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CONSTRAINED DIFFERENTIAL INCLUSIONS WITH
NONLOCAL INITIAL CONDITIONS

ABDERRAHIM JOURANI AND EMILIO VILCHES

ABSTRACT. We show existence for the perturbed sweeping process with non-
local initial conditions under very general hypotheses. Periodic, anti-periodic,
mean value and multipoints conditions are included in this study. We give ab-
stract results for differential inclusions with nonlocal initial conditions through
bounding functions and tangential conditions. Some applications to differential
complementarity systems and to vector hysteresis are given.

1. INTRODUCTION

The sweeping process is a first-order differential inclusion, involving the normal
cone to a moving set depending on time. Roughly speaking, a point is swept by
a moving closed set. This differential inclusion was introduced and deeply studied
by Moreau in a series of papers (see [32-35]) to model an elastoplastic mechanical
system. Since then, many other applications of the sweeping process have been
given, e.g., in electrical circuits [1], crowd motion [29], hysteresis in elastoplastic
models [26], among others. While the study of the sweeping process with Cauchy
initial conditions is well known (see, for instance, [9,22,24,27,32, 33, 35, 38, 39]),
the sweeping process with nonlocal initial condition has received relatively little
attention. In the context of periodic sweeping processes, we can mention the works
of Castaing and Monteiro-Marques [11,12] for convex sets in Hilbert spaces and
Gavioli [17] for wedges sets in finite dimensions.

The first part of the paper is devoted to establishing some sufficient conditions
for the existence of perturbed sweeping processes with nonregular sets and nonlocal
initial conditions, that is, we consider the following differential inclusion:

. #(t) € =N (C(t): 2(t) + F(t,2(t))  ae. t € [T, T],
' .%'(To) = Mz,

where H is a separable Hilbert space, C': [Ty, T] = H is a set-valued map with
nonempty and closed values, N (S;-) denotes the Clarke normal cone to S and
F: [Ty, T) x H = H is a given set-valued map with nonempty, closed and convex
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values. Here M: C ([Typ,T]; H) — H is an operator (possibly nonlinear) satisfying
(1.2) Mz — My|| <mllz —ylloo  for all z,y € C([To,T]; H),

with m € [0, 1]. The class of operators M satisfying the condition (1.2) is sufficiently
large and includes the following well-known nonlocal initial conditions:

(i) Mz = z¢ (general Cauchy initial condition z(7Tp) = xo);
(ii) Mz = +2(T) (periodic and anti-periodic initial conditions);
i) Mz = 24— T 2(s)ds (mean value initial condition ;
T—To JTo
(iv) Mz = fil a;z(t;) with a; € R and Zfil |oii] <1, where Ty < t1 < -+ <
tk, < T (multi-point initial condition).

Our study is achieved through the Galerkin-Like method, introduced by Jourani
and Vilches in [23]. This method to solve differential inclusions, consists in ap-
proaching the original problem by projecting the state into a n-dimensional Hilbert
space but not the velocity. The approached problems always have a solution and,
under some compactness conditions, they converge strongly pointwisely (up to a
subsequence) to a solution of the original differential inclusion. We combine the
Galerkin-Like method with the reduction technique for the sweeping process (see,
e.g., [18,38]). The reduction technique associates to every sweeping process an un-
constrained differential inclusion, whose solutions are also solutions of the sweeping
process. In order to apply this method, the moving sets must to be positively a-far
(see definition below). The class of positively a-far sets is very general and includes
convex sets, uniformly prox-regular sets, subsmooth sets, compact wedged sets, etc.

In Sections 4 and 5, we present the main results of the first part of the paper,
namely, the existence for perturbed sweeping process with nonlocal initial con-
ditions. As a consequence, we obtain the existence of periodic solutions for the
perturbed sweeping process, which extends the results from [11,12,17]. We believe
that these results can be used for further developments in the theory of periodic
perturbations and stability for the sweeping process (see [25]).

The second part of the paper is concerned with existence of abstract differen-
tial inclusions with nonlocal initial conditions. To deal with it, we use the con-
cept of bounding functions and some tangential conditions. We say that V is a
(weak/strong) bounding function for a differential inclusion (see Definition 6.1),
when the existence of this function implies the existence of an a priori bound for
the solutions of the differential inclusion. Typically, the bounding function has
to satisfy some conditions involving the derivatives of V' (in some sense) and the
right-hand side of the differential inclusion. The idea of bounding functions was
introduced by Mawhin [30] to deal with second order boundary value problems.
Since then, it was systematically used for the study of various boundary problems
(see [7,36] and the references therein). In [30], Mawhin imposes a specific condition
relative to the second order derivatives of V', which implies the boundedness of the
solution for the second order boundary value problem. For the case of first order
differential inclusions, the concept of bounding function involves conditions on the
first order derivatives of V' and the right-hand side of the differential inclusion, in
some ring or localized in the boundary of some bounded set. Thus, the concept
of bounding function is vague and highly depending on the method to deal with
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the differential inclusion. Our definition of weak bounding function (see Definition
6.1) is taken from [7]. The use of bounding functions, generally, is related to the
Leray-Schauder continuation principle and the topological degree theory (see [7] for
more details). We emphasize that our approach make no appeal to these tools from
nonlinear analysis but merely basic elements of set-valued and variational analysis.

In Section 6 we use bounding functions to study a first order differential inclusion
with nonlocal initial conditions when H is compactly embedded in a separable
Banach space E.

In Section 7, we use some tangential conditions to get the existence of abstract
nonlocal differential inclusion in finite dimensions. These tangential conditions,
related with the weak invariance of differential inclusions, typically, involves the
intersection between the Bouligand tangent cone and the right-hand side of the
differential inclusion. Since we apply a fixed point theorem to the solution map
of the differential inclusion, a strong property is needed, namely, the intersection
between the Clarke tangent cone and the right-hand side of the differential inclusion
is nonempty (see Remark 7.2).

