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EQUIVALENCE BETWEEN NIKLIBORC’S THEOREM AND
FROBENIUS’ THEOREM

YUHKI HOSOYA

ABSTRACT. This paper discusses the relationship between two existence theo-
rems for local solutions of partial/total differential equations, namely Nikliborc’s
Theorem and Frobenius’ Theorem. In this paper, we show that if Nikliborc’s
Theorem holds, then Frobenius’ Theorem also holds, and vice versa. This result
also holds for extensions of these theorems. The relationship between Nikliborc’s
Theorem and Frobenius’ Theorem is similar to that between the inverse function
theorem and the implicit function theorem, and if one can be proved, then the
other can be derived immediately.

1. INTRODUCTION

This paper treats the relationship between the partial differential equation:

DE(q) = f(q, E(q)), E(p) =m,

and the total differential equation:
Du(z) = A(z)g(),

where the operator D denotes the Fréchet derivative operator: that is, for a function
h, Dh(x) is the Fréchet derivative of h at x. Both differential equations have
applications in microeconomic theory. This paper reveals that existence theorems
regarding a local solution to the above equations are mutually equivalent.

First, we should explain the application of these equations to economics. In
classical consumer theory, the behavior of a consumer is described by the utility
maximization hypothesis. That is, the consumer is assumed to choose his/her con-
sumption plan z for maximizing his/her ‘utility’. The word ‘utility’ means some
real-valued function u : 2 — R that represents the preference of this consumer,
where € represents the set of all possible consumption plans. Hence, the consumer’s
choice problem can be represented as follows:

max u(x),
subject to. x € Q,
p-x < m.
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Usually, we assume that the ‘consumption set’ ) is the nonnegative orthant
{z € R"|x; > 0 for all i}. The positive vector p denotes the price system, and
m > 0 represents the income. If u satisfies several assumptions, then the solution
of the above maximization problem is unique, and is denoted by f“(p,m). The
function f" is called the demand function.

In the usual theory, the consumer is assumed to determine their consumption
behavior by solving this problem, and thus u is given and f“ is derived. However,
there is another view for this theory, in which a candidate f of the demand function
is given, and wu is derived from f. The reason for taking such a position is as follows.
The utility function is unobservable, because it is hidden in the consumer’s mind.
In contrast, the demand function is observable, because it corresponds to the
consumer’s actual purchase behavior. Therefore, if we wish to obtain the utility
function, then we must use the information of the demand function and derive
the utility function by some calculation. The research area for obtaining such a
calculation method is called integrability theory.

In fact, the above argument is a little rough, because the demand function in-
cludes infinitely many information about the purchase behavior, whereas we
can only obtain finite purchase data. Therefore, the statement that “the demand
function is observable” is an exaggeration. However, although the demand func-
tion is actually unobservable, we can say that integrability theory has a meaning in
modern econometric theory. That is, the estimation of a utility function is quite dif-
ficult, because it is hidden in consumer’s mind. On the other hands, the estimation
for a demand function is, at least, easier than that for a utility function, because
it corresponds to actual purchase behavior. Although the demand function is ac-
tually unobservable, we can obtain the ‘estimated’ demand function for purchase
data; thus, by using integrability theory, we can immediately obtain the ‘estimated’
utility function.

There are two approaches in integrability theory, the direct approach and the
indirect approach.! The direct approach treats the following partial differential
equation:

DE(q) = f(q,E(q)), E(p) =m.

If f = f* for some appropriate function u, then the function E*(q) = inf{q -
ylu(y) > wu(z)} solves the above equation (Shephard’s lemma). Therefore, solving
this equation means calculating E* without the use of any information about u, and
using the information of E® allows us to re-construct w.? In contrast, the indirect
approach treats the following total differential equation:

Du(z) = Az)g(x),
where the function g(x) is assumed to satisfy
fg(x), 9(x) - x) = .

That is, g(z) is the price system under which z is chosen. The function g is called
the inverse demand function. If u is smooth and increasing, then by Lagrange’s

IThese names were assigned by Hurwicz and Uzawa (1971).

2For the actual calculation procedure of w in the direct approach, see Hurwicz and Uzawa (1971)
or Hosoya (2017).
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multiplier rule, there exists a positive function A\ such that Du(z) = A(x)g(x) for
every x. Therefore, for a given g, we obtain the information of u by solving the
above equation.

We clarify the relationship between the above partial and total differential equa-
tions. Both have famous results regarding local existence theorems for their solu-
tions. The local existence theorem for the solution of the above partial differential
equation is called Nikliborc’s Theorem, and that of the above total differential
equation is called Frobenius’ Theorem. In this paper, we reveal that if Nikli-
borc’s Theorem is correct, then Frobenius’ Theorem is also correct, and vice versa
(Theorems 1 and 2). That is, the relationship between Nikliborc’s Theorem and
Frobenius’ Theorem is similar to that between the inverse function theorem and the
implicit function theorem, and once one of them is proved, the other can be proved
immediately.

This result has an important meaning. That is, if one succeeds in extending one
of these theorems, then the other can also be extended. To clarify this, we present
extensions of these theorems and show that if the extended version of Nikliborc’s
Theorem is correct, then the extended form of Frobenius’ Theorem is also correct,
and vice versa (Theorems 3 and 4).

Section 2 introduces some basic knowledges regarding these equations. In section
3, we present the main results. Several comments on Nikliborc’s Theorem and
Frobenius’ Theorem are given in section 4. Section 5 treats the extensions of our
main results.

2. PRELIMINARIES

2.1. Nikliborc’s Theorem. Consider the following partial differential equation
(PDE)

(2.1) DE(q) = f(q. E(q)),

where f: P — R", P C R""! is open, and f is continuous. A function F: V — R
is a solution of the above PDE if and only if 1) V is an open set, 2) E is C!, and
3) DE(q) = f(q, E(q)) for all ¢ € V. Note that, if f is C', then any solution F is
automatically C2. If E : V — R is a solution of (2.1) and p € V, then E is called a
local solution around p.

If P C R™*! is open and f : P — R" is differentiable, define

ofi ofi
(2.2 s (pm) = 520, m) + S0 (5. ).

The function f is said to be integrable if and only if s;;(p, m) = s;;(p, m) for every
(p,m) € P.
The following classical result was derived by Nikliborc (1929).

3For the actual calculation procedure of w in the indirect approach, see Debreu (1972) or Hosoya
(2013). Note that, almost all classical results in integrability theory focus on the indirect approach.
For example, see Antonelli (1886), Pareto (1906), Samuelson (1950), and Katzner (1970).

4Throughout the paper, we assume that n > 2. If n = 1, then (2.1) is just a standard form of
the ordinary differential equation. However, because n > 2, this is a PDE.
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Nikliborc’s Theorem. Suppose that f : P — R", P C R™! is open, and f is C*.
Then, f is integrable if and only if for every (p,m) € P, there exists a local solution
E:V =R of (2.1) around p such that E(p) = m. Moreover, if f is CF for k > 1,
then any solution E of (2.1) must be C*+1,

2.2. Frobenius’ Theorem. Consider the following total differential equation (TDE)
(2.3) Du(z) = Mx)g(x),

where g : U — R™\ {0}, U C R" is open, and g is C'. A pair (u,\) of functions
from V to R is a solution of the above TDE if and only if 1) V is an open set,
2) u is C! and A is positive and continuous, and 3) Du(x) = A(x)g(x) for every
x € V. If (u, ) is a solution defined on V and x* € V, then this pair is called a
local solution of (2.3) around z*.

