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ATOMIC DECOMPOSITION IN SMALL LEBESGUE SPACE

LUIGI D’ONOFRIO, CARLO SBORDONE, AND ROBERTA SCHIATTARELLA

ABSTRACT. We study grand LP)(£2) spaces, introduced by [12], and small L{9(Q)
spaces, introduced by [8], and improve a result by [8] that if %—i— % =1, L? is the
dual of L', giving a constructive characterization of L'? via atomic decomposition
in the particular case p = ¢ = 2, Q =]0, 1[. We notice that L{9(]0, 1]) is isomorphic
to the dual space of Li’), the closure of L*°(]0,1[) in LP(]0, 1[). We also illustrate
distance formula in L?) to L™ due to [3].

We incorporate the pair Lf:),Lp) in the theory of 0-O type pair of spaces
(Eo, E) according to [17], [18]. Description of (LP))* is also provided in terms of
(LY))* and (LY))* (see [2]).

1. INTRODUCTION

Atomic decomposition of function spaces is a classical issue in Harmonic and
Functional Analysis. A measurable function a(z) supported in a cube @ in R" is
called an L9— atom with defining cube @ if it satisfies the conditions

(7{2 |a<:c>|q)3 <&

/Qa(z) dx = 0.

The importance of atoms lies in the fact that the classical Hardy space H! consisting
of L' functions f whose Riesz transform Rif € L', j =1,---n, enjoys the property
that any such f can be written as a (possible infinite) linear combination of H!-
atoms: f =37 Aja; with 3°7%, [A;] < oo. The norm being defined by

e}

1fllpr = inf § >l F =D Njay
j=1

=1

where the infimum is taken over all atomic decompositions of f.
In 1974, R.R. Coifman proved this property of ! and this fact was used to give
another proof of the celebrated theorem by C. Fefferman that (H!)* = BMO.
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Actually, the fact that the elements of the predual of BMO(R) have a represen-

tation
x 0
h:Z)\igi Z\)\i|<oo
=1 =1

with g; € L?, supp g; C I, [;9: = 0, llgllrzny < |I|_% was noted in [13]. Very
recently, in the paper [4], the function space JN,, p > 1, based on a condition,
introduced by John—Nirenberg (as a variant of BMO), on the supremum over col-
lections of cubes was studied.

It was proved that JN, is the dual space of a new “Hardy kind "space HK,,

P
of a supremum over individual cubes in the definition of BMO(Qy), Qo =|0, 1["

Iflmai0 = sup ][ = ol
QCQoJQ

(% + 1= 1) which enjoys atomic decomposition. However, reflecting the difference

fo= 7{2 f, and over collection of cubes in JN,, p > 1

"'
" {Z 2 ({ 17-1al) }

where the supremum is taken over all collections of pairwise disjoint cubes @; C Qo,
the atoms of H! are replaced here by more complicated structures called polymer
in the definition of H K.

Similar preduality results in terms of atoms pertain to the Garsia-Rodemich
spaces, recently considered in [15], [1], [16] and introduced in [10] the space GaRo,
whose norm is defined by

S it Jo Jou 1 (@) = F)| dady
(@i 7

where the supremum is taken similarly as in JN,, case.
The main result by M. Milman is that

||f”GaRop = sup

P 1<p<oo
GaRop, = {BMO b= o

and since LP>™ the Marcinkiewicz space is dual of L%! (% + % = 1) which enjoys

atomic decomposition (see [5]) also GaRo, are dual spaces with atomic decomposi-
tion (see also [14]).

Let us notice that atomic decomposition can be an effective tool to prove the
boundedness of operators such as the Hardy-Littlewood maximal operator, the
Hilbert transform, the multiplication, the composition operator acting on these
spaces. Actually, the boundedness of these operators is reduced to the boundedness
on characteristic functions.

Our aim in this paper is to consider the grand Lebesgue space L% which is dual
of small Lebesgue space L2 and show that L2 enjoys atomic decomposition.
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In all these examples the atomic decomposition of a non reflexive, separable
Banach space H of functions is related to other fundamental properties of the dual
H* and of the predual H, of H:

a) characterization of H* norm by big-O condition
b) characterization of H, by little—o condition
c) distance formula to L> in H*.

