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ABSTRACT. The paper presents new sufficient conditions for the property of
strong bi-metric regularity of the optimality map associated with an optimal con-
trol problem which is affine with respect to the control variable (affine problem).
The optimality map represents the system of first order optimality conditions
(Pontryagin maximum principle), and its regularity is of key importance for the
qualitative and numerical analysis of optimal control problems. The case of affine
problems is especially challenging due to the typical discontinuity of the optimal
control functions. A remarkable feature of the obtained sufficient conditions is
that they do not require convexity of the objective functional. As an application,
the result is used for proving uniform convergence of the Euler discretization
method for a family of affine optimal control problems.

1. INTRODUCTION

Regularity properties of the system of first order necessary optimality conditions
for optimization problems play a key role in qualitative analysis and reliable nu-
merical treatment of such problems (see e.g. the books [1,4,7,8]). For optimal
control problems, the investigation of regularity properties of the map associated
with the Pontryagin maximum principle (called further optimality map) was first
initiated in [3], which deals with problems that satisfy the so-called coercivity condi-
tion. The latter, however is never fulfilled for problems in which both dynamics and
cost are affine with respect to the control (further called affine problems). Results
about strong metric sub-regularity of the optimality map for affine problems were
obtained in the recent papers [9,10]. The property of strong metric reqularity (see
e.g. [4, Chapter 3]) of the optimality map proved to be important for convergence
and error estimates of numerical methods (discretizations, gradient projection, New-
ton method, etc.). However, more suitable for affine problems is a specific extension
the strong metric regularity introduced in [12] under the name Strong bi-Metric Reg-
ularity (Sbi-MR). The present paper investigates this property for Lagrange-type
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affine optimal control problems of the form

T
(1.1) mm{J(u) = /0 [w(t, z(t)) + <5(t,m(t)),u(t)>]dt},

subject to
(1.2) i(t) = a(t, z(t)) + B(t,z(t))u(t), x(0)= 2",
(1.3) u(t) e U, tel0,T].

Here the state vector z(t) belongs to R™, the control function u has values u(t) that
belong to a given set U in R™ for almost every (a.e.) ¢t € [0,7]. Correspondingly,
w is a scalar function on [0,7] x R", s is an m-dimensional vector function ({(-,-)
denotes the scalar product), a and B are vector-/matrix-valued functions with ap-
propriate dimensions. The initial state 2 and the final time 7' > 0 are fixed. The set
of feasible control functions u, denoted in the sequel by U, consists of all Lebesgue
measurable and bounded functions w : [0,7] — U. Accordingly, the state trajec-
tories x, that are solutions of (1.2) for feasible controls, are absolutely continuous
functions on [0, 7.

It is well known that the Pontryagin (local) maximum principle can be written
in the form of a generalized equation

(1.4) 0€ F(y),

where y = (x(+), u(-), p(-)) encapsulates the state function x(-), the control function
u(-) € U, and the adjoint (co-state) function p(-), and the inclusion 0 € F(y)
represents the state equation, the co-state equation, and the maximization condition
in the maximum principle (the last being the inclusion of the derivative of the
associated Hamiltonian with respect to the control in the normal cone to U at u(-)).
The detailed definition of the mapping F' in (1.4), called further optimality map is
given in the next section.

In the next paragraphs we remind the definition of Sbi-MR in the form used
in [10] and [11]. Let (Y,dy), (Z,dz), (Z,dZ) be metric spaces, with Z C Z and
dz < dz on Z.' Denote by By (§;a), Bz(%;b) and B;(%;b) the closed balls in the
metric spaces (Y, dy), (Z,dz) and (Z, d) with radius a > 0 or b > 0 centered at g
and Z, respectively.

Given a set-valued map ® : Y =2 Z, gph ® := {(y,2) € Y xZ : z € ®(y)} denotes
the graph of ®. The inverse map, ®~!: Z = Y, is the set-valued map defined as
O 2):={yeY :z€d(y)}

Definition 1.1. The set-valued map ® : Y = Z is strongly bi-metrically regular
(Sbi-MR) (with disturbance space Z) at § € Y for Z € Z with constants x > 0,
a>0and b >0, if (y,2) € graph(®) and the following properties are fulfilled:

(i) the map B;(2;b) > z = ®1(2) N By (; a) is single-valued;

(ii) for all z,2" € B;(2;b)

(1.5) dy (27 1(2) N By (§;a), 2 1(2) N By (§;a)) < kdz(z,2).

1 This inequality can be understood as dz(z) < cdy(z) for every z € Z, where c is a constant.
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We stress that the difference between this notion and the standard notion of strong
metric regularity (see e.g. [4, Chapter 3]) is that the “disturbances” z have to belong
to the smaller space, Z (with the bigger distance), but the Lipschitz property in
(ii) holds with respect to the smaller distance, dz, in the right-side of (1.5). A
detailed explanation of the reasons for the appropriateness of this definition is given
in [11, Introduction].

Sufficient conditions for more specific problems and some applications of the Sbi-
MR property are presented in [10] and [11]. The main aim of the present paper is
to obtain new, more general, sufficient conditions for Strong bi-Metric Regularity
(Sbi-MR) of the optimality map F' in an appropriate space setting. A new feature of
these conditions is that they involve not only the second derivative of the associated
Hamiltonian with respect to the control, but also its first derivative. Thanks to that,
they may be also fulfilled for problems with a non-convex objective functional, which
is a new founding in the optimal control context, in general.