The function g is said to satisfy Jacobi’s integrability condition if, for all

i, 5,k €{1,...,n} with i # j # k #4,

9g9;  Ogk 99k 0Ogi dg9; 0Oy
2.4 P AL , _ _ 99
(24) g <8xk &Uj) +9 (0% oxy, + 9k Ox;  Ox; 0

forall x € U.
Then, the following result is known.

Frobenius’ Theorem. Suppose that g : U — R™\ {0}, U C R™ is open, and g is
Cl. Then, g satisfies Jacobi’s integrability condition if and only if, for every x* € U,
there exists a local solution (u,\) around x* such that for every w € R, u~t(w) is
either the empty set or an n — 1 dimensional C? manifold. If g is C* for k > 2,
then a local solution (u,\) can be chosen as follows: 1) u is C*, 2) X is C*¥~1 and
3) for every w € R, u~(w) is either the empty set or an n — 1 dimensional C*+1
manifold.

2.3. A Note on Jacobi’s Integrability Condition. Suppose that g satisfies
(2.4) for all i,j € {1,...,n — 1} and k = n with i # j, and g,(x) # 0. Then, g
satisfies (2.4) for all 4, j,k € {1,...,n}. To show this, choose any i,j,k € {1,...,n}
with i # 7 # k # 4. If i =n, j = n or k = n, then our assumption implies that
(2.4) holds. Therefore, we assume that i,j,k € {1,...,n — 1}. By our assumption,

‘ 8gj Ogn ) gn dg; Jg; agj _

% <8mn 81‘]') + 9 (&m 0z, +n ox; Ox;) 0,
(99 _ Ogn 99n _ 99; 9g;  Ogr\ _
97 ((%vn amk> + 9k (ij Oxy, + n ory  Oxj) 0,

9g9;  Ogn (990 Ogk 99k 0gi '\ _
9k (éhcn &ri) + i ((%vk Oxnp, +n or; Oxr/) 0-

Multiplying the first equation by g, the second equation by g;, the third equation
by g;, and summing up all three equations, we obtain

(99  Ogk (99 Oy 99i 995 \| _
n [gl <8xk 8mj> 9 (3951' &ck) 9 (&cj or; )| 0

5In this paper, we frequently abbreviate the variables of functions to prevent the formulas
becoming too long.
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which implies that (2.4) holds.

2.4. A Note on Nikliborc’s Theorem. First, suppose that f : P — R", P C
R™*! is open, and f is C'. Let (p,m) € P, and p € V, where V is an open and
convex set. If there exists a solution E : V' — R of (2.1) that satisfies E(p) = m,
then such a solution is unique.®

To verify this, suppose that there is another solution F' : V' — R of (2.1) that
satisfies F'(p) = m. Choose any ¢ € V. Define ¢i1(t) = E((1 — t)p + tq) and
ca(t) = F((1 —t)p + tq). Then, ¢; is the solution of the following ODE:

¢(t) = f((1 = t)p+tg, c(t) - (¢ —p), c(0) =m.
Because of the Picard-Lindelof uniqueness theorem of solutions to ODEs, we have
that ¢1(t) = co(t). In particular,
F(q) = c2(1) = er(t) = E(q).
Because ¢ € V is arbitrary, we have that £ = F', and thus the uniqueness result
holds.

Second, suppose again that f : P — R" P C R"*! is open, and f is C'.
Moreover, suppose that f is integrable, and that Nikliborc’s Theorem is correct.
Fix (p,m) € P. Let E : V — R be a local solution around p that satisfies E(p) = m.
Moreover, suppose that W is a bounded, open, convex neighborhood of p and that
V includes the closure of W. Then, there exists ¢ > 0 such that if |h| < &, then
there exists a local solution Ej, : W — R around p that satisfies E(p) = m + h, and
Ej(q) is continuous and increasing in h.

To verify this, consider the following parametrized ODE:

(2.5) ¢(tyq,w) = f((1=t)p +tq, c(t; ¢, w)) - (¢ — p), ¢(05q,w) = w.

Let W denote the closure of W. If ¢ € W, then c(t;q,m) = E((1 — t)p + tq),
and thus the solution function c(t; ¢, w) is defined on [0,1] x W x {m}. Because
the domain of ¢(¢; ¢, w) is open, there exists € > 0 such that this domain includes
[0,1] x W x [m —e,m + ¢]. Choose h € [—¢,¢] and define Ej(q) = c(1;q,m + h)
for all ¢ € W. We will show that E}, is a solution of (2.1) with Ep(p) = m + h, and
En(q) is increasing in h.

Because ¢(t;p,m+h) = m+h for all t € R, we have that Fy(p) = ¢(1;p,m+h) =
m+ h.

Next, choose any ¢ € W, and define p(t) = (1 —t)p+tq. Because we assume that
Nikliborc’s Theorem is correct and f is integrable, for every ¢ € [0, 1], there exists a
local solution E* : V; — R of (2.1) around p(t) that satisfies E*(p(t)) = c(t; ¢, m+h).
Without loss of generality, we can assume that V; is an open ball centered at p(t).
Suppose that for t1,ty € [0,1] with t; < to, there exists r € V;; N Vi,. This implies
that there exists t3 € [t1,t2] such that p(t3) € Vi, N Vi,. Let ¢;(t) = E'(p(t)) for
i € {1,2}. Then, ¢; satisfies the following ODE:

e(t) = f(p(t),c(t) - (¢ —p), c(ti) = c(ti;g,m + h),

6In this subsection, we frequently use some basic knowledges of ordinary differential equations
(ODEs), which is shown in the next subsection. For readers unfamiliar with ODEs, we recommend
reading the next subsection first, and then returning to this subsection.
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and thus, by the Picard-Lindel6f uniqueness theorem and (2.5), we have that ¢;(t) =
c(t;q,m + h) if both are defined. In particular,

E"(p(ts)) = c1(ts) = clts;q,m + h) = ea(ts) = B (p(t3)).

This implies that both E' E® are solutions of (1) on an open and convex set
Vi, N'Vy, that satisfy E'(p(t3)) = c(t3;q,m + h). Thus, by the above uniqueness
result, we have that E'(r) = E®2(r) for all r € Vi, N Vi,.
Therefore, if we define
F(r) = E*(r)

for r € V. = Uypo,yVi, then F is a well-defined solution of (2.1) that satisfies
F(p) = m + h. Because V is open, there exists an open neighborhood U C R”
of ¢ such that (1 —t)p+tr € V for all t € [0,1] and r € U. Then, using the
Picard-Lindel6f uniqueness theorem again, we have

c(t;r,m+h)=F((1—1t)p+tr),

and thus,
En(r) = F(r),
which implies that Ej, is C' around ¢ and

DEy(q) = DF(q) = f(q,F(q)) = f(q, En(q)),

as desired.

