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STRONGLY AGREEABLE PROGRAMS FOR THE
ROBINSON-SOLOW-SRINIVASAN MODEL

ALEXANDER J. ZASLAVSKI

ABSTRACT. In this work we consider different optimality criterions for the
Robinson-Solow-Srinivasan model. In particular, it is shown that a program
is strong agreeable if and only if it is weakly maximal and good.

1. INTRODUCTION

The study of the existence and the structure of solutions of optimal control prob-
lems defined on infinite intervals and on sufficiently large intervals has recently been
a rapidly growing area of research. See, for example, [2,4-14,21,22,28,31,33,36—38,
41,50, 52] and the references mentioned therein. These problems arise in engineer-
ing [1,29,47], in models of economic growth [10,15,23-27,32,35,42,44-47,49,54], in
the game theory [16,40,51], in optimal control with PDE [17,39,43,53] in infinite
discrete models of solid-state physics related to dislocations in one-dimensional crys-
tals [3] and in the theory of thermodynamical equilibrium for materials [30,34]. In
this paper we study the infinite horizon problem related to a discrete-time optimal
control system describing the Robinson-Solow-Srinivasan model. We consider dif-
ferent optimality criterions for the Robinson-Solow-Srinivasan model. In particular,
it is shown that a program is strong agreeable if and only if it is weakly maximal
and good.

It should be mentioned that discrete-time optimal control problems arising in
economic dynamics usually are studied under assumptions that all their good pro-
grams converge to a turnpike which is an interior point of the set of admissible
pairs [49,51]. In this paper we study a large class of control systems for which the
turnpike is not necessarily an interior point of the set of admissible pairs. This
makes the situation more difficult and less understood.

One of the main topics in the infinite horizon optimal control theory is to study
the existence and properties of solutions of problems over an infinite horizon using
different optimality criteria. In the present paper, studying infinite horizon prob-
lems, we deal with the notion of a good program introduced by D. Gale in [15]
which is of great usage in optimal control and economic dynamics (see, for exam-
ple, [10,47,49] and the references mentioned therein) and with the notion of an
agreeable program [18-20].
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2. THE ROBINSON-SOLOW-SRINIVASAN MODEL

Let R' (R!) be the set of real (non-negative) numbers and let R™ be the n-
dimensional Fuclidean space with non-negative orthant
R} ={z=(z1,...,2p) €R": 2; >0, i=1,...,n}.

For every pair of vectors © = (1,...,25), ¥y = (y1,-.-,Yn) € R", define their inner

product by
n
Y = Z LiYi
i=1

and let z >> y, x > y, x > y have their usual meaning. Namely, for a given pair of
vectors = (Z1,...,%y), ¥y = (Y1,...,Yn) € R", we say that z > y, if z; > y; for all
i=1,...,nx>yife>yandx#y,and x >>yifx; >y; foralli=1,... n.

Let e(i), i = 1,...,n, be the ith unit vector in R", and e be an element of R
all of whose coordinates are unity. For every x € R", denote by ||z| its Euclidean
norm in R™.

Let a = (a1,...,a,) >>0,b=(b1,...,b,) >>0,d € (0,1),
(2.1) ci:bi/(l—kdai), izl,...,n.

We assume the following:

There exists o € {1,...,n} such that for all

(2.2) ie{l,...,n}\ {0}, ¢t > q.
A sequence {z(t),y(t)}2, is called a program if for each integer t > 0
(e(). y(t)) € R} x B, a(t+1) > (1 - d)a(t)

(2.3) 0<y(t) <z(), a(z(t+1) — (1 —d)x(t)) + ey(t) < 1.
Let T7,T5 be integers such that 0 < T7 < T5. A pair of sequences

(e 2n lyOY2T)
is called a program if x(T3) € R’ and for each integer ¢ satisfying 77 < t < T
relations (2.3) is valid.

For the economic interpretation of the model defined above and, in particular,
for the economic meaning of our notation see the seminal paper by M. Ali Khan
and T. Mitra [23].

Assume that w : [0,00) — R! is a continuous strictly increasing concave and
differentiable function which represents the preferences of the planner.

