Fu (v[zt,t})

is called the guaranteed result of v[z,t] in the SDG.
Consider a sequence of the pairs {( (21, t], v [2t, t )} elUV,(g=1,2,...).

Definition 2.4. We call the sequence {( [2t, 1], q[zt,t])}:j a saddle-point

equilibrium sequence of the SDG if: (i) the limit value J*(z0,¢(n)) 2

limg 400 J (uj; (21, ], vg [2t, t]) exists and is finite; (ii) for any ug[z,t] €
Fu(vilze,1]) and gz, 1] € Fy(uilz,t]), (¢ = 1,2,...), the following inequality is
satisfied:

thllpJ( [Zt7t]7vq[zt7t]) < J*(ZO#P(U))

qg—+00



SINGULAR ZERO-SUM DIFFERENTIAL GAME WITH DELAYED DYNAMICS 1231

< lqlgiglof J(uq[Zb t]vv(}k [ztv t])

(2.10)
The value J* (29, (1)) is called a value of the SDG.

In what follows, we are going:
(a) to establish conditions, subject to which the saddle-point equilibrium sequence
and the value of the SDG exist;
(b) to obtain expressions for these sequence and value.

3. AUXILIARY RESULTS

Let us introduce into the consideration the following block matrices:

oy a= (G ) m= () o= (G0 G ).

(3.2) B:(&),C:(%),D:(fl %2>.

The matrices A, H, G(n) and D are of the dimension (n 4+ m) x (n +m), while the
matrices B and C' are of the dimensions (n+m) x m and (n+m) x s, respectively.

Due to the notations (2.5) and (3.1),(3.2), the system (2.1)-(2.2), the initial con-
ditions (2.3) and the cost functional (2.4) can be rewritten in the equivalent form
as:

(3.3) dji(tt) = Az(t)+ Hz(t — h) + /0 G(n)z(t +n)dn + Bu(t) + Cv(t), t >0,
—h
(3.4) z(m)=em), nel-h0);  2(0) =2,
u,v) = Y ZT z — ’UT v
(3.5) J(u, ) /0 [T (1) D=(1) — o7 M1t

Thus, the SDG can be represented in the form (3.3)-(3.5).
In the SDG (3.3)-(3.5), consider the following state-feedback minimizer’s control

0
(36)  u=uklaxt] 2 K(B)(t) + / Kaltm)s{t+ 120,

where K (t) is a given m X (n+m)-matrix-values function, continuous in the interval
[0,t¢]; Ka(t,n) is a given m x (n+m)-matrix-valued function, continuous for (¢,7) €
[0,tf] x [—=h,0].

Also, consider the hybrid system of one ordinary and two partial differential equa-
tions of Riccati type with respect to unknown matrices P(t), Q(t,n) and R(t,n, p)

in the domain Q = {(t,n,p) : t €[0,ts], n € [=h,0], p € [=h,0]}:

dZLEt) = —P(t)(A+ BK1(t)) — (A+ BK; (t))TP(t)

(3.7) —P)CMLCTP(t) — Q(t,0) — QT (¢,0) — D,
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(i B aan> Q(t.n) = —(A+ BK(1))" Q(t.1)
—PH)CMCTQ(t,n) — P(t)(G(n) + BKs(t,n))
(3.8) —R(t,0,n),
(jt -2 ;’p) R(t,1,p) = —(G(1) + BEs(t,n) " Q(t, )
(3.9) —07(t,n)(G(p) + BKa(t, p)) — Q¥ (t,n))CM*CTQ(t, p).

The system (3.7)-(3.9) is subject to the boundary conditions
(31(]) P<tf) = 07 Q(tf777) = 07 R(tf7777p) = 07 ne [_ha 0]7 pe [_h70]7

o(t,—h) =P(t)H,
R(t,—h,n) = H ' Q(t,n), R(t,n,—h)= Q" (t,n)H,
te0,ty], nel-ho.
(3.11)

Lemma 3.1. Let the problem (3.7)-(3.9),(3.10)-(3.11) have a continuous solution
{PK QK(t 77) RK(t 7, p)}? (t7777 p) € Q: such that 7)17;(75) = PK(t)7 R%(tvnv P) =
Ri(t,p,n). Then,

(i) urlzt,t] € Hy;

(ii) the guaranteed result of uk [z, t] in the SDG is

0
Ju(ur (26, t]; 20, 0(n)) = 2§ Pr(0)z0 + 223/ Qk (0,m)p(n)dn

(3.12) / / MRk (0,1, p)e(p)dndp;

(iii) this result is attained for the mazimizer’s control
A
(3.13) vlz,t] = vilz, t] = M1OT [PK / Qr(t,n)z(t +n)dn| ;

(iv) for any zo € R™™™ and any @(n) € L*[—h,0;R"™], the guaranteed result of
ug [z, t] in the SDG is nonnegative.

Proof. We start with the first item. To prove the item (i), it is sufficiently to show
the existence of v[z,t] € V; for all ¢ € [0,¢], such that (ug([z,t],v[z,t]) € UV. We
choose v[zt,t] = vk |z, t]. For any t € [0,%], the vector-valued functional vg [z, ] is
linear with respect to the pair (2(t), z(t+n)) € R"*™ x L?[—h, 0; R"*™]. Moreover,
since Qk(t,n) is continuous with respect to n € [—h,0] for any t € [0,tf], this
vector-valued functional is continuous with respect to (z(t),z(t + 7)) € R*"*™ x
L2[—h,0; R"™™] for any t € [0,/].

Substitution of the control (3.6) into the original system in the form (3.3) instead
of u(t) yields

dz(t)
dt

= (A+ BKi(t))z(t) + Hz(t — h)
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0
(3.14) +/h (G(n) + BK(t,n))z(t +n)dn + Co(t), t>0.

By virtue of the results of [4], for any given vector zp € R™* and function ¢(n) €
L2[—h,0; R"*™] the equation (3.14) for v(t) = vk[z,t] and subject to the initial
conditions z(n) = ¢(n), n € [~h,0), 2(0) = zp has the unique absolutely continuous
solution zK(t; zo,go(n)), t € [0,tf]. Hence, zK(t; zo,go(n)) € L%0,tp; R™™] and
uk |2k, t] € L2[0,t5; E™), vi[zk4.t] € L2[0,t5; E%]. Due to Definition 2.1, these
inclusions mean that
(ur[2t,t], v [z, t]) € UV. Thus, the item (i) is proven.

Proceed to the items (ii) and (iii). For any t € [0,ty], consider the Lyapunov-
Krasovskii-like functional

¢

Via t] = 27 () Pr (t)2(t) + 227 () - Ok (t, 7 —t)z(T)dr

(3.15) + /tth /t th T (Rt 7 — £, 0 — £)2(0)drdo.

For any given v[z,t] € F,(uk[z.,1]), and any given zp € R™™ and ¢(n) €
L?[—h, 0; R™*™], we consider the solution zx (¢; 20, ¢(n)), t € [0,t], of the problem
(3.3)-(3.4) with u(t) = uglzt, t], v(t) = v]z, t]. By Viy(t), let us denote the time
realization of the functional (3.15) along this solution, i.e., Vi, (t) 2 Vizkot, t.
Also, by v[zky¢,t] and vi[zkut,t], we denote the time realizations of the controls
v|zt, t] and v [z, t], respectively, along the solution zx, (t; 20, cp(n)).

Now, differentiating the function Vi, (t), we obtain the following expression for
its derivative for all ¢t € [0,¢f] (in this expression for the sake of simplicity we omit
the designation of the dependence of zf, (t; 20, ¢(n)) on zo and ¢(n)):

t

T
50 (59)

dPg (t)
dt

+ 22F () [QK(t, 0)zxo(t) — Qi (t, —h)zxo (t — h)

t 0 0
. (at - 377) Qe (8

t
+ 2225, (t) R (t,0,0 —t)2x,(0)do
t—h

Ok (t, T — t)ZKU(T)d7'>

t—h

+ 2y ()

ZKv (t)

ZKv (T)dT:|

n=1—t

t
—22F (t —h) Ric(t, —h,0 — )z, (0)db

t—h
t t o P D)
i i 53~ 7y~ 5, ) Rt o(0)drdd.
/th/chKv(T)<at an ap) K (t:1,p) 2o (0)dT

n=r—t,p=0—t

(3.16)
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Remember that zx,(t) satisfies the equation (3.14) for v(t) = v[z, t] € F, (uk [z, t])
Taking into account this fact, changing the variables 7 —t = n, § —t = p in
the integrals of the equation (3.16), and using the boundary-value problem (3.7)-
(3.9),(3.10)-(3.11), we can rewrite (3.16) as

dV;;:(t) = —25, (1) (D + P (t)C M CT P () 20 (t)
0
+2(v[zos t]) T CT <PK(t)zKU(t) + /h Ok (t,m)zro(t + n)dn>
0
— 22 ()P (t)OMLCT /_h Qk (t,n)zrv(t +n)dn
0 0
- /h 2ot + 1) Q (8, m)dnC M~ CT /h Ok (t, p)zrco(t + p)dp,
te [O,tf].
(3.17)

Finally, using (3.13), the equation (3.17) can be rewritten in the form

dV;;;(t) = 2 () Dz (t)

- (v[sz,t.t] — vK[zKU,t,t])TM(U[zKU,t,t] — UK 2K ts t])

(3.18) + (zios 1)) Molzios ], € [0,tf]-

Since the matrix M is positive definite, the equation (3.18) directly yields the in-
equality

AV (t
I;t( an 2ko(®)Dzico(t) = (v[2ku, 1)) Molegus,t] <0, € (0,t],
or
AV, (t
2o (O)Dzrco(t) = (vfzross ) Molzros, 1) < - Zt( i 0:t7]

Let us integrate the latter with respect to t in the interval [0,t¢]. Then, using
the equations (3.5),(3.10),(3.15) and the absolute continuity of zx,(t) yield the

inequality

I (urclenst) ol t]) < 27 Prc(0)20 + 258 / Qi (0. 7))

/ / MRk (0,1, p)e(p)dndp

V2o €R™™ () € L2[—h,0;R"+m], vz, t] € Fy ( [zt,t]).
(3.19)

Now, the substitution of vz, t] = vk [z, t] into the equation (3.18) and the inte-
gration of the resulting equation in the interval [0,t/] yield
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T T 0
J(ug [z, 1], vi[2e,]) = 29 Pr(0)20 4 229 / Qr (0,n)p(n)dn
—h

0 0
" /—h /—h " (MR (0,1, p)(p)dndp

V29 € R o(n) € L*[—h,0;R™T™].