We present the sufficient conditions for Sbi-MR in Section 2 and give a detailed
proof in Section 3. In Section 4 we specialize these conditions to the case of affine
problems with bang-bang solutions and give an example where they apply to a
non-convex problem. As an application, in Section 5 we prove that the obtained
sufficient conditions imply uniform first order convergence of the Euler discretization
scheme when applied to affine problems that are close enough to a reference one.
This result is of importance, for example, for the justification of Model Predictive
Control methods applied to affine problems.

2. SUFFICIENT CONDITIONS FOR STRONG BI-METRIC REGULARITY

We will use the following standard notations. The euclidean norm and the scalar
product in R™ (the elements of which are regarded as column-vectors) are denoted
by | - | and (-,-), respectively. The transpose of a matrix (or vector) E is denoted
by ET. For a function ¢ : RP — R” of the variable z we denote by ,(2) its
derivative (Jacobian), represented by an (r x p)-matrix. If r = 1, V,4(2) = 1. (2) "
denotes its gradient (a vector-column of dimension p). Also for r = 1, v,,(2)
denotes the second derivative (Hessian), represented by a (p x p)-matrix. For a
function v : RPT9 — R of the variables (z,v), ¥.,(z,v) denotes its mixed second
derivative, represented by a (p x ¢)-matrix. The space L*([0,T],R"), with k = 1,2
or k = oo, consists of all (classes of equivalent) Lebesgue measurable r-dimensional
vector-functions defined on the interval [0,7], for which the standard norm || - ||
is finite. Often the specification ([0,7],R") will be omitted in the notations. As
usual, WHE = WLE([0,T],R") denotes the space of absolutely continuous functions
x: [0,T] — R" for which the first derivative belongs to L*¥. The norm in W* is
defined as ||z||1 % := |||l + || %]/x. Moreover, Bx (z;r) will denote the ball of radius
r centered at x in a metric space X.

Allover the paper we use the abbreviation

(2.1) ft,z,u) =a(t,z) + B(t, x)u, g(t,z,u) =w(t,z)+ (s(t,x), u).

For problem (1.1)—(1.3) we make the following assumption.
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Assumption (A1). The set U is convex and compact; the functions f : R x R™ x
R™ — R™ and g : R x R™ x R™ — R have the form as in (2.1) and are two times

differentiable in (¢, x), and the derivatives are Lipschitz continuous?.

Define the Hamiltonian associated with problem (1.1)-(1.3) as usual:
H(t, z,p,u) := g(t, z,u) + (p, f(t,z,u)), peR"

The local form of the Pontryagin maximum (here minimum) principle for problem
(1.1)-(1.3) can be represented by the following optimality system for (z,u) and an
absolutely continuous (here Lipschitz) function p : [0,7] — R": for a.e. t € [0, 7]

(2.2) 0 = —i(t)+ f(t,z(t),u(t)), z(0)—2z°=0,
(2.3) 0 = p(t)+NeH(t, x(t),pt), u(t), p(T)=0,
(2.4) 0 € VuH(t2(t),p(t),u(t) + Nu(u(t)),

where the normal cone Ny (u) to the set U at u € R™ is defined in the usual way,

Ny(u) = {yeR" | (y,v—u) <0forallveU} ifuel,
v = 0 otherwise.

Assumption (Al) implies that there exists a number M > 0 such that for any
u € U the corresponding solution z of (2.2) and also the solution p of (2.3) exist on
[0,7] and

(2.5) max{|z(t)], |&(t)], [p(t)], [p(t)|} < M for ae. t € [0,T].

In what follows, M will be any number larger that M.
Let us introduce the metric spaces

Y = {(x,p,u) € WH x WhL x L1 2 2(0) = 2°, p(T) = 0} N (B0 (0; M))* x U.

and

Z:=L®xL®xL®and Z:=L%xL®xW\>®c Z
The distances in these spaces are induced by norms, therefore we keep the norm-
notations: for y = (x,p,u) € Y

lyll := lllls,y + llplle + llul
and for z = (§{,m,p) in Z or in Z, respectively,

1211z = gl + DIl + llolloos — M2ll~ = l€lloo + I lloe + lIll1.00-

Notice that Y is a complete metric space, thanks to the compactness of the set U.
Now, we define the set-valued mapping F' : Y == Z as

&+ f(,z,u) 0
(2.6) Fly):=| p+%%H(,y) |+ 0 ,

2The assumption of global Lipschitz continuity is made for convenience. Since the analysis in
this paper is local (in a neighborhood of a reference trajectory Z(-) in the uniform metric), it can
be replaced with local Lipschitz continuity.
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where Ny/(u) is the normal cone to the set U of admissible controls at u, considered
as a subset of L>:

Nyg(u) = {(Z) ifugU

{veL>®: v(t) e Ny(u(t)) for ae. t €[0,T]} ifuel.

Notice that F(Y) C Z, and V,H(-,y) € Z thanks to the affine structure of the
problem, namely, the independence of V, H (-, y) of u.

With these definitions, the necessary optimality conditions (2.2)—(2.4) take the form
(2.7) F(y) >0,

therefore F is called optimality map associated with problem (1.1)—(1.3). The main
result in this paper is a sufficient condition for Sbi-MR of the optimality mapping
F 'Y = Z with perturbation space Z. To do this we fix a reference solution
9 = (Z,p,u). We mention that such always exists since on assumption (A1) problem
(1.1)—(1.3) has a solution. To shorten the notations we skip arguments with “hat”
in functions, shifting the “hat” on the top of the notation of the function, so that

~ ~ A~

f(t> = f(t,.ﬁ'(t),ﬁ(t)), §(t) - S(tvjj(t)% H<t) = H(tvi'(t%ﬂ(t%ﬁ(t))v H(tvu) =
H(t,z(t),u,p(t)), etc. Moreover, denote

A(t) = fx(tai(t)7ﬂ(t))a B(t) = fu(ti'(t)?@(t)) = B(t7i'(t))
6(t) := V H(t) = B(t)Tp(t) + 5(t).