The continuity of Fj(q) in h follows from the continuity of ¢(t;q,w). Finally,
suppose that Fj(g) is not increasing in h. Then, there exists hy, ha € [—¢,¢&] such
that hy < hy and Ej,(q¢) > Ep,(q). Note that ¢(0;¢,m+h1) =m+h; <m+hy =
¢(0; ¢, m + hs). Because of the definition and the intermediate value theorem, there
exists t € [0,1] such that c(t;q,m + h1) = c(t;q,m + ha). By the Picard-Lindelof
uniqueness theorem, we have that m + hy = ¢(0;¢,m + h1) = ¢(0;¢,m + hg) =
m + ho > m + h1, which is a contradiction. This completes the proof of our claims.

Note that the above arguments do not use the differentiability of f. If f is not
necessarily C'! but locally Lipschitz, then all above arguments are still correct when
Nikliborc’s Theorem II is correct (this theorem is explained in section 5).

2.5. Properties of the Solution to an ODE. This subsection is intended to aid
readers who are unfamiliar with the theory of ODEs.
Consider the following equation:

(2.6) #(t) = h(t,z(t), z(t*) = 2",

where h: X — R™ and X C R x R”. We assume that (t*,2*) € X. The notation &
denotes the derivative of the function z with respect to ¢t. We call this an ordinary
differential equation.

We call a convex subset I C R an interval if it contains at least two points. A
function x : I — R" is called a solution of (2.6) if and only if 1) I is an interval and
t* €I, 2) z(t*) = 2*, and 3) for every t € I, (t,z(t)) € X and &(t) = h(t,z(t)). A
solution z : I — R of (2.6) is nonextendable if and only if for any other solution
y:J =R, if I C Jand z(t) = y(t) for all t € I, then J = I. Then, the following
results hold.
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Fact 1. If X is open and h is continuous, then there is at least one solution
x: I — R, where I is an open interval.”

Fact 2. If X is open and h is continuous in (¢,z) and locally Lipschitz in 2,® then
for any two solutions x : I — R™ and y : J — R", z(t) = y(t) for every t € I N J.
In particular, the nonextendable solution is uniquely determined and its domain is
an open interval.”

Next, consider the following parametrized equation:
(2.7) L(t) = h(t, z(t),y), z(t") = z,

where h : X — R” and X C R x R" x R™. We assume that X is open and
h is continuos in (¢,x,y) and locally Lipschitz in x. Then, for every y,z with
(t*,z,y) € X, there exists a unique nonextendable solution z%* : I — R. Let us
write x(t;y,z) = x¥%(t), and call the function = the solution function of (2.7).
Then, the following results hold.

Fact 3. The domain of z(t;y, z) is open, and z is continuous.
Fact 4. If h is locally Lipschitz, then x(¢;y, z) is also locally Lipschitz.
Fact 5. If h is C¥, then x(t;y, 2) is also C*.

Facts 1-3 and 5 are famous results, and thus we omit their proofs. To prove
these results, see textbooks on ODEs: we recommend Pontryagin (1962), Hartman
(1997), or Smale and Hirsch (1974). Only Fact 4 is not standard, and thus we
present a proof in the appendix.

3. MAIN RESULT

Our main results are as follows.
Theorem 3.1. Frobenius’ Theorem implies Nikliborc’s Theorem.
Theorem 3.2. Nikliborc’s Theorem implies Frobenius’ Theorem.

Proof of Theorem 3.1. Suppose that Frobenius’ Theorem holds. Let f : P — R",
P C R be open, and f be C1.

First, suppose that for every (p,m) € P, there exists a local solution £ : V — R
around p that satisfies E(p) = m. Then, E is C?, and thus the Hessian matrix

"This fact is known as Peano’s existence theorem.

8The function h is locally Lipschitz in z if and only if for every compact set C' C X, there exists
L > 0 such that if (¢,z1), (t,z2) € C, then ||h(t,z1) — h(t,z2)|| < L||z1 — x2||.

9This fact is known as the Picard-Lindeldf uniqueness theorem.
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D?E(p) is symmetric. Meanwhile,

0%E 0
i~ b 7E
94,00, q) 8qu (¢,E(q))

_ Ofi (¢, E(q)) + gﬁ(qu(q))

apj
Ofi Ofi
om

= o, (¢, E(q)) +

= sij(q, E(q))
by (2.2). Therefore, we have that

2 2
sy (pm) = 550 E(p) = 35 (9) = 55(0) = 50 Ep) = 3. m).

(¢, E(q)) fi(q; E(q))

Because (p,m) is arbitrary, we have that f is integrable.
Conversely, suppose that f is integrable. Define

g(p,m) = (f(p,m), —1).

Then, g : P — R*""! P is open, and g is C'. Choose any 4,7 € {1,...,n} with
i # j. Then,

(995 Ognt1 ([ Ognt1  Ogi dg; Oy,

g <8m Op; + 9 Op; om + I+ Op;  Op;
Of; of; 0Ofi Of;
— fzi _ fj f f f]

om om Op;  Op;
= Sji - Sij =0.

By our arguments in subsection 2.3, we have that g satisfies Jacobi’s integrability
condition. Therefore, by Frobenius’ Theorem, for every (p,m) € P, there exists a
local solution (u, A) of (2.3) around (p, m). Because

%(p,m) = Ap,m)gn+1(p,m) = —A(p,m) # 0,

we can use the implicit function theorem, and thus, there exists an open neighbor-
hood V of p and a C* function E such that E(p) = m and

u(q, E(q)) = u(p,m)
for all ¢ € V. Differentiating both sides with respect to ¢;, we have

OB _ 8 (q, E(q))
dg " T 2u(q. Eq)
_ 9i(¢, E(9))
In+1(q, E(q))

= fi(q, E(q))-

Therefore, F is a solution of (2.1) that satisfies F(p) = m.
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Finally, suppose that for & > 1, if f is C*, then the solution E of (2.1) must be
Ck+1. Suppose that f is C*+1. Then, for any solution E of (2.1),

DE(q) = f(q, E(q)),

and the right-hand side is C**1. This implies that E is C¥*2, and thus by mathe-
matical induction, we have that all claims of Nikliborc’s Theorem are correct. This
completes the proof of Theorem 3.1. O

Proof of Theorem 3.2. Suppose that Nikliborc’s Theorem holds. Let g : U — R™ \
{0}, U C R™ be open, and g be C'. Throughout this proof, we use the following
notation: if z = (x1,...,2,), then & = (x1,...,2p—1).

First, suppose that for any z* € U, there exists a local solution (u,\) of (2.3)
around z*. Fix an z* € U and choose such a solution (u,A). Because g(z*) # 0,
we can assume without loss of generality that g,(z*) # 0. Then, there exists
an open neighborhood V' of z* such that g,(z) # 0 for every x € V. Because
a%‘ﬂ(x*) = Mx*)gn(z*) # 0, the implicit function theorem means that there exists
an open neighborhood W of #* and a C! function E : W — R such that F(3*) = x,
and u(Z, E(z)) = u(a™) for every & € W, where W is an open neighborhood of z*

such that (Z, E(z)) € V for every & € W. Define f;(z) = —5;((2)) for every z € V.
Then,

) (j) _ _ ox; (jaE(~>)
o 2 (%, E(F))
_ 9T, E(T))
gn(Z, E(2))
= fi(z, E(%)).