This equality, along with the inequality (3.19), directly yields the validity of the
items (ii) and (iii).

Let us prove the item (iv). Consider the control vglz:,t] = 0. It is clear that
volzt, t] € Vi for all t € [0,ts]. By virtue of the results of [4], for any given zy € R
and o(n) € L*[—h,0;R"*™], the equation (3.14) for v(t) = wvo[z,] and subject to
the initial conditions z(n) = ¢(n), n € [—h,0), 2(0) = 2o has the unique absolutely
continuous solution zxq (t; 20, go(n)), t € [0,t¢]. Therefore, vo[2,t] € Fy (uK [zt,t]).

By Vko(t), we denote the time realization of the functional (3.15) along

zio(t; 20, 0(n)), ie., Vio(t) 2 Vl]zkot,t]. Replacing in (3.18) the control v[z,t]
with the control vz, t], we obtain
dVko(t)
dt

S (ZKO (t; 2o, go(n)))TDZKo (t; 20, 0(n))

T
—(vk[zrou t])” Muk[zkout], t € [0,ty],
which yields the inequality

dVio(t)
dt

Integration of this inequality in the interval [0,¢¢], and use of the equations (3.5),
(3.10), (3.15) and the absolute continuity of zxo(¢; 20, (1)) yield the inequality

J (uk [z, t], vol2t, t]) > 0.

<0, te [O,tf].

The latter, along with Definition 2.2, directly implies the validity of the item (iv).
Thus, the lemma is proven. O

4. REGULARIZATION OF THE SDG

4.1. Cheap Control Differential Game. We analyze the SDG by regularization
method. This method consists in replacing the original singular game with a reg-
ular differential game, which depends on a small positive parameter. When this
parameter is replaced with zero, the new game becomes the SDG. Based on this
observation, we construct the regular differential game, associated with the SDG,
in the following way. We keep for the new (regular) game the dynamics (3.3) and
the initial conditions (3.4) of the SDG, while the cost functional of the new game
has the regular form

ty
(4.1) Je(u,v) = / [ZT(t)DZ(t) + 2u” (t)u(t) — vT(t)Mv(t)]dt,
0

where € > 0 is a small parameter.



1236 VALERY Y. GLIZER

Remark 4.1. The regularization method was used in many works in the literature
for solution of singular optimal control problems with un-delayed and delayed dy-
namics (see e.g. [3,9,10,16,21] and references therein), and for solution of singular
differential games with un-delayed dynamics (see e.g. [11,13-15,25]). However, to
the best of our knowledge, a singular differential game with time delay dynamics
was studied only in a single work (see [12]) where an infinite horizon game was
considered.

Remark 4.2. Since the parameter ¢ > 0 is small, the game (3.3)—(3.4),(4.1) is a
differential game with a cheap control of the minimizer. In what follows, we call the
game (3.3)—(3.4),(4.1) the Cheap Control Differential Game (CCDG). Differential
games with a cheap control of at least one of the players and with un-delayed
dynamics were studied in the literature in a number of works (see e.g. [8,11,13-15,
23,25,27,30,31] ). However, to the best of our knowledge, a differential game with
a cheap control and with delays in the dynamics was studied only in the work [12].
Since for any € > 0 the weight matrix for the minimizer’s control cost in the cost
functional (4.1) is positive definite, the CCDG is a regular differential game. The
set of all admissible pairs of players’ state-feedback controls (strategies) in this game
is the same as in the SDG, namely, it is UV'.

4.2. State-Feedback Saddle-Point Equilibrium in the CCDG. Consider the
following hybrid system of Riccati-type ordinary and partial differential equations
with respect to unknown matrices P(t), Q(¢,n) and R(t, 7, p) in the domain €

‘”;f) = —P(t)A— ATP(t) + P(t)(Su(e) — Sv) P(t)
(4'2) _Q<t7 O) - QT(tv 0) - D7
(5~ 5y ) Q) = =A@ + P()(S4(6) ~ S.)Q(e.n)
(43) _P(t)G(n) - R(ta 07 77)7
(5~ 50— ) R0 = =67 Qe p) ~ Q" (t0)G(p)
(4'4) +QT(t7n) (Su(g) - Sv)Q(t,P),
where
1 00 _ Sv1 Sy
Su(e)zg—QBBT: ( 0 (1)1, ) S,=CM1CT = ( SZ; sz )
Spyp=CMtcl Sp=ciMmMm ¢, S, =CoMiCT.
(4.5)

We consider the following boundary conditions for the system (4.2)-(4.4):
(4.6)  P(ty) =0, Q(ty,n)=0, R(ty,n,p)=0, (n,p) € [—h,0] x [=h,0],

Q(ta _h) = P(t)H’ R(tv —hﬂ?) = HTQ(TZU)’ R(tvn’ _h) = QT(t,n)H,
n € [—h,0].
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(4.7)

In what follows of this subsection, we assume:
A1l. For a given € > 0, the system (4.2)-(4.4) subject to the boundary conditions
(4.6)-(4.7) has a continuous solution {P*(t,s),Q*(t,n,e),R*(t,n,p,e)}, (t,n,p) €

Q, such that (P*(t,a))T = P*(t,¢), (R*(t,n,p,a))T = R*(t,p,n,¢).
For all t € [0,tf], consider the following ¢-dependent vector-valued functionals:

(4.8) ullzt, t] 2 —E%BT (P*(t €)z / Q*(t,n,e)z (t+7))d77> € U,

(4.9) Vi [z, t] = =S Vaon <P*(t £)z / Q*(t,n,¢€)z (t+77)d17> €V}

Theorem 4.3. Let the assumption A1 be valid. Then:
(a) the pair (uf[z,t],v:[z,t]) € UV, i.e., it is admissible in the CCDG;
(b) for any ulz,t] € Fy(vil2,t]) and any v[z,t] € F,(uf[2,t]), the admissible pair
(uz [2t,t], vZ [zt,t]) satisfies the following inequality:
JE (U:[Zt,t],U[Zt,t]) < Jg(U:[Zt,t],’U:[Zt7 D < J ( [Zt7 ]) :[ZtvtDv
i.e., this pair is a saddle-point equilibrium in the reqular CCDG;
(c) the value of the CCDG is
A T p*
J (207()0(77)) Ztat]vv [ztat]) = ZOP (075)20

0
+2ZoT/_hQ*(0m, dn+/ / *(0,n, p,e)w(p)dndp;
(4.10)

(d) for any zo € R™™ and any o(n) € L*[—h,0; R™™™], the value of the CCDG is
nonnegative.

Proof. We start with the item (a). Let us substitute the controls (4.8) and (4.9) into
the equation (3.3) instead of u(t) and wv(t), respectively. Due to this substitution,
the equation (3.3) becomes as:

d’jlit) - (A — (Su(e) = S,) P(t, 5)),2(75) +Ha(t—h)
0
(4.11) +/_h (G(T) — (Sule) - sv)Q*(t,r,e))z(Hr)dT, t e [0,t].

Since P*(t,e) is a continuous function of ¢t € [0,t¢] and Q*(¢,7,¢) is a continuous
function of (¢,7) € [0,t7] x [—h,0], then for any p(n) € L*)[—h,0;R"*™] and 2 €
R"™*™ the linear time delay equation (4.11) subject to the initial conditions (3.4)
has the unique absolutely continuous solution in the interval [0,t]. This fact, along
with Definition 2.1, directly yields the validity of the item (a).

