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ON THE STABILITY OF THE LIONS-PEETRE METHOD OF
REAL INTERPOLATION WITH FUNCTIONAL PARAMETER

AMIRAN GOGATISHVILI

ABSTRACT. Let X = (X0, X1) be a compatible couple of Banach spaces, 1 < p <
oo and let ¢ be positive quasi-concave function. Denote by X, , = (Xo, X1)p.p
the real interpolation spaces defined by S. Janson (1981). We give necessary and
sufficient conditions on o, @1 and ¢ for the validity of

(Y<P071>Y<P111)%p = (7<P0100’7(P17°O)(p’p
for all 1 < p < oo, and all Banach couples X.
|

1. INTRODUCTION

Let X = (Xo, X1) be a compatible Banach couple. For z € > (X) = Xy + X,
Peetre’s K-functional is defined by
K(to.X) = inf _ (foollx, +lanllx) >0
Let 0 <0 < 1,1 < p< 0, then the Lions-Peetre spaces Yg’p = (Xo, X1)g,p are
defined using the norm

lellop = ( I (K“t—‘;@)%)

One of the most important theoretical results for these spaces is the so-called
reiteration theorem, which claims that

(L.1) (Yeo,povyhpl)e,p = X(1-0)0p+00,p> b0 7# b1

These definitions and properties can be found in any modern monograph on
interpolation theory (e.g. [5], [6] and [19]). The statement (1.1) is the so called
stability of the real method. The resulting space on the left-hand side of (1.1) does
not depend on pg, p1.

The definition of real interpolation method was extended in different directions
by a number of authors. For example, one can replace the function t? in (1.1) by a
positive concave function ¢, defined on (0, 00) (see T.F.Kalugina [13], J.Gustavsson

2020 Mathematics Subject Classification. 46B70,46M35, 46E30.
Key words and phrases. K-functional, real interpolation method, Banach space, quasi-concave
function.



616 A. GOGATISHVILI

[10], L.E.Persson [16]). In [12] S. Janson provided a different approach to these
spaces using the discrete norm

1
K(ty,z, X)\"\”
P = Z W )
keZ K
where {t.} is a special discretizing sequence depending of ¢ (see Definition 2.3). In
[12, Theorem 19] Janson proved that, if ¢ (¢, ¢1) and % are quasi-power functions

||

(see Definition 2.4), then the following reiteration formula holds for any po,p1,p €
[1, oc],

(1.2) (YSﬂO,pO?YGDlvpl)@,p = Xo(eoie)
_ e1(t)
(ten o) = aitre (2)).

In [14], N.Krugljak gave a necessary and sufficient condition on ¢, ¢1 and ¢, so
that (1.2) is true for any choice of pg,p1,p € [1, 0.

A more general reiteration theorem for a real interpolation method was obtained
by S. Astashkin [2,3], Yu. A. Brudnyi and N. Ya. Krugljak [7].

It is clear that, from (1.2) we have

(1.3) (Ygoo,laygm,l) = (Ytpo,oovysm,w)

».p pp’

The inverse implication is not easy. The sufficient condition for (1.3) was obtained
by E.Pustylnik [17] and E.Semenov [18] in case when ¢(t) = t?. V.Ovchinnikov [15]
offered a new approach to study this problem. Semenov and Ovchinnikov used
Krugljak ’s result [1, Corollary 3]. Ovchinikov only considers the case p(t) = .
In this paper we are going extend Ovchinnikov’s theorem to te setting of non-
degenerate quasi-concave function ¢. In this context we will show (cf. Theorem 2.5)
that the reiteration theorem (1.2) follows from the stability theorem (1.3).

In this paper we shall not consider the case of degenerate quasi-concave functions,
which we leave as an open problem. We think that the study of the degenerate case
could be of interest to experts in Extrapolation Theory (see e.g. [4].

We use the notation A < B to indicate that A < C'B with some positive constant
C independent of appropriate quantities. If A < B and B < A, we shall write
A=~ B.

2. DEFINITIONS AND MAIN RESULT

We start with some basic definitions.