Finally, in Sections 8 and 9, we give, respectively, some applications to nonlocal
differential complementarity systems and to vector hysteresis.

2. PRELIMINARIES

From now on H stands for a separable Hilbert space whose norm is denoted by
| - |l. The closed unit ball is denoted by B. The notation H,, stands for H equipped
with the weak topology and z,, — = denotes the weak convergence of a sequence
(n)n to z. The support function of a set S C H is defined, for any v € H, by
o(v,8) :=supseg (v, s).

Recall that a vector h € H belongs to the Clarke tangent cone T (S; ) (see [13]);
when for every sequence (), in S converging to x and every sequence of positive
numbers (t,), converging to 0, there exists some sequence (h,), in H converging
to h such that x, + t,h, € S for all n € N. This cone is closed and convex, and its
negative polar N (S;x) is the Clarke normal cone to S at x € S, that is,

N(S;z):={veH: (v,h) <0 YheTYS;x)}.

As usual, N(S;z) := 0 if x ¢ S. Through that normal cone, the Clarke subdifferen-
tial of a function f: H — R U {400} is defined by

8f(x) = {U € H: (U, _1) € N(epl f: (I‘,f(ﬂl‘)))},
where epi f := {(y,7) € H x R: f(y) <r} is the epigraph of f. When the function f
is finite and locally Lipschitzian around z, the Clarke subdifferential is characterized
(see [14]) in the following simple and amenable way

Of(x) ={ve H: (v,h) < f°(x;h) forall h e H},

where
fo(xih) == limsup ¢ [f(y+th) - f(y)],
(ty)—=(0%,x)
is the generalized directional derivative of the locally Lipschitzian function f at z
in the direction h € H. The function f°(z;-) is in fact the support function of
Of(x). That characterization easily yields that the Clarke subdifferential of any
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locally Lipschitzian function has the important property of upper semicontinuity
from H into H,, (see definition below).

Given a lower semicontinuous function f: H — R, we define the Dini directional
derivative of f at x in the direction v, denoted D f(x;v), as

D f(z;v) := liminf flw 4 tw) - f(m)
w—v,t]0 t

Moreover, if f is locally Lipschitz, then
Df(x;v) = lirg(i)nft_1 [f(x+tv) — f(x)].

Given x € S, we say that v € H belong to the Bouligand tangent cone TP (S; x)
(see [13]), when there exist v, — v and t, — 0% such that z + t,v, € S for all
n € N. By the very definition of T2 (S;x), it is clear that

TC (S;z) C TP (S;z) forall z € S.

Moreover, equality holds when .S is convex.

Let ([To,T],L, ) be the Lebesgue measure space over the interval [Ty, 7] and
®: [Ty, T] = H be a set-valued map. We say that ® is measurable if its support
function t — o (v, ®(t)) is L-measurable for all v € H. Furthermore, let ¥: H = H
be a set-valued map with nonempty, closed, convex and bounded values. We say that
U is upper semicontinuous from H into H,, if its support function x — o (v, ¥(x))
is upper semicontinuous for all v € H.

The distance function to a set S C H at the point x € H is defined by dg(x) :=
infyeg ||z — y||. We denote Projg(x) the set (possibly empty)

Projs(x) = {y € S+ ds(x) = |z — y]]}.
The equality (see [14])
(2.1) N (S;z) = cl* (R4 ddg(x)) for xz € S,

gives an expression of the Clarke normal cone in terms of the distance function. As
usual, it will be convenient to write dd(z, S) in place of dd (-, S) (x).

Given « € (0, 1], we say that S C H is positively a-far if there exists p € (0, 4+00)
such that

o< xel(%iES) d(0,0ds(z)),

where U,(S) := {zx € H: 0 < dg(x) < p} is the open p-tube around S. This class,
introduced in [18], is broad enough to include convex sets, uniformly prox-regular
sets and uniformly subsmooth sets, among others. See [22] for more details.

We recall the Kakutani-Fan-Glicksberg fixed point (see [4]), which will be used
in the sequel.

Theorem 2.1 (Kakutani-Fan-Glicksberg). Let X be a nonempty compact convex
subset of a locally convexr Hausdorff space, and let F: K = K be a set-valued map
with closed graph and nonempty convexr values. Then the set of fized point of F is
compact and nonempty.
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A metric space X is called contractible if there exist a point zp € X and a
continuous map (homotopy) h: X x [0,1] — X such that h(z,0) = z and h(z,1) =
xo for all x € X. It is clear that convex sets are contractible. Moreover, a compact
metric space A is called an Rj-set if there exists a decreasing sequence {A,}, of
compact contractible sets whose intersection is exactly A. Furthermore, we say that
®: X 3 Y is an Rs-map if it is upper semicontinuous and takes Rs-values. The
following result is a generalization of the Bohnenblust-Karlin fixed point theorem
(see [36, Proposition 1.23]).

Proposition 2.2. Let X be a nonempty, compact and contractible topological space,
®: X =Y an Rs-map and f: Y — X a continuous function. If P: X = X is the
composition map © = f(P®(x)), then P admits a fixed point.

We denote by L' ([Ty, T]; H) the space of H-valued Lebesgue integrable functions
defined over [Ty, T]. We write LY ([T, T]; H) to mean the space L' ([Ty,T]; H)
endowed with the weak topology. A set K C L' ([T, T]; H) is uniformly integrable
if

lim | sup / 1£(s)ds
A=too | feK J{|IflI=A}

Moreover, if there exists 1) € L'(Tp, T) such that for all f € K
IFOI <o) ae. te[To,T],

then K is uniformly integrable. The following result is a well-known characteri-
zation of bounded relatively weakly compact sets in L' ([Tp, T]; H) (see [16, Theo-
rem 2.3.24]).

Theorem 2.3 (Dunford-Pettis). Let K C L' ([Ty, T]; H) be a bounded set. Then, K
is relatively weakly compact in L' ([To, T); H) if and only if K is uniformly integrable.