Let us introduce the following functional of L! 3 du +— I'(du) € R:
T
(28)  T(ou):= / (o (0)52(0),52(0)) + 2 s (0)52(2), 5u()] dt,
0

where dz is the solution of the equation éz = Adx + Bdu with initial condition
dz(0) = 0.

Assumption (A2). There exist numbers cg, oy > 0 and vy > 0 such that
T
/ (o(t), Su(t)) dt + T(5u) > col|dull,
0

for every du = u' — u with v/, u € U N Bp1(4;0p), and for every function o €
Byy1.(6370) N (= Nu(w)).

Assumption (A2) will be analyzed and discussed in details in Section 4. Now we
formulate the main theorem.

Theorem 2.1. Let Assumption (A1) be fulfilled for problem (1.1)-(1.3) and let
g = (&,p,0) be a solution of the optimality system (2.7) (with F defined in (2.6))
for which Assumption (A2) is fulfilled. Let, in addition, the matriz H,,(t)B(t) be
symmetric for a.e. t € [0,T]. Then the optimality map F :' Y = Z is strongly
bi-metrically reqular at § for zero with disturbance space ZCZ.
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3. PROOF OF THE MAIN RESULT

The proof of Theorem 2.1 consists of several steps.
Step 1. The following result (adapted to the present problem formulation, as-
sumptions, and notations) was proved in [11, Theorem 3.1].3

Theorem 3.1. Let the assumptions in Theorem 2.1 be satisfied. Then strong bi-
metric regqularity of the set-valued map y — F(y) at § for 0 (in the spaces as in
Theorem 2.1) is equivalent to the strong bi-metric regularity of the map y — L(y),
at § for 0, where

—&+f+ Az — &)+ B(u—1)
VuH + Huy(y —9) + Ny(u)

The map L represents the partial linearization of F' around § = (Z, p, @). Thanks
to the identity H,, = 0, L maps Y to Z, and moreover, § solves the inclusion
L(y) > 0.

To shorten the notations, we set for this section (skipping the dependence on t)

W .= ﬁm, S:=Hy, A=A= fx, B:=B= B(z).

We remind the already introduced notation ¢ = V. H. Then, also having in mind
the identity H,, = 0, we can recast the definition of L(y) as

42+ A(w — &) + Blu— 1)
Ly)=| p—p+Wk—-2)+S (u—a)+ A" (p—p)
6+8S(x—2)+B"(p—p)+ Ny(u

Due to Assumption (A1), we have that z, A, p,W,6€L®, and B, S € WH>®. We
remind that according to (2.7) and (2.6), u satisfies the inclusion & + Ny/(4) > 0.

Step 2. Define the map A : L' x Z — L™ in the following way: for u € L' and
z=(mp) € Z,

(3.1) Alu,2) =& + S(afu, 2] — &) + B (plu, 2] - p) — p.

where (x[u, 2], pu, 2]) is the solution of the system

(3.2) i=i+Alx—&)+Blu—a)—¢ x(0)=a°

(3.3) —p=—p+WE—-2)+S (u—a)+AT(p—p)—=, p(T)=0.
Further we skip the argument z if z = 0, so that x[u] := z[u, 0], p[u] := plu, 0],

A(u) := A(u,0).

Lemma 3.2. Strong bi-metric reqularity of the set-valued map L at g for 0 (in the
spaces as in Theorem 2.1) is equivalent to strong bi-metric reqularity of the map
A(-,0) + Ny () : U = L™ at @ for zero, with disturbance space W C L>,

3A Mayer problem is considered in [11], but the result also applies to Lagrange problems after
a standard transformation. Moreover, the assumptions in [11] are somewhat weaker than (Al).
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Proof. We shall prove that the bi-metric regularity of the map A(-,0)+ Ny(+) implies
that of L, which will actually be used later. The proof of the converse is similar
and simpler.

For any z = (£, 7, p) € Z and u € L™, we have from (3.2) that

(3-4) 1 (E)l100 < c1lléllos,  117(8)

where 1% : L — W is the linear map given by 1*(§) := x[u, 2] — 2[u,0] , and
c1 and ¢ are independent of u and z. Using this and (3.3), we obtain (also in a
standard way) that

(3.5) 11708, m)l1,00 < c2(ll€lloo + lImlloc),  117(&, m)ll1a < chll2]lz,

where [P : L x L — W1 is the linear map given by IP(¢, ) := plu, z] — p[u, 0],
and ¢y and ¢, are constants such as ¢; and ;. Notice that the second inequalities
in (3.4) and (3.5) imply that for a.e. ¢t € [0, 7]

max{|z[u, 2](t)], [£[u, 2](®)], Iplu, 2(B)], [Blu, 2/} < M + " ([[€lloo + [I7lo0),

where ¢” is a constant. This will be used later to ensure that the appearing triples
(u, z[u, 2], p[u, z]) belong to the space Y.
We may represent

1 < allzllz,

Alu.2) = Au) + Q(2),
where
Qz) = SI(&) + B'IP(&,m) — p, [Q(2) 1,00 < esl2ll~
is a linear map and c3 is a constant.
The inclusion L(y) > z can be equivalently reformulated as

(3.6) x==zxlu,z], p=nplu,z], Au,z)+ Ny(u)>0.
In view of the obtained representations, the last relations are equivalent to

v =alu + (), p=plul +PEN), AW+ Q)+ Nulw) 50,

Having in mind the estimations for ||I*(§)||1,00, [|IP(&, 7)||1,00 and ||Q(2)||1,00, Obtain-
ing Sbi-MR of L from that of A + Ny, becomes a routine task. We will sketch the
rest of the proof for completeness.