Definition 2.1. Let {ax} be a sequence of positive numbers. We shall say that
{ay} is strongly increasing (resp. strongly decreasing) and write ax 11 (resp. ax )
if

.. a a 1
inf —F+1 > 2 resp. sup kil < -,
kezZ ay, kc7 Ok 2
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Definition 2.2. We shall say that ¢ is non-degenerate quasi-concave function on

(t)

(0,00), if ¢ is non-decreasing and =

t t 1
(2.1) m () = tim 29 = fm L~ o L
t—0+ t—+oo ¢ t—=0+ p(t)  t—=+o00 p(t)

is non-increasing on (0, 00) and, moreover,

Definition 2.3. A strongly increasing sequence {f;} is a discretizing sequence for
a non-degenerate quasi concave function ¢ if

i) (tr) 11 and 2l ||

tet+1
ii) There exists a decomposition Z = Z; U Zs, such that Z; N Zy = 0, and
o(trr1) < 2¢(tr) if keZ,
o(tk) < 2%0(75k+1) i ke Zy
123 lit1

Let us recall [9, Lemma 2.7], that if ¢ is non-degenerate quasi-concave function
there always exists a discretizing sequence adapted to .

Definition 2.4. A quasi-concave function ¢ is a quasi-power function (¢ € PT7),
whenever s, (t) = 0ast — 0, s,(t) = oo ast — 0o, where s, (t) = sup,, s, (ut)/s,(u)

(ct. [11)).

It is known that (cf. [11]), any quasi-power function ¢ is equivalent to t%0¢(t%1=00),
for some quasi-concave function ¥ and 0 < 0y, 0; < 1. If ¢ is quasi-power function
then {2F} is a discretizing sequence for (.

It is easy to see that if ¢g, ¢1 and ¢ are non-degenerate positive quasi-concave
functions on (0, 00), then the function ¢ (g, ¢1)(t) = gpo(t)go(iégg
quasi-concave function. Throughout the paper the functions ¢g, @1 and ¢ will be
assumed to be non-degenerate positive quasi-concave functions on (0,00) and {tx}
(resp. {tx}) will denote the discretizing sequence for ¢ (resp. the discretizing se-
quence for ¢(¢o, ¢1))-

Our main result now reads as follows.

) is a non-degenerate

Theorem 2.5. Let @, ©1 and ¢ be positive non-degenerate quasi-concave func-
tions on (0,00). Let {ty} be discretizing sequence for ¢ and let {t;} be discretizing
sequence for o(po,p1). The following assertions are equivalent:

(i) (1.3) holds for some p € [1,00];

(ii) (1.3) holds for every p € [1,00];

(iii) (1.3) holds for X = (L1(0,00), Lso(0,00)) and some p € [1, c0];

(i ool;

(

iv) (1.2) holds for any po,p1,p € [1,
o

. @0 (tk)
V) sup,ez Card{k € Z: t, < o) <tpy1} < 0.

3. DESCRIPTIONS OF SOME SPECIAL INTERPOLATION SPACES

Definition 3.1. Suppose that X is an intermediate space for a compatible couple
(X0, X1). The orbit of the space X relative to linear bounded operators mapping
the couple { Xy, X} to the couple {Yy, Y1}, which will be denoted by

Orb (X, {Xo, X1} — {Yo,11}),



618 A. GOGATISHVILI

is the linear space of all y € Yy + Y7 that can be represented by

(e}
Yy = E Tjx;, convergencein Yp+ Y,
i=1

where
o0
> max([| T3] x0 -0, 17511 x, v [l x < o0.
j=1

Definition 3.2. Suppose X is an intermediate space for a compatible couple (X, X7).
The coorbit of the space Y € Yy + Yj relative to linear bounded operators mapping
the couple {Xp, X1} to the couple {Yp, Y1}, which will be denoted by

Corb (Y, {X(), Xl} — {Yb, Yl}) s
is the linear space of all x € Xy 4+ X such that

sup{[[T'(2)[ly = (1Tl {x0.x0) vy < 1} < o0

If F is a sequence space and {wy} is a positive sequence (a weight), then E(w)
denotes the space of sequences {ax} such that aywy € E, provided with its natural
norm |la| gw) = llakwel e-

Let I, = (Ig, lq(i)), q € [1,00] be a Banach couple consisting of two sided infinite
sequences, where {f} is discretizing sequence for ¢ (g, ¢1). The main property of
real method in terms of Orbits can be formulated as follows (see [12])

(3.1) X, p = Orb (lp <1~)> A — X)

(o, 1) (tr
1 . _
= Corb (lp (W) S lw) |

As it is known (see [12])

i - 1
(3.2) (Ih) »= () = <~> '
®(0,p1),p w(posp1),p = P ©(0, 1) (tx)

by embeddings I; C l; C lo and Iy (i) Cly <~i> Clso <~i> we get

ty ti

_ 1
(3.3) (lg)e(pop1)p = Iy <m> :