Therefore, E is a local solution of (2.1) around z* with the above f;. Thus, E is C?
at «*, and thus by Young’s theorem, we have that s;;(2*) = s;;(z*). To calculate
these values, we have that

6. = 9Fi 8fif'
K Ox;  Oxy, J
Ogn _ Ogi 0gi , _ Ogn 9i9;
. Gi Ox; 8:(3; gn + ax;gj 0Ty gn
- b
92
o= i Of g
A T P
Ogn __ Ogj 99; . Ogn 9igj
_ 9505, ~ 92,9 T 90,91 T 9w ga
— : ,
9n

and thus,

0= Sij _Sji

_ L[, (99 99\, (09 Ogi Ogi _ 9g;
g [gz<a$n aﬂfj>+g]<a$i 3:En)+gn<8xj dz; )|
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By our arguments in subsection 2.3, we have that g satisfies Jacobi’s integrability
condition.

Conversely, suppose that ¢ satisfies Jacobi’s integrability condition. Fix an z* €
U, and assume without loss of generality that g,(z*) > 0. Let W = {z € Ulgn(z) >
0}, and define f;(x) = —%. Consider the following PDE:

(3.1) DE(z) = f(z, E(2)).

By repeating the above calculation, we have that s;; = s;; on W, and thus by
Nikliborc’s Theorem and our arguments in subsection 2.4, there exists € > 0 such
that if |h| < e, then there exists a solution E}, : H?;ll]x;‘ —¢e,x2f + e[ R that
satisfies E},(Z*) = x}, + h. Moreover, Ej, is continuous and increasing in h.

Choose a sufficiently small § > 0 such that if & € [[/-]'[z} — 6,2} + J], then
E_(z) <z} — ¢ and E.(Z) > x} + . Define V = [[;_,]zf — 6,27 + &[. Then, by
the intermediate value theorem, for every & € V', there uniquely exists h €] — e, ¢]
such that z, = E},(Z). Define u(z) as such an h. Consider the following ODE:

¢t z,w) = f((1—=6)T" + 12, c(t; T, w)) - (2 — &%), c(0;2,w) = w.
Note that this equation is equivalent to (2.5). By our arguments in subsection 2.4,
we have that Ep(Z) = ¢(1;Z, 2}, + h), and thus we have
u(z) =h < c(l;2,z), +h) = x,.
By definition, ¢(1;2*, 2} + h) = ) + h, and thus, if £ > 0 and § > 0 are sufficiently
small, then Z-c(1;&, 25 + h) > 0 for all 7 € 12t — 6,28 + 6] and h €] — €,¢].
Therefore, by the implicit function theorem, we have that u is differentiable and
ou 1

—_— = > 0.
02, = T (17w 1 )

Choose any w € R. If u~!(w) is nonempty, then
(3.2) u N (w) = {(&, By(2))||zi —2f| < forallic {1,...,n—1}} NV,

and the right-hand side is an n — 1 dimensional C? manifold. Next, choose any
x € V and suppose that u(x) = h. Then,

OFn o _ _ Fa ()

by a direct calculation, and

OB, .. (o :_gi(x
Oz; (@) = i) gn()

by definition. Therefore, we have either g;(x) = 88; () =0 or

(z)  2(x)

gi(z) — gnlx)

ou,
Thus, if we define \(z) = agznn(i))’

Du(z) = A(z)g(),

then it is continuous and positive, and
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as desired.

Finally, if g is C*, then f is also C*¥, and thus Ej, is C*¥*! and ¢(t; &, w) is CF,
and by the implicit function theorem, u is C*. Therefore, X is C*~1. Moreover, if
u~'(w) is nonempty, then by (3.2), we have that it is an n — 1 dimensional C*+1
manifold. This completes the proof of Theorem 3.2. 0

4. COMMENTS ON THE TWO THEOREMS

4.1. Comments on Nikliborc’s Theorem. If f is independent of m, then the
integrability condition coincides with
of; Of;
“(p) = 32 (p),
617] Op;

and in this case, the existence of E such that DE(p) = f(p) is a famous result
derived by Poincaré. There are two alternative proofs of this result. One uses
Stokes’ theorem, and the other analyzes the De Rham cohomology. Both are well
known. Because of the similarity between this result and Nikliborc’s Theorem, we
doubt that the latter is a classical result, and Nikliborc himself may not be the
founder of this theorem. We can at least say that, to the best of our knowledge,
Nikliborc’s paper contains one of the classical results concerning the PDE in (2.1).

In Nikliborc’s original result, f is not C', but is differentiable and locally Lips-
chitz. Theorems 3.1 and 3.2 suggest that an extension of Frobenius’ Theorem may
hold. That is, if g is differentiable and locally Lipschitz, then we may be able to
show the following result: there exists a solution (u, ) of (2.3) if and only if ¢
satisfies Jacobi’s integrability condition (where A is not necessarily continuous, and
u is not necessarily C1).

To show this, we are confronted with at least two difficulties. First, to prove
the differentiability of the solution function c(t;q,w) of (2.5), we usually assume
that f is C'. If f is not O, then Hadamard’s lemma cannot be directly used, and
thus the present proof of the differentiability of this function is broken (see ch.4
of Pontryagin (1962)). Second, we use the implicit function theorem to ensure the
differentiability of u. If f is not continuously differentiable, however, c(t; Z,w) is
probably not C', and thus the usual implicit function theorem is broken. Hence,
whether the above extension of Frobenius’ Theorem holds or not is still an open
problem.

However, in the next section, we introduce a more extended form of Frobenius’
Theorem, and show that this is equivalent to an extended form of Nikliborc’s The-
orem.

4.2. Comments on Frobenius’ Theorem. The original version of Frobenius’
Theorem is written in the language of differential forms. Suppose that w is a 1-form
on some manifold X that does not vanish. Then, the original Frobenius’ Theorem
states that the following two claims are equivalent: 1) for every z* € X, there exists
an open neighborhood U C X of z* and a function u : X — R such that du does
not vanish and is proportional to w on U; 2) for every z* € X, there exists an open
neighborhood U C X of z* and a 1-form 6 defined on U such that dw = w A 6.
The relationship between our version of Frobenius’ Theorem and the original form
of Frobenius’ Theorem is explained by Hosoya (2012).
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There exists an extension of Frobenius’ Theorem. Suppose that wi,...,wy are
1-forms on some n dimensional manifold X, and the intersection of the kernels
of w; is n — k dimensional at every point. Then, the following statements are
equivalent: 1) for every xz* € X, there exists an open neighborhood U C X of z*
and uq, ..., ur : U — Rsuch that the intersection of the kernels of duy, . .., duy is the
same as that of wy, ..., wy for each point of U; 2) for every x* € X, there exists an
open neighborhood U and a family of 1-forms (QU)ﬁ j—1 defined on U such that dw; =
2521 w;Ab;; for every i € {1,...,k}. For this extension, see, for example, Auslander
and MacKenzie (2009), Hicks (1965), Kosinski (1993), Matsushima (1972), and

Sternberg (1999). Our consideration suggests that this probably corresponds to
some variety of Nikliborc’s Theorem on the following differential equation:

DE;(p) = fi(p, Ex(p), ..., Ex(p)) for all i € {1,...,k}, E(p) = m.