In [3], a formula for the distance to L*°(Qp), Qo =0, 1[" in the grand Lebesgue
space LP)(Qp), 1 < p < oo, introduced in [12] by Iwaniec-Sbordone was given. The
space F = Lp)(Qo) is naturally equipped with the “big-O”type norm

1.1 Ul 7 p) = sup |u
(11 lelliny =, sup_ [l

where

(1.2) . = <57[ 0 u|p—6dx> a3

It turns out that L™ is not dense in LP); moreover in [3] the distance formula
(1.3) distypy (u, L) = lim sup [u].

e—0

was established to characterize the closure Ey = Lg) of L in LP) with the “little-
o’ type condition

(1.4) lim sup[u]. = 0.
e—0
Let us recall some relations with Zygmund spaces (see [11]):

Lp Lp
P )52
< log L < < 701 (log L)"

and
P> c P
In [8], the small Lebesgue space L®' (Qq) of g € L” (Qp) such that

> 1 , =
1.5 gl = inf inf e <][ gk @) dm) < 00
(L5) gl e g:zﬁlgk{;kwl Q0| |

where 7' = L= was introduced. Clearly, Lr'+n c LW for n > 0.

Let us note that properties of the small and grand Lebesgue space, using the
interpolation-extrapolation theory of quasi-Banach spaces are deeply considered
in [9] Section 2.

*k
In [2], it is proved that L) is M- ideal in (L?) , that is

p)) " p))* »\ "
(1.6) (L) = () @ ()
where @ stands for the direct sum and E* is the orthogonal space of E.
In [8], [2], it was proved that, for % + % =1,

(L.7) (L(Q>* — P
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and

(1.8) (ij))* ~ I,
Hence:

(1.9) (L’g))** ~ P,

Our aim here is to prove atomic decomposition of L(2(]0, 1[). This can be obtained
showing that the pair (Fy, E') with:

(1.10) E=1?, E,=1L)

obeys the general framework of [6]. Indeed, as in [6], one can choose X = L?79,
0<d<1landY = L? and introduce a family L, : X — Y of linear operators such
that

LP) = {ue X : sup ||Leully < oo}
O<e<1

Then Theorem 3 of [6] (see Theorem 3.1 in Section 3) guarantees that if Qo =|0, 1]
the elements ¢ of the predual L2 of L? decompose as

o
0= g
j=1
where 7% [A;] < oo, for suitable g;.
2. PRELIMINARIES

For u € L'(Qp) the distribution function of u is defined by
(V) = [{z € Qo+ [u@)] > A}
(A > 0). The non-increasing rearrangement u* of u is defined on [0, 1] by
uw*(t) = inf{\ > 0: p, () < t}.
We say that v and v are equimeasurable if p,(\) = p,(A) for all A > 0. The

space LP) is a rearrangement invariant space, indeed ||u||, = |[v||;» if u and v are
equimeasurable (see (2.1), (2.3) below). We also define

t
W™ (t) :7[ u*(s)ds,
0
and the fundamental function ¢ of F = LP) by

p(t) = ort) = [Ixalle
for any A; such that |A;| = t. It turns out that

pr(t) = tr [log (1)} E

In [9] it was proved that the norm (1.1) is equivalent to another norm in which the
nonincreasing rearrangement of u appears:

21) lull = sup (1= 1ogt) 5 ([ 1[u*<s>]pds)’l’
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The small Lebesgue space L(Qp) , defined by (1.5), is the predual of LP)(Qo)
(see [7]) and can be equipped with the equivalent norm

! L (folur(s))ods
(2.2) ull o = /0 (1—1ogt>‘q( . ) dt

Q=

t
The following results hold (see [2]):
Proposition 2.1. The grand Lebesgue space LP)(Qo), p > 1 is the dual space of

L(Qo)
(L9(Q0))* = LP(Qo).

Both spaces are not reflexive and not separable.

Proposition 2.2. Every function u € LY9(Qq) has absolutely continuous norm,
that is if Aj C Qo with [Aj| = 0, then |[uxa,l|L@(g,) — 0

Proposition 2.3. The space L™(Qq) is dense in L\9(Qg).