Let lé\/l be the space of sequences with indices in the set M. So if E' =, (lé”k)
then
p/a\ /P

lallz = { > D lail?

keZ \i€M,

The next lemma is a functional parameter version of Gilbert’s interpolation the-
orem [§]
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Lemma 3.3. Let p,q € [1,00|. Let {vi}, {wr} be positive sequences and ¢ be
non-degenerate quasi-concave function on (0,00) then

V;
e ()

where My = {i : ty—1 < o= <t} and {t}} is a discretizing sequence for ¢.

(3.4) (Ug(v),lg(w)),,, =1y | 1}

Proof. Let E = (lq(v), lg(w)),, ,- Assume that p,q < co. Since

©

1/q
K(t, {ar}; {l;(v), l(w)}) ~ (Z |ax|? min (vk,twk)q> .

keZ
it follows that

ar?min (vr.. 0.)7) P9 1/p
€7 i

By the definition of of discretizing sequence (cf. Definition 2.3), we obtain

1/p

p/q
<Zt¢1<;})}z<ti ’a’k ’qvg>

(3.5) Handle 2 | D

\p
1€71 @(tz)
pla\ /P
tf—l <Zti_1<vk§ti |ak|qwz>
- -
i1€Zo @(ti,l)p
o pla\ P

gt [ —
) S ()

i€Z ti—1<ﬁ§ti W

To prove the reverse estimate we use Lemma 3.1 from [9].

pla\ /P
(Zjez th—l<%§tj |ag|? min (vg, tiwk)q>
(3.6) [{ak e ~
i€Z p(ti)?
p/a\ /P
- (ngi th,1<fu—’;§tj ’ak’q”;i)
icZ plt:)?
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p/a\ /P
tf <Zj>l Zt‘j_1<%§t]’ |ak|qwg>
+
\p
i€Z p(t)
p/a\ /P
(Zt¢1<l’;€<ti Iaquvz>
= plti)?
p/a\ M/P
tf (Zti<3f;§ti+1 Iakl"w;ﬁ)
_|_
\p
i€z p(t)
o Pla\ P

< jagl? | —
> X ()

; - o
€2 ti—1<72§ti W

Therefore from (3.5) and (3.6) we obtain (3.4). The case p = 0o or ¢ = co can be
obtained using a similar argument and we shall omit the details.
The proof is complete. O

Corollary 3.4. Let p,q € [1,00]. Let {t.} be discretizing sequence for (o, 1)
and let {ty} be discretizing sequence for ¢. Then

(Ge) o Ga),, = (0 o)

where My, = {i : t, < Zz;%; < tgs1}-

Corollary 3.5. Let p,q € [1,00]. Let {7} be discretizing sequence for ¢, let {z}

be discretizing sequence for o1 and let {t;} be discretizing sequence for p(go, p1) -
Then,

(37) s =1 (5 (=5 ).
(3.8) ()orp = by (lé”** (@)) ,

where MY = {i : 7, < ti < Tpy1} and M}l ={i:z < ti < Zhi1}-

Corollary 3.6. Let p € [1,00]. Then

((ZP)QOO,Z“ (Zp)wl,p)%p = lp <W> .
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Proof. Using Lemma 3.3 we get

(@) T)or) o = (lp (%gk)) 'ty <¢1§zk>>)¢,p

= (W)-

O

Lemma 3.7. Letr € Ry \{0}. Let {7} be discretizing sequence for ¢ and let {zy}
be discretizing sequence for ¢1. Then we have the following estimates:

(3.9) 3 (@1(§)> < sup <901(jfj)> ’
T <t <Tp 1 #0 (tl) TR <t <Tp41 SOO(ti)

(3.10) 3 (901(?}‘)) < sup (w(ﬁ))
zk<5<zk+1 #0 (tz) ZkSE‘SZkJrl wo(tl)

with constants independent of 1. and zj.