We recall the following characterization of weak convergence in the space C' ([To, T']; H)
(see [8, Theorem 4.2]).

Lemma 2.4. (x,), C C ([T, T]; H) weakly converges in C ([To,T]; H) to x if and
only if (xp)n is uniformly bounded in C ([To,T|; H) and x,(t) — x(t) for all t €
[Ty, T).

A function u belong to W ([Ty, T); H) if there exists f € L' ([Ty, T); H) and a
fixed element ug € H such that u(t) = ug + fT s)ds for all t € [Tp, T).

A separable Hilbert space (H, ||-||) is compactly embedded in a separable Banach
space (E,| - ||g), we write H — E, if there exists C' > 0 such that ||z||g < C||z|x
for all x € H and every bounded set in H is relatively compact in F.

Let (en), ey be an orthonormal basis of H. For every n € N we consider the

linear operator P, from H into span{ey,...,e,} defined by
o n
p, (Z (z,er) ek> = Z (x, er) ek
k=1 k=1

These operators are the key elements of the Galerkin-like method, introduced in [23].
The following result summarize the main properties of the linear operator P, .
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Lemma 2.5.

(i) (| Pu(2)|l < ]| for all x € H;

(i) < (), x — Py(x)) =0 for allz € H;

(iii) Pp(z) = = asn — 400 for all z € H;

(iv) if (zn)n is a bounded sequence with x, — x as n — +oo then P,(x,) — x
as n — +00o;

(v if B C H s relatively compact then sup ||z — P,(x)| — 0 as n — +o0.
z€B

Lemma 2.6 ([24]). If S C H is a ball compact set, then
x — o Projg(z)
x ¢ 8.
sw

The following result may be proved in the same way as [24, Lemma 4.4] (see
also [22, Lemma 5.7]).

ddg(z) =

Lemma 2.7. Let x: [Ty, T] — H be an absolutely continuous function, P: H — H
be a linear operator and C': [Ty, T] = H be a set-valued map with nonempty and
closed values satisfying

lde) (2) = dogs) (@) <IC(#) = C(s)] - for allx € H and s,t € [Ty, T},

for some ¢ € WhY (Ty,T). Then, the following assertions hold true:

(i) The function t — d(P(x(t)); C(t)) is absolutely continuous over [Tp,T).
(ii) For allt €]Ty, T[, where ((t) and @(t) exist,

fm s ~ [deqees)(Pa(t + ) = dog (P((1)]

150] +hn81¢soup [dog (P(a(t+ 5))) = dog (P(x(t)))] -

(iii) For allt €|To, T[, where x(t) exists,

hmsup [do (P(x(t +5))) — dog (P(a(1))] < max (v 2()) -

510 y*€0dg (1) (P(z(t)))
(iv) For allt € {s € [To,T]: P(z(s)) ¢ C(s)}, where &(t) exists,
li d t —d P(x(t = i * P(x(t))) .
i [dog(Pla(t +5)) — doqy (PG(O)] = min (s P(E(0)

(v) For every x € H, the set-valued map t = dd(P(z),C(t)) is measurable.

3. TECHNICAL ASSUMPTIONS

For the sake of readability, in this section we collect the hypotheses used along
the paper.

Hypotheses on the set-valued map C': [Ty, T] = H: C is a set-valued map with
nonempty and closed values. Moreover, we will consider the following conditions:

(H1) There exists ¢ € W (T, T) such that for s,t € [Ty, T] and all z € H
|d(z, C(t)) — d(x, C(s))| < [C(E) = C(s)]-
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(Hz2) There exist two constants ag € (0,1] and p € (0,400) such that

0<ap< inf d(0,0d(xz,C(t .e. t € [Ty, T,
a0 < inf  d(0,0d(z,C) ae.telT]

where U,(C(t)) :={y € H: 0 < d(y,C(t)) < p} for all t € [T, T].
(H3) For all t € [Ty, T], the set C(t) is ball compact, that is, for every r > 0 the
set C'(t) N rB is compact in H.

Remark 3.1. The condition (H2) holds true for a big family of sets, e.g., convex
sets, r-uniformly prox-regular sets, equi-uniformly subsmooth sets, etc (see [22]).

Hypotheses on the set-valued map F: [Ty, T] x H = H: F is a set-valued map
with nonempty, closed and convex values. Moreover, we will consider the following
conditions:

(HE) For all x € H, F(-,x) is measurable.
(HE) For ae. t € [Ty, T], F(t,-) is upper semicontinuous from H into H,,.
(HEY) There exists 3 € L' (T, T) such that

d(0,F(t,x)) := inf{||w||: w € F(t,x)} < 5(¢t),

for all x € H and a.e. t € [Tp, T].
(HE) For all r > 0 there exists v, € L'(Tp, T) such that for a.e. t € [Ty, T] and
all x € H with ||z|]| <r

d(0,F(t,x)) := inf{[|w|: w € F(t,x)} < v:(t).
Moreover, in the case where (H, || - ||z) is compactly embedded in a separable Ba-

nach space (E, || - ||g), we will consider the following hypothesis on F
(HLY) For ae. t € [Ty, T), F(t,) is closed from E into E,,, that is, graph F(t,-) is
closed in F x E,,.
Hypotheses on the map M: C ([Ty,T); H) — H:
(HM) There exists m € [0, 1) such that

Mz — My|| <m|z—y|le forall z,y e C([To,T);H).
(HAT) For all x,y € C ([To, T); H)
Mz — My| < ||z = ylloo-

(Héw ) M is sequentially weakly upper semicontinuous, that is, if =, — =z in
C ([To,T]; H) (see Lemma 2.4), then Mz, — Mz in H, for some subse-
quence (x)r of (zp)n.