Proceed to the items (b) and (c). For any t € [0,%], consider the Lyapunov-
Krasovskii-like functional
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Velzi, t] = 21 (6) P*(t, €)2(t) + 22T (t) tth Q*(t, 7 —t,e)z(1)dr

t t
(4.12) + / / TR (b7 — 6,0 — £, ) 2(6)drdd.
t—h Jt—h

For any given pair (u[z,t],v[z,t]) € UV, and any given function ¢(n) €
L?[—h,0; R"™] and vector zg € R"™™, we consider the unique absolutely continu-
ous solution zyy (¢; 20, ¢(n)), ¢ € [0,tf] of the problem (3.3)-(3.4) with u(t) = ulz,1],
v(t) = vz, t]. By Veuu(t), we denote the time realization of the functional (4.12)

along this solution, i.e., Vz (%) = Velzuvt, t]. Also, by u[zyvt, t] and vz, t], let
us denote the time realizations of the controls u[z, t] and v[z, t], respectively, along
the solution 2z, (t; zo,go(n)). Now, the calculation of the derivative dV. ,,(t)/dt,
t € [0,ty] yields the following expression (in this expression for the sake of simplic-
ity we omit the designation of the dependence of zyy (t; 20, ¢(1)) on zo and ¢(n)):

dVe,uv(t) _ dzuw(t) g * L .
pra 2( g P*(t,&)zu(t) + - Q*(t, 7 — t,&)zyy(T)dT
OG0+ 200 | @ .0, 90500
— Q" (t,—h,e)zy(t — h) —l—/t (8 — a>Q*(t 7,€) z (T)dT]
9 9 uv e b Bt 87] y n:_[_it uv
t
+ 22T (1) R*(t,0,0 —t,€)zy,(0)db
t—h
t
—22L (t — h) R*(t,—h,0 — t,€)2y,(0)dd
t—h
Lot o 0 0
+/ / 2L (7 <——>R* t,m, 2w (0)dTdB.
L e A L R
(4.13)

Changing the variables 7 —t =1, § —t = p in the integrals in the equation (4.13),
and using the problem (4.2)-(4.4),(4.6)-(4.7), we can rewrite (4.13) as:

WE;ZZ’“) =~z () D2y (t) + 2L, (1) P*(t,€) (Su(e) — Su) P*(t, &) zun(t)

42 (Bu[zm,,t, t] + Cvl 2oy, t])T (P*(t, £) 2w (t)
+ /_Oh Q*(t,n, €)zup(t + n)dn)

0
4227 (1)P*(t,¢) (Su(e) — Sb) / Q{22+ )

0 0
+/ I+ ) (Q*(tm,e) T dn(Su(e) — Su) /_h Q*(t, p, €) 2 (t + p)dp.

—h
(4.14)
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Using (4.8) and (4.9), we can rewrite the equation (4.14) it the form:

W = —zL (1) D2y (t) — €2 (u[zw,t,t])Tu[zuv’t,t]
+ (Vzwos 1)) Moz, 1]
+ €2 (uzuvt, ] — W [2uwns 1) (2wt 8] — 0 Zuns 1)
— (v[2uvts t] = 0 [2uwts 1)) T M (0[2u0 s 8] — 0 [2uwss 1), £ € [0, 4],
(4.15)

where u}[zyy ¢, t] and v}[zyy ¢, t] are the time realizations of the controls u}[z, t] and

vX [z, t], respectively, along 2y, (t; 20, cp(n)).
Integration of (4.15) in the interval [0,t¢], and use of the equations (3.5), (4.6),
(4.10) and (4.12) yield after a routine algebra the equation

d‘c&‘( [2157 ]7 [ZtJt]) UE(Z(h(/é(}))
+ / <6 (U[Zuv [ t] U* [ZU’U I t]) (u[z’lﬂ) t t] U* [Zuv t t])
sU) £ L U 3 0y

= (@l ] = 02 2o 1) M (000 ] = 02200, 1]) )t
(4.16)

Taking into account the positive definiteness of the matrix M, the equation (4.16)
immediately yields the validity of the items (b) and (c).

Finally, proceed to the item (d). Consider the pair of the players’ controls,
consisting of u = u}[z,t] and v = v[z¢, t] = 0. Similarly to the proof of the item (a),
it is proven the inclusion (u?[z],vo[2]) C UV. Let, for any ¢(n) € L*[—h, 0; R"+™]
and zg € R™™™, the function z7)(t;20,(n)), t € [0,¢] be the solution of the
problem (3.3)-(3.4) with u(t) = u}[z,t], v(t) = vo[2t, t]. By Vzuo(t), we denote the
time realization of the functional (4.12) along this solution, i.e., V 40(%) 2 VelzZo s t]-
Using these notations and the equation (4.15), we obtain the equation

‘Wagf(t) - (zjo (¢; 20, (P(T))>TDZ:O (t520, (7))

T
— e (uzlzlo t]) ulleloy 1]

K[k T ®[ %
- (vs [ZEO,tﬂt]) MUE [250,t7t]7 le [O,tf],
(4.17)

where u? [z}, ;,t] and v}[2Z 4, ] are the time realizations of the controls uZ[2,t] and
v} [z, t], respectively, along the solution z}, (t; 20, go(n)).

The equation (4.17) yields the inequality dV; ,o(t)/dt <0, t € [0,t¢]. Integration
of this inequality in the interval [0,%], and use of the equations (4.6), (4.10) and
(4.12) directly yield the validity of the item (d). Thus, the theorem is proven. [
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5. ASYMPTOTIC ANALYSIS OF THE PROBLEM (4.2)-(4.4),(4.6)-(4.7)

5.1. Transformation of (4.2)-(4.4),(4.6)-(4.7). Due to the structure of the ma-
trix Sy (e) (see the equation (4.5)), the equations (4.2), (4.3) and (4.4) have singu-
larities at € = 0 in their right-hand sides. To remove these singularities, we look for
the solution {P(t,¢), Q(t,n,€), R(t,n, p,e)} of the problem (4.2)-(4.4),(4.6)-(4.7) in
the block form

(5.1) P(t,e) = < 5]1327?’(;)5) 6€PP32((Z’€€)) ) ’

o) Q= (e %o

Rl(t777>p75) R2(ta7770’5)>
5.3 R(t,n,p,e) = ,
(5:3) (1. p:€) (RzT(t,p,m€) R3(t,m, p,€)

where P;(t,e), Rj(t,n,p,€), (j = 1,2, 3) are matrices of the dimensions n xn, nxm,
m X m, respectively; Q;(t,n,¢), (i =1,...,4) are matrices of the dimensions n x n,
n X m, m X n, m X m, respectively.

Substitution of (5.1)-(5.3) and the block representations for the matrices A, H,
G(7), D, Su(e), Sy (see the equations (3.1), (3.2), (4.5)) into (4.2)-(4.4),(4.6)-(4.7)
transforms this boundary-value problem to the following equivalent problem with
respect to Pj(t,e), Qi(t,n,e), R;j(t,n,p,e), (j = 1,2,3; ¢ = 1,...,4) (in this new
problem, for simplicity, we omit the designation of the dependence of the unknown
matrices on €):

dlzllt(t) = —Pi(t) A1) — A[| Pi(t) — ePy(t) Az — €A, Py () + Pa(t) Py (1)
—Py(t)Sy1Pi(t) — ePo(t)SL Py (t) — ePy(t) Sy PY (1)

(5.4) —?Py(t)Sus Py (t) — Qu(t,0) — Q1 (¢,0) — Dy,
edpjt(t) — _Pi(t)Ars — Py () Agy — e AT, Po(t) — e AL Py(t) + P(t) Ps(t)
—€P1 (t)SmPQ (t) — 62P2 (t)SZ;PQ(t) — &?Pl (t)Svgpg(t)

(5.5) —&* Py(t)Sus P3(t) — Qa(t,0) — Q3 (t,0),
D B 4) A1y — AT Po(E) — ePy(t) Ass — ALY + (Py(0))°
—€2P2T(t)SU1P2(t) - €2P3(t)S£P2(t) - EQPQT(t)Svgpg(t)

(5.6) —€2P3(t)503P3(t) — 8@4(t, 0) — EQI(t, O) — DQ,

<§t _ ;ﬁ) Qu(t,n) = —AL Q1 (t,n) — AL Qs(t, ) + Pa()Qs(t, 1)

—Py(t)S01Q1(t,n) — ePa(t)S1aQ1(t, n) — ePy(t)Sua@Qs(t, n)
(5.7) —e2Py(t)Su3Qs(t,n) — PL(t)G11(n) — ePa(t)Ga1(n) — Ra(t,0,n),
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(a@t _ 8877)@2(16,77) = —ATQa(t, ) — AR Qu(t,m) + Pa(t)Qut, )

—Pi(t)S01Qa(t,n) — Pa(t)STQa(t, n) — eP1(£)Su2Qua(t, )

(5.8) —e2 Py (t)Su3Qua(t,m) — ePa(t)G2a(n) — Ra(t,0,n),

(51~ oy ) Qultan) = ~ABQu() — e4BQs(e.1) + POQs(e)

—ePy ()Sn1Q1(t,n) — eP3(t)SiaQ1(t,n) — €2 Py (£)Su2Qs(t, )

—e?P3(t)S3Qs(t,n) — Py (t)G11(n)

(59) *5P3 (t)G21 (77) - Rg(ta m, O)’

(5~ oy ) Qultn) = ~A5Qut) — eABQue.) + POQs(t)

_€P2T(t)SUIQ2(t7 77) - €P3(t)S£Q2(ta 77) - 82Pg(t)SU2Q4(tv 77)

(510) _€2P3(t>SU3Q4(t7 77) - €P3(t)G22(77) - R3(t7 07 77)7
0 0 0

(875 ~ B 8[)) Ryi(t,n,p) = —GL(mQu(t, p) — QT (t,7)G11(p)

—eGa1(n)Qs(t, p) — eQ5 (t,n)Ga1(p) + Q3 (t,n)Qs(t, p)
—Q1 (t,n)Su1Q1(t, p) — Q3 (t, ) SHQ1 (2, p)
(511) —EQ?(t, 77)51;2623(757 10) - EQQg(tv n)SU3Q3(t> p)v

