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EXACT CALCULATION OF THE SUM AND INTERSECTION OF
APPROXIMATION SPACES

EVGENII I. BEREZHNOI

ABSTRACT. Exact formulas for calculating the norms of the sum and the inter-
section of approximation spaces through the norms of the sum and intersection
of the spaces of sequences of number provided by the parameter in the defini-
tion of approximation spaces are given. The existence of such a reduction allows
one to obtain new extrapolation theorems for approximation spaces with exact
constants.

1. INTRODUCTION

The problem of calculating the sum and intersection of collections of spaces, which
play an important role in the theory of extrapolation of linear operators [12,13,15],
has become popular recently. So, grand-Lebesgue spaces LP) and small-Lebesgue
spaces L have found a wide application in the theory of partial differential equa-
tions [11,17] in the study of maximal and other typical operators in harmonic
analysis [8]. Similar constructions appeared for other collections of spaces in [9].
Unfortunately, there is no explicit description of even spaces L?) and L(? in standard
terms. In fact, only for a collection of Lorentz spaces A in the works [4, 5] was
proposed a method for the exact calculation of the space } 5., 5<; {()A” and

some cones in these spaces (with the equality of norms). On the basis of these facts,
it was possible to obtain extrapolation theorems for cones in Lorentz, Lebesgue and
Marcinkiewicz spaces with exact constants.

In this paper, we have found another class of spaces — the so-called approximation
spaces — for which we managed to calculate the exact sum and the intersection of
spaces from this class (with the equality of norms). More precisely, it is shown
that the calculation of the sum of approximation spaces can be reduced to the
calculation of the sum of sequence spaces, included by the parameter in the definition
of approximation spaces. The presence of such a reduction allows one to obtain new
extrapolation theorems for approximation spaces with exact constants.
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Key words and phrases. Sum and intersection of spaces, approximation spaces, Banach ideal
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space, Lorentz space.
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2. PRELIMINARY INFORMATION

Let {B;} be a sequence of Banach spaces such that each of them is continuously
embedded into a complete topological separable space V. Such a sequence is called
a V-sequence. If the sequence of positive numbers {7;} is additionally given, then,
as usual, by >v;B; we denote a new Banach space, the norm of which is given by

16|57, B; || = inf{%~;||b;| Bi|| : b = Xb; the series converges in V'},

Now suppose that, instead of sequence, a collection of Banach spaces {Bgs}, (8 €
(B,B), —00 < B < B < o0), continuously embedded in a complete topological
separable space V is given. Analogously, we refer to such a collection as a V-
collection.

For a V-collection of Banach spaces {Bs}, (8 € (8,8)) and a measurable the

function {¢ : (8, ) — R4} we denote a new space Y {&, Bz} by norm
161 (€, Bs}ll = inf{[[b] Y £(5:)Bs| -

B< i <Boi <Poigr. <Bo<P1<..<fi<..<pBh
The main properties of the space > {&, Bg} are given in the following lemma.

Lemma 2.1 ([4]). The space ) {&, Bg} is a Banach space. If a linear subset
U C (N Bgp is dense in each Bg, then U is dense in Y _{&, Bg}.

Analogously, by ({¢, Bg} we denote a new Banach space, the norm of which is
given by [[b] (&, Bsll = supse 5.3 ()61 B

Let S(Z) be the space of number sequences a = {a;}>, with coordinate-wise
convergence, {e‘}>°_ is a standard basis in S(Z). A Banach space | C S(Z) is
called ideal [14], if z = Y. _e'z; € I, y = > _e'y; € S(Z) and for all i € Z the
inequality |y;| < |z;| implies that y € [ and |ly|l|| < ||z|l|| (by ||z|l|| we denote the
norm of element x in the space ). Operator 7 is the right-shift operator acting on
a sequence a = y_ > _e'a; as

o0 o0
T(Z e'a;) = Z e'a;_q.
—0o0 —0o0

If the sequence a is such that for any i € Z the inequality Z;’;Z laj| < oo holds,
then we define the operator A by the formula

(2.1) Aa = Zei( Z a;).
-0 j=itl

Let [ be a Banach ideal sequence space in S(Z). In what follows, we will consider
only those [ that satisfy the following condition:

(2.2) if Zaiei €l, then lima;=0.