Remark 3.2. a) If M: C([Ty,T); H) — H is linear and continuous, then
(H31) holds.
b) The conditions (H2!) and (H3?) hold for the following operators:

i) Mz = xo;
i) Mz = +x(T);
iii) Mz = T%Tof;; z(s)ds;
iv) Mx = fil a;x(t;) with a; € R and Zfil || < 1, where Ty < t1 <

<ty < T
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4. PERTURBED SWEEPING PROCESS WITH NONLOCAL INITIAL CONDITIONS

In this section, we prove existence results for (1.1) in infinite dimensional Hilbert
spaces. We distinguish between the contractive case (H) (see Theorem 4.2) and
the nonexpansive case (H3!) (see Theorem 4.4). Our results are associated with the
existence of a closed convex set D so that MC C D C C(Tp), where

(4.1) C:={z e WhHi ([Ty,T]) : z(t) € C(t) for all t € [Ty, T]}.

This condition seems very natural because the constrained nature of the sweeping
process. Moreover, unlike the contractive case, we have to impose a boundedness
condition on the set D to assure the existence of solutions of (1.1).

Before presenting the main results of this section, we want to emphasize the role
of condition (H3). Indeed, the compactness hypothesis (H3) seems to be a strong
assumption, but it is not. We refer to [23] for an example of a perturbed sweeping
process with Cauchy initial condition, governed by a ball, without solutions.

The following lemma will be used in the construction of the fixed point operator
used in the proof of Theorem 4.2.

Lemma 4.1. Assume that (HM) holds. If f € L' ([Ty,T); H), then there exists a
unique solution of the following differential equation:

z(t) = f(t) a.e te[Ty,T],

1
Moreover, [2(t)]| < 5 (||M0|\ + fy ||f(s)\|ds) for all t € [T, T).

—m

Proof. Fix x¢g € H. For each n € N we define
¢
(4.2) Tpt1(t) = Mzy, + [ f(s)ds forall t € [Ty, T).
To

Then, for all n > 1
[#n41(t) — 2 (t)|| = |Man — Mzn_|| < mllzn — 2n-1]|co-

Therefore, ||[n+1 — Tnlloo < M|y — Tn-1]|co for all n > 1, which proves, since
m € [0, 1), that (x,), is a Cauchy sequence in C ([Tp, T|; H). Therefore, by passing
to the limit in (4.2), we obtain the result. O

The following result asserts the existence of solutions for (1.1), when the operator
M 1is a contraction.

Theorem 4.2. Let F: [Ty, T] x H = H be a set-valued map satisfying (HY), (HE)
and (HL) and C: [Ty, T) = H be a set-valued map satisfying (H1), (Ha) and (Hs).
Assume, in addition to (H), (HY), that there exists a convex set D such that
MC C D C C(Ty), where C is given by (4.1) and

(4.3) (1 + O;) /TOT (|¢(s)| + ﬁ(s)> ds < p.

0
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Then, there exists at least one solution of (1.1). Moreover,
. 1. 1
601 £ K01+ (145 ) 80 ae. t€ 1,11
ag af
Proof. Let us define the set-valued map G: [Ty, T] x H = H by:
G(t,2) == —— (I + B()) 0dcy) (2) + F(t,2) N BB,
0

It is clear that G satisfy (HI") and (HZ).

The idea of the proof is to use the reduction technique for the sweeping process to-
gether with the Galerkin-like method. The reduction technique consists in showing
the existence of solutions of the following unconstrained differential inclusion:

{ i(t) € G(t,z(t)) ae. te[Ty,T),
(

(4.4) 7o) = Ma

Thus, by formula (2.1), every solution of (4.4) together with the condition x(t) €
C(t) for all t € [Ty, T, is a solution of (1.1). Since it is not possible to prove directly
the existence of (4.4), we use the Galerkin like-method, that is, we approach (4.4)
by projecting the state into a n-dimensional Hilbert space.

The proof will be divided into several steps.
Step 1: For each n € N there exists at least one solution x,, of

(45) z(t) € G(t, Pp(x(t))) a.e. t € [Ty, T,
' 2(To) = projp (P (Mz))
where P,: H — span{ey,...,e,} is the linear operator defined in Lemma 2.5.
Proof of Step 1: Let K C L1 ([To,T]; H) be the set defined by
={f e L' ([To, T H) - IF ()]l < ©(t) ae. t € [To,T]},

where

1 ; 1
(4.6) Y(t) == ()] + <1 + 2> B(t) for all t € [To,T).

@0 o

It is clear that K is nonempty, closed and convex. In addition, since v € L(Tp, T),
K is bounded and uniformly integrable, hence, it is compact in L. ([T, T]; H)
(see Theorem 2.3). We observe that K, endowed with the relative L} ([To, T); H)
topology is a metric space (see [15, Theorem V.6.3]). Define the map F,,: K
L' ([Ty,T); H) as

Fulf) :={v e L' ([T, T); H) : v(t) € G(t, Po(x4(t))) ace. t € [Ty, T},

where for each f € K, z is the unique solution (see Lemma 4.1) of
z(t) = f(t) a.e. t € [Ty, T,
{ #(Ty) = projp (Pa(Mz)) .
By (HI), (#f) and [3, Lemma 6], we conclude that F,,(f) has nonempty, closed
and convex values. Moreover, F,(K) C K. Indeed, if f € K and v € F,(f) then,
[o(®)ll < sup{lwl: w € G(t, Palas ()} w(t) for ae. t € [T, T].
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We denote by K, the set K seen as a compact and convex subset of Ll ([Ty, T]; H).
Claim 1.. F, is upper semicontinuous from K, into K.
Proof of Claim 1.: By virtue of [21, Proposition 1.2.23], it is sufficient to prove that
the graph graph(F,) of F, is sequentially closed in K, x K.