0 0 0
<8t - 87,’7 - (9p> RZ(t7777p) = 7G{1 (U)QQ(KP) - 8G§1(77)Q4(t’p)

—eQ3 (t,m)G22(p) + Q% (£,m)Qu(t, p) — Q1 (£, 1) S Q2(t, p)
—eQ5 (t,n)SHQ2(t, p) — QT (t,7)Sw2Qu(t, p)
(5.12) —%Q3 (t,1)Su3Qa(t, p),

o & 9
(at i ap> Rs(t,n, p) = —eGay(n)Qu(t, p) — Q] (t,m)Ga2(p)

+QT(t,m)Qu(t, p) — QL (t,1)Sn1Qa(t, p) — QT (t,7)SLQa(L, p)
(513) _8Q5<t7 T,)S’UQQ4(t7 p) - EQQZ(tJ n)S’l}3Q4(t7 p)a

P](tf) =0, Qi(tfan) =0, Rj(tfan7p) =0,
7 =1,2,3, 1=1,..,4,

(5.14)
(5.15) Q1(t,—h) = Pi(t)H11 + ePa(t)H21, Q2(t,—h) = ePy(t)Haa,
(5.16) Qs(t,—h) = PL(t)Hyy + P3(t)Hai,  Qua(t, —h) = P3(t)Ha,

(
Ri(t,—h,n) = H,Q1(t,n) + eH3,Qs3(t,n),
)

Ri(t,n,—h) = Q1 (t,n)H11 + Q3 (t,n)Han,

1241
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(5.17)
Ro(t,—h,n) = H{,Qa(t,n) + cH3, Qu(t,m),
Ry(t,n, —h) = Q3 (t,n) Haz,
(5.18)
(519) RS(t7 _h7 77) = EH2TQQ4(t7 77)7 R3(t7 7, _h) = gQZ(t) TI)H22-

The problem (5.4)-(5.19) is a singularly perturbed boundary-value problem. In
order to construct its asymptotic solution, we apply in the next section the boundary
function method [32].

5.2. Asymptotic Solution of the System (5.4)-(5.19): Formal Construc-
tion. We look for the zero-order asymptotic solution of (5.4)-(5.19) in the form

(52()) {Pjo(t75>7QiO(t7n7€)7Rj0(tv 777p7€)}7 .7 = 1a 273a i = 17 74
where

(521) Plo(t,E) = P{)O(t)7 ]Dl[)(tvg) = ]Dl%(t) + ]Dlt(](g)v 1=2,3, &= (t - tf)/E,

Qro(t,n,€) = Qo(t,n),
Quo(t,m,6) = Qpo(t,m) + Qpo(€,m) + Qo1 C) + Qui (£, €),
k=12, p=3,4, (=Mn+h)/e,
(5.22)

(5.23) Rjo(t,n, p,e) = Rjy(t.m, p).

Here the terms with the superscript o are the so called outer solution terms, the
terms with the superscript ¢ are the boundary layer correction terms in a neighbor-
hood of the boundary ¢ = ty, the terms with the superscript n are the boundary
layer correction terms in a neighborhood of the boundary n = —h, and the terms
with the superscript ¢, are the boundary layer correction terms in a neighborhood
of the boundary (t = ¢y, = —h) of the domain .

5.2.1. QOuter Solution Terms. Equations and conditions for these terms are obtained
in the following way. First, we set formally ¢ = 0 in the problem (5.4)-(5.19) and re-
denote Pj(t), Qi(t,n), R;(t,n, p) with P§(t), Q% (t.n), R (t,n,p), (j =1,2,3; i =
1,...,4). Then, we remove from the resulting problem the boundary conditions for
each term, which does not satisfy a differential equation. Thus we have the following
problem in the domain 2:

dPy,
1) pgy(1) vy — AT PR (1) + PR(0) ()"
(5.24) Py (0)Su Piy(1) — Qiolt,0) — (Q50(1,0))" ~ D,
(5.25) 0= ~Piy(t)Ans + Pho(t)Pip(t) — Qio(1.0),

(5.26) 0= (Pgy(t)* = Dy,
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0 0
( ) (1) = AT, Q%0(tm) + Pip()QS0(ts)

ot an
(5.27) — Py (t)Su1Q%0(t,n) — Pio(t)G11(n) — Rip(t,0,7),
0 0
(55 50 ) @lt.n) = ~ATQBolt.) + PRo(QSo(t. 1)
(5.28) — P (t)Sn1 Q50 (t,m) — R3y(t,0,7m),
(5.29) 0= —ALQ%(t,n) + P(t)Q%(t,n) — (RS (t,n,0))",
(5.30) 0 = —AL,Q%(t,n) + P5y(t)Q%(t,m) — RSo(1.0,m),
0 0 0
(5~ 50~ 55 Fiolt.0) = ~GQRo(t.0) ~ (Qoltm) Gra(r)
(5.31) +(Q5%(t,m) Q%0(t p) — (Q%(t,m)) " Su1Q%(t, p),
0 0 0
(5~ 2~ ) Bt = ~GHi Q. p)
(5.32) +(Q%(tm) T Q% (t, ) — (Q%6(t:m) T Su1 QS0 (t, p),
0 0 0
(5= 50— o) Bot1.0) = (@) Q)

(5.33) —(Q%(t,m) " Su1Q30(t, ),

Ploo(tf) =0, on(tﬂn) =0, R?o(tfm, P) =0,
J=123, k=12

(5.34)

(5.35) Q3o(t, —h) = PRy()Hu,  Q(t, —h) =0,

(5.36) RSo(t, —h.n) = HLQ%(t,n), RSo(t,n, —h) = (Q%(t.m))" Hux,
(5.37) R9y(t,—h,n) = HLQ%(t,n), R9y(t,n,—h) =0,

(5.38) R$y(t,—h,n) =0,  R%(t,n,—h) =0.

It is verified directly that we can set

(5‘39) ng(t777) = 07 QZO(t7n> = O, Rgo(t7777p) = 07 Rgo(tﬂ??/)) = 07 (t,?],p) €N
without a formal contradiction with the problem (5.24)-(5.38). In what follows, we
look for the solution of this problem satisfying the condition (5.39). Substitution of
(5.39) into (5.24)-(5.38) yields a new system. In this system, the equations (5.24),
(5.26),(5.27), (5.31) and (5.36) remain unchanged. However, for the sake of the
integrity of the new system, we write these equations in the new system. Thus, we
have the following problem in the domain £2:

dPip(t)

(0] [0 [0 [0 T
- —P{y(t) A1 — AT P{y(t) + Pgy(t) (P5(t))
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(5.40) — Py (1)Sur Py (t) — Q50(t,0) — (Q50(£,0))" = Dy,
(5.41) 0 = —P{y(t) Arz + Piy(t) P (0),
(5.42) 0= (P§(1)* = D2,

a a ) o 1) o
<3t B 377) Yo(t,m) = —AT1Q%(t,m) + Psy(t)Q%(t,m)

(5.43) —Pio(t)Sn Q10 (t,m) — Pip(t)G11(n) — Rip(t,0,m),
(5.44) 0= —A1Q%(t,n) + P (t)Q%(t,n),

0
5~ o 55 Folt.n0) = ~GRIQR(E ) ~ (@) Ona(p)

(5.45) +(@%0(tm) " Q%o (t.p) — (@30 (t.m) " S QSo(t, p).
(5.46) Pio(ty) =0,  Qip(tr,m) =0, Rig(ts,n,p) =0,

(5.47) Q1o(t, —h) = Piy(t)H,

(5.48) R3y(t, —h,n) = HLQ%(t,n), Rio(t,n, —h) = (Q%(t,m)" Huy,

The equation (5.42) yields the solution
(5.49) Piy(t) = PG (1) 2 Dy, te(0.ty),

where the superscript ”1/2” denotes the unique positive definite square root of the
corresponding positive definite matrix.
By virtue of (5.49), the equations (5.41) and (5.44) yield

Py(t) = Py(t)A12Dy 2, Q%o(t,m) = Dy * AT,Q4%(t,m),
(t777) € [07tf] X [_hv 0]7
(5.50)

—1/2 . ) . 1/2
where D, / is the inverse matrix for D2/ .

Substitution of (5.49) and (5.50) into the equations (5.40), (5.43), (5.45) yields
after a routine algebra the following system:
dPfy(t)
dt

(5.51) ~Q3(t,0) — (Q%0(t,0))" — Dy,

= —P{y(t) A1 — AT P{y(t) + Pio(t)So Py (t)

o 0
<at — 877) Q3o(t,n) = —AT1Q50(t,n) + Pfy(t)SoQS0 (£ 1)
(5.52) —Pfo(t)Gll(ﬁ) - R?O(tv 0, 77)7
0 0 0N po i AT (oo oot.m) G
((,% T 6p> To(t,m,p) = =G11(MQT(t, p) — (QlO( ’77)) 11(p)

(5.53) +(Q%(t, ) S0Q%0(t, ),
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where Sy = AQD;IAg — Syt

Thus, to obtain the solution of the problem (5.40)-(5.48), one has to solve the
system (5.51)-(5.53) subject to the boundary conditions (5.46)-(5.48). If the latter
has a solution Pf(t), Q9ot,n), R{y(t,n, p) in the domain €, then the other terms of
the solution to (5.40)-(5.48) are immediately obtained by (5.49) and (5.50).