1— 00

Lemma 2.2. If for each 8 € (é,ﬁ) space lg is ideal, then the space Y {,lg} is
also an ideal. If for each B € (f3, B) space lg satisfies condition (2.2), then the space
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> 1&g} also satisfies condition (2.2), if for each 3 € (3, B) in lg the operator T is
bounded and satisfies the condition

(2.3) sup{[|7lls — ls]| : B € (B,B)} = co < o0,

then in the space Y {,lg} is also bounded the operator T and its norm does not
exceed co. If for each B € (3, B) in the space lg the operator A is bounded and

(2:4) sup{[|Alls — lgl| : B € (8,8)} = e1 < oo,
then in the space Y {& lg} the operator A is also bounded and the inequality
[A] 224 Ig} — 2 2{& Ig}| < e holds.

Proof. Let V.= S(Z). Then, the collection of ideal spaces lg is a V-collection and
the space > {&,l3} is well defined. We check the implication (2.2). The remaining
statements of this lemma can be readily verified.

Let a € Y {&, 1g} with |la|>_{& g}|| = 1. This means that there are {f;} such

that 8 < ... < B < Bif1... < Po < P1 < ... < Bi <..<Bandbj =3 bj,e’ such

that
a=> by > &B)billgll < 2.

Fix € > 0. We first choose n so that the inequality holds

oo —00
€
> EBlbil Bl + Y €(B)Ibil Bsll < 2’
i=n+1 i=—n—1
and, then for each i = —n,—n +1,...,n — 1, n for b; choose n; € N so that
€
sup |b;i| < —,
i>n; 2n
Define the number n, = max{n; : j = —n,—n+1,...,n —1,n}. Then, for any
i > n. inequality |a;| < e holds, whence it follows that for ) {£,l3} the implication
(2.2) is satisfied. O

The main objects considered in this article are the approximation spaces. Roughly
speaking, an approximation space is a functional class whose elements are com-
pletely determined by the behavior of its best approximations. As a typical exam-
ple, we indicate the space Lip3, (0 < 8 < 1), of periodic functions of smoothness
B, which, according to the classical approximation theory (see [1,7]), is isomorphic
to the approximation space generated by the sequence e, (z) of the best approxi-
mations of the function x by trigonometric polynomials of degree at most 2™ in the
uniform norm. Links to other examples and the calculation of interpolation functors
on pairs of approximation spaces can be found in [3].

Recall the definition of an approximation space. Let an ideal sequence space [ be
given, a separable topological space B in which the normalizing function o : B —
[0,00] is given (i.e. « satisfies all the conditions for the norm, but can take values
of c0) for which B is complete space. Suppose that in B a sequence of subspaces
A = {A;}>, is given and

(25) ﬂ A; = 0; Vie Z= A; C Ai+1.
1€Z
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For each u € B, we define the best approximations of u, using the subspace A;, by
a;(u) = inf{a(u —v;) : v; € Ai}.

The approximation space E(l;a, A, B) consists of such u € B for which the norm
is finite

[l B, A, B)|| = 1) aiu)e |l

The relation (2.5) implies that for each u € B the inequalities «;(u) > ajt1(u)
hold. If | J;c ; A; is dense in B, then for each u € B, the equality lim; .o a;(u) =0
is true.