First we observe that there is a constant ¢4 such that ||Q(z)||c < c4l|2||z. Let &,
« and S be the constants in the definition of the Sbi-MR of the map A + Ny. Fix

_ _ M- M
a=(d,+c)B+a, ﬁ:min{cﬁ, 7 }, K =c| + ¢+ cyk.
3

For any z € Z with ||z]|~ < 8 we have |Q(2)|/1.00 < 8. Then there exists a unique
solution u(z) € Bpi(d4;a) of the inclusion A(u,z) + Ny(u) > 0. Moreover, for
21, z2 € Z with [|z;]|~ < 5 we have
lu(z1) —u(z2)llr < £lQ(21 = 22)[loe < carillzr — 22|z
From the first two relations in (3.6) we have for x(z;) = z[u(z), z;] and p(z) =
plu(zi), zi]
l2(21) — 2(22)ll11 + llp(21) = p(22)ll11 < ez = 2allz + chllz1 — 2|z

Thus L is Sbi-MR at 4 for zero with constants &, &, 3. O
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Step 3. According to Lemma 3.2, it is enough to prove Sbi-MR of A + Ny, in the
spaces specified in the formulation of the lemma. It is convenient to use the notation

T
(v, u)1 ::/0 (v(t),u(t))dt

for the duality pairing of L' and L*°, where v € L>® and u € L'. The map
A : L' — L™ is linear and continuous, and we shall show that its derivative, A’,
satisfies the equality

(3.7) (A'ou,du); = I'(6u), Voue L
where the mapping I' : L' — R is defined in (2.8).% In the notations introduced in
this section the definition of I' reads as
(3.8) I'(0u) = (Wox,dx)1 + 2(Sox, du)1,
where dz is the solution of 02 = Adz + Béu with dz(0) = 0. Let 6p be the solution
of the equation ‘
—0p=A"Sp+Wéx+S"6u, p(T)=0.

Since u — A(u) := 6 + S(z[u] — &) + BT (p[u] — p) is linear, we deduce
(3.9) AN (u)du = Séx + B dp.

Integrating by parts the expression (dp, 5.:E>1 we obtain the equality

(6p, Adx + Bou), = (6p, 6x), = —(dx, 0p), = (6x, ATop+ Wz + ST ou);.
Hence,
(6p, Bou)y = (6x, Wz + ST ou)1,
(BT 6p, duyy = (Woz,dz)1 + (Sdx, du)y,
(S6x,6u)1 + (BT 0p, du); = (W, dz)1 + 2(Sdx, du) = ['(du),

which implies (3.7) in view of (3.9).

Equality (3.7) allows to reformulate the inequality in Assumption (A2) as

T
(3.10) / (o(t), du(t)) dt + (N u, du)1 > col|dul|?
0
with o and du as in (A2).

Step 4. Next, we will prove that for every a € (0,ag) (see Assumption (A2)) and
for every A € W1 with [|A|l1,00 < coc the inclusion

(3.11) A(u) + Ny(u) 3 A
has a solution % € L' satisfying ||% — 4||1 < a. For this, we consider the inclusion
(3.12) A(u) + NurB, 1 (a0 (W) 2 A

This inclusion represents the standard necessary optimality condition for the prob-

lem
win { ) = | " [l + (Sl )+ (3,00 b

4 Similar representations are known, see e.g. in [6], but in the space L?. Here the space setting
is different and the specificity of the affine problem is essential.
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where z[u] is defined around (3.2), with the control constraints v € U and u €
By1(4;«). This is due to the well-known fact that A(u) is the derivative of Jy at
win L' (the proof of this fact uses a similar argument as the proof of the relation
(3.7)). Due to the weak compactness of & N By1(i;a) in L', this problem has a
solution @, which then is a solution of (3.12).

Now we use the relation

(3.13) Ny, (i0) (@) = Nu(uw) + NB_; (4;:0) (1)

It follows from [2, Theorem 3.1], which, formulated for the particular space setting
and sets, Y C L' and V := By:i(4;a) C L, reads as follows: the equality (3.13)
holds, provided that the set Episy + Episy is weak® closed, where Epi syy is the
epigraph of syy and sy : L> — R is the support function to the set W C L', that is,
sw(l) = sup,ep ([, w)1. The weak® closedness of this set is proved in Proposition
3.1, case (i), in [2], which requires (in our case) that &/ and the interior of By (u; «)
have a nonempty intersection, which is obviously fulfilled.
Due to (3.13) and (3.12), there exists v € Np_, (4,0)(%) such that

v+ Aa) — A € —Ny(a),
hence,
(v, —u); + (A(a) — A, 4 —a), > 0.
We have (v, 4 — @)1 < 0 since @ € Br1(4; o). Thus
(A(@), i — @)1 — (A, — @)y > 0.
)=2¢6

Since A is linear and satisfies (3.7), and since A(4) =
that

= (A(@),a —a) + (A'(a—a),a— ) + (A, 4 — ),
= (60— )1 +T(i—a) + (A, @
Moreover, we have 6 € —Ny(a). Then Assumption (A2) in the form of (3.10)
applied for du = & — @ and ¢ = & implies that
0> colltn — @l|? + (A, 4 — @)y.