Define

Q={(z,2)e R}y xR} : 2/ —(1—d)z >0

(2.4) and a(z’ — (1 —d)z) < 1}

and a correspondence A : ) — R} given by

(2.5) Az,2")={yeR}: 0<y<zandey<1l-—a(z' —(1—-dx)}.
For every (z,z') € Q set

(2.6) u(z,2') = max{w(by) : y € A(z,2')}.
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A golden-rule stock is # € R} such that (Z,7) is a solution to the problem:
maximize u(x,z’) subject to

(i) 2’ > x; (i) (z,2) € Q.

It was shown in [23] that there exists a unique golden-rule stock

(2.7) T = (1/(1+day))e(o).
Set
(2.8) y=1.
Fori=1,...,n set
(2.9 @ = aibi/(1+ dag), i = w' (67)3
It was shown in [23] that
(2.10) w(bz) > w(by) + px’ — px

for every (z,2') € Q and for every y € A(z,2).
A program {z(t),y(t)}72, is good if there is a real number M such that

T
Z(w(by(t)) — w(by)) > M for every nonnegative integer 7.
t=0
A program {z(t),y(t)};2, bad if
T
i, S (w0u(0) ~ w03 = o

The following result was proved in [23].
Proposition 2.1. Every program which is not good is bad.

The following two results were obtained in [45]. They show that an asymptotic
turnpike property holds for our infinite horizon problem.
Theorem 2.2. Assume that the function w is strictly concave. Then for every good
program {x(t), y(t)}7o,
tim (a(1), (1)) = (2,3).

Set
(2.11) & =1—d—(1/as).
Theorem 2.3. Assume that £, # —1. Then
Iim (x(t),y(0) = (,3)
for every good program {x(t),y(t)}52-

We use a notion of an overtaking optimal program introduced by Gale [15] and
von Weizsacker [44]. This optimality criterion is used in optimal control [10,47,49].
A program {z*(t), y*(t)};2, is overtaking optimal if
T
limsup Y [w(by(t)) — w(by"(1)] <0

T—o0 =0
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for every program {x(t), y(t)};2, which satisfies z(0) = 2*(0).
The following existence result was also obtained in [45].

Theorem 2.4. Assume that for every good program {x(t),y(t)}72,,
lim (2(0),4(8)) = (3,3)

Then for every point xo € R} there is an overtaking optimal program {x(t),y(t)}52,
such that x(0) = x.

3. TURNPIKE RESULTS

The study of our infinite horizon problem is based on turnpike results which are
presented in this section.
Let z € R} and T' > 1 be a natural number. Set

T-1
U(z,T) = sup{Y_ wiby(t)) : {=(t)} o, {y()} )
t=0

is a program such that z(0) = z}.
Note that U(z,T') is a finite number [26].
Let xo,z1 € R}, T1,T5 be integers, 0 < T7 < T5. Define

Tr—1

Ulxo, w1, Ty, To) = sup{ > w(by(t) : (=)} 2, {y()}27)
=T

is a program such that z(T1) = xo, z(T3) > x1}.
(Here we suppose that a supremum over empty set is —oco.) Note that
U(zo,x1,T1,T) < 00
[26].
The next turnpike result was obtained in [26].

Theorem 3.1. Assume that each good program {u(t),v(t)}2, converges to the
golden-rule stock (Z,%) :

Jim (u(®). o(1)) = @.7).

Let M,e be positive numbers and I' € (0,1). Then there exist a natural number
L and a positive number vy such that for each integer T' > 2L, each 29,21 € R}
satisfying zo < Me and az; < Td~' and each program ({x(t)}]_o, {y(t)}=g") which

satisfies
T—1

2(0) = 20, 2(T) > z1, > _ w(by(t)) > U(z0,21,0,T) =7
t=0
there are integers 11, o such that
7 €[0,L], o € [T —L,T],

lx(t) — Z||, ||ly(t) — || <€ forallt =m11,...,70 — 1.
Moreover if ||x(0) — Z|| <~y then 71 =0 and if [|[z(T) — || <~y then o =T
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For every positive number M and every function ¢ : R} — R! define
lollar = sup{|p(z)| : 2z € R" and 0 < z < Me}.
Let integers T1, T satisfy 0 < Ty < Ty, w; : Rt — R' [ i =Ty,..., Ty — 1 be

bounded on bounded subsets of R functions. For every pair of points 2,21 € R}
define

Ty—1
U({wi}27,) 20, 21) = sup{ Y wi(y(t)) :
t=T}
({:L'(t)}tTiTl, {y(t)}tTi}ll) is a program such that z(71) = zg, x(T3) > 21},
Ty—1
U({wi}27) 20) = sup{ > wi(y(t)) :
t=T

({:U(t)}tTiTl, {y(t)}tTi}ll) is a program such that z(T1) = 2}

(Here we assume that supremum over empty set is —o00.) It is not difficult to see
that the following result holds.