Proof. Let us fix k. We consider two possibilities. Either

or
(3.12) 20(Tk) _ 5 P0(Tht1)
Tk Thk+1

Suppose that (3.11) holds. In this case we will show that

r(tiv) o 3 (k)
wo(tire) — 2po(t:)

for every t;,tiy2 € [Tk, The1). Indeed, if we assume that

pi(tiv2) _ 3e1(ti)
wo(tit2) — 2o(ts)

by using (3.11) we get that

= p1(tiv2) P 221 0)) = (et
eo(tiva)p | —= | < 2¢p0(ti)e | 5—=1 | < 3po(ti)e = |5
eo(ti+2) 2 po(t) eo(t:)
as {tx} is discretizing sequence for ¢ (g, 1) we obtain the contradiction. Suppose
now that (3.12) holds. In this case we will show that

piltive) _ Zﬂm(fi)
wo(tiv2) — 3o(ti)

for every t;,tiso € [Tk, Tk+1]- Indeed, if we assume that

p1(tive) _ 2 p1(t)
wo(tite) — 3olts)
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then using (3.12) we get that

po(ti) ([ ¢r(t) po(tiva) [ 3¢i(tiva)
L *"<@o<’tz>>§2 oo ¢(2@0(E+2)>

which, once again, is a contradiction. Therefore, we obtain

@\ - L (2@ 2\
2 <soo<%;)> S <soo<%2->> 2_;(3)

Te<ti<Tk41
~ I8
t
< sup wl(f) .
T <ti<mp1 \ PO (t’)

In a similar fashion we can show the estimate (3.10). O

Lemma 3.8. Let r € Ry \ {0}. Let {7} be discretizing sequence for po and {z}
be discretizing sequence for ¢1. Then

(3.13) Z % (Lpl@))r < sup g (“Dl@y,

T <t <Tp 1 SOO(ti) T <t;i <Tk41 500(751')

wo(t;) ©1(t;) ' s vo(ti) o1(Li) '
Gy 3 (901@;)‘”(@0(@))) s o <so1<%;>“"<soo<%;>>>

2 <t;<zpi1

with constants independent of T, and zj.

Proof. Let us fix k. As it was mentioned during the course of the proof of Lemma 3.7.
we have two cases either (3.11) or (3.12). If (3.11) holds we get

pB)) 1 o (@
Z ) (SOO(E)> ~S SOO(Tk)T Z (PO(tz) ® (@0(&))

Te<ti <Tk41 Te<ti<Tk41

: - sup wo(ﬁ)rw<@l(t~i))

o () T <ti<Tpi1 wo(ti)

S osup e1lks)
T <ti<Thq1 @O(ti)
If (3.12) holds we get

e1(B)) 7
Z ¢<¢D@)> S(‘PO(Tk)

Te<t;<Tkt1

N

N

Tk<t1<7'k+1

> () (2
7 2ol pr())
& (soo(Tk) T,C<fu<pn€+1 < ) SO( o@)
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~ T
t.
S Sup 80 Sol (NZ)
T <t <71 %0 (tl)

The proof of the estimate (3.13) is complete. The proof of (3.14) is similar and we
omit the details. O

Lemma 3.9. Let ¢,p € [1,00]. Let {7} be discretizing sequence for oo and Let
{21} be discretizing sequence for 1. Let MY = {i: 7o < t; < Tpy1} and M} = {i

2 < t; < zpy1}. Denote sets Q; = {y g;g; <t} and Q5 ={y: i;g; > t}. Then

o (4 (55)) (4 ()
%||CLZ'XQ,5(E)”ZP(Z‘JZ\42(@)>+t”CLiXQC( ol (q (ﬁ(t))).

Proof. Let us consider sequences b; = a;xq, (t~z) and ¢; = aixgg(fi). Hence a; =
b; + ¢;. Using the definition of K-functional it easy to see that

1 1
900(751)

1/p
x| = ()
keZ \ + 0<P1(t~¢)<
LMy ooy St

Tt Z ) '“l'

keZ \ ~ eM}, 1 (F)
(ti

) +t”a1XQC tl l1V11< 1 ))

©0(t;) p T \e1(%)

= flaixa, ()], (l o

So we have obtained an upper bound for the K-functional.
() (6" (56) | -
Let {a;} €1, (lq o +1, (g o o) and let us consider anly represen
tation a; = b +¢;, i € Z with {b;} € 1, (z;Mk (ﬁ)) and {c;} € 1, (zﬁ,”k (ﬁ))
By using estimates (3.9) and (3.10) we obtain