In what follows, we assume:

A2. The system (5.51)-(5.53) subject to the boundary conditions (5.46)-(5.48)
has a continuous solution {P{}(t), Q% (t,n), R%(t.n,p)}, (t,m,p) € Q, such that
(P )" = Pg(t), (Rg5(tn,0)" = RE(L pom).

Using the equation (5.50) and the solution of the problem (5.51)-(5.53), (5.46)-
(5.48), mentioned in the assumption A2, we obtain the corresponding components
of the solution to the problem (5.40)-(5.48) as

N

o O%* 0% —1/2
P20<>:P () = Pl (1) A12Dy ', t e 0,1y],

Q30 (t,m) = Q3 (¢, 77) 1/214 2QT(t,m),  (tm) € [07tf] x [=h,0].
(5.54)

This equation, along with the equation (5.34), yields
(555) P;ék(tf) = 07 Q§O(tfa 77) = 07 ne [_ha O]

5.2.2. Boundary Layer Correction Terms in a Neighborhood of t = t;. To obtain
equations for these terms, we substitute the expressions for Pjy(t,¢), (j = 1,2,3) (see
the equation (5.21)), the expressions for Q;o(t,n,¢), (i = 1,...,4) (see the equation
(5.22)) and the expressions for R;(t,n, p,¢), (I = 2,3) (see the equation (5.23)) into
the equations (5.5)-(5.6) and (5.9)-(5.10) instead of P;(t), Q;(t,n) and R;(t,n,p),
(=1,2,3; 1 =2,3; i = 1,...,4). Then, we equate the coefficients for %, depending
on ¢ and (£,n), on both sides of the resulting equations. Thus, taking into account
(5.39), (5.49) and (5.55), we have

t
(5.56) TS Py + PHOPY(O). € <0
t
Gon) b @Dy 4 DY P©) + (P(@)”, <0,
(5.58)
aQ;O(gv 77)

Se = DY Quol6.n) + Plo(©)Qho(e.m). €0, me [-h0, p=3.4,

Conditions for these differential equations are obtained by substitution of the ex-
pressions for Pjy(t,¢), (I = 2,3) and Qpo(t,n,¢), (p = 3,4) into the corresponding
terminal conditions in (5.14) and equating the coefficients for € on both sides of
the resulting equations. This procedure immediately yields

12
P%O(O)zo, P§0(O)— D /

QZO(Ovn) =0, ne [_hv 0]’ = 374
(5.59)
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Solving the problem (5.56)-(5.59), we obtain
PgO(&) = 0’ 20(5777) = 07 p= 3747

—2D}/? exp(2D3/%€) [In + exp(2D3/%€)] ",
€§07 776[_]%0]'

Ply(&) = Pl(€) £

(5.60)

Since D;/ ’isa positive definite matrix, then

(5.61) [P < aexp(B), € <0,
where || - || denotes the Euclidean norm of a matrix; a > 0 and § > 0 are some
constants.

5.2.3. Boundary Layer Correction Terms in a Neighborhood of n = —h. To obtain
equations for these terms, we substitute the expressions for Py(¢,¢), (I = 2,3) (see
the equation (5.21)), the expressions for Qio(t,n,¢), (i = 1,...,4) (see the equation
(5.22)) and the expressions for R;(t,n, p,€), (I = 2,3) (see the equation (5.23)) into
the equations (5.9)-(5.10) instead of Pi(t), Qi(t,n) and R;(t,n,p), (I = 2,3; i =
1,...,4). Then, we equate the coefficients for £°, depending on (t,¢), on both sides
of the resulting equations. Thus, taking into account (5.49), we have

Y
(5.62) W:_D;/z (0, tel0ty], (>0, p=34.

Conditions for these differential equations are obtained by substitution of the ex-
pressions for Quo(t,n,¢€), (p = 3,4) into the boundary conditions (5.16) and equat-
ing the coefficients for ¢°, depending on ¢, on both sides of the resulting equations,
yielding

Q1y(t,0) = (P5y(8))" Huy + Piy(t) Hay — Q%o(t, —h),  t € [0,ty],
Qlo(t,0) = Pgy(t)Hao — Q4o(t, —h), t € [0,ty].

Using the equations (5.35),(5.39),(5.49),(5.54), we can transform these conditions
as:

(5.63) 1,(t,0) = DY Hy,  QUy(t,0) = DY Hyy,  te[0,ty].
The initial-value problem (5.62),(5.63) has the unique solution
A 1/2 1/2
Qho(t.) = Qs (,Q) S exp (= DY O)DY Hon, te 0,1, ¢ >0,

QUy(t,¢) = QTi(t,0) 2 exp (- DY*C) DY Hyy,  te(0,tf], ¢ >0,
(5.64)

satisfying the inequality
(565 ||Qpt.0) <aep(-p0), teltl, (=0, p=34,

where a > 0 and 8 > 0 are some constants.



SINGULAR ZERO-SUM DIFFERENTIAL GAME WITH DELAYED DYNAMICS 1247

5.2.4. Boundary Layer Correction Terms in a Neighborhood of (t = ty,n = —h).
Similarly to the equations and conditions for the above considered boundary layer
correction terms, using (5.39),(5.49),(5.55),(5.60) and (5.64), we obtain the following
equations and conditions for Q47(¢,¢) and Q4 (€, ¢):

0 0
(85—(%> LE,C) = [Dy* + PE(©)]QYI(E.€)
(5.66) +P(€) exp (— DY) DY Hyy, €<0, ¢>0,

0 0
<a§ - a<> (.0 = [0y + P&©]Q(€.0)

(5.67) +PL () exp (— DY?C) Dy *Hys, €<0, ¢>0,

Qi3 (0,¢) = —exp (- D%/2C)D;/2H21, ¢ =0,

QL(0,¢) = —exp (= Dy/*¢) Dy Hag, ¢ >0,
(5.68)

where P (€) is given in (5.60).
Solving the boundary-value problem (5.66)-(5.69) and using the results of [7], we
obtain

LI(€,¢) = ®()W3(E+0)

+(1/2)Ply(€)Dy P exp (= Dy *¢) Dy Hyy, € <0, (>0,

0760 = 2(OVa(€+0)
+(1/2) Pio()Dy 2 exp (= Dy*¢) Dy Hao, €0, ¢ 20,
where ®(£) is a unique solution of the problem

dd(g)
dg
and ¥,(x), (p = 3,4) have the form

— [DY* + Pi(9)]@(¢),  ®(0) = L,

) = | /2D exp (DY ) o, x <0,
—(1/2)Dy* exp (— Dy*x)Har, x>0,

i) = | —/2D: P exn (DY) oo, x <0,
—(1/2)D%/2 exp ( — D;/QX)HQQ, x > 0.

It is clear that W,(x), (p = 3,4) are continuous at x = 0, and Q;’g(f, ¢),(p=3,4)
are exponentially decaying as || + ( — +o0.
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5.3. Justification of the asymptotic solution. Denote
Piy(t,e) 2 P () + P (t —t5)/2),
Qio(t.m,€) 2 Q%(t.m) + QU (£, (n + 1) /)
+Q5T (= tg) /e, (n+ ) /e),
Qiolt:m.€) = Qo (t, (+ h) ) + QU ((t—t7) /=, (n+ h) /<),
(ta 77) € [Oatf] X [—h,O]
(5.70)

Lemma 5.1. Let the assumption A2 be valid. Then, there exists a positive number
g0 such that for all € € (0,¢0], the problem (5.4)-(5.19) has a continuous solution
{P;(t,e), Qi (t,m,e), R;(t,m, p,€), § =1,2,3, i =1,2,3} in the domain Q. For all

(t,m, p,e) € % (0,e0], this solution satisfies the symmetry properties (Pj(t, E))T =

* * T * * T * * T
Pl (t7€)7 (P3 (t,€)) = P3 (t7€)7 (R1(t777; 1076)) = Rl(t7p7 7775)7 (R3(t7 777/075)) =
R3(t, p,n,€), and the inequalities

|Pite) - PG| e |Pite) - Pt 2)|| < e,
HQT(tﬂ?a fo(tn H < ae, HQz t,n,e)| < ae,
HQp t,me) — Qpo(t,m,€)|| < ae,

HRT(t,mp,E) — Rip(t, n,p)H < as, HRz t,n,p,e)|| < as,

k=12, =3,4, I=
(5.71)
where a > 0 is some constant independent of €.

Proof. The proof is carried out quite similarly to the work [7], where a problem
similar to the problem (5.4)-(5.19) is analyzed. The only essential difference between
the problems of [7] and (5.4)-(5.19) is that the former is associated with a linear-
quadratic cheap control problem with state delays, while the latter is associated
with a zero-sum linear-quadratic cheap control game with state delays. Therefore,
in the problem of [7] the matrix of coefficients for the quadratic terms is symmetric
positive semi-definite, while in (5.4)-(5.19) such a matrix is symmetric but indefinite.
Due to this indefiniteness, we introduce an additional assumption (the assumption
A2), while the other assumptions in the present paper are similar to those in [7]
yielding the similar results. Namely, the existence of the solution to the problem
(5.4)-(5.19) for all sufficiently small € > 0, which satisfies the symmetry properties
and the inequalities (5.71). O

Corollary 5.2. Let the assumption A2 be valid. Then, for any ¢ € (0,e¢], all the
statements of Theorem 4.3 are valid.