Finally, we note a fact. If g is C* and (u,\) is a solution of (2.3), then v~ (w)
is a C**1 manifold. One might think that w itself can be C**1. However, this is
incorrect. The following example was obtained by Debreu (1976). Let

2

22 if To > O,
gi(a) = Vited -
0 otherwise,

and

1 otherwise.

1 .
if 9 > 0,
g2(z) = {\/1+x3
Then, g is C*, but not C2. If 2* = (0,0), we can obtain a local solution

u(x) = {1221@ if 25 2 0,

To otherwise

and

(l—xlxg)
1 otherwise,

Az) = { ng? if 2 >0,

of the TDE in (2.3). However, no C? local solution v of (2.3) around (0, 0) exists for
the following reason. Suppose that (v, ) is a solution of (2.3) and v is C2. Consider
the following differential equation:

et )

g2(t, c(t; d))
Then, there exists € > 0 such that the solution function c(t; d) is defined on [—¢, £]?.
Without loss of generality, we can assume that both u,v are defined on [—e,¢]?.
Choose ¢ > 0 sufficiently small that if ¢t € [—0, ], then ¢(¢; —¢) < —0 and ¢(t;¢) > 0.
Define W = [—4,6])?. By the intermediate value theorem, we have that for every
x € W, there exists d € [—¢,¢] such that ¢(z1;d) = x2. By the chain rule, we have
that u(z) = u(0,d) = d and v(z) = v(0,d). Define p(d) = v(0,d). Then, ¢ is C?
and ¢'(d) = p(0,d)g2(0,d) > 0. By the above result, we have that for every x € W,

v(x) = p(u(z)),

c(t;d) = , ¢(0;d) =d.



EQUIVALENCE OF NIKLIBORC’S AND FROBENIUS’ THEOREMS 731

and thus,

ov , ou

87:2(96) =@ <u(x)>87:z2<x)’
and the right-hand side is not differentiable if z; # 0 and x9 = 0, which is a
contradiction. Therefore, such a (v, 1) does not exist.

5. EQUIVALENCE RESULT FOR EXTENSIONS

We extend the original version of Nikliborc’s result. First, we introduce an im-
portant theorem.

Rademacher’s Theorem. Suppose that f : U — R, U C R" is open, and f is
locally Lipschitz. Then, f is Fréchet differentiable at almost every x € U.

The proof of this theorem is given in Heinonen (2004). Because of this theorem,
if f: P— R" P C R"! is open, and f is locally Lipschitz, then sij(p,m) can be
defined for almost all (p,m) € P. Thus, we can extend the notion of integrability:
f is integrable if and only if s;;(p, m) = sj(p,m) for almost all (p, m) € P.

Our extended form of Nikliborc’s Theorem is as follows.

Nikliborc’s Theorem II. Suppose that f : P — R", P C R*! is open, and f
is locally Lipschitz. Then, f is integrable if and only if for every (p,m) € P, there
exists a local solution E : V — R of PDE (2.1) around p such that E(p) = m.

We do not present the proof of this theorem here, because this is not the main
theme of the current paper. In the near future, the proof of this theorem will
hopefully be published. This theorem has one important application in the the-
ory of consumer behavior, and thus we are preparing a paper that examines this
application. This future paper will contain a proof of this theorem.

Note that if f is also differentiable, then the proof of this theorem was given by
Niklibore (1929), though this paper is written in French. For an English version, see
EXISTENCE THEOREM I of Hurwicz and Uzawa (1971). Although the proof of
EXISTENCE THEOREM I is missing some details,'® we can fill the gaps by using
a local Lipschitz constant.

The theme of this paper is the relationship between PDE (2.1) and TDE (2.3).
Therefore, we must present the counterpart of this theorem. Suppose that g : U —
R™, U C R™ is open, and g is locally Lipschitz. A pair (u, A) of real-valued functions
defined on some open set V' is a solution of TDE (2.3) if and only if 1) w is locally
Lipschitz, 2) A is positive, and 3) Du(xz) = A(x)g(z) for almost every x € V. If
x* € V, then (u, A) is called a local solution of (2.3) around x*.

Meanwhile, g is said to satisfy extended Jacobi’s integrability condition if
(2.4) holds for almost all z* € U.

Frobenius’ Theorem II. Suppose that g : U — R™\ {0}, U C R" is open, and g is
differentiable and locally Lipschitz. Then, g satisfies extended Jacobi’s integrability

10They do not assume that f is locally Lipschitz. However, the differentiability of the function
2™ in their proof cannot be proved when f is not locally Lipschitz.
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condition if and only if, for every x* € U, there exists a local solution (u,\) of TDE
(2.8) around x* such that for every w € R, u~'(w) is either the empty set or an
n — 1 dimensional C* manifold.

Our next theorems are as follows.
Theorem 5.1. Frobenius’ Theorem II implies Nikliborc’s Theorem II.
Theorem 5.2. Nikliborc’s Theorem II implies Frobenius’ Theorem II.

Proof of Theorem 5.1. Suppose that Frobenius’ Theorem II holds. Let f: P — R",
P C R™""! be open, and f be locally Lipschitz.

First, suppose that for every (p,m) € P, there exists a local solution E of (2.1)
around p such that E(p) = m. Because f is locally Lipschitz, by Rademacher’s
Theorem, it is differentiable almost everywhere. Choose any (p, m) € P such that f
is differentiable, and let E be a local solution of (2.1) around p such that E(p) = m.
Then, E is twice differentiable at p. Now, the following result is needed.

Extended Young’s Theorem. Suppose that W C R? is open, and g : W — R is
differentiable around (z*,y*) € W and both % and g—z are differentiable at (x*,y*).

9? 9?
Then’ Byagx (‘T*’ y*) = 8&0393/ ($*’ y*) :

Proof of Extended Young’s Theorem. Easy, and thus omitted. O

Using this theorem, we have that

O’ o) = )
0q;0q; 0q;0q;

sij(p, m) (p) = sji(p,m),
and thus f is integrable.
Conversely, suppose that f is integrable. Define

g(p7 m) = (f(p7 m)v _1)'

Then, for the same reason as in the proof of Theorem 3.1, we have that g satisfies
extended Jacobi’s integrability condition. Fix (p,m) € P. Then, by Frobenius’
Theorem 11, there exists a local solution (u, \) of (2.3) around (p,m), and for any
w € R, u~!(w) is either the empty set or an n dimensional C'* manifold. Let U be
the domain of v and .

Recall the ODE (2.5):

é(t;q,h) = f((L—t)p+tq,c(t;q, h)) - (g —p), c(0;q,h) =m + h.

Choose a sufficiently small e > 0 such that if |¢; — p;| < ¢ for every i € {1,...,n}
and |h| < e, then c¢(t; ¢, h) exists and ((1 —t)p + tq,c(t;q,h)) € U for all ¢t € [0,1].
Define V' = [[;",]pi — ¢, pi +¢[ and choose any ¢ € V and h €] —¢,e[. We will show
that u((1 —t)p + tq, c(t; ¢, h)) = u(p,m + h) for every t € [0,1].