Let ((fj,vj)); € graph(Fy) with f; — f and v; — v in LY ([To, T); H) as j —
+oo. We have to show that (f,v) € graph(F,). We first note that,

(4.7) v;(t) € G(t, Py (zy,(t))) for ae. t € [Ty, T].
Moreover, since f; € K and Lemma 4.1, we have that
(4.8) &g O = 1£@l < (@) ae te[To,T],
and
1 T
(49 Jap@l < — <uprojD<Pn<Mo>>\ v w<s>ds) Vit € [To, T).
0

On the one hand, let us consider P := {iy:j € N} C L'([To,T]; H). Ac-
cording to (4.8), the set P is bounded and uniformly integrable. Thus, as a re-
sult of the Dunford-Pettis theorem (see Theorem 2.3), P is relatively compact
in L, ([To, T]; H). Therefore, there exists a subsequence of (iy,) (without rela-
beling) converging to some v € Ly, ([To, T]; H). Now, let S := {zy,: j € N} C
L ([To, T); H). Then, due to (4.9) and the Dunford-Pettis theorem (see Theorem
2.3), S is relatively compact in L. ([Tp,T]; H). Consequently, there exists a subse-
quence of (xy,); (without relabeling) converging to some z € L, ([To, T]; H).

On the other hand, due to (4.8) and (4.9), the sequence (zy,); is uniformly
bounded in WHl ([Ty, T); H) and in L* ([Ty,T]; H). Therefore, by result of [31,
Theorem 0.2.2.1], there exists a subsequence of (zy,); (without relabeling) and a
function Z such that

(4.10) wy;(t) — &(t) weakly as j — +oo for all ¢ € [Tp, T'.

Moreover, by virtue of [16, Proposition 2.3.31], z = . Now, we prove that v = .
Indeed, let w € H and t € [Ty, T] be fixed. Then,

¢ T
(411)  (xy,(t) —xp, (To), w) = /T (&g, (s),w) = /T (&g, (s),w- Ly () ds,

where

]_’ if s € [T07ﬂ7
1 =
(70,4 (5) {0, if s €Jt,T7,

belongs to L> ([Ty, T); H). Moreover, due to (H3") and Lemma 2.4, Mzy, — Mz in
H (without relabeling), which implies, by the definition of P,, that P, (M T fj) —
Po(Mzx). Thus, xy,(Ty) — projp (P,(Mz)). Therefore, using (4.10), the weak
convergence of iy, to v in L' ([Tp,T]; H) and passing to the limit in (4.11), we
obtain

t
(x(t) — projp (Pp(Mx)) ,w) = /T (v(s),w)ds forall we H.
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Thus
t

x(t) = projp (Pn(Mx)) +/T v(s)ds for all t € [Ty, T).

Therefore, we have proved the existence of a subsequence of (xy,); (without rela-
beling) and an absolutely continuous function z: [Ty, 7] — H such that
xy,(t) — z(t) weakly for all t € [Tp, T1,
xy, — @ in Ly, ([T, T); H),
iy, — @ in Ly, ([To, T); H)
z(t) = projp (Pn(Mx)) + Tt f(s)ds for all ¢t € [T, T.
0

Moreover, by the definition of P, Py(zy,(t)) — Pu(z(t)) for every t € [T, T].
Consequently, by virtue of (4.7), the upper semicontinuity of G(¢,-) from H into
H,, and [16, Proposition 2.3.1], we obtain, for a.e. ¢t € [Ty, 7]

u(t) € comv w- lim sup{vm (t)} C comv G(t, By (z(t))) = G(t, Pa(z(t))),

m——+00
which shows that (f,v) € graph (F,,), as claimed. O
Now, we apply the Kakutani-Fan-Glicksberg fixed point theorem (see Theorem
2.1) to the set-valued map F,: K,, = Ky, to deduce the existence of f, € K such

that fn e Fn <fn> Thus, the function z,, := x; € Wbh! ([Tp, T]; H) is a solution

of (4.5), which proves Step 1. " O
Step 2.: There exists € W ([Tp, T); H) solution of
x(t) € G(t,z(t)) a.e. t € [Ty, T,
(4.12) x(t) € C(t) for all t € [Tp, T,

z(Tp) = projp (Mz).
Proof of Step 2.: For each n € N, let x,, be a solution of (4.5) and for all t € [Ty, T
define
pn(t) = dow) (Pa(za(t))  and  Tn(t) := ddog (Pu(@n(t)))-

T
Then, according to Step 1, there exist f,,(t) € F(t, Pp(x,(t))) N B(t)B and d,(t) €
I',,(t) such that

in(t) = =5 (1014 B0) du(®) + £u(8)  ne. t € [1.T)

zn(To) = projp(Pn(Mxy)).
Moreover, according to (4.9), for all t € [Tp, T

(4.13)

T
(4.14) lzn (8] <

1 —1m <|| projp (Pn(MO0)) || +/

To

o(s)ds).

where v is defined by (4.6). Therefore, (), and (P,(zy))n are uniformly bounded
in C ([To, T]; H).
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Claim 2. EIJP on(Th) = 0.
Proof of Claim 2.: Indeed, since (z,(1p)), is bounded (see (4.14)), there exists a

positive number R such that (z,(Th)), € DNRB C C(Tp) N RB. Hence, due to the
ball compactness of C(Tj) and Lemma 2.5,

limsup o (1) = limsup [d ) (Puea(To)) — dey (2n (T0))]

n——+00

< limsup (|2, (To) — Pn(zn(T0))l|

n—-+0oo

< limsup sup Hm — Pn(HT)H
n—+00 e DNRB

= 07

which proves the claim.