Proof. Due to Lemma 5.1, for any ¢ € (0,¢0], the problem (4.2)-(4.4),(4.6)-(4.7)
has the solution {P*(t,e),@*(t, n,s),R*(t,r],p,s)}, (t,n,p) € Q. The components
P*(e), Q*(7,e) and R*(7, p,e) of this solution have the block form (5.1),(5.2) and
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(53)7 respeCtiVGIYa where Pj(tv 5) = P]* (ta 5)7 Qi(ta m, 5) = Q;k (tv 1, 5)7 Rj (tv n, 0, 5) =
R;(t,n,p;e), (j =1,2,3; i =1,...,4). For any € € (0, g0, this solution satisfies all
the conditions of the assumption A1, which means the validity of Theorem 4.3 for
any such e. O

Consider the value

0
* A * 0%
T2 (w0, pa(n) 2 2T Pl (0o + 227 / Q550 m)eun)dn

0 0
(5.72) 4 / h / LRS00, ) ).

where g and ¢,(n) are the upper blocks of the vectors zy and ¢(n), respectively,
(see the equation (2.5)).

Corollary 5.3. Let the assumption A2 be valid. Then, for all e € (0,e¢], the value
of the CCDG J} (zo, go(n)) satisfies the inequality

(5.73) |72 (20, 0(m)) = J5 (20, 0 (m)) || < (20, 0(n))e,
where c(zo,go(n)) > 0 is some constant independent of € but depending on zg and
e(n).

Proof. The corollary is a direct consequence of the item (c) of Theorem 4.3, Lemma
5.1, Corollary 5.2 and its proof, and the equation (5.72). O

6. REDUCED DIFFERENTIAL GAME

6.1. Transformation of the CCDG. Let us transform the minimizer’s control of
this game as:

(6.1) ult) = (1/ehult),  te 0,1,
where w(t) is a new control of the minimizer.

Due to this transformation and the equations (2.5),(3.2), the dynamic system
and the cost functional of the game (2.1)-(2.3),(4.1) become as:

d’;(tt) — Ana(t) + Avy(t) + Hia(t — h)
0
(6.2) + /_ Gn(ma(t +n)dn+ Cuo(r),
Ed?ii(tt) =€ [Aglx(t) + Aggy(t> + Hgl.%'(t — h) + Hggy(t — h)
0
+ [ (Garlmatt+ )+ Goalau(e +-m)dn + Coo(t)| + (),
(6.3)

ty

T (w,v) = / T (6)Dy(t) + o7 (£) Doy (t)
0
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(6.4) +wl (w(t) — o () Mo(t)]dt.

Note, that the dynamics of the transformed game (6.2)-(6.4),(2.3) is singularly per-
turbed, while the controls’ costs are not small, i.e., are not cheap. We call this game
the Singularly Perturbed Game (SPG).

6.2. Derivation of the Reduced Differential Game. The dynamic system and
the cost functional of this game are obtained from (6.2)-(6.4) by setting there for-
mally € = 0 and redenoting z, y, v, w and J with xy, y;, vy, w; and J;, respectively.
Thus, we have

d"”{‘i‘t@ = Apa(t) + Aoy (t) + Hyyao(t — h)
0
(6.5) + [ Gumedt+min+ Crut), te i,
(6.6) 0=w(t), tel0ty],
Ly
7= [ [ () Drae(t) + o () Dol
0
(6.7) +w! (t)we(t) — vl (t)Mu,(t)]dt.
Due to (6.6), the functional (6.7) becomes:
ty
©8)  Ji= [ [ ODu®) + 4 (O Danelt) o OMur(0)] e
0

Since the variable y.(t) does not satisfy any equation for ¢ € [0,ty], it can be
chosen to satisfy a desirable property of the system (6.5) and the functional (6.8),
i.e., y:(t) can be chosen as a control in these system and functional. Moreover, since
the control of the maximizer v, is present in (6.5),(6.8), while a minimizer’s control
does not appear in these system and functional, then it is reasonable to choose y;(t)
as a minimizer’s control. This observation means that the functional (6.8) depends
on y, and vy, i.e., Jp = Jr(yr, vy). Thus, the functional (6.8) is minimized by y, and
maximized by v;. The initial conditions for the system (6.5) are obtained from (2.3)
by removing the initial conditions for y(-), which yields

(6.9) ze(n) = @a(n), n€[=h,0);  2:(0) = xo.
Thus, the Reduced Differential Game (RDG) consists of the dynamic system

(6.5), the initial conditions (6.9) and the functional (6.8). Since Dy and M are
positive definite matrices, the RDG is regular.

6.3. State-Feedback Saddle-Point Equilibrium in the RDG. Let ¢(n) be
any function belonging to L*[—h,0;R"]. For all ¢ € [0,t¢], let us consider the ¢-
parametric set ), ; of all vector-valued continuous functionals y, [;rr, o(n), t] :R™ x
L?[~h,0;R"] — R™, and the t-parametric set V;; of all vector-valued continuous
functionals vy [y, (), t] : R™ x L*[—h, 0;R"] — R®.



SINGULAR ZERO-SUM DIFFERENTIAL GAME WITH DELAYED DYNAMICS 1251

Definition 6.1. By (YV)r, we denote the set of all pairs (yr[xnt,t],vr[:nr,t,t]),

Tyt 2 {(z:(t),2:(0)),0 € [t — h,t)}, satisfying the following conditions: (i) for any
fixed t € [0,1], (:cr(t),xr(t—i—n)) € R"x L?[—h,0;R"] and Yr[@r g, t] € Vot velars, t] €
Vrt; (ii) the initial-value problem (6.5),(6.9) for y,(t) = yr[@rs, t], ve(t) = vp[zry, t],
t € [0,tf], and any ¢, (n) € L*[—h,0;R"], 2y € R" has the unique absolutely con-
tinuous solution &y, (¢; 2o, px(n)) in the interval [0,¢]; (iii) the time realization of
the minimizer’s state-feedback control y; [z, t] along the solution z; y, (¢; 20, ¢z (1))
belongs to L2[0,t¢; R™]; (iv) the time realization of the maximizer’s state-feedback
control vy[zy,t] along x; . (t; xo, cpm(n)) belongs to L?[0, tr; R

In what follows, (YV)r is called the set of all admissible pairs of the players’
state-feedback controls (strategies) in the RDG.

For any given y, o[y, t] € Vvt and vy g[xry, t] € Vyy, consider the sets

AN
Frm (yr,O[xnty ﬂ) = {Ur[xr,ta t] S Vr,t : (yr,O[xr,ta t]7 Ur [xr,t» t]) € (YV)r},

]:r,y ('Ur,O[xr,m t]) é {yr[xr,ta t] S yr,t : (yr [-fr,ta t]7 Ur,O[xr,ta t]) S (Yv)r}
(6.10)

Consider the following t-dependent vector-valued functionals:

* yAN _
Yr [et, t] = =Dy lAriFQ <P / Qo (t,n)x:(t +n) 77> € Mt
* é —1~T
ol ] 2 MO ( 5 (t)e() + / . n)wr(t+77)dn> Ve
—h

(6.11)

Note, that both inclusions in (6.11) are valid for all ¢ € [0,#].
Similarly to Theorem 4.3, we have the following assertion.

Theorem 6.2. Let the assumption A2 be valid. Then:

(a) the pair (y;‘ [@r4,t], 0F [xr,t,t]) € (YV),, i.e., it is admissible in the RDG;

(b) for any yclxrs,t] € ]:ry( *[$r7t,t]) and any veTe, t] € Fryp (yf [$r7t,t]), the ad-
missible pair (yr (@14, t], 0] [xrt,t]) satisfies the following inequality:

T (yr [:Er,ta t]a Ur [ajr,ta t]) < T (y;k [:Er,ta t], 'U;( [:L‘r,ty t]) < (yr [fEr,ta t], 'U;( [:L‘r,ty t]))
i.e., this pair is a saddle-point equz’lz’bm’um in the reqular RDG;

(c) the value of the RDG is jr*(mo,gom( )) jr(yr [Zrt, t], vF [Ty 4, ]) = Jg(acg,cpz(n)),
given by (5.72);

(d) for any zo € R™ and any p.(n) € L?[—h,0;R"], the value of the RDG is non-
negative.

Remark 6.3. Theorem 6.2 presents a game-theoretic interpretation of the problem
(5.51)-(5.53),(5.46)-(5.48), arising in the asymptotic solution of the problem (4.2)-
(4.4),(4.6)-(4.7). Namely, the property of the problem (5.51)-(5.53),(5.46)-(5.48),
required in the assumption A2 (the existence of the continuous and symmetric
solution), is sufficient for the existence of the saddle-point equilibrium in the RDG.
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7. MAIN RESULTS

For any given € € (0, &¢], consider the vector-valued functional

4

* * T
1) ol 2 -2 [(50) 50 + PO + [ Qtmete ],
where ¢ € [0,t]; 2 = col(z, yy).
Note that the vector-valued functional (7.1) is linear with respect to (z(t), z(t +
n), y(t)). Moreover, the matrix-valued coefficients in this functional are continuous
functions for (t,7) € [0,t¢] x [—h,0]. Therefore,

(72) u [Zt, ] ceU Vte [Oﬂff].

Lemma 7.1. Let the assumption A2 be valid. Then, for all e € (0,2¢], the following
inclusion is fulfilled: (uf o[z, t],vf[xs,t]) € UV, where vf|-, -] is given in (6.11).