Hence,
[Aloo

co
Since @ belongs to the interior of By (4;a), thus Np , (a.0)(@) = {0}, we obtain
that v = 0, therefore @ is a solution of the inclusion (3.11).

[ —afly <

<«

Step 5. First, we shall estimate ||A(u1) — A(u2)]1,00 for two functions uy, us € L.
Denote du = uy —ug, 0x = xfui] —xus], dp = plu1] —p[uz]. Then there is a constant
c1 independent of u; and wue such that

16z]loc < cilldullr,  [1oplloc < crl[dulls.
Using the definition of A and Assumption (A1) we can estimate
[A(u1) = Aluz)[loe < callbull
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with some constant cy. Then

d
HE(A(UI) - A(m))Hm < |IS(Adz + Bou) — BT (Woz + ST 6u+ AT8p)||w
+ |86z + BT 6|0
< cs[oull1,

where c3 is another constant and in the last estimate we use the assumed sym-
metry of SB = H,,B. Thus

(3.14) [A(u1) = Auz)[[1,00 < (c2 + e3)lJur — ually = caljur — uall1.
Now we choose the number « in such a way that
0 < a< ap, coor < oy, (co + ca)a < 7.

Consider two disturbances Ay, Ay € W with |Ad|l1,00 < cocr, and two solutions
u1, ug € Bri(4; ) of (3.11) corresponding to Aj and Asg, respectively.
Let 0 := A(ua) — Aa, by (3.14) we have

o= ll1,00 < [A(u2) = A(@)]|1,00 + [|A2][1,00
< caflug —dfl1 + coax
< ¢y + oo
< -
Moreover, we have 0 = A(ug) — A € —Ny(u2) because ug solves the variational
inequality (3.11) with A = Ay. Similarly as in Step 4 we obtain the following chain
of inequalities:

0> (A(

> (A(u1) — A1, up —ug)h

= (A(ug) — Ag,uy —ug)1 + (A(ur) — Auz),ur —ug)1 + (A2 — Ay, up — ug)y
= (o,uy — ug)1 + (A (u1 — u2),ur —ug)1 + (Ag — Ay, ur — ug)y

= (o,u1 —u2)1 + '(ug —ug) + (Ag — A1, u1 — ug)1,

Having in mind also that ||uz — 4|1 < @ < ap, we can apply Assumption (A2) (in
the form as in (3.10)) to the latter inequality. We obtain

0> collur — ual|f + (Ag — Ay, ug — u2)1,
which implies that ||u; — uslj;1 < éHAl — Ag||oo- This proves the Sbi-MR property
of A + Ny, with constants £ = (cg) !, a, and 8 = cya. The proof of Theorem 2.1 is
complete.

4. SOME SPECIAL CASES

We begin with few comments. Assumption (A2) with the particular choice o = &,
reads as

T
(4.1) /O (6 (t), Su(t)) dt + T(5u) > col|dul|2.
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This inequality, required for all ju € U — 4, is shown in [9] to be sufficient for the
property of strong metric sub-reqularity, which is substantially weaker than Sbi-MR.
Moreover, the condition®

T
/ (a(t),ou(t)) dt + %F(éu) > col|dul|?, VoueU —a, |6ul; — small enough,
0

is sufficient for strict local optimality of @ in an L'-neighborhood. This last condition
is weaker than (4.1), as shown in [9].
Assumption (A2) is fulfillled on the following (more compact) one.

Assumption (A2’°). There exist numbers ¢y, ag > 0 and 7 > 0 such that

T
(4.2) /0 o (t), u(t))] dt + T(5u) > co|dull2,

for every function o € Byy1,0(6;70) and for every du € U — U with [|dull; < ap.

Obviously (A2’) implies (A2), since for 0 € —Ny(u) and v’ € U it holds that
(o(t), u'(t) —u(t)) = 0.

Now we focus on the first-order term in (4.2) under an additional condition intro-
duced in [5] in a somewhat stronger form and for box-like sets U.

Assumption (B). The set U is a convex and compact polyhedron. Moreover, there
exist numbers k > 0 and 7 > 0 such that for every unit vector e parallel to some
edge of U and for every s € [0,T] for which (6(s),e) = 0 it holds that

|(G(t),e)| > k|t — s| tels—7,s+7]N[0,T].

The next lemma claims that Assumption (B) remains valid for all functions o
close enough to ¢ in W1,

Lemma 4.1. Let assumptions (A1) and (B) be fulfilled. Then there exist numbers
K >0, 7 >0 and v > 0 such that for every function o € By, (657, for
every unit vector e parallel to some edge of U and for every s € [0,T] for which
(o(s),ey =0, it holds that

(o(t),e)| > K|t —s| tel[s—7,s+7]N][0,T].

Proof. The proof combines arguments from the proof of Proposition 3.4 in [11] and
the proof of Proposition 4.1, therefore we only sketch it focusing on the differences
with the proofs mentioned above.

First of all, Assumption (B) implies that the reference control @ is piece-wise
constant. This follows from the fact that (5(¢),e) has not more than 7'/7 + 1 zeros
in [0,7] and U has a finite number of edges. More details are given in the proof of
Proposition 4.1 in [9].