From now on, without loss of generality, due to Claim 2 and condition (4.3), we
may assume that for all n € N

1N [Ty
(4.15) enl) + (14 %) (o1 5) s <
Claim 3.: For all t € [Ty, T
t .
(@16 GO <en@) + 5 [ (1664 56) swp o - Pule)|Pds
agy JT1y TEA(s)
where

1 ) T
R:=p+ —0 <Sup | projp (Pn(MO))|| + w(S)dS>
— M \neN To

and, due to (H3), A(t) :== <o (C(t) N RB) is relatively compact for every t € [Tp, T].
Proof of Claim 3.: The idea of the proof is to use (Hz2). To do that, we proceed
to show first that ¢, (t) < p for all ¢t € [Ty, T]. Indeed, let t € [Tp,T] where @, ()
exists. Then, due to (ii) and (iii) of Lemma 2.7 and (4.13),

Pa(d) SICOI+ max (47, P (dn(1)))

< IO + )]
< (1+ 3 (eon+ s

Therefore, according to (4.15), for all ¢t € [To, T
1Y ("
enl®) < enl@) + (1423 ) [ (0614 89) ds <
@0 To

as claimed. O
Now, let t € Q,, := {t € [To,T]: Pp(xn(t)) ¢ C(t)} where i,(t) exists. Then, due
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to Lemma 2.7,
Pa(t) <ICEH)+ min (y*, Py (@(1))

yefn(
SO (|c<t>r+5< )) {dn(t), Pa(dn(t)))
+< 0Pl >>
01+ 50) (1= 25 (@) Palan(0))
Qg

Moreover, due to (7—[2),
- <dn(t)v Pn(dn(t))> = <dn(t)v n(t) - Pn(dn(t))> + <dn(t)7 _dn(t»

Hence, for a.e. t € Q,,
bult) < o (1K1 + BO) ldalt) = Pulcn )

Furthermore, for ¢ € €2, since dy(t) € I';,(t), Lemma 2.6 ensures the existence of
gn(t) € €0 Proje s (Pn(zn(t)))
such that )
dn(t) = ——= (B, t)) — t)).
n(t) O (Pr(zn(t)) = gn(t))
Thus, by virtue of (4.14) and the inequality ¢, (t) < p for all ¢t € [Tp,T],

1gn (O] < @n(t) + [|Pn(zn(0))]
1 , ¢
<ot 2 (Ipmoin(Pa 00N + [ vio1as)
—-m TO
<R,
which entails that g, (t) € A(t) for all t € Q,,. Thus, for every ¢ € 2,
Pu(t)?l1dn(t) = Paldn(t)I* = llgn(t) = Pu(ga(®)II* < sup lz — P ().
TEe

Therefore, for ¢t ¢ Q,, we obtain that for t € [Ty, T
t

S (1) = o5(To) + 3 / 2 ()¢n(s)ds

To

t .
<M+ [ (6)1+8)) sup 1z = Puo)|Pds,

0 TEA(s)

as claimed. [l
Claim 4.: EI_P on(t) =0 for all t € [Ty, T7.

Proof of Claim 4.: Fix t € [Ty, T]. Since A(t) is relatively compact, Lemma 2.5 2.5
asserts that

lim sup ||z — P,(x)|| =0.
Jm s e = Pua)]
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Hence, by Fatou’s lemma and (4.16),

¢
limsupgoi(t) < ?;limsup/ (|C(s)\ +B(s)> sup ||z — Pn(a:)||2ds

n—r+00 ay n—+oo JTy TEA(S)

< % /t <\C(s)] + B(s)) limsup sup ||z — P,(x)|*ds

0 JTo n—+00 zEA(s)
=0,

as required. O
Claim 5.: (P, (x,(t)))y is relatively compact for all ¢ € [Ty, T).

Proof of Claim 5.: Fix t € [Ty, T] and let s,(t) € Proje(y) (Pa(2n(t))) (this pro-

jection is well defined because (P, (zy))n is uniformly bounded in C([Ty,T]; H)).

Then, as a result of (4.14),

[sn (O] < (&) + [ Pa(zn(®))]

T
<ot o (Ivroin (010D 1+ [ w(s)as)

where we have used (4.14) and the definition of R. Hence, s,(t) € C(t)N RB. Thus,
due to the ball compactness of C(t), there exists a subsequence of (s, (t)), (without
relabeling) such that s, (t) — s(t) as n — +o0. Therefore, by virtue of Claim 4,

limsup || P (2 (t)) — s()[| < limsup [[| B (2n(t)) = sn ()] + llsa(t) — s()]]

n—-+4o00 n—-+4o0o

< limsup [@n(t) + ||sn(t) — s(t)|]]

n—-+oo

:07

which proves the claim. O
Claim 6.: There exists a subsequence (xy) of (z,,), and an absolutely continuous

function x such that

(i) zx(t) = x(t) in H as k — +oo for all ¢ € [Ty, T1,
(i) xp — z in L' ([To, T); H) as k — 400,
(iii) 4x — @ in L' ([Ty,T); H) as k — +o0,
(iv) ||z(t)|| < 9(t) a.e. t € [To,T], where 1 is the function defined in (4.6).

Proof of Claim 6.: Tt follows from similar arguments given in Claim 1. g
Claim 7.0 Pg(xp(t)) — x(t) as k — 4o for all t € [Ty, T1.

Proof of Claim 7.: Fix t € [Tp,T]. Since xk(t) — z(t) as k — +oo, from 2.5 of

Lemma 2.5, it follows that Py (x(t)) — z(t). Hence, due to the relative compactness

of (Py(zk(t)))r (see Claim 5), the claim is proved. O
Claim 8.: For all t € [Ty, T, z(t) € C(t).
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Proof of Claim 8.: Fix t € [Ty, T]. Then, due to Claim 4 and Claim 7,
de (x(t)) = l,igm Sup (dew(@(t) = dow (Pe(zr(t))) + dow (Pr(zk(t))))
—+00

< limsup (||z(t) — Pg (zx(t)) || + @r(t))

k——+o0

=0,
which proves the claim. O

Summarizing, we have

(i) For each z € H, G(-, x) is measurable,

(ii) for a.e. t € [Ty, T], G(t,-) is upper semicontinuous from H into H,,

(iii) &x — @ in L ([T, T); H),

(iv) Pg(zg(t)) — z(t) as k — +oo for a.e. t € [Ty, T,

(v) for all k € N, @4 (t) € G(t, Py(zx(t))) for a.e. t € [Tp, T).

