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INERTIA TMPLIES DISORDER: KINKS,
INCOMPLETENESS, AND INTRANSITIVITY

EDWARD E. SCHLEE

ABSTRACT. If every point in the consumption set X = Ri is supportable as a
demand by more than one normalized positive price vector, and the asymmetric
part of the reflexive binary relation that generates the demand is open, then the
binary relation is incomplete or intransitive, that is, non-ordered.

1. INTRODUCTION

Classical demand theory in economics posits that consumers choose a consump-
tion point that is undominated according to a given binary relation, subject to
a budget constraint asserting that the consumption point be affordable at given
prices and wealth. Economists interpret the binary relation as describing a con-
sumer’s preferences over consumption points. I define inertia in the theory of the
consumer to mean that the consumer’s choice does not change as the consumer’s
budget set changes (in particular ways). Such inertia has been empirically docu-
mented;" it is the limiting case of something more general, that consumers’ choices
sometimes change little when prices change, an observation that for example lies
at the heart of the equity premium puzzle as formulated in [12]—asset prices vary
a lot, aggregate consumption only a little. Geometrically, inertia at a point in my
sense implies “kinks” on the boundary of a consumer’s better-than-set at that point.

Rigotti and Shannon [14] demonstrate the possibility of “robust indeterminacies”
in competitive equilibria. Specializing their Theorem 6 to the case of a single-
consumer economy, every consumption point is supported as a demand for more
than one normalized price vector; that is, inertia exists globally. They assume a
particular form of incomplete preferences attributed to Bewley [1].? Incompleteness
means that the binary relation that rationalizes demand is not complete: two or
more consumption points might be unranked by the binary relation. Bewley’s [1]
model applies to a setting in which there is a single physical good and a finite
number S > 2 of states of the world, a special case of Debreu’s consumer model in
[4, Chapter 7], absent completeness. A consumption choice then is a point z € Ri.
In Bewley’s model, a consumption x is strictly better than y if and only if, for some
real-valued function v on Ry, > u(xs)ms > > u(ys)ms for every (m1,...,mg) € II C
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!Some evidence is mentioned in [14].

ZBewley [1] circulated as a working paper in 1986. I note that I use “inertia” differently than
Bewley and Rigotti-Shannon.
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{r e RY 2;9:1 rs = 1}, I # (. The set 1I is interpreted as the set of a consumer’s
beliefs about the unknown state in S. When II contains more than one element,
the boundary of a consumer’s better-than-set for any point is kinked; see Figure 1
in Rigotti and Shannon [14].

Clearly, other models of incomplete preferences can generate kinks and so inertia
(almost) everywhere.® T ask a converse: suppose that every consumption is sup-
ported as a demand with more than one normalized price, that is, the boundary of
a consumer’s better-than-set at any point is kinked; does it follow that the relation
describing the consumer’s preferences is incomplete? The answer is no. What does
follow is that it is incomplete or intransitive.

2. INERTIA AND NON-ORDERED PREFERENCES

For X = Rﬂ, let 72C X x X be a reflexive binary relation (z 77 x for every z € X)
with asymmetric part > and symmetric part ~. The interpretation is that X is
a consumption set for a consumer—the set of consumption points that a consumer
could choose, ignoring the budget constraint. Let A = {p € RL , | >, p; = 1}, the
set of normalized positive prices. For p € A and w > 0 the consumer’s budget set is
B(p,w) ={z € X |p-x < w}. The consumer’s demand correspondence is d(p,w) =
{y € B(p,w)|z > y = z ¢ B(p,w)} and the inverse demand correspondence is
glx)={pe Alzed(p,p-x)} Arelation ZC X x X is complete if, for every = and
yin X, either x 77 y or y 77 x; it is transitive if, for every x, y, and z in X with x - y
and y = z, it follows that x = z; it is locally nonsatiated if, for every z € X, and
open neighborhood N of x, there is a y € X N N with y > x. Local nonsatiation
ensures that every demand point exhausts the consumer’s budget: = € d(p,w)
implies p - = w.

Definition. A reflexive binary relation 72C X x X displays inertia at x € X if
g(z) contains at least two elements. It displays inertia if it displays inertia at every
reX.

Theorem. Suppose that ZC X x X is reflexive and locally nonsatiated, and > is
open. The relation 7~ displays inertia only if it is not complete or not transitive.?

The Theorem is a consequence of this Proposition.

Proposition. If 77 is represented by a locally nonsatiated continuous function, then
> cannot display inertia.’

Proof. Suppose that (i) - is representable by a locally nonsatiated continuous func-
tion U and (ii) for every x € R, g(z) is not empty. I will show that there is some
Z € X with g(2) a singleton, so 7~ does not display inertia.

3For example, the extension in [13] of the multi-expected-utility model in [5] for preferences over
distributions of consequences to preferences over Savage acts.

I do not in addition assume that 7~ is closed, since I want to allow the possibility that - is
both incomplete and transitive. Schmeidler [15] proves a remarkable theorem: if X is a connected
topological space, 72C X x X is closed, > is open, 7 is transitive, and x > y for some z and y in
X, then - is complete.