As already observed Proposition 2.3 does not hold in the case of the grand
Lebesgue space.
In [3] the following distance formula was obtained.

Theorem 2.4. For u € LP)(Qo), we have

1
(2.3) dist;py (u, L) = lim sup <€7[ \u|p_5> o
0

e—0

Moreover, the distance is attained: there exists v € Lg) such that the left hand
side of (1.5) coincides with ||u — v||,).

We conclude this Section by recalling a classical notion which will be useful in
the sequel.

Definition 2.1. Let E be a Banach space and M a vectorial subspace of E. The
orthogonal space M+ of M is

Mt ={feFE*:(f,x)=0Vz € M}

where (-, -) is the duality inner product.

3. AtomIC DECOMPOSITION OF L(2(]0,1])

Following [6], suppose that X is a reflexive Banach space and Y any Banach
space. Let (Lj);?‘;l be a given sequence of operators L; : X — Y. Define

E={x e X :sup||Ljz|ly < oo}.
J

We suppose that E is a Banach space and that E is continuosly contained in X,
and moreover, that F is dense in X in the X-norm. Note that we then have an
isometric embedding

V:iE—=I1®(Y), Vz(n) = Lyz.
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Theorem 3.1. E has a predual F,
E, =1"Y"/E.L

where B, = V(E)*NIY(Y™*). Everyx € E corresponds to a functional on 1*(Y*)/E
given by

(3'1) x(yn) = Zyn(Lnx)a
n=1

and conversely every bounded functional on I'(Y*)/E, is given by a unique x € E
according to (3.1).

Let us consider the grand Lebesgue space L? (]0,1]) equipped with the norm
(2.1). Let 0 < § < 1, and consider X = L?>79(]0,1[) and Y = L%(]0,1[). In order
to achieve atomic decomposition of small Lebesgue space L(2(]0,1[), which is the
predual of L?)(]0,1[), we define a suitable family of linear operators

Li: X =Y.
Namely, for v € X = L>*79(Qy), for j € N, we set

1
§)———
(1+1logj)z
Using the Definition 2.1, and observing that

/Ij lu*(s) — ]{j w*|2ds < 4/I‘(u*)2ds

J

/ |u* —f u*|?ds < oo = / (u*)?ds < oo,
1 1 1

(3.2) Lju(s) =

I;

(u*(s) — (u*)y,), where I; = } ; | [

and

we can identify
(3.3) 19(jo, 1]) = {u € £270(0,1) : sup || Lul| > < oo}
J

and moreover, L% (]0, 1[) is dense in L?>7%(]0,1[). So we can apply Theorem 3.1 to
obtain the following result

Theorem 3.2. For every ¢ € E, = L?(]0,1]), there exist g; € L*(]0,1[), \; € R,
J € N, such that

(3.4) o= X\g
J
with
(3.5) el = >INl
J
Moreover,

(3.6) supp gj C I
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(3.7) [ =0

J
1
(3.8) lgjllrz < 2—
15|
Proof. For every p € E, = L2 = [Y(L?)/(VE)* NI'(L?) there exists (y;); C I'(L?)
such that
lelle, = > lsllzzgo,ip-

J

Since
Ly : L*7°(10,1[) — L*(10,1])

and
2—4§

Ly 22(0.1) - L (0,1)
we observe that for all f € L2(]0, 1[)
(3.9) Lif = L, f.
We will prove that ¢ = > \;g;, that is
(w,0) =Y (95,2)-
J
where

(3.10) gy = Y
P Tl

In fact, by Theorem 3.1, (3.9) and (3.10) we have

Aj = [yl

(@, 0) = (2,(y5);)
= 22{y;s, L)
= 2Ly, )
=22 llyjllz2{gj, )

= Zj Aj{95, )

Since g; = H!Z]%’ we see that conditions (3.6) and (3.7) follow immediately from
L

the definition of L;.
To prove (3.8), we just need to observe that

2 LaillRe 2_1
lgsllze = Iijllii ~ I+logj f]j \y; B (y}()[j’ w3175 =
1 2_1
< divieg7 J1, (0)) w112,
<41
1751

to conclude the proof. O
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