These conditions and the convergence theorem (see [3, Proposition 5] for more
details) imply that z is a solution of (4.12), which finishes the proof of Step 2. O

Step 3: The theorem holds.
Proof of Step 8: Since z(t) € C(t) for all t € [Ty, T], © € C (see (4.1)). Thus,
Mz € D and, hence, x(Ty) = projp(Mz) = Mz, which proves the theorem. O

Remark 4.3.

(1) The hypothesis (H1) in Theorem 4.2 can be replaced by the following more
general condition: There exist o, 3 € L' (T, T) with f;‘g a(s)ds <1 —m
such that

d(0, F(t,x(t))) := nf{|lw]: w € F(t, )} < a(t)llz] + B(2),

for all z € H and a.e. t € [T, T]. Indeed, by virtue of Gronwall’s inequality,
it is possible to prove that every solution of (4.4) satisfies

1 T
Tlloo < R := MO +/ ws)ds>,
el < Rim (1ason-+ [ ot
where 1 is given by (4.6). Define

(2) = x if ||z|| < R,
PRI = R2 if ||z > R.

[E3]

Then, by using the set-valued map G(t,z) := G(t, pr(x)) instead of G in
(4.4), we have that G satisfies (H4) and the same proof applies.

(2) When H is a finite dimensional Hilbert space, the condition (H1") in Theo-
rem 4.2 can be removed. Indeed, it suffices to use Arzela-Ascoli’s theorem
in Step 1 and Step 6 instead of [31, Theorem 0.2.2.1].

The following result deals with the nonexpansive case. We emphasize that con-
trary to the contractive case (Theorem 4.2), it is not posible to assure the bounded-
ness of solutions of (1.1) without any additional condition. Therefore, to overcome
this difficulty, we assume the boundedness of the convex set D.
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Theorem 4.4. F': [Ty, T)xH = H satisfying (Hi), (HL) and (HE) and C: [Ty, T] =
H be a set-valued map satisfying (H1), (H2) and (Hsz). Assume, in addition to
(HA), (HAT), that there exists a convex and bounded set D such that MC C D C
C(Ty), where C is given by (4.1) and

(4.17) O+1;>[:(K®ﬂ+6®»ds<p

0
Then, there exists at least one solution of (1.1). Moreover,

mwus;mu»+ﬁ+igﬂw we. t € [T, T].
0 0

Proof. For each k € N, let x;, be a solution (whose existence is guaranteed by Step
2. of the proof of Theorem 4.2) of the following differential inclusion:

(1) <~ (K01 + 510)) Dot (o18)

+ F(t,z(t)) N B(t)B a.e. t € [Ty, T,
z(t) € C(t) for all t € [Tp, 17,

. k

Then, (xx(70))r € D C C(Tp). Thus, since D is bounded, there exists R > 0 such
that (l‘k(To))k C D C RB. Hence, for all k € N and all t € [T, T

um@hwmmm+éwmmWSR+A<§?+(HQ95@>M

This inequality shows that (xy) is bounded in C ([Ty, T]; H) and, due to (H3), this
gives that the sequence (zj())r is relatively compact for all ¢ € [Ty, T']. Therefore,
by using Arzela-Ascoli and Dunford-Pettis theorems, we obtain the existence of a
subsequence of (zy)x (without relabeling) and an absolutely continuous function
x: [Ty, T] — H such that

(i) (x)r converges uniformly to = on [Ty, T,

(i) & — 4 in L' ([To, T); H).
These conditions and the convergence theorem (see [3, Proposition 5| for more
details) imply that x satisfies

(1) € ~ o (K01 + 510)) D (a(2)

4 F(t,z(t) N BB ace. t e [To,T),
x(t) € C(t) for all t € [Tp, T,
z(Ty) = projp(Mw).

Moreover, since z(t) € C(t) for all t € [Ty, T], v € C (see (4.1)). Thus, Mz € D.
Therefore, x(Ty) = projp(Mx) = Mz, which proves the theorem. O

¢

Remark 4.5. When H is a finite dimensional Hilbert space, the condition (H2!)
in Theorem 4.4 can be removed (see Remark 4.3).
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When M is a positively homogeneous, conditions (4.3) and (4.17) in Theorems
4.2 and 4.4, respectively, can be removed.

Theorem 4.6. Let F: [Ty, T] x H = H be a set-valued map satisfying (H'), (HL)
and (HL) and C: [Ty, T] = H be a set-valued map satisfying (H1), (Ha) and (Hs).
Assume that M is positively homogeneous, satisfies (’Héw) and there exists a convex
set D such that MC C D C C(Tp), where C is given by (4.1). Assume that one of
the following two conditions is satisfied:

i) (H) holds.
ii) D is bounded and (HA') holds.

Then, there exists at least one solution of (1.1).

Proof. Let us consider the set-valued map C(t) := $C(t) and F(t,z) = 1F(t, A\z),
where A > 0 is such that

14—
of

Then, for all s,t € [Ty, T] and = € H

/ " (1)1 + 85)) ds < .

To

1 1
\dey @) () = doy () ()| = X |dew(Ar) — des) (Ax)| < X|C(t) —((s)]-

Therefore, according to Theorem 4.2, in the first case, and Theorem 4.4, in the
second case, there exists a solution ) of

(1) € =N (Cx(t); 2 (1)) + Fx(t, z(t)) N 5(;)153 ae. t € [Ty, T,

.%‘)\(To) = M:E)\.

Define x(t) := Az (t). Then, since M is positively homogeneous, it is not difficult
to verify that z is a solution of (1.1). O

Remark 4.7. The argument given in the proof of Theorem 4.6 shows that there
are infinitely many solutions of the nonlocal problem (1.1).

As a consequence of Theorem 4.6, we obtain the existence of periodic solutions of
the perturbed sweeping process. The following corollary extends the results given
in [17] and [11,12], where the authors showed the existence, respectively, for wedged
and convex sets compact sets.