Along with the class of approximation spaces E(l; «, A, B) we introduce another
class of approximation spaces Ey(l;a, A, B). The space Ey(l;a, A, B) consists of
those u € B, for which the norm is finite

oo o0
|lu| E(l; o, A, B)|| = inf{]| Z av)el|l|| s u = Zvi,series converges in  B}.
—0o0 — 00

The spaces E(l;a, A, B) are generated by the direct approximation theorems,
and the spaces Fy(l; a, A, B) are closely connected with the inverse approximation
theorems. Note that, in applications, for all ¢ < ig, the relation A; = 0 is often
fulfilled. It will be exactly the same when describing the Lipschitz space Lip S,
(0 < B < 1), as approximation. Therefore, in what follows, we assume that 4; =0
for all 7 < 0.

It is known [3] that the space E(l; «, A, B) is continuously embedded in the space
Ey(l;a, A, B) with a embedding constant 2||7|l — ||. If the operator A is bounded
in the space [, then the space Ey(l;a, A, B) is continuously embedded in the space
E(l;a, A, B) with a embedding constant ||[A[l — I|.

We illustrate our definitions with an example.

Example 1. Let B = C[0, 2] be the space of continuous periodic functions with
uniform norm. For each x € C|0,27], the modulus of continuity of the function x
is defined by

v(z,0) = sup |z(r) — z(s)].
T,8:|T—5|<d
Let the modulus of continuity v be given. Without loss of generality, we can assume
that v(1) = 1. Let Lip(v) denote the space of functions for which the norm is finite

v(l‘ﬁ)}
v(6)
Let A; =0 (i = 0,-1,-2,...) and A; = T; is the space of trigonometric poly-
nomials of degree at most 2' (i € N). In this case, the operator A defined by the
equation (2.1) has the form

[z Lip(v)|| = max{]|z|CI0, 27r]\|,81§p

(2.6) A(Z aie’) = Zei( Z a;).
0 0 j=itl

Now, let the normalizing function o : B — R4 be given by o) = max{|z(s)] :
s € [0,27]}. Moreover, for each x € C[0,27] the formula e;(x) = infy,er, a(x(.) —
ti(.)) defines the best approzimations by polynomials of degree at most 2'. As an
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ideal sequence space | we will consider spaces I%,, (1 < p < 0o), with the following
norm
0o . i _ { 22 (|lailw(@)PY/P,  if 1<p< oo
[EZoaie' ] =4 =" - :
sup; |ailw (i), if p=oo.

For the modulus of continuity v we define the weight function w,(.) by the formula
wy(i) =1/v(27Y), (i=0,1,2,...).

From the direct theorems of the theory of approximation of periodic functions
by trigonometric polynomials (see [1,7]), for all n follows the inequality e, (z) <
cov(x,27%), (e does not depend on i and x € C[0,2x]). Therefore, the embedding
constant

Lip(v) C E(I3; o, A, B)
does not exceed co.

The inverse theorems of the theory of approrimation of periodic functions by
trigonometric polynomials (see [1,7]) for all i imply the inequality

(2.7) v(z,0) < c3 irilf{éz Dej(x)+ > ei(x)},
0 )

where cg does not depend on i and x € C[0,27].
Suppose additionally that the modulus of continuity v or that, in any case, the
weight w, for all i = 0,1,... satisfies the conditions

(2.8) SE02v(277) < es2w(27), SR w(27) <er(27),

where ¢4 and cs do not depend on i.
Then, for each function x € C0,2n] from (2.7) - (2.8) that

v(2,27%) < c3(eq + c5) 1=0,1,2,...

1
wy (1)’
Therefore, the embedding constant

Eo(13,: 0, A, B) C Lip(v)
does not exceed c3(cq + c5).

Conditions (2.8) imply the inequalities
—i

I7[ls, — 13, | = sup < 2cy;

v(2™)
i V(2—i—1)
1
v(27%)
Therefore, up to equivalent norms, the following equalities hold
E(l3;a,A, B) = Eyo(I);, A, B) = Lip(v).

In particular, for any 5 € (0,1), the approximation spaces are Lip [3.