Proof. First of all, let us note the following. Since vy [z, ¢,t] € Vi for all t € [0,],
then vy [z, t] € V; for all t € [0,2f]. Now, the substitution of u o[z, t] and vy[z,1]
into the system (2.1)-(2.2) instead of wu(t) and wv(t), respectively, yields a linear
functional-differential system with continuous coefficients. By virtue of the results of
[4], this linear system subject to the initial conditions (2.3) has the unique absolutely
continuous solution. Therefore, due to Definition 2.1, the inclusion stated in the
lemma is fulfilled. O

Lemma 7.2. Let the assumption A2 be valid. Then, there exists a positive number
e1 < g such that, for all € € (0,e1], the guaranteed result J,, (U;o[ztat]Q 20, gp(n)) of
the minimizer’s state-feedback control u;’O[zt,t] i the SDG satisfies the inequality

(7.3) | Ju (uf olzt, 1] 20, 0(0)) — J5 (20, 02 ()| < (20, 0(n))e,

where c(zo, go(n)) is some positive constant independent of €, while depending on z

and o(n); J§ (20, ¢2(n)) is the RDG value given by (5.72).

Proof. For a given € € (0,¢¢], consider the following two m x (n 4+ m)-matrices:

K0 = — (P 0)" PEW), Kalton) = — (@5(6.0).0),

(t,n) € [0,t7] x [~h,0).
(7.4)

Using these matrices, we can represent the control u j[2¢,] in the form (3.6).

Due to Lemma 3.1, we can conclude the following. If, for some € € (0,¢g], the
problem (3.7)-(3.9),(3.10)-(3.11),(7.4) has a continuous solution Pg(t) = Pk (t,¢),
Qk(t,n) = Qk(t,ne), Rr(t,n,p) = Ri(t,n,p,e), (t,n,p) € Q, such that
(P}}(t,s))T = Py (t,e), (R}‘((t,n,p,a))T = Ry (t, p,n,€), then uy[z,t] € H, and
its guaranteed result in the SDG has the form (3.12).

Similarly to Section 5, by constructing and justifying an asymptotic solution
of the problem (3.7)-(3.9),(3.10)-(3.11),(7.4), we obtain the existence of a positive
number £; < gg such that for all € € (0,¢;] this problem has the solution with the
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above mentioned properties. Moreover, this solution has the block form similar to
Pia(t,€) Pkt e

(5.1)-(5.3):
e(Pia(t,0)) ePicyltie )

)
)
. B Q*7 (t,?],&) (0} (t n,€ )
QK(ta 7776) - < 55§73(t7n76) EQiz(t n,€ ) )
€)
€)
(7.5)

R;((t’ 50, 5) = <

the matrices Py ;(t,¢), Q ,;(t.n,€), Ry ;(t.7.p,€), (j = 1,2,3; i = 1,....,4) are
bounded for all (¢,7,p,e) € Q x (0,21], and the following inequalities are satisfied:
HP;(,l(taE) - Plo(sk(t)H < ae, HQ;(yl(tﬂ%E) - ?E(tv 77)” < ae, HQ}Q(@U@)H < ae,
HR*KJ(tﬂ%P,ﬁ) - %(@%P)H S ae, HR;(,l(tﬂ%p?g)H S ae, (l = 2a 3)7 Where Ploék(t)a

95(t.m), RYy(t,n,p) are the components of the solution to the problem (5.51)-
(5.53),(5.46)-(5.48) mentioned in the assumption A2; a > 0 is some constant in-
dependent of e. These inequalities, along with the representation (3.12) for the
guaranteed result of u? o[z, t] and the equations (2.5),(5.72),(7.5), directly yield the
statement of the lemma. g

Pr(t,e) = (

Ric1(t,n,p,€) . Rico(t,n, pye
(Rica(tpsmie))” Rigs(t,m pie

Lemma 7.3. Let the assumption A2 be walid. Then, the guaranteed result
Jo (vi[ze, t]; 20, 0(n)) of the mazimizer’s state-feedback control vi|zs,t] in the SDG
18

(7.6) To (0] 21, t]; 20, (1)) = J§ (20, 9 (T))-

Proof. First of all let us note that, by virtue of Lemma 7.1, the control v}z, t] €
H,. Moreover, due to Definition 2.3, the value J, (v;k [z, t]; 20, go(n)) represents an
optimal value of the cost functional in the optimal control problem, obtained from
the SDG by substitution of v(t) = v}[x¢,t] into the equation of dynamics (3.3) and
the cost functional (3.5). The equation of dynamics in this optimal control problem
has the form

dz(tt) = A(t)z(t) + Hz(t — h) + /0 G(t,n)z(t +n)dn + Bu(t), te[0,tf],
—h

and the cost functional is

Ty 2 [7 (7 0Dwete) - 227 0 [ Fwetinin

(7.7)

/ / (t+n)L(t,n, p)z (t+p)dndp>dt—> inf ,

ulz¢,t|EFu (v§F [ﬂvmﬂ)
(7.8)

where

Alt) = A1+ Sui Py (t)  Aiz
T\ Ao + SLPR(t) As
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~ _( Gu(n) + SuQi5(t,n) 0
G(t,n) = ( Go1(n) + Sk %’%(tﬂ?) Gaa(n) )

~ D —P Su1 Py (t 0
D(t) <() 10() 1 10() D2)

ﬁ(t,n) = < Pfg(t)sle%(t,n) 0 ) |

0 0
z(t,mp) = ( (() Tg(t’ n))Tsvl %(tvﬂ) 8 > .

The system (7.7) is subject to the initial conditions (3.4).
The problem (7.7)-(7.8),(3.4) is a singular linear-quadratic optimal control prob-
lem with state delays in the dynamics and in the cost functional. Moreover,

(79) J’U (,U:'( [xta t]a 20, @(77)) = inf j(u)
ulzt,t]EFy (v;“ [mt,t])

The value in the right-hand side of (7.9) can be calculated in the way, similar to that
of [9] for solution of a singular stochastic linear-quadratic optimal control problem
with state delays in the dynamics. To keep the paper to be self-contained as much as
possible, we present here this calculation adapted to the problem (7.7)-(7.8),(3.4).
However, not to overload the paper and thus to keep its readability, we present this
calculation in a brief form.

The further proof consists of three stages.

Stage 1: Regularization of (7.7)-(7.8),(3.4).

We solve this singular optimal control problem by the regularization method, i.e.,
we replace it by a regular optimal control problem. The latter consists of the same
equation of dynamics (7.7) and initial conditions (3.4). However, the cost functional
of the new problem has the regular form

- ¢ N 0
4@ﬁ%4f(£ﬁuxwaw—zfﬁ)/ Ft,m)=(t + n)dn

—h

// (t+m)L(t,n, p)2(t + p)dndp

—|—52uT(t)u(t)> dt — min )
ulz¢,t)|€Fu (U: [*Ttvt])

(7.10)

where € > 0 is a small parameter.

Consider the following hybrid system of Riccati-type ordinary and partial differ-
ential equations with respect to unknown matrices P(t), Q(t,n) and R(t,n,p) in
the domain 2:

dP(t) -

(T.11) == = —P(O)A(t)~ AT () P(t) + P()Su(e) P(t) - Q(£,0) - QT (¢,0)~ D(1),

<3 _ 5’) Q(t,n) = —AT()Q(t,n) + P(t)S.(e)Q(t, )
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(7.12) —P(t)G(t,n) — R(t,0,n) + F(t,n),
(5~ 50— o) Rtnp) = =G €0)Qt.p) - @ )G )
(7.13) +QT(t,1)Su(e)Q(t, p) + L(t,n, p),

where 5, (¢) is given in (4.5).
The system (7.11)-(7.13) is subject to the boundary conditions

(714) ﬁ(tf) = Oa @(tﬁ 77) = 07 E(tfa 1, :0) = 07

(7'15) @(ta _h) = ﬁ(t)Ha é(t’ _ha 77) = HT@(tv 77)7 E(ta UR _h) = @T(t> 77)H>

where (t,m,p) € [0,tf] x [=h,0] x [=h,0].
The following assertion is proven quite similarly to the items (i)-(iii) of Lemma
3.1.

Assertion. Let for a given € > 0, the problem (7.11)-(7.15) have a continuous
solution {P*(t,a),Q*(t,n,e),R*(t,n,p,&?)}, (t,n,p) € Q, such that (P*(t,g))T =
ﬁ*(t,s), (ﬁ*(t,n, p,s))T = E*(t,p,n,s). Based on this solution, let us construct
the following control for the system (7.7):

ww=QMﬂé—ﬁﬁwae /catm>@+mm

Then: (a) @t[z,t] € Fu(vi]ze, t]); (b) this control solves the optimal control problem

(7.7),(7.10),(3.4); (c) the optimal value jg*(zo,go(n)) of the cost functional in this
problem has the form

T (20, p(m) 2 To(alz0,1]) = 25 P*(0,€)20 + 220 / Q*(0,n,€)(n)dn

/ / (0,7, p,e)p(p)dndp.

Stage 2: Asymptotic solution of the problem (7.11)-(7.15).