From the definition of &, (A1) and the fact that @ is a piece-wise constant func-
tion we obtain that & has a piece-wise continuous derivative. Let us fix e as in

5 The left-hand side in the next inequality is just the second order Taylor expansion of the
objective functional J(u) in (1.1).
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Assumption (B), and denote 6, := (G(t),e). Let §1,...,8 be the zeros of 7, in
[0,T]. For 6 > 0 define

Q(8) == U [8; — 0,8 + 4]
Choose ¢ > 0 so small that § < 7 and there are no other points of discontinuity of
¢ in £(0) except possibly $§1,..., 5. Denote

A — _ A4 5.) — -
o7 (8) = tilirlo o), oF(%): hrgro o), i=1,...,k
By choosing § > 0 smaller, if needed, we may ensure that
6(t) — 0, (8| < 7 fort €[5 =83, |5(t) =67 (3)] < T for t € [3:,5; + 3.
Then for every ¢ and ¢ € [$; — 6, §;] we have from Assumption (B) that

< [Ge(t) = Ge(5)]
’/ G.(0)do
< / 162 (3 yda+/ 167 (35) — 60(6)| 9

<t ailloe (3] + Z‘t — &l

/€|t—§i|

Hence,

: 3K
57 (3)] > =
‘0—6 (87»)’ 4

Analogously we obtain the same estimate for |5} (5;)|.

Obviously there exists n > 0 such that |d(t)| > n for every ¢t € [0,T] \ Q(4/2).
By choosing the number v € (0, x/4] sufficiently small we have that for every o €
Byy1, (63 ) the function 0. = (o, €) has no zeros in [0, 7]\ ©2(6/2). Now let us take
an arbitrary o as in the last sentence. Let s be an arbitrary zero of o, in [0, 7.
Then there exists §; such that |s — §;| < §/2. For t € [s — /2,5 + /2] we can
estimate

t
jou(t)] = / 5o(0) A0

¢t t )
>| [ a0 0]~ [ 16.0) - G0 as

t.
> /&ew)de — At —s|

For the last integral we have

‘/ Ge(6 dej ‘/ (o dej /yae —¢(0)| a8,

where ((6) is either & (3;) or & (3;) depending on whether 6 < §; or § > 3;. Thus
we can estimate

3K K K
oe(t)] = 21t — s = 1t — 5| = 3lt = 5| = Tt — .

Thus we obtain the claim of the lemma with &' = k/4, 7/ = §/2 and +' = . O
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Proposition 4.2. Let assumptions (A1) and (B) be fulfilled. Then there exist
numbers cy, ag > 0 and vy > 0 such that

T
(4.3) /0 (o (1), du(t))| dt > col|dull3,

for every function o € Byy1,0(6;70) and for every du € U — U with ||oul|1 < ap.
Having at hand Lemma 4.1, the proof repeats that of Proposition 4.1 in [9].

Remark 4.3. A more slightly precise modification of the proof of Lemma 4.1 shows
that the number k' can be taken as any number smaller than k (from Assumption
(B)). Moreover, the constant co in Proposition 4.2 is directly related with number k'
(thus with k). In the simplest case of scalar control and U = [uy,usg] is straightfor-
ward. As obtained in the proof of Lemma 4.1, Assumption (B) implies in this case
that & has finite number of zeros, §1, . ..,85, and & is piece-wise continuous. If the
number @ satisfies

liminf|5(t)] > Q 1=1,...,k,

t—38;

(the liminf is taken over allt at which the derivative exists) then a simple calculation
shows that the claim of Proposition 4.2 holds with any number co < Q/(8k(uz—wu1)).

Example 1. This example shows that Sbi-MR of the optimality mapping may hold
even for problems that are non-convex, namely, the objective functional J in (1.1)
is even directionally non-convex at the optimal control 4. Consider the problem

1
min {J(u) = / [— %(x(t))Q — Ba(t) + u(t)} dt},
0
subject to
t=u, x(0)=0, wu(t)e]0,1].
Here o and g are positive parameters satisfying 8 > 1, 2a < 5.

The solution of the adjoint equation p = ax + 3, p(1) = 0 is strictly monotone
increasing and the switching function, o(t) = p(t) + 1, is positive at ¢ = 1. This
implies that only optimal control has the structure

o |1 fortel0,7],
a(t) = { 0 forte(r1].
The corresponding solutions of the primal and the adjoint equations are
o |t forte]0,7],
o(t) = { T forte(r1],

and

= S+t —ar -5 forte(0,r],
p(t) = tlar +B) —ar -3 for t € (7, 1].

A simple calculation shows that for g > 1, 7 is given by

_—B-a)+ /F-aP a1
2c

€ (0,1).
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For the corresponding switching function 6 = p + 1 we have 5(7’) =ar+ 6> 0.
Then Assumption (B) is fulfilled with x < 8. According to Remark 4.3, we have

1
/ |6 (t)ou(t)| dt > §H5u||% Véu € U —U with a sufficiently small ||dul|;.
0

Moreover,

[(ou) = /01 a(dz(t)?dt = —a /01 (/Ot ou(s) ds)zdt > —a|dul)3.

Thus for 2a <  Assumption (A2’) is fulfilled and the optimality mapping for the
considered problem is Sbi-MR at (&, @, p) for zero. On the other hand, considering
again the expression for the second variation I'; we see that I'(du) < 0, except some
specially constructed control variations du. Thus the objective functional J(u) in
this example is not convex even directionally at the solution point .

5. AN APPLICATION: UNIFORM CONVERGENCE OF THE EULER DISCRETIZATION

In this section we prove that the sufficient conditions for Sbi-MR given in Theorem
2.1 imply a property that can be called uniform strong sub-regularity concerning a
family of optimal control problems “neighboring” a given reference problem. This
property is shown to imply a uniform error estimate for the accuracy of the Euler
discretization scheme, applied to any of the problems of the family.

We consider again the reference problem (1.1)-(1.3) together with the fixed so-
lution (Z,p, ) of its optimality system (2.2)—(2.4). The assumptions in Theorem
2.1 will hold in this section, with the additional assumption that f and g are time-
invariant.