Lemma 3.2. Let integers 11,1y satisfy 0 < T1 < T and w; : R} — R', i =
Ti,...,To—1 be bounded on bounded subsets of R} upper semicontinuous functions.
Then the following assertions hold.

1. For every point zg € R} there ewists a program ({:U(t)}tTiTl, {y(t)}%fl) such

that
To—1

2(Th) = 20, Y wily(t)) = U({wi} 27 20)-
t=T,
2. For every pair of points zo,z1 € R, such that U({wt}tTi}ll, 20,21) 1S finite there
exists a program ({x(t)}tTiTl, {y(t)}tTiil) such that x(T1) = zo, x(T3) > z1 and
Ty—1
> wily(t)) = U({wili2gy s 20, 21).
t=T

Lemma 3.2 is deduced in a straightforward manner from the upper semicontin-
uous of the objective functions and the compactness of the set of trajectories on
bounded intervals.

The following stability results were obtained in [48]. They show that the turnpike
phenomenon is stable under small perturbations of the utility functions.

Theorem 3.3. Suppose that for each good program {u(t),v(t)};2,
i (u(t),0(0) = (7.3)

Let M > max{(a;d)"': i=1,...,n}, e >0 and T € (0,1). Then there exist a
natural number L and a positive number v such that for each integer T > 2L, each
20,21 € R} satisfying zo < Me and az; < I'd=', each finite sequence of functions
w; : R — R',i=0,...,T — 1 which are bounded on bounded subsets of R and
such that

[wi —w(b(-))[[ar <~



1060 A. J. ZASLAVSKI

for every integer i € {0,...,T — 1} and every program ({z(t)}q, {y(t)}1=g") such
that
z(0) = z0, z(T) > 21,

Zwt > U {wt}t 0 720721) Yy

there exist integers 11, T2 such that
n €[0,L], 2 €T —L,T],
lx(t) —Z||, ||ly(t) — || <€ forallt =m11,...,70 — 1.
Moreover if |x(0) — Z|| <7, then 71 =0 and if ||z(T) — Z|| <7, then o, =T.

Theorem 3.4. Suppose that for each good program {u(t),v(t)}52,
lim (u(t), 0(8)) = (3.)

Let M > max{(a;d)™ : i =1,...,n} and € > 0. Then there exist a natural
number L and a positive number v such that for each integer T' > 2L, each zg € R}
satisfying zo < Me, each finite sequence of functions w; : R} — R'i=0,...,T—1
which are bounded on bounded subsets of R} and such that

l[wi —w(b(:))llar <~
for each i € {0,...,T — 1} and each program ({x(t)}_o, {y(t)}1!) which satisfies
x(0) = 2o,

Zwt ) = U( {wt}t 07750) Y

there are integers T, To such that
m €[0,L], € [T —L,T],
lx(t) — Z||, ||ly(t) — || <€ forallt =m11,...,70 — 1.
Moreover if ||x(0) — Z|| <~ then 71 =0 and if ||z(T) —Z|| < v then o, = T.

4. OPTIMALITY CRITERIONS

A program {z*(t),y*(t)};2, is called weakly optimal [10] if for each program

{z(0),y(1) }Z0

satisfying x(0) = 2*(0) the following inequality holds:

T
1iTrgiong[w(by(t)) —w(by*(t))] < 0.