If we replace the uniform norm by the norm in the space LP, (1 < p < 00),
then, by a similar scheme, it can be shown that the Lipschitz spaces defined by the
modulus of continuity calculated in the norm of LP are also approximation space.
Details and generalizations can be found in [1,7].

[AJEZ, — 155 || = sup {Z2v(27)} <cs.
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3. MAIN RESULTS

The following result is the main one.

Theorem 3.1. Fiz a separable topological space B that is complete with respect
to the normalizing function o and a sequence of subspaces {A;}>°, satisfying the

conditions (2.5). Let a collection of ideal sequence spaces {lg}, (B € (B,B)) and
a measurable function § : (B, B) = Ry are given. For each {lg} we construct an

approzimation space Yg = Ey(lg;a, A, B), (B € (ﬁ,ﬁ)) Set 1 =>"{&,1,}.
Then,

(31) Z{f,EO(lﬁ,O&,A,B)}:EO(Z,O[,A7B),
and the norms in these spaces coincide.

Proof. Tt follows from the lemma 2.2 that the space [ is well-defined and can be a
parameter for the approximation space.

We now show that the space > {&, Eo(lg; «, A, B)} is well-defined. Indeed, if we
take B as a complete topological separable space V, then the collection of {Yz}
spaces will be a B-collection. Therefore, the space Y =) {¢, Y3} is well-defined.

First we show that the embedding is satisfied

(3:2) > {6V} C Eo(l; 0, A, B),

with a embedding constant unit.
We note that if 8 € (8, ) is fixed, then the inequality holds

o0 o0
(3-3) EBIY - aiellsh = 11 aiell]-
—o00 1
Fix ¢ > 0 and set positive numbers {e;}°°

321, such that Zj gj < e. Letb e

>-{&,Y3} be a sequence of numbers 3; € (8, 3) and the sequence of elements b; €
Eo(lg;;a, A, B), such that b = . b; ( the series converges in B). For each b; €
Eo(lg;;a, A, B) we consider the representation b; = Z(;il u; j, where u;; € Aj,
(j € N) and the series converges in B, such that at all i are executed inequalities

(3-4) E(B)1bi| Eo(lg;; o, A, B > EB)II Y (i) |l | — ei.

j=1
From (3.3) - (3.4) we obtain

S e(B)lIbil Eolls: 0, A B > S (€B) D aluig)ellls, | — &) >
i i j=1
2 BN Latua)eliall =2 2 3113 atu)el —e 2
HZ Y aluig)e)l|| —e = HZ Z a(uig))el )l — e >
Jj=1 i
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1Y (@ uig)eNll = 2 1Y bi)lEo(l; e, A, B)|| — ¢ =
j=1 i i

Hb|E0(Z7 a, A, B)H - &
from which it follows (3.2).
We now show that the converse to (3.2) embedding is also satisfied

(3.5) Eo(l;, A,B) C Y {£,Y3},

with a embedding constant unit.
Fix e > 0. Let u € FEo(l; o, A, B):
oo o
U= tp, un € Ap, (Wn€N), z=) alu)e”, |zl < |lulEo(l;a, A, B)||+e.
1 1

Choose a sequence {f;}, B; € (f, B), so that the relations are satisfied

oo
v=7) i, where yi=) yij¢l €lg, and Y EB)lyills ] < llzll] +e.
i

j=1 i
For each i define
U o0
(3.6) Wiy = T;n)yi,m w; = ;wzn
Then, directly from (3.6), it follows that the following relations are true
o
U= Zwi, Za(wi’n)e" = ;.
7 n=1

Therefore
lul > {6 YaH <> &) lwil Bo(lg; o, A, B < 6B a(wim)e™|ls,]| =
) i n=1

> B yills |l < llzllll + e < llulBo(l; a, A, B)|| + 2.