Choose any ¢ € V. If ¢ = p, then ¢(t;q,m + h) = m + h, and thus our claim is
correct. Hence, we assume that g # p. We need a lemma.



EQUIVALENCE OF NIKLIBORC’S AND FROBENIUS’ THEOREMS 733

Lemma 5.3. Suppose that W C U and the Lebesque measure of U \ W is zero.
Moreover, suppose that q € V' and q;« # pi= fori* € {1,...,n}. For every (t,7, h) C
R such that t € [0,1], r € V for

Fooifd < i,
ri=Na6  fi=1,
Ti—1 ifi>i*,

and h €] — €, €[, define
(5.1) §(t,7,h) = (1= t)p+tr,c(t;r, h)).
Then, the Lebesque measure of E~1(U \ W) is also zero.

Proof of Lemma 5.3. Without loss of generality, we assume that ¢* = n. Through-
out the proof of Lemma 5.3, we use the following notation. If » € R", then
F=(r1,...,7n_1) € R"7L. Conversely, if 7 € R"™ !, then r = (r1,...,70_1,qn).

Let V = {#|r € V'}. We first show that & is one-to-one on the set ]0, 1]x V' x]—e¢, ¢[.
Suppose that t; # 0 # to and &(t1,71,h1) = &(t2, T2, h2) = (v,¢). Because v, =
(1 — t1)pn + tign = (1 — t2)py + tog, and p, # qn, we have t; = to. Because
vi = (1 —t1)p; + tiry; = (1 — t1)p; + tire; and t; # 0, we have that ri; = ro;,
and thus 71 = 7. Therefore, it suffices to show that c(¢;7,h) is increasing in h.
Suppose that hy < hg and c(t;7, h1) > c(t;r, ha). Because ¢(0;7,h1) = m + h <
m + hy = ¢(0; 7, ha), by the intermediate value theorem, there exists s € [0, ¢] such
that c(s;r, h1) = ¢(s;7, he). Then, by the Picard-Lindel6f uniqueness theorem, we
have m + hy = ¢(0;7, h1) = ¢(0;7, ha) = m + he, which is a contradiction.

Next, define

Wi =¢([t71,1[xV x] —¢e,e).
We show that ¢! is Lipschitz on W¥. Define

_ Un —DPn
tv) = Gn —Pn’
- 1 R
7(v) = %[(t(v) - 1)p+1].

Suppose that (vi,c1), (va,ca) € W and (vj,¢;) = &(tj,75,h;). Then, we have
t; = t(vj) and 7#; = 7(v;). Clearly, the functions t(v) and #(v) are Lipschitz on W¥.
Next, consider the following ODE:

d(s) = f(L = (s +t—t2)p+ (s + 1 = t2)r(v),d(s)) - (r(v) —p), d(t2) = c.

Let d(s;t,v,c) be the solution of the above ODE. Define V as the closure of V.
If (v,e) = &(t,7,h) for some (¢,7,h) € [(71,1] x V x [—¢,¢], then d(s;t,v,c) =
c(s +t —to;r, h). Moreover, the set

{(t,v,0)t € [(741], (v,¢) = &(t, 7, h) for some (7, h) € V x [—e,¢e]}
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is compact, and thus, we have that (¢,v,c¢) — d(ta — t;t,v,¢) is Lipschitz on this
set. Therefore,
|h1 — ho| = |d(t2 — t1;t1,v1,¢1) — d(t2 — t2;t2,v2, C2)|
< L[ty — to| + [[(v1, €1) = (v2, c2)][]
= Ll[t(v1) — t(v2)[ + [[(v1, €1) — (v2, 2)|l]
< L(M +1)[[(v1,e1) = (v2, e2) ],
where L, M > 0 are some constants, and hence our claim is correct.
Now, recall that the Lebesgue measure of U \ W is zero. Because ¢~ is Lipschitz
on W*, we have that the Lebesgue measure of
W (UAW)

is zero. Therefore, the Lebesgue measure of

U WEN (U \ W)

is also zero. Clearly, the Lebesgue measure of

AW (L W n @\ W)

is zero, because this set is included in {(¢,7, )|t € {0,1}}. This completes the proof
of Lemma 5.3. O

By Rademacher’s Theorem and Lemma 5.3, there exists a sequence (qk7 hk) such
that ¢* — ¢, h* — h as k — oo, and for all k and almost all t € [0,1], u is
differentiable and Du = Ag at ((1 — t)p + tg*, c(t; ¢*, h¥)). Fix t € [0,1]. If t = 0,
then clearly u((1 —t)p + tq,c(t;q,h)) = u(p,m + h). If t > 0, then for almost all
s € 10,t],

= ou
_ k 4+ e
T u((1 = 8)p + tq*, c(s; %, h") ; (")qz 8wc
= A Z _pz ) Z(Qf—Pz)fz
=1 =1
=0,

and thus u((1 — t)p + tq"*, c(t; ¢*, h¥)) = u(p,m + h¥). Taking k — oo, we have that
u((1 —t)p +tq,c(t;q, h)) = u(p,m + h), as desired.

Define Fj(q) = ¢(1;q,h) for every ¢ € V and h €] — ¢,e[. Suppose that u
is differentiable and Du = Ag at (¢, Ex(q)). We show that Ej, is C' around q
and DE},(q) = f(q,En(q)). To solve this, define X;, = u~'(u(p,m + h)). Then,
(p(t),c(t;q,h)) € Xp. Define the function x : X;, — R™ as

X(r1y ey pyw) = (11, .00 T0).

Then, Ej(r) is the n + 1-th coordinate of x~*(r). Thus, by the inverse function
theorem, to prove that Ej, is C' around ¢, it suffices to show that dX(q,En(q)) 18

a surjective function from the tangent space T(q,Eh(q))(Xh) into R™.! Note that,

U1y this part, we need some basic knowledges about differential manifolds. See sections 1.1-1.4
of Guillemin and Pollack (1976).
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because x is the restriction of a linear mapping K (r1,...,rn, w) = (r1,...,r,) into
Xn, dX(q,En(q)) 18 the restriction of the same linear mapping into Ty g, (¢))(Xn)-
Choose any = € R", and define ¢ = f(q, Ex(q)) - . Then, (z,c) - (q,Eh(q))

0. This implies that Du(q, En(q))(z,c) = 0, and thus (z, c) € Tig,B,(q))(Xn) and
dX(q,En(q)) (T, ¢) = x as desired. Moreover,

OFn ) _ 5 (a, En(9))
9qi VT T (g, En(q))

Therefore, our claim is correct.