A program {z*(t), y*(t) } 72, is Called Weakly maximal [46] if for each integer 7' > 0
and each program ({z(t)}]_,, {y(t)}o5) satisfying x(0) = 2*(0), z(T) > 2*(T) the
following inequality holds:

T—

—_

—w(by"(t))] < 0.
t=0
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A program {z*(t), y*(t)};2, is called agreeable [18-20] if for all integers ¢ > 0,
u(z™(t), 2" (t + 1)) = w(by" (1))

and if for any natural number Ty and any ¢ > 0 there exists an integer T, > Tj
such that for any integer T > T, and any program ({z(t)}/_o, {y(t)}ioy') satisfying

2(0) = 2*(0) there exists a program ({2'(t)}/_o, {¥/(t)}1=5") such that
#(0) = 2(0), /(1) = 2°(t), £=0,..., T,

T—1 T—1
D w(by' () = D wiby(t) — e
t= t=0

In [27] it was shown that the following properties hold:
(a) if {z(t),y(t)}72 is a weakly maximal program and

limsup [|y(¢)[| > 0
t—o00

then {x(t),y(t)};2, is a good program;
(b) every weakly optimal program is weakly maximal;
(c) every agreeable program is weakly maximal.

Proposition 4.1. Suppose that for each good program {u(t),v(t)}72,,
Tim (u(t), (1)) = (2.9).
Then every agreeable program is good.

Proof. Assume that a program {z*(t),y*(t)}{2, is agreeable. We claim that it is
good. Properties (a) and (c) imply that it is sufficient to show that

limsup ||y(t)|| > 0.
t—ro0

Let us prove that

i ) =2
Fix
(4.1) M > ||z*(0)|| + max{(a;d) ™" : i=1,...,n}.

Let € > 0. Theorem 3.4 implies that there exist a natural number L; and v > 0
such that the following property holds:
(d) for each integer T' > 2L, each zg € R} satisfying zg < Me and each program

{xt)}, {y(®) tT:_Ol) which satisfies
z(0) = 20,

T—

—_

w(by(t)) = Ulzo,T) —
t=
we have
lz(t) — 2|, |ly(t) —Z|| <eforallt=L,..., T —L—1.
Let
S > 2L
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be an integer. By the definition Of an agreeable program, there exists an integer
T > S+ L and a program ({z(t)}/_o, {y(t)}1-,}) such that
x(t) =2"(t), t=0,...,5+ L,
T-1
w(by(t)) = U(zo,T) — -
t=0
It follows from property (d), (4.1) and the relations above that

|lz(t) —z||, ||ly(t) — || <eforallt=L,.... T —L—1
and
lx(t) =z, ||ly(t) — || <eforallt=1L,...,S.
Since € is an arbitrary positive number and S is an arbitrary integer satisfying
S > 2L we conclude that
li =z, 1 =17
g e =2 gy =2

This completes the proof of Proposition 4.1. (|
Let
(4.2) M > max{(a;d)™ : i=1,...,n}.
A program {z*(t), y*(t)};2, satisfying
z*(0) < Me
is called strongly agreeable if for all integers t > 0,
u(a (£), 2 (t + 1)) = w(by (1))
and if for every natural number Ty and every positive number € there exist § > 0
and an integer T, > T such that for each integer T > T, and each finite sequence

of functions w; : R} — R',i=0,...,T —1 which are bounded on bounded subsets
of R" and such that
l[wi —w(b(-)llmr <6
for each i € {0,...,T — 1} there exists a program ({z(t)}]_o, {y(t)}/=3) which
satisfies
xz(t) =z*(t), t=0,...,Tp
and

Zwt ) = U({wi}{<', 2(0) — e

The following theorem is our main result.
Theorem 4.2. Suppose that for each good program {u(t),v(t)};2,
lim (u(t). o(8)) = (3.2).
Let
(4.2) M > max{(a;d)": i=1,...,n}
and {x*(t),y*(t)}i2, be a program satisfying
(4.3) x*(0) < Me.
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Then the following properties are equivalent:

(1) {x*(t),y* ()}, is strongly agreeable;

(i) {z* (t),y (t)}22, is agreeable;
(iil) {z*(t),y*(t)}2¢ is weakly mazimal and good;
(iv) {z*(t),y*(t)}52, is weakly mazimal and satisfies

lim (o (0),5° (1) = (@.2).
(v) {z*(t),y*(t)}i2 is weakly mazimal and satisfies
limsup [|y*(¢))]| > 0.
t—r00

5. PROOF OF THEOREM 4.2

In the proof of Theorem 4.2 we use the following two auxiliary results.