The asymptotic solution of this problem is constructed and justified similarly
to the constructing and justifying the asymptotic solution to the problem (4.2)-
(4.4),(4.6)-(4.7) in Section 5. Moreover, constructing and justifying the asymptotic
solution to (7.11)-(7.15), we obtain the existence of a positive number “&j such that
for all e € (0,&¢] the solution of this problem, mentioned in Assertion, exists and
has the block form similar to (5.1)-(5.3):

D* _ f)l*(tve) 8f)2*(t75)
Pr(t.e) = ( s(ﬁg‘(t,s))T eﬁg‘(t,s)
~ _( Qit.ne)  @s(tm.e)
Q"{tm€) = ( eQi(t.,n,e) eQi(t.n,e) >
o _ Ef(t, n, P, 5) ﬁ;(t,n,p,E)
R(t n, 0, )_ ( (éﬁ(t,p,n,e))T E§(t,n,P,5) )a
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(7.16)

the matrices ﬁ;‘(t,e), @f(t, n,€), ﬁ;(t,n,p,a), (1 =1,2,3; i=1,...,4) are bounded
for all (¢,n, p,e) € Qx(0,&p], and the following inequalities are satisfied: HPl* (t,e)—
Pis(t)| < ae, [|@5(tm.€) = Qfs(t.m)|| < ae, [|Q5(tm.e)|| < ae, [|Bi(tn,p.€) —

Wt m )| < ae, |Ri(t.n,p,€)|| < ae, (I = 2,3), where P (), Q9%5(t,n), B35 (.. p)
are the components of the solution to the problem (5.51)-(5.53),(5.46)-(5.48) men-
tioned in the assumption A2; a > 0 is some constant independent of . Using these
inequalities, as well as the statement (c) of Assertion and the equations (5.72),(7.16),
we immediatelly obtain the inequality

(7.17) |72 (20, 0(m)) = J5 (20, 02(m)) | < e(20,(n)e, & € (0,]
where c(zo, (p(n)) is some positive constant independent of e, while depending on

zo and ¢(n).
Let us remember that J (2o, pz(n)) is the value of the RDG given by (5.72).

Stage 3: Obtaining an expression for inf

ulze,t]EFy (v;* [xt,t}) J(’LL) .

First, let us rewrite the inequality (7.17) in the equivalent form
Tg (0, 02 (m)) — c(z0,0(n))e < JZ (20, 0(n))
< Jg (x0, 02 (n) + (20, 0(n))e, € € (0,&0).
(7.18)

Using this inequality and the statement (a) of Assertion, we obtain for any ¢ €
(Oaéo]:

inf () < (@ t]) < T (80 1]) = T (0, 000)
ulz¢,t]EFu (v;‘ [xt,t])

< J(T (1'07 %(77)) + C(Z(), 90(77))57
[Ztﬂf}E]:u (v;‘[wt,t]) J(u) S J(T (‘T07 S%(n))
Now, we are going to show that

ulze )€ Fu (Uf [xt,t})

yielding inf .

To prove the equality (7.19), we assume the opposite, i.e.,

(7.20) inf J(u) < T (0, 0(7)).
ulz¢,t|EFu (v?‘ [xt,t})
This inequality means the existence of @[z, t] € F, (v} [x,t]), such that
(7.21) inf T(u) < J(@]z,t]) < T (z0, px(n)).
ulzt,t|€EFu (U;‘ [:L‘t,t])
Since @} [z, t] is the optimal control in the problem (7.7),(7.10),(3.4), and (7.18)
holds, we obtain for any € € (0, 4], any z9 € R"™™ and any ¢(n) € L*[—h,0; R"t™]:
T5 (20, 02(m) = e(z0,92(n))e < T2 (20, ()
= Je(a:[ztyt]) < J{-: (a[zht]) = J(ﬁ[ztvt]) + b€27
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(7.22)

where b = fgf (a[2:, t])Tﬂ[ét, tldt; 2(t), t € [0,ty], is the solution of the initial-value
problem (7.7),(3.4) generated by the control u(t) = @[z, t], and 2, = (£(¢), 2(t+n)),
tc [O,tf], n € [—h,0).

The chain of the inequalities and the equalities (7.22) implies the inequality
Ji (w0, 02(n)) < J (@[, ]), which contradicts the right-hand inequality in (7.21).
Thus, the inequality (7.20) is wrong, meaning the validity of the equality (7.19).
The latter, along with (7.9), directly yields the statement of the lemma. O

Corollary 7.4. Let the assumption A2 be valid. Then, the following inequality is
satisfied in the SDG:

(7.23) ‘J(U;O[zt,t],vf[mt,t]) - J3 (xg,gox(n))‘ < c(zo,go(n))a, e € (0,e1],
where the positive constants €1 and c(zo, go(n)) have been introduced in Lemma 7.2.

Proof. First, let us rewrite the inequality (7.3) in the equivalent form

Jg (w0, 02(n)) — ¢(20, 0(n))e < Ju(ul gz, t]; 20, £(0))
< J(Sk (x0790z(77)) + 0(20790(77))5’ €c (0751]'

This inequality, along with Definition 2.2 and Lemma 7.1, yields for all € € (0,¢]
(7.24)

J(“:,O[Zt’ t]7 v:[xb t]) < Ju (u:,O[Zt’ t]; 205 80(77)) < JS ('TO’ 901(77)) + 6(207 80(77))5~

Furthermore, by virtue of Definition 2.3, Lemma 7.1 and Lemma 7.3, we have for
all € € (0,¢e1]

J(“:,O[Zt’t]a Ui:[xta t]) > Jv(“:['xta t]; 205 90(77)) = J()k (l’o, @x(ﬁ))
> J5 (0, 02(1)) — (20, 0(n))e.

The latter inequality and the inequality (7.24) directly yield the inequality (7.23),
which completes the proof of the corollary. O

Let {4}, (¢ =1,2,...), be a sequence of numbers, satisfying the following condi-

tions: (1.) g4 € (0,e1], (¢ =1,2,...); (2c) gg = 40 for ¢ — +o0.
Theorem 7.5. Let the assumption A2 be valid. Then, for any given zo € R"*™ and
o(7) € L2[—h,0; R™™], the sequence {(u:qjo[zt,t],vf [:L‘t,t])};r:oi is the saddle-point
equilibrium sequence of the SDG, i.e., for any sequences ugz:,t] € F, (vl’f [z, t]) and
vglze, t] € Fy (u:qp[zt,t}), (¢ = 1,2,...), the following inequality is satisfied in the
SDG:

. * < . * *

I;IEJsrgop J(an,o[zu t], vglzt, t]) < qgﬂ-noo J(u%o[zt, 8], vi[we, 1))

< liminf J (ug [z, 1], o7 [z, 7]).

Moreover, the value of the SDG J* (zo,cp(n)) equals to the value of the RDG
Jy (3307 %:(77))-
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Proof. Using Definition 2.2 and Definition 2.3, we obtain for all ¢ = 1,2, ...
Ju (u:q,O[ztv t]? 20, ‘P(’?)) > J(u:q,O[zta t]? Uq[zt7 t])?

Ju (U: [xtv t]a 20 90(77)) < J(uq[zt> t}a /U: ['Ita t]) :
(7.25)
The inequalities (7.3),(7.23) and the first inequality in (7.25) yield

lim J(u:q,O[ztvt]ﬂ vl 1)) = Jg (20, ()

q——+00
*

= lim Jy (ul, olze. t); 20, (1))

q——+00
(7.26) > lim sup J(u:mo[zt, t],vgl2t, 1]).
q——+o00
Using the equality (7.6), the inequality (7.23) and the second inequality in (7.25),
we obtain
lim J(u, olzt, ], vf [z, t]) = TG (20, 02(n)) = Jo (0] 21, 1]; 20, ()

q—+00

(7.27) < 1q1§_¢£1£ J (uglzt, t], vi [z, 1]).
Now, the statements of the theorem immediately follow from (7.26) and (7.27).
Thus, the theorem is proven. O

Remark 7.6. Theorems 7.5 and 6.2 yield the following conclusions. To construct
the saddle-point equilibrium sequence of the SDG and obtain the value of this game,
we have to solve the lower Euclidean dimension regular RDG, and calculate the gain
matrices Pgj(t), Psg(t) and Q%5(t,n), (t,m) € [0,tf] x [—h,0], using the equations
(5.49),(5.54).

8. CONCLUSIONS

In this paper, the finite horizon zero-sum linear-quadratic differential game with
state delays in the equation of dynamics was considered. The delays are of both,
point-wise and distributed, types. The case where the cost functional of the game
does not contain a control cost of the minimizing player (the minimizer) was treated.
The absence of the minimizer’s control cost in the cost functional means that the
game is singular. For this game, the novel definitions of the saddle-point equilibrium
(the saddle-point equilibrium sequence) and the game value were proposed. The
original singular game was solved by its regularisation. The latter means that
this game was approximated by auxiliary regular game with the same equation
of dynamics. However, in contrast with the original game, the cost functional
of the approximating game has an additional addend. Namely, this addend is a
finite horizon integral of the square of the minimizer’s control with a small positive
weight (small positive parameter). Thus, the approximating game is a finite horizon
zero-sum linear-quadratic time delay differential game with cheap control of the
minimizer. Solvability conditions of the approximating game were derived. The
asymptotic analysis of the boundary-value problem for the hybrid system of Riccati-
type matrix equations, arising in these solvability conditions, was carried out in the
frames of the singular perturbations theory. Using this analysis, the saddle-point
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equilibrium sequence in the original singular game was designed. The expression
for the value of this game was derived. It was shown that the obtaining the saddle-
point sequence and the value of the singular game is based on the solution of a lower
Euclidean dimension regular zero-sum differential game — the reduced differential
game.
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