The last relation implies (3.5), and the embedding constant does not exceed one.
Combining (3.2) and (3.5), we obtain (3.1) with the equality of norms. O

From lemma 2.2 and theorem 3.1, we obtain the following.

Theorem 3.2. Fiz a separable topological space B that is complete with respect to
the normalizing function o, a sequence of subspaces {A;}>°,, satisfying the condi-
tions (2.5), a collection of ideal sequence spaces {lg}, (B € (B, B)), each of which
satisfies the condition (2.2), and a measurable function & : (8,3) — Ry. Let the
operators T and A satisfy conditions (2.8) and (2.4). For each {lg} we construct an
approzimation space Yg = E(lg;a, A, B), (B € (B, B)).

Then, up to equivalent norms,

N (¢, E(ls;a,A,B)} = E(l;a, A, B).
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The dual fact to theorem 3.1 is as follows.

Theorem 3.3. Fix a separable topological space B that is complete with respect

to the normalizing function o and a sequence of subspaces {A;}>, satisfying the

conditions (2.5). Let a collection of ideal sequence spaces {lg}, (8 € (8,5)) and
a measurable function & : (B,B8) — Ry are given. For each {lg} we construct an
approzimation space Yg = Ey(lg;a, A, B), (B € (ﬁ,ﬁ)) Set [ = ﬂﬁ{g, lo}
Then
(3.7) (& E(lg; e, A, B)} = E(L; o, A, B),
B
and the norms in these spaces coincide.

Proof. The proof (3.7) is contained in the equality
[ul€(B)E(ls; o, A, B)|| = [[u| E(§(B)ls; v, A, B)||.

From lemma 2.2 and theorem 3.3 we get the following.

Theorem 3.4. Fizx a separable topological space B that is complete with respect to
the normalizing function o, a sequence of subspaces {A;}>°, satisfying the condi-
tions (2.5), a collection of ideal sequence spaces {lg}, (B € (B, B)), each of which
satisfies the condition (2.2), and a measurable function & : (8,3) — Ry. Let the
operators T and A satisfy conditions (2.3) and (2.4). For each {lg} we construct an
approzimation space Yz = E(lg; o, A, B), (B € (B, B)).

Then, the following equality holds

(€ Eollg; o, A, B)} = Eo(L; v, A, B),
B
and the norms in these spaces are equivalent.

The classical formulation of the problems of extrapolation theory is of the form.

Problem 1.

Let {A3} be a V-collection of Banach spaces, X a Banach space, T : Ag — X
a quasilinear operator, and £(8) = ||T|4s — X||, (B8 € (8,8)). It is necessary to
construct from the collection {Ag} taking into account the behavior of the function
£(B) "maximal” space A, such that T: A — X and ||T|A — X|| < co.

Problem 2. Let {A3} be a V-collection of Banach spaces {43}, X a Banach
space, S : X — Ag a quasilinear operator, and £(3) = ||S|X — Ag|, (B € (8,5)). It
is necessary to construct from the collection {Agz} taking into account the behavior
of the function £(/5) "minimal” space A, such that S : X — A and ||S|X — 4| < oo.

Let b € ¥{¢, Ag} and

Sobi=b Y E(BlIbilAs ) < L.

From inequality

ITOlY | =T bilY[ <Y IT0lY] <) E@B)lIbalY |
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it follows that ¥{¢, Ag} can act as A.
Let b € X and ||b|X || < 1.
From inequality
15| Agll < &£(B:)[b]X |
it follows that the space ({{, Az} can act as A.

For definiteness, it is usually assumed that limz .5 £(8) = oo, or limg_,540 £(8) =
oo, or it is assumed that a combination of singularities at the boundaries of the in-
terval (3, 3). That is why the spaces A and A are defined.

Therefore, from the theorems 3.1 and 3.3 we obtain the following extrapolation
theorems for approximation spaces.

Theorem 3.5. Let some Banach space Y be given, and let T : E(lg;a, A, B) = Y
be some linear operator whose norms for all § € (3, B) are admissible

IT|Eo(lg; r, A, B) = Y || < &(5).