Proposition 5.1 ( [24]). Let € > 0. Then there exists § > 0 such that for each
x,2' € R} satisfying
lz =2, la" = 2| < 6
there exist T > a', y € R such that
(z,7) € Q, y € A, 7),
ly =zl <e |z -2 <e
Lemma 5.2 ( [46]). Assume that
My > max{(a;d)™: i=1,...,n},
(z,2") € Q and that © < Mpe. Then 2’ < Mye.
Proof of Theorem 4.2. Clearly, (i) implies (ii), (ii) implies (iii), (iii) implies (iv), (iv)
implies (v) and (v) implies (iii). In order to complete the proof of the theorem it is
sufficient to show that (iii) implies (i).
Assume that {*(t),y*(t)}72, is weakly maximal and good. Then
(5.1) tlg(r)lox (t) = tlggoy (t) =1=.
Let Ty > 1 be an integer and € € (0,1). Since 7 is the golden-rule stock there exists
50 € (07 6/8)

such that the following property holds:
(a) for each (z,2') € Q satisfying

lz =2, [l2" — 2] < 209
and each y € A(z,2') we have
w(by) < w(bZ) + €/8.
Proposition 5.1 implies that there exists
91 € (0,60)

such that the following property holds:
(b) for each z,2" € R} satisfying

lz = 2, |l = Z]| < o
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there exist z > ', y € R} such that
(x,z) € Q, y € ANz, T),
ly — 2| < do, Iz —Z| < do,
lw(by) — w(bx)| < dp/8.
By Theorem 3.4, there exist a natural number Ly and a positive number
d2 € (0,01)

such that the following property holds:

(c) for each integer T' > 2L, each zy € R satisfying z9p < Me, each finite
sequence of functions w; : R} — R', i = 0,...,T — 1 which are bounded on
bounded subsets of R’} and such that

[[wi = w(b(-))l[m < b2
for each i € {0,...,T — 1} and each program ({z(t)}L_, {y(t)}]—') which satisfies
x(0) = 2o,

=
L

wi(y(t)) = U({witi—g', 20) — 263

Il
=)

we have
|lx(t) —Z|| < 07 for all t = Lo, ..., T — Lo — 1.
In view of (5.1), there exists an integer L; > 1 such that

(5.2) |lz*(t) — Z|| < 61 for all integers ¢ > L.
Set
(5.3) Te=2(Lo+ L1+ Tp +4).
Choose a positive number ¢ < d2 such that
(5.4) 0(Lo+ L1 +To+4) < e/64.
Assume that an integer T' > T, functions w; : R} — R',i=0,...,T —1 are
bounded on bounded subsets of R},
(5.5) l[wi —w(b(:))llar <6
for each i € {0,...,T — 1} and that a program ({z(t)}/_,, {y(t)}15) satisfies
(5.6) 2(0) = *(0),
and
(5.7). Zwt ) > U({w gt #7(0)) — 6/2.

Lemma 5.2, (4.2), (4.3) and (5.6) imply that
(5.8) z(t) < Me, t =0,...,T, y(t) < Me, t =0,...,T —1,

(5.9) y*(t) < 2*(t) < Me, t =0,1,....
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Property (c), (4.3), (5.3), (5.4) and (5.6) imply that
(5.10) |z(t) — 2| < 6y for all t = Lg,..., T — Lo — 1.
In view of (5.3) and (5.10),

(5.11) l@(Lo+ L1+ Tp+4) — || < 61, i =0,1,2,3,4.
By (5.2),
(5.12) |a*(Lo + Ly + Ty +14) — 2| < 61, i =0,1,2,3,4.

Property (a), (5.11) and (5.12) imply that

(5.13) w(by(Lo+ L1 +Tp+1i)) <w(bzr) +¢€¢/8,i=0,1,2,3,

(5.14) w(by* (Lo + L1 + To +14)) < w(bx) +¢€/8, i =0,1,2,3.
It follows from (5.11), (5.12) and property (b) that there exist

T(Lo+ L1 +To+1) € RY, y(Lo+ L1 +Tp) € RY

such that

(515) {Z‘(Lo—l-Ll—l—To—l-l) Z$*(L0—|—L1—|—T0—|—1),

(516) (.T(Lo—i-Ll—l-To),i'(Lo—l-Ll—|—T0—|—1)) € Q,

(517) g(Lo + L+ To) € A(JZ‘(LO + L+ T()), IE(LO + L+ TO + 1)),
(5.18) H.T(Lo-l—Ll —I—T()—‘rl) —/x\H < dp,

(5.19) Hg(L() + Ly + T()) — f” < dp,

(5.20) o(bg(Lo + L1+ To)) — w(bd)| < 6o/8.