5A real-valued function U on X represents - if 7 y if and only if U(x) > U(y). A represen-
tation U of 7 is locally nonsatiated if =~ is locally nonsatiated.
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To begin, it follows from (i) and (ii) that the function U in (i) is strictly increasing
(z > y implies U(x) > U(y)) and quasiconcave (for any x and y in X and X € [0, 1],
UMz+(1—N)y) > min{U(z),U(y)}). If U is not strictly increasing, then there are
points z and y in R, withz > y and U(z) < U(y). By (ii) there is a price p € A with
x € d(p,p-z). But since U(y) > U(x) and p-y < p-z,y € d(p,p-x); since p-y < p-x,
local nonsatiation fails. If U is not quasiconcave, then there are points x and y in R”}
and a real number A € (0, 1) such that U(Ax+(1—\)y) < min{U(z),U(y)}. For any
p€ A, min{p-z,p-y} <p-(Az+(1=N)y). So dz+(1-N)y & d(p,p-(Ax+(1—-N)y))
for any p € A, and 7 does not satisfy (ii). It follows that U is quasiconcave and
strictly increasing if (i) and (i7) hold.

Let x_y = (x1,...,2¢9—1). For each u in the range of U, define a real-valued
function h, C Rﬂ_l x Ry by (x_g,x¢) € hy if and only if U(z_g, x¢) = u, and let
D,, be the domain of h,. Since U is strictly increasing, h, is indeed a function; it
characterizes the indifference surface passing through any point  with U(x) = w.
Fix z* € R?H and set u* = U(z*). Since z* >> 0, and since U is continuous
and strictly increasing, 2 | € int(Dy+), the interior of D,+.° Let B be an open
ball centered on x*, and contained in D,+. Since U is quasiconcave and strictly
increasing, h,+ is a convex function on the convex set B, and so is differentiable
(Lebesgue) almost-everywhere on B. Let £_, € B be a point of differentiability of
hox. Let &g = hy(2—¢), T = (T4, Z¢), and p € g(T).

For any z_; € Dy, 2_y minimizes p_g - £_p + pohy=(x_y) on Dys.” Since hy-
is differentiable at &_y, and Z_, € int(D,~), the first order necessary condition for
minimization must hold for ¢ = 1,...,¢ — 1: p; +ﬁ586h;: (Z_¢) = 0. But these ¢ — 1
equalities can be satisfied by at most p € A, so ¢g(z) = {p}, and 7 does not display
inertia. g

Proof of the Theorem. Suppose that =~ is complete, transitive, and locally nonsa-
tiated, > is open, and g(x) is not empty for every x € X. By a standard result,
since X = Rﬁ and ~C X x X is complete, transitive, and continuous, there is a
continuous function U which represents it (e.g. [4, Chapter 4]). Since 7 is locally
nonsatiated, so is U. By the Proposition, g(x) is a singleton for some x € X, so -
does not display inertia. O

An alternative proof of the Proposition could potentially be constructed from a
result in [2] that every quasiconcave function is Lebesgue-almost-everywhere differ-
entiable. A difficulty is that a point of differentiability can be a critical point; and

6Suppose that z*, is not in the interior of Dy+. I will show that if U is continuous, then
it cannot be strictly increasing. Since x;_; is in D,~, it must be in the boundary of D,-. So
there is a sequence z" in Rﬁj} not in Dy~ that converges to x*,. For each n we cannot have
U(z",0) < u* < U(2",x; + 1); otherwise, since U is continuous, there would be a point z,
between 0 and z; + 1 with U(2",z¢) = v" and so z" € Dy~. It follows that there is a converging
subsequence z"*) with either U(z"(k>,0) > u* for every k, or U(z"<k),:v2‘ + 1) < u* for every k.
Since U is continuous, in the first case U(z"™™,0) — U(z*,,0) > u* = U(z*), and in the second
case U(z"™ z} +1) = U(z*y, 25 + 1) < u* = U(z*); since z; > 0, in either case U cannot be
strictly increasing.

7Speciﬁcally, Z € d(p,p- &) only if £ minimizes p -z on {x € X|z ~ 2}, a standard result that
follows if X = R® and = is complete, transitive, and locally nonsatiated.
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it is clear that a critical points can sometimes be supported by more than one price
in A.

The Theorem does not assert that = is incomplete. To illustrate why incom-
pleteness does not follow, suppose that - exhibits inertia, is not complete, and the
other assumptions of the Theorem hold. Define ==* by x =* y if =(y > x). Then
7~ and 77* generate the same demand, but 2Z* is complete (and so by the Theorem
is intransitive).8 In this sense, from the viewpoint of demands, completeness or
its lack cannot be inferred from the demand correspondence unless transitivity is
maintained.’

It is clear from the proof of the Proposition that there is more to say about the ex-
tent of inertia when preferences are complete and transitive. To formulate one such
result, let U be a continuous, strictly increasing, and quasiconcave representation
of ZC X x X (so that g(x) is nonempty for every z € X). As in the proof, let h,
be a function describing the indifference surface given implicitly by U(z_g, x¢) = u,
let D, be its domain, and pu be (¢ — 1)-dimensional Lebesgue measure. Then for
any open convex subset S of D,, h, is convex on S, and so differentiable p-almost
everywhere; applying the argument in the proof to each point of differentiability, the
set of points that exhibit inertia in S is of y-measure zero. The conclusion extends
to countable unions of such convex sets, illustrating a sense in which inertia is rare
in the standard consumer choice model with complete and transitive preferences. '’
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