Together with the reference problem, we consider a family of problems of the
same kind, each defined by a pair of time-invariant functions 7 := (f, §) satisfying
Assumption (A1) (with f and g replaced with f and §). Any such pair will be called
admissible, and (P,) will denote the problem corresponding to the pair 7, that is,
the problem

(5.1) min {/OTg(:v(t),u(t)) dt}

ueU

subject to

(5-2) () = fla(t),ult), @(0)= 2"

Due to relation (2.5), we restrict our consideration to admissible pairs 7 defined on
the set D := Bgrn (0, M) x U. Given a positive number p, we denote by H, the set
of all admissible pairs m = (f, §) such that

(5:3) 1f = fllree + 1 = gl < p,

where the Wl’oo—norgns are taken for functions defined on the set D.
For a given m = (f, §) € H,, we consider the mapping ® : Y — Z defined by

T — Jf(a:,u)
(5.4) (2, p,u) = p+ Vo H(z,p,u)
VuH (z,p,u) + Ny(u)
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where H is the Hamiltonian corresponding to the pair m, and where as before
Ny(u) C L is the normal cone to the set U of admissible controls at u. The
following lemma is technical.

Lemma 5.1. Let m = (f,§) belong to H, and or 1Y — Z be defined as

Soflr(xapau) _ f(x,u)—f(:z,u)
(5.5)  ¢a(z,pu) = | VX(z,pou) | = | VeH(x,p,u) — VeH(z,p,u)
@i(«x,p, u) qu(xapa U) —VuH(x,p, u)

There exists a positive constant ¢ such that

(5'6) dz(QOW(y), 0) <cp Vyev.

Proof. Let y = (x,p,u) € Y. We estimate each one of the components of ¢ (y).
First,

ler@)lh = 1f (2, w) = fz,w)lh < Tp.
In a similar way,

2l = IV H (2, p,w) = Ve H (2, p,u)[h
< |1fe = felllplloo + 112 = gzlh
< (M +1)Tp.

Analogously,

102 ()lloe < (M + 1)p.
The result follows. O

We remind the notion of Strong Metric sub-Regularity (SMsR) for a set-valued
mapping ® : Y — Z. We make use of this notion in the following results.

Definition 5.2. A set valued mapping ® : Y — Z is Strongly Metrically sub-
Regular (SMsR) at y* for zero if 0 € ®(y*) and there exist a,b > 0 and x > 0 such
that for any z € Bz(0,b) and any solution y € By (y*, a) of the inclusion z € ®(y)
it holds that dy (y,y*) < kdz(z,0). We call a,b and ~ the parameters of SMsR.

According to Theorem 3.1 in [9], Assumption (A2) implies that the optimality
map F'in (2.6) is SMsR at g for zero (see Section 4). We fix its parameters a,b > 0
and k > 0 of SMsR.

Proposition 5.3. Let m belong to H, and y* € By (y,a) be a solution of problem
(Pr). There exists a positive constant ' such that

(5.7) dy (3,y") < #'p,
for all sufficiently small p.

Proof. We can write &, = ¢r + F, where ¢, is the map (5.5) in Lemma 5.1 and
F is the optimality mapping (2.6). Let ¢ > 0 be the constant in that lemma, so
that dz(¢r(y),0) < ¢p for all y € Y. We can choose p small enough to ensure
vr(y) € Bz(0,b) for all y € Y. Since y* is a solution of problem (P;), the inclusion
0 € p.(y*) + F(y*) is satisfied. By SMsR, we have the desired inequality with
K = ck. O
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Analogously as we defined the functional I'; given a m € H and a reference solution
y* of problem (P;), we consider the functional I'; : L' — R defined in terms of 7
and y* as in (2.8). Explicitly,

T ~ ~
nww:A [ (" (£)02(8), 62:(8)) + 2 Hua (y* (1)) 30(1), u(1)) ] at,

where dx is the solution of the equation 6z(t) = fo(x*(t), u*(t))dx(t) + fulz*(t),
u*(t))du(t) with initial condition dz(0) = 0.
The following lemma establishes an estimation involving the functionals I'; and

r.

Lemma 5.4. Let w belong to H, and y* € By (y,a) be a solution of problem (Pr).
There exists a constant n > 0 such that

T(v—u*) = Tr(v—u*)| < npllv—u*||? WYwelU,
for all sufficiently small p.

Proof. Using Proposition 5.3 and the Lipschitz continuity of the functions involved,
we can find positive constants ¢, and c¢s such that

(5.8) 1B = H2, 1 < cup,

and

(5.9) | Hue — Hyplloo < csp-

Let v € U and v' = v — u*, we denote by 62 and dz* the solutions of
(5.10) i = Az + Bv', 2(0) =0, i = A*z+ B*, z(0)=0,
respectively. There exist positive constants d; and dy such that

(5.11) max {||62]|so, 102" [|oc} < da[v"]|1,

and

(5.12) 163 — 62*|loo < daplle/|1.

Now,

ID(v)) — T

[ ( Hypp0Z, 82 (ﬁ;xéx*,dx*)]‘

/ Huzém Hzméa:*,v’>H
T A ~
< / | Hypbit, 0% — d*)| +/ |{ Hppdx — H 02", 0x™)]
0 0
T A ~
2 / (e — [2,00%,0)]
0
< | Huw82 11162 — 62*|oo + (Il Hua (62 — 627)||1

+ ([ (Haw — Hip)oz" 1) 52" |1
+ ([Huw (02 — 027 [loo + | (Hua — Hyg )0z |loo) [0']]1-
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Taking (5.8)-(5.12) into account, the result follows. O

Theorem 5.5. There exist C,d,l; > 0 and & > 0 such that if m € H¢ and y* €
By (y,a) is a solution for problem (Pr), then the map ®, is SMsR at y* for zero
with parameters a,b, K.