Set

(5.21) z(t) =x(t), t=0,..., Lo+ L1+To, y(t) =y(t), t=0,..., Lo+ L1 +To—1.

By (5.16), (5.17) and (5.21), ({Z(t)}Eog 0+t (g(t)yEof#1470) §s a program. In
view of (5.6), (5.15) and (5.21),

(522) i’(O) = .CIZ*(O), .f’(L() + Ly + T() + 1) > l‘*(LO + L+ T(] + 1)
Since the program {z*(t), y*(t)};2, is weakly maximal it follows from (5.22) that

Lo+L1+Ty Lo+L1+To

(5.23) Sowlye) > Y wbyt).

t=0 t=0
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It follows from (5.14), (5.20), (5.21) and (5.23) that
Lo+L1+T5—-1 Lo+L1+To

S wly @)=Y wbp) — wlby (Lo + Ly + To))
t=0 t=0
Lo+L1+Tp—-1

> wlby(t) + w(bz) — /8 — w(bE) — €/8

t=0
Lo+L1+Tp—1

= ) w(by(t) —d/8—¢/8.
t=0

It follows from (5.11), (5.12) and property (b) that there exist

QNU(L()—I—Ll +T0—|—1) S Ri, Q(Lo—FLl—l—To) € Rfﬁ

(5.24)

v

such that

(5.25) T(Lo+L1+To+1) > x(Lo+ L1 +Tp+ 1),

(5.26) (x*(Lo+ L1+ Tp),2(Lo+ L1 + To + 1)) € Q,

(5.27) (Lo + L1 + Tp) € A(a™ (Lo + L1 + Tp), (Lo + L1 + To + 1)),
(5.28) Z(Lo + L1 +To + 1) — || < do, [|5(Lo + L1 + Tp) — Z|| < o,
(5.29) |w(by(Lo + L1 + Tp)) — w(bx)| < do/8.

Set

(530) i‘(t) = ZE*(t), t=0,...,Lo+L1+Tp, :l](t) = y*(t), t=0,...,Lo+L+Tp—1.

By (5.26), (5.27) and (5.30), ({&(t)} o X0+t Lg(t) ko 1+T0) s a program.
For all integers t = Lo+ L1 +1p+1,...,T — 1 set

(5.31) yg(t) =y(t),

(5.32) Ft+1)=(1—d)it) +zt+1) - (1 —d)z(t).
By (5.25) and (5.32),

(5.33) Ft)>a(t), t=Lo+Li+To+1,...,T.

In view of (5.31)-(5.33), ({Z(t)}1_o, {G(t)}1}) is a program. Tt follows from (5.4),
(5.5) and (5.31) that

(5'3;{)—1 T-1 Lo+L1+Ty Lo+L1+Ty
Sw@®) =Y wy®) = > w@H®) - > wily(t))
= = Lo-‘rt;lo-&-To Lo-iz?-&-To
> 3T wlit) - Y w(by(t)
t=0 t=0
— 2(5(L0 + Ly + Ty + 2)
Lo+L1+To Lo+L1+Ty
> ) wpt) - Y w(by(t) —€/32.

t=0 t=0
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By (5.6), (5.7), (5.13), (5.24), (5.29), (5.30) and (5.34),
1

T— T-1 Lo+L1+Tp Lo+L1+To
wi(@(0) = Y Jwi(w®) = D wbit) = D wlby(t) —€/32
t=0 t=0 LO—:/I—QO-’_TO_I t=0
(5.35) > ; w(by* () + w(b) — 0 /8
Lo+L1+Tp—1
=Y wby(t) — wbE) — /8 — /32
t=0

> —00/8 —€/8 —€/8—60/8 —€/32 > —¢/2.
In view of (5.7) and (5.35),

T-1 T—1
D wi(§(t) = —e/24 > wi(y(t)) > U({wi}', 2*(0)) — .
t=0 t=0

Thus the program {z*(t),y*(t)}22, is strongly agreeable and property (iii) holds.
Therefore (iii) implies (i) and this completes the proof of Theorem 4.2. O
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