Set | = ¥{& 1lg}. Then, T is bounded as an operator from Eo(l;o, A, B) to Y and
its norm does not exceed 1.

Theorem 3.6. Let some Banach space Y be given, and let S : X — E(lg;a, A, B)
be some linear operator whose norms for all B € (83, B) are admissible

151X = E(lg;a, A, B)|| < £(B).

Set | =({&: lg}. Then, S is bounded as an operator from X to E(l;o, A, B) and
its norm does not exceed 1.

We illustrate the theorems obtained for calculating concrete spaces.

Let W be the set of increasing sequences {9;}3°, each of which satisfies the
conditions: 1(0) = 0 and, for any k € N, the inequality holds 2¢x > i1 + V_1.
For every ¢ € W, Lorentz space () (Marcinkiewicz space m(v))) consists of those
{z1}5°, each of which has finite norm

k
ISt AW = Syt (6 vioa), (el = sup Pt ),

Here, the sequence {z}} is a permutation of the sequence {|z|} in non-increasing
order.

If Y, = k% (o € (0,1)), then the Lorentz space A(¢,) (Marcinkevich space
m (1)) is denoted by A* (m®). For uniformity, the Lebesgue space [P will also be
denoted by (¢, setting p = 1/a (1/0 = 00).

Lorentz and Marcinkiewicz spaces, along with Lebesgue spaces, are classical ex-
amples of Banach symmetric spaces. For more information on symmetric spaces
and permutations, see [6,14].

As in the case of a continuous measure ( [2,4]), the following theorem can be
proved.

Theorem 3.7. Fiz a pair of numbers 0 < B < B < 1, a measurable function
£ (B, B) — R, a collection of Lorentz spaces \° and a collection of Marcinkiewicz

spaces mP, (B € (B, B)).
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For each i € N, we define a function

(3.8) de(i)= inf_€(B)-i%, o (i)= sup &(B)-i".
BE(B.5) BE(B.B)

Then, the equalities hold
BY — () By
and the morms on these pairs spaces coincide.
Therefore, from the theorems 3.5 - 3.7 we obtain the following theorem.

Theorem 3.8. Fir a pair of numbers 0 < B < B < 1, a separable topological
space B that is complete with respect to the normalizing function o and a sequence
of subspaces {A;}>, satisfying the conditions (2.5). Let a collection of Lorentz
spaces N°, a collection of Marcinkiewicz spaces m®, (B € (B, B)) and a measurable
function & : (3, B) — Ry are given. For each {lg} we construct an approximation
space Eg(\°;a, A, B) and E(mP;a, A, B).

For each i € N, we define the functions ﬂg(z) and

Then, the equalities hold

(39) E{g,Eo()\B;Oé,A, B)} = EO(A(af))vaaA) B)a

%(z) by the equation (3.8).

B. — .
(3.10) (& E(m”;a, 4, B)} = E(m(y,);a, A, B),
and the norms on pairs of spaces in (3.9) and (3.10) coincide.

We show how the extrapolation theorem for classical Lipschitz spaces Lip 5.
The problem of extrapolation of Lipschitz spaces has been considered several times
before (see [10,16]). We demonstrate a new approach that allows us to consider
arbitrary growth of the operator norms. In a similar way, one can obtain theorems
of extrapolation for other approximation spaces, for example, for Besov spaces.

Theorem 3.9. Fiz 0 < 8 < B < 1. Now, let Y be some Banach space and
T : Lip f—Y some linear operator for all § € (B, B) the following relations hold

1T Lip = Y| < &(8),
lim &(B) = oc.