Now, choose any ¢ € V with ¢, # p, and i € {1,...,n — 1}. Then, by Lemma
5.3, there exists § > 0 and a sequence (¢*, hk) such that ¢* — ¢, h* — 0 as k — oo,
and for every k and almost every s €] — ¢,0[, u is differentiable and Du = Ag at
(g% + sei, By (¢" + se;)), where e; is the i-th unit vector.'?> Then, if 0 < |s| < d,

= fi(¢, En(q))-

Eyi(¢F + se;) — Epe(qF)
S

1 S
= / f,-(qk + Te4, Ehk(qk + Te;))dT.
0

By the dominated convergence theorem, we have that

Eo(q + sei) — Eo(q)

1 S
:3/ filg + Tei, Eo(q + Te;))dr,
0

and thus,
0Ey
= filq, E .
4, (9) = fi(q, Eo(q))
Next, choose any g € V and i € {1,...,n —1}. Let e = (1,1,...,1) € R", and let
¢* = q + k~'e. For sufficiently large k, qﬁ =% pp, and thus there exists § > 0 such
that if k is sufficiently large and 0 < |s| < 0, then

Eo(q* + se;) — Eo(q")
S

1 S
=+ [ B+ e Bola + ey
0

Therefore, again by the dominated convergence theorem,

Eo(q + se;) — Eo(q
S

/ fz q+ Te;, EO(q + Tez))d

which implies that

T a) = fila: Eola)

for every ¢ € V and ¢ € {1,...,n — 1}. Changing n to 1 and repeating the above
arguments, we have that

DEy(q) = f(q, Eo(q))

for all ¢ € V. Clearly, Ey(p) = m, and thus we obtain a local solution Ey: V — R
of (2.1). This completes the proof. O

12Use Fubini’s theorem. Note that c(t;r, h) = c¢(1; (1 — t)p + tr,h) = En((1 — t)p + tr) by the
Picard-Lindel6f uniqueness theorem.
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Proof of Theorem ??7. Suppose that Nikliborc’s Theorem II holds. Let g : U —
R™\ {0}, U C R™ be open, and g be locally Lipschitz. Throughout this proof, we
use the following notation: if z = (x1,...,x,), then Z = (x1,...,2p—1).

First, suppose that for every x* € U, there exists a local solution (u, A) of TDE
(2.3) around x* such that for every w € R, u~!(w) is either the empty set or an
n — 1 dimensional C'!' manifold. Choose any z* € U such that ¢ is differentiable at
x*, and choose a local solution (u,\) of TDE (2.3) around z* such that for every
w € R, u=(w) is either the empty set or an n — 1 dimensional C'! manifold. Let V'
be the domain of u and A. Without loss of generality, we assume that g, (z*) # 0.

Define f;(z) = — ;JZL((?) for every x € V with g,(z) # 0, and consider the following
ODE:

(b3, 0) = f((1— )T + ti, e(t; 3, b)) - (& — &%), c(0;,h) = 2 + h.

Because t +— ¢(t;2*,0) = z} is defined on R, we have that there exists an open
neighborhood W C V of #* and an open interval I including 0 such that c(t; &, h) is
defined on [0, 1] x W x I. Define Ep(Z) = ¢(1;Z, h). Then, as in the proof of Theorem
5.1, we can show that u(z, E(Z)) = w(Z*,x} + h) and DEy(Z) = f(Z, Eo(Z)) for
every £ € W. Therefore, by extended Young’s theorem, we have that
O°E *E
sij(z%) = 8%8;@, ) = axiaij (%) = sji(z"),

and thus, by the same arguments as in the proof of Theorem 3.2, we have that g

satisfies (2.4) at «*. Hence, g satisfies extended Jacobi’s integrability condition.
Conversely, suppose that g satisfies the extended Jacobi integrability condition.

Choose any z* € U. Without loss of generality, we assume that g,(z*) > 0. For

i € {l,...,n — 1}, define fi(z) = _52((3;))' Then, f(z) is defined and Lipschitz
on some open neighborhood W of z*. Without loss of generality, we assume that
gn(z) >0 on W.

If g is differentiable and (2.4) holds at € W, then by the same arguments as
in the proof of Theorem 3.2, we have that s;;(x) = s;;(z). This implies that f is
integrable. Consider the following PDE (3.1):

(5.2) DE(z) = (&, E(7)).

By Nikliborc’s Theorem IT and our arguments in subsection 2.4, there exists € > 0
such that if |h| < e, then there exists a solution E}, : H:-L;ll]x;‘ —e,zf +e[—= R of
(5.2) that satisfies Ep(2*) = z}, + h. Moreover, Ej, is continuous and increasing in
h.

Choose a sufficiently small § > 0 such that if & € [['"'[z} — &, 2F + 8], then
E_(Z) <z} — ¢ and E.(Z) > z}, + 6. Define V = [ ]af — 0,2 + 6] and V
as the closure of V. Then, by the intermediate value theorem, for every z € V,
there uniquely exists h €] — ¢, ¢[ such that x, = Ej(Z). Define u(zx) as such an h.

Consider the following ODE:
¢t 2, w) = f((1—1)T" + 2, c(t; T,w)) - (T — T7), c(0;2,w) = w.

Note that this equation is equivalent to (2.5), and because f is locally Lipschitz,
¢(t; ,w) is also locally Lipschitz. By our arguments in subsection 2.4, we have that
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En(z) = c(1;Z,2} + h), and thus
u(z) =h < c(1;2,z), +h) = x,.

Define V = H?;ll[:c;k — §,zf 4 8). For every (#,w) € Vx|a! — e,z + ¢, if |h| is
sufficiently small, then
1
c(l;Z,w+h) —c(1;Z,w) =h +/ [f((1=t)Z* +tZ,c(t; Z,w + h))
0
— (1 =T + tZ,c(t; Z,w))] - (& — &¥)dt,

and
f(1=t)z* +tZ, c(t; T, w+h))— fF(L—t)T*+tZ, c(t; T, w))]- (2—2%)| < L||z—z"|||h|
for every t € [0, 1], where L > 0 is some constant independent of ¢, Z, w, h. Therefore,
if |7 — 2*|| < (2L)7 1, then |e(1;%,w + h) — ¢(1;2,w)| > 271|h|. This implies that
if 0 > 0 is sufficiently small, then %(15 Z,w) > 27! whenever the left-hand side is
defined. Because z;, — u(Z,r,) is the inverse function of h — c(1;2,z;, + h), we
have that if § > 0 is sufficiently small, then v is Lipschitz in @, on V. Hence, we
hereafter assume that § > 0 is sufficiently small and u is Lipschitz in x,, on V.

Next, choose any = € V and suppose that u(z) = w. Then, E,(Z) = x,,
and the graph of E,(§) coincides with the set u~!(w). Thus, the latter set is
an n — 1 dimensional C' manifold. Moreover, because DE, (%) = f(z), there
exists &' > 0 such that if |h| < &', then (x1,...,2; + h,...,2,) € V, and y,(h) =
Ey(xi,...;x; + hyoooyxp_1) € [xn — (| fi(2)] + D)|h|, zn + (|fi(x)| + 1)|A]]. Define
y(h) = (z1,.., @i+ h,...,2n-1,yn(h)). Then, we have that u(y(h)) = u(z) = w.
Because u is Lipschitz in x;,, on V, there exists L' > 0 independent of x, h such that

s, ..+ by ) — w(@)] = [u(@ b 2) — u(y(h)]
< L'(max || f(y)[| + 1Al
yev

which implies that w is locally Lipschitz on V. By Rademacher’s theorem, wu is
differentiable at almost every point x € V. If u is differentiable at x € V', then for
h = u(x), En(Z) = x, and the graph of Ej, coincides with u=!(h). Thus, by the
chain rule,

ou ou

which implies that either g—a’fi(m) =gi(x) =0or
A O T €
gi(z)  gn(z)

for every ¢ € {1,...,n — 1}. Therefore, if we define
ou

. E(ﬂﬂ)
AMz) = (@)