Proof. Let ¢y, ag > 0 and 9 > 0 be the numbers in Assumption (A2). If y*
is a solution for problem (P;), we have 0 € ®,(y*). By Proposition 5.3, there
exists ¢ > 0 such that for any 7 € H¢, dy(9,y*) < £'¢ for some constant ' > 0.
We consider ¢ small enough to guarantee ||6 — 6*||1,00 < 70 (in the estimation of

H& — 6*|lso We use the symmetry of H,,B similarly as in the estimation before
(3.14)) and ||& — u*||1 < ap/2. Let &g := ap/2, so Bri(u*; &) C Bri(t;ap).
By Assumption (A2),

T
(5.13) / (6% v —u") +T(v—u") > collv—u*|? Yoeln Bpi(u*;ap),
0

or

T
/ (%0 —u*) + Tx(v —u*) > collv — [} + [Tr(v —u*) = T(v - u*)},
0

for allv € U N B (u*; &p). Taking into account Lemma 5.4, we can choose ¢ smaller
if needed to ensure

Ir(v—u*)—T(v—u")> —%Hv —u*||} Vv eUN Bp(u; ).

Thus,
T o )

(5.14) / (o"v—u") +Tr(v—u") > EHU —u*||f YvelUdnBp(u;ag).
0

Let L be a bound for the Lipschitz constants of f,g and H their first derivatives
in x, and Hy,, Hyp. It is easy to see that L:=L+ 2(1 + M)( is a bound for the
Lipschitz constants of f,§ and H, their first derivatives in z, and Hy,, Hup for all
m € H¢. Analogously, we can find a bound M, depending on ¢ and M, for the
functions f, H and their derivatives (see Remark 2.1 in [9]). Finally, (5.14) implies
that the hypotheses of Theorem 3.1 in [9] are fulfilled. We conclude that ® is
SMsR at y* for zero. According to that theorem, the parameters of SMsR can be
chosen as depending only on M,T,co and L. This completes the proof. O

From now on, we only consider elements m € H, since the latter theorem ensures
that each map ®, is SMsR at a solution y* € By (9, a) for zero. This automatically
ensures that y* is the unique local solution in By (¢, a) of the inclusion 0 € ®,(y).

Let {tn}nNzo be a grid on [0, 7] with equally spaced nodes and a step size h, that
is, t, = KT/N for i = 0,...,N. Given a m € H¢, the discrete time problem (P
obtained by the Euler discretization is

N-1
515 m. h 1y Wy
(.15 uez%}v[ 2 il ]

=
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subject to

(5.16) Tit1 = T + hf(l’i,uz'), zg = a°.

The local form of the discrete time minimum principle implies that for any locally
optimal solution (z,u) of problem (P”) there exists a vector p = (py,...,py) such
that

(5.17) Tit1 =T + h]?(xz, Ui), o = xO’

(5.18) Xi = Ai1 + hNLH (23, w5, pit), pv =0,

(5.19) 0 € VuH (i, ui, pit1) + No(us),

where i runs between 0 and N —1. Let (2", u") be a solution of problem (P%) and p"
the corresponding co-state vector, so that y"* = (2, p", u") satisfies (5.17)- (5 19
In order to compare this solution with the reference solution of y = (z*,p*,u*
of the continuous-time problem (P ), we embed the sequence (x", p", uh) into the
space Wh x Wbl x L considering yj, = (2p, pn, us) defined by

(520) an(t) i= wb+ T aley—al), un(t) =l () = b+ o),

for t € [ti,ti+1),izo,...,N—1.

We need the following technical assumption to apply results in [9]. It is a crucial
assumption, at least because it may happen that y; is close to some other local
solution of the continuous-time problem, and we have to eliminate this possibility.

Assumption (C1). Let m € H¢. We assume that problem (Pr) has a solution y* in
By (3, a). Moreover, the embedded solution yj, in (5.20) of problem (P”) belongs to
By (y*,a) for all sufficiently small h.

The following theorem is a direct consequence of Theorem 5.5 and Theorem 5.1
in [9].

Theorem 5.6. There exists a positive constant C' such that for all 1 € H¢ for
which Assumption (C1) holds, the estimate

(5.21) Pl + flun — vl < Ch

holds for all sufficiently small h.

Proof. By Theorem 5.5, the parameters a, b, % of SMsR of ®, at y* for zero are the
same for all 7 € H, satisfying Assumption (C1).

Let m € H¢. In order to make use of the SMsR property of the map ®,, we have
to estimate the residuals

Ay =iy — f(zp,up),

Ay = pp, + Vo H(xp, pr,up),

Az =V H(zl, pl ul)y — Vo H(zp, ppup), t € [ti,tiz1),i=0,...,N —1.
Repeating the calculations in the proof of Theorem [9, Theorem 5.1], we obtain

(5.22) max {[|As|1, [ Ao, 18]l } < max {1, T} E(1 + 201)h,
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where L, M are the numbers in the proof of Theorem 5.5. We can choose hy > 0
depending on L, M, T and b so that || A1]]1 4 || Az||1 + || A3]lec < b for all b < hg. The
claim follows from the SMsR property of ®, with C := 3x(14+-2M)Lmax {1,T}. The
proof is complete since this holds for any arbitrary m € H, satisfying Assumption

(C1). O
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