2\ 1/p
q

x| = Gi)

kez 0 #1() o
fieMp 288 <t
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~\ 4
©1(ti)
< ~
- Z Z (@o(h)) (
keZ cMO P1()
k7 oo (t;) =
ti)
S| ¥ 2%
keZ rje M} teMO P1(t) oy o(ti)
¢ wo () =
901(t~z')
s w2l
k€ZrjeM} \ LMY, ‘Pl(t )<t wo(ti)
<t Z sup sup
. 1 0
kez TEM;, \ tieM; 1t
|Cz‘
st | 2
KeZ \reM}
Therefore, we get
(3.15) laxa @I, g,
p(q (LPO(ZZ')))

A. GOGATISHVILI

P
q

p
|cil
sup .
e P1(t)

|cil

_sup —
% eMy ©1(ti)

|cil

_sup =
% eMy ©1(ti)

Soill - ¢ arp +tllell g ~
(léw <‘/’0}i~i)>> Z Ip (l‘]yk(%}@)))

Similarly by using estimates (3.10) and (3.9) we obtain

2| X

keZ \ 7, eM}, MEE ;>t

St

D2

kEZ Z]'EMS

0(t3)

Z <P0(t~z‘)
w1(ts)
e 2

p
q

polt) )
kez | - Mlzn,o;(t)>t (Sol(%v’)> (

p

p
|bi
sup =
e pol(ti)

sup —
t eM} wo(ts:)

1/p

1/p

1/p

1/p
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P 1/p

St Z Z sup @O@) sup ‘bl‘

- 7 1(ti Tiem? Polti
k€EZ z;€ MY tieMjl,i(l’E{ii<1/t pi(ti) tieM; wolti)

p\ 1/p

|bi

< Z sup sup —
keZ ZJEMIS EGM; QOO(tZ)

b q\ P/4
Z sup < s >
keZ EEM,? (Po(ti)

(3.16) tlaixas (@)1 (2% (1)

7 \eq1(t;)

S ol e +tlledll /oan :
Lp (lq * (‘PO}EH)) b (lq ’ (woi%)))
Combining the estimates (3.15) and (3.16) we get

1/p

N

Hence

7 \eo(t) a

S bl /a0 +tllell /o :
by (lq * (w&i))) tp (lq g <¢1t{¢)>)

If we take the infimum over all the representations a; = b; + ¢; we obtain the desired
lower bound estimate for the K-functional. O

Hamt(tgulp(ﬂ,g( 1 )>+tuai>mg(ti)Hlp<lM;< ) >)

Lemma 3.10. Let q,p € [1,00]. Then
- - 1
(3.17) ((Ug)go,pr (lg) 1,0 = by ( = > :
w(0, p1)(t:)
Proof. 1t is enough to show that

(3~18) ((Zl)m,pv (21)901717)@7]) = ((Zw)wo@ (lw)w,p)%p :
Indeed, from the embeddings

1 1 1
1 ClyClo and I <~> cly (~> C oo <~>
tx ti tx

(3.19) ((ll)m,pv (21)901717)@7]) c ((Zq)soo,pa (Zq)éohp)(p,p
C ((loo)m,m (loo)gol,p)%p )
consequently, using (3.18), (3.19), and Corollary 3.6, we obtain
(900> (lg) o .p) op ((Tp)go.ps (Zp)wl,p)go,p
1

= (W)'

we get
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To show (3.18) we only need to prove the embedding

(3'20) ((ZOO)@O,P’ (ZOO)SDLP)%Z; - ((Zl)tpo,pv (Zl)¢1,P)<p,p :

By Lemma 3.9

P
l{ai}]] (1) 0.p:@1) g1 p)

®,p
p

S5l ISR P
g t)P
JELKEZ \ §enpo, wlg ), wo(ti) | ()

p

22X ‘ad) <¢§i;>)p:””’

X (pl(tl
JEL kel EMI% :IEt §>tj

and

AP
[{ai}l ((o0)g,p:(0) 1 ,p)

©.p
p

N |a;] 1
SL2 | | P

JeT kel %;eM,g,%gtj wo(ti)
1

p

) t; P
+3°% sup ] L) =III+1V.
90(753)

jeZ keZ \ feM}, ‘Plgtizt p1(ti)

Let A7 be defined A7 := SUPF, ¢ o o) o 0,1. Using (3.13) and (3.14) we

. wol(ts)’
obtain

p

a;l 1
Is), I
~ : t:)P
keZ TeM?, Apliz ;S ; wo(t) A o( J)

ST ()

kELT, EMO SD ®0, P1

~\P

e1(ti) 1

X © =

2 <¢o<ti>> AT
LeMR, L <ty

il N (w@))
S22 (so (00, 1) (L )) (aezg,g@(soo@))) p(AR)P

keZt;e M)
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Py < al|)( ))p

kEZFe MO ¢(po, ¢1

vy X (G41s)