)

then

Du(z) = Mx)g(x).
It suffices to show that A\(x) is positive for almost all © € V. Now, z, — u(Z, x,)
is the inverse function of w — ¢(1; Z, z}, + w), and the latter function is increasing.
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Therefore, we have that u is increasing in x,,. Because u is differentiable at almost all
points in V, for almost every Z such that |z; —2}| < ¢ forevery i € {1,...,n—1}, u
is differentiable at (Z, z,,) for almost all z,, €|z} — 9, z} +J[. Suppose that T satisfies
such a requirement. Let &(x,) = u(Z,x,). Then, £ is Lipschitz on [z}, — 0,z + J]
and €71 w s ¢(1; %, 2% 4+ w) is Lipschitz on [¢(z — 6),&(z + 0)]. Therefore, for
almost all z,, €]x}, — &,z + 0], € is differentiable at x,, and ¢! is differentiable at
&(xy,). For such an z,, & (2,)(671) (¢(x,)) = 1, and thus a%‘;(i‘,mn) =& () > 0.
Because g, (%, x,) > 0, we have that A(x) is positive for almost all z € V. We can
define A(z) = 1 if the original A(z) = 0 or A(z) is undefined, and the new A(zx) is
always positive on V. Thus, (u,\) is a solution of TDE (2.3). This completes the

proof. O

Notes on Theorems 5.1 and 5.2. In PDE (2.1), if f is differentiable, then the
solution F must be twice differentiable. In this connection, we obtain a conjecture.
In TDE (2.3), if ¢ is differentiable and locally Lipschitz, then for a solution (u, \),
u should be differentiable. To prove this, however, we are confronted with a huge
problem: we cannot prove the differentiability of the solution function c(t;Z,w)
under only the differentiability and locally Lipschitz condition of g. This breaks our
proof of Theorem 3.2, and thus this conjecture remains an open problem.

Meanwhile, suppose that f : P — R™ is locally Lipschitz on an open set P C R*+!
and integrable. The proof of Theorem 5.1 implies that for every (p,m) € P such
that f is differentiable at (p,m), s;;(p, m) = sj(p,m). In this connection, suppose
that g : U — R” is locally Lipschitz on an open set U C R™ and satisfies extended
Jacobi’s integrability condition. The proof of Theorem 5.2 implies that for every
x* € U such that g is differentiable at x*, (2.4) must hold at x*. Note that these
are not obvious even when f, g are differentiable, because the derivative may be not
continuous.

Now, suppose that U C R™ is open and g : U — R" is locally Lipschitz and
satisfies extended Jacobi’s integrability condition. Choose any z* € U and suppose
that (u, \) is a local solution of TDE (2.3) around z* such that X = u~!(u(z*)) is
an n — 1 dimensional C! manifold. Then, there is a conjecture: g(x*) is a normal
vector of Ty« (X). Actually, this conjecture can be verified. To show this, without

loss of generality, suppose that g,(z*) # 0, and define f;(z) = —% (if it can be

defined). Let Fy be the function defined in the proof of Theorem 5.2. Then, Ej is
defined on some open and convex neighborhood of *, u(z, Ey(Z)) = u(z*), and Ey
solves the PDE (5.2) with Ey(2*) = z}. Therefore, ¢ : & — (Z, Eyg(Z)) is a local
parametrization of the manifold X around z*, and thus T« (X) coincides with the
range of Dp(x*). Choose any © € R"™! and define #(t) = #* + to. Then,

Dop(a")o = —p(&(t))
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and thus, for every v € T,-(X),
9(x7) - v = gn(z")[=f(2") - 0+ vn] =0,

as desired.

However, this proof is heavily dependent on the proofs of Theorem 5.1 and 5.2,
and thus this fact cannot be used to prove Theorems 5.1 and 5.2. This makes the
proofs of these theorems difficult.

This result is valuable, because it implies the uniqueness of the leaf containing
x*.
Finally, Lemma 5.3 itself is important. We can verify Nikliborc’s Theorem II

using Lemma 5.3 and the usual proof of Nikliborc’s Theorem.

APPENDIX A. PROOFS OF FACT 4

First, we introduce a famous result.

Gronwall’s inequality. Suppose that u : [tg,t;] — R is continuous and satisfies
the following inequality for every ¢ € [to, t1]:

u(t) < / (au(r) + B)dr,

to
where o > 0 and 8 > 0. Then,

Q™

u(t) < =(e?t=to) 1),

Proof of Gronwall’s inequality. See Lemma 3 of Hosoya (2018). g

Suppose that h(t,z,y) is locally Lipschitz. Recall equation (2.7):
z(t) = h(t,z(t),y), z(t*) = 2.
Actually, we can omit the value z. Fix z* € R™ and define k(¢,x,y, z) as
k(t,@,y,z) = h(t, z(t) + (z — 27),y),
and consider the following differential equation:
z(t) = k(t,xz(t),y,2), =(t) = z*.

Clearly, x : I — R is a solution of the above equation if and only if z(t)+(z—z*) is a
solution of (2.7). Therefore, we omit z and simply consider the following differential
equation:

(A.1) x(t) = h(t,z(t),y), z(t*) = z*.

Let x(t;y) be the solution function of (A.1). By Fact 3, the domain U of z(t;y)
is open and xz(t;y) is continuous. Choose any (¢,y) € U. Let I be the domain of
t — x(t;9), and choose any tg,t; € I such that o < t1 and t*,t €]to, t1[. Because
x(t;y) is continuous, there exists a compact neighborhood V' of gy such that 1) if
y € V, then the domain of ¢t — z(¢;y) includes [tg,t1], and 2) there exist L > 0
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and M > 0 such that if we define W = {xz(t;y)|t € [to,t1], y € V'}, then for every
(tal'vy)a (tlvmlay/) € [t07t1] X W x V7
1h(t, 2, y)|| < M,
Ih(t,2,y) = h(t', ",y )| < L[}t — | + |l = 2']| + ly — ¥/'|l].
Ift* <t <ty and y1,y2 € V, then

[ ratrin).m) = i (rian). e

t
< [ \h(r, 2(T5y1), 1) — W7, 2(7592), y2) || dT
t*

|z (t; 1) — 2(t;y2)| = ’

t
< [ [Llatrim) = ()l + Ll — el
t

*

and by Gronwall’s inequality, we have

lz(ty1) = 2(ty2)l < g — w2l (€7 = 1) < flys — 2l ("0 —1).
By the symmetrical arguments, we can show that

lz(t; 1) — z(ty2)|| < llyr — yo|(eHtrt0) — 1)

for all ¢ € [to,t*] and y1,y2 € V. Therefore, if (t,y), (t',y') € [to,t1] x V, then
lz(ty) = 2(t'sy )l < Ml —#'] + (71 = 1)y — ¢/,

and thus the solution function z(t;y) is Lipschitz on [tog,t1] x V. Hence, z(t;y) is
locally Lipschitz. This completes the proof of Fact 4. O
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