B—pB+0

We define the weight function w,g y by the formula wy,g y(n) = 2"8 (n =
0,1,2,...), and the function @5(2) by

(3.11) e(i) = inf{(8)27 = B € (8,8)}
for every i € N.
Moreover, we define the space

X(%g) ={a= Z@iei : Z(af - a?ﬂ)@ﬁ(i) < oo}
k=1

=1
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Finally, let o, A, B be parameters for constructing approximation spaces defined as
in Example 1. We employ these parameters to construct an approximation space

E(\(¥¢); o, A, B).
Then, T is bounded as an operator from E(X (Ve);a, A,B) to Y.

Proof. Fix 8 € (@,B), the modulus of continuity v(3,6) = §° and Lip 8. By

analogy with example 1, we construct approximation spaces F(I2° 5.y O A, B) and
Eo (I (507 Q6 A, B). Since the modulus of continuity is v(3, §) satisfies the conditions
(2.8) with

1 1
1o28 G

for any 8 € (8, 3) the equalities hold

(ZW(B),aAB) (lw(ﬁ),aAB) Lip B.

Cq4 =

The restrictions on (5, the lemma 2.2 and the theorem 3.1 imply
EO(Z{£7 wy(8,.) };OC,A, B) (E{ga wy(8, )} O‘?AaB)'

For each k € N, we define the vectors d* by d* = XF_ ef. We prove that for any
ke N

(3.12) 1212 15 = 1552 3 = e ().
For any 3 € (5, 3), from (3.11) follows the embedding
(), < 12
with a the embedding constant 1. Therefore, follows the embedding
sy
with a the embedding constant 1. From this relation it follows that

i35 I < 11248, 1233

To prove the inverse inequality, we define by = d*;b; = 0, i = 2,3,4..... Then,
the inequality holds

1 [2E (B I < EB) NI ligs, || = E(Br)ws, (k).

This inequality holds for any 3 € (8, B). Therefore,

=&, 125 I < inf{E(B)ws (k) : B € (B,B)} = ve(k).

The last formula implies
ld*|24€, 135 I < IIdk\l“’}ll

Thus, (3.12) is proved.
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Let a = Y2, ae’, a; > 0, a; | be given and Y 22, (a; — aZH)LZJé( i) < oo. Then,
a=3 py(ar— ay+1)d" and

lalX{&, 12, 3] < Z ax — ap1) [d°[SLE, 15} =

o [e.e]

(3.13) >k = are) [ | = 3 (o = aks1) e (k).

k=1 k=1
From the inequality (3.13) follows the embedding

with a the embedding constant 1. From the theorem 3.5 it follows that T is bounded
as an operator from Fy(X{¢, [ } a, A, B) toY and from E(X{¢, [ " )} a, A, B)

to Y. From the embedding (3. 14) we obtain that T is bounded as an operator from
Eo(X (1¢); o, A, B) to Y and from E(\ (e); o, A, B) to Y. O

Theorem 3.10. Fiz 0 < 8 < B < 1. Let X be some Banach space, and S : X —
Lip 8 some linear operator for all B € (B, B) the following relations hold

1S|X — Lip B|| < £(B)
lim £(8) = oo.
B—p-0
We define the weight function w,g ) by wy(s,)(n) = 2" n=0,1,2,..., and the
function 11) (i) by

(i) =sup{€(8)27 : B e (8,8)},

for every i € N. Moreover, we define the space
—{a—Za, supa ()<oo}.

Finally, let a, A, B be parameters for constructing approrimation spaces defined as
in theorem 3.9. We construct an approzimation space E(ﬁl(%), a, A, B).

Then, S is bounded as an operator from X to E(’ﬁl(%é), a, A, B).

Proof. The proof is similar to one of theorem 3.9, if for a = Y .2, aiet, a; >0, a; |
use the equality

IIZaz M €O, I = sw {&(B)supai2?} =
k=1 ,6’6(5,8) BE(B,B) v

sup{aZ sup &(PB) 2’5} —supazg{()
¢ Be(B,8)

Examples of calculating the functions ¢, yg can be found in ( [2-4]).
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