P Po, L1
TR T enp ;< 28 <t ’

AP IPIEEEDD (M)

2 0, ¥1
J€Zy kEZ +~ ga (£;) @0,
t; EMl 1(?2)§tj+1

Sy Y sup o

JEZ1 kEZ EEMg»tj<%§tj+l 900(251)
7

~\ P
X Z o (‘Pl(t:;)

wo(t;
G,eMPt; <*’1E z;<tj+1

p

+ ZZ sup |ai~| X
j€Za beZ \ TieM} ;< 20 351” ©1(t;)

eo(ti) [ i(ts) -
e (em@)“” (900(5)>>

5.
tiEM}?¢j<iéEt~z> <tj1

p
~\ P
a; 1 (i
S sup | lg sup <<’O (£)>
JE€Z1 keZ \ ;e M t; <w1E ;Stj+1 wo(t:) tj<$é§%;§tj+1 wo(ti)

+ Z Z sSup |ail X

J€Za keZ \ ;e M} t; <9’1§ ,;S - Sol(tz)

"y -~ -p
t.

« s (m >w<¢1<~z>>>
yett@l gy, \P1t) 7\ wot)

|a;] 1
Sy T =L

j€Zy keZ \ e t, <mg <ty wol(t:)

p

a; ti \’
+2. sup |l < ;) = IIT+1V.
o(t5)

JEZL2 kEL EeM}iij<%§t]~+l ©®1 (tz)
1

627
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Similarly we see that
IIT<SIIT+1V.

Finally, combining estimates we get (3.20). The proof is complete.
Theorem 3.11. Let p € [1,00]. Then

(Y@o,pvyw,p) =X w(po,p1),p

Proof. Using (3.1) and (3.18) we get

@(%0,$1),p

Orb( ( 900,301 )) l1_>X>

C Orb < ( g00, (pl )> : {(21)90071?7 (Zl)m,p} — {X<P07P7X8017p}>
(X
(3.1

C (Xpopr Xo1,p)0p-
Similarly, using ) and (3.2) we get
(X 00,00 X 01,0) 0
1 _ _ _ _
< Conb (i () s T Kna) > (o ()}
oo, p1)(ti)
1 o
< Corb (zp <~) X >
oo, p1)(ti)
= Xs@(@o,w)%

The proof is complete.

4. PROOF OF THEOREM 2.5
(v) = (iv). If (v) holds, by Corollary 3.4 and 3.5 we have

(4.1) ((Zl)wo,h (Zp)cpup)%p - ((Zw)wo,la (iw)w,p)%p

Bk (M)-

Using (3.1) and (4.1)we get

X o
> ll —>X>
QO07901

9007301 P

= Orb ( <

c Ot ( ( ) (@)oo ()orn} = {Xwo,l,xw,l})
Q007 Spl

(Y‘POJ’Y

7 )
Similarly, using (3.1) and (3.2) we get
(X 0,00, Xp1,00) 0,
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C Corb <zp (M) {X 000 X100} = {(Ioo) .00 (loo)cpl,oo})

1 X = JR—
C Corb (l <~) . X loo) _ X ‘
8 (o, 1) (1) o(¢0,%1),p

(Ysoo,lv Ym,l)eo,p - (Ysoo,om yw,w)w,pv

Since

we obtain

(YWJ»PO? X<P1 »P1 ) (Y@OJ’O ’ Y 1,P1 )50»77

(Y <P17 )(PJ’
=X

(p0,$1),p"

We now complete the proof of the implication (v) = (iv).

The implications (iv) = (ii) = (i) = (iii) are clear. We will show the implication
(iii) = (v).

Suppose that (1.3) holds for the couple X = (L1(0,00), Lo (0, 00)) and for some

€ (0,00). As the couple (L1(0,00), Loo(0,00)) is complete couple then (1.3) holds
for any couple (see [7]) and therefore for the couple I, = (I, lq(i)). By Corollary 3.4,
(3.3) and (3.18) we get

M, ; = ((l 1
v <lq (w(@o,wl)@))) (Do (alova)
= ((Z )SOOJ” (Zq)‘»@lvp)gp,p

q
= (ZQ)W(@O,WLP

» (M) |

It is easy to see that from here that (v) follows. The proof is complete.
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