Corollary 4.8. Let F: [Ty, T]x H = H be a set-valued map satisfying (HL') , (HE)
and (HL) and C: [Ty, T] = H be a set-valued map satisfying (H1), (Ha) and (H3).
Assume that there ezists a convex and bounded set D such that C(T)) C D C C(1y).
Then, there exists at least one solution of

#(t) e =N (C(t);z(t)) + F(t,z(t)) a.e. te[Tp,T],
z(Ty) = x(T).

Proof. Let Mz = x(T). Then, M satisfies (H3!), (#3!) and MC C C(T) C D.
Therefore, the result follows from Theorem 4.6. O
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The following result, which is a direct consequence of Theorem 4.6, deals with
several common nonlocal initial conditions for the sweeping process governed by a
fixed set C.

Corollary 4.9. Let F: [Ty, T| x H = H satisfying (HY), (HL) and (HL) and C C
H be a fized compact and convex set. Assume that the operator M : C ([Ty,T]; H) —
H is one of the following operators:

(i) Mxz = z(T) (periodic initial condition);
(i) Mx = T%TO fYTo x(s)ds (mean value initial condition);
(iii)) Mz = Zfil a;x(t;) with a; € RT and Zfil a;j =1, where Ty <t < -+ <
tky < T (multi-point initial condition).

Then, there exists at least one solution of
(t) € =N (C;z(t)) + F(t,z(t)) a.e. t € [T, T,
x(Ty) = Mzx.

Moreover, ||z(t)]] < 26(t) for a.e. t € [Ty, T).

5. SWEEPING PROCESS GOVERNED BY CONVEX SETS WITHOUT COMPACTNESS

In Theorems 4.2 and 4.4, we gave existence results for the sweeping process with
nonlocal initial conditions. In these two theorems, due to the presence of the strong-
weak upper semicontinuity and set-valuedness of the perturbation, it is assumed that
the moving sets are ball compact (see (H3). In fact, the ball compactness hypothesis
(Hs3) seems to be a strong assumption, but it is not. We refer to [23] for an example
of perturbed sweeping processes with Cauchy initial condition, governed by a ball,
without existence of solutions. Nevertheless, in the case where the moving sets C(t)
are convex for all ¢t € [Tp,T] and the perturbation is single-valued and one-sided
Lipschitz (see Assumption 3. in Theorem 5.1), it is possible to obtain similar results
to Theorems 4.2 and 4.4, without the ball compactness of the moving sets.

The following result improves [11, Theorem 4.7], where the existence of periodic
solutions of the sweeping processes is addressed for compact convex moving sets in
finite dimensions.

Theorem 5.1. Let F': [Ty, T]| x H — H be a function satisfying
(1) For every x € H, F(-,x) is measurable.
(2) For everyt € [Ty, T], F(t,-) is strongly-weakly continuous.
(3) For a.e. t € [Ty, T) and all z,y € H
(F(t,z) = F(t,y),z —y) < w()]z -yl
where w € L*(Ty, T).
(4) There exists d > 0 such that, for allt € [Ty, T] and all x,y € H
[E@ )| <d 1+ flz]) .

Assume, in addition to (H1), that the sets C(t) are convex for all t € [To,T] and
there exists a convex a bounded set D such that MC C D C C(Ty), where C is given
by (4.1). Assume that one of the following conditions is satisfied:
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; M — t
(i) (H{") holds and o :=m x tem[Tag?%] exp (fTo w(s)ds) < 1.

(ii) D is bounded, (H3") holds and w is nonpositive.

Then, there exists at least one solution of (1.1).
Proof. Let us consider the perturbed sweeping process with Cauchy initial condition:

&(t) € =N (C(t);z(t)) + F(t,xz(t)) a.e. te [Ty, T],
x(TO) =ac C(To).
Due to [40, Theorem 3.1] (see also [41, Theorem 5.7]), this differential inclusion has

a unique solution, denoted by x,. Moreover, if a1, as € C(Ty), then for i = 1,2

(5.1) |Ta, (8) — x4y (2)]| < exp (/T w(s)ds) |lar —az| ae. t € [To,T].

Indeed, if a;, a2 € C(Tp), then for i = 1,2

Tq; € =N (C(t); 24,(t)) + F(t,24,(t)) a.e. te [Ty, T],
that is, for i = 1,2 and for a.e. ¢t € [Ty, T]

(—Za,(t) + F(t,x0,(t)),y — xq,(t)) <0 forall y € C(t).
Since for i = 1,2, z,, € C(t) for all t € [Ty, T}, for a.e. t € [Ty, T

<_:ta1 (t) + F(t> Lay (t))7 Lay (t) — Tay (t)> <0,
<_5ta2 (t) + F(t> Lay (t))7 Lay (t) — Zay (t)> < 0.

By adding these two inequalities, we obtain for a.e. t € [Ty, T

1d
3 1% () = ay (DN < (F(t, 20, () = F(t, 205 (1)), %ay (8) = 2y (1)) -
Hence, due to Assumption 3., for a.e. t € [Ty, T

1d |
2 dt
which, by elementary calculations, proves (5.1).

Let F: D — H de the operator defined by F(a) = Mz,. Then, since MC C D C
C(Ty), F(D) € D. We now distinguish two cases:

(a) Assume that (i) holds: The hypothesis (%) and (5.1) implies that for any
a,be C(To)
|F(a) = FO) = [|Mxq — M|
t
<mx sup exp (/ w(s)ds) la — b
tG[To,T} To
< aHa - b”7

|Zay (1) = Tay (D] < w(B)l|7a, (1) — 2ay (D)1,

where, by assumption, o < 1. Therefore, F is a contraction, thus, it admits
a fixed point.



482 A. JOURANI AND E. VILCHES

(b) Assume that (ii) holds: The hypothesis (#27) and (5.1) implies that for any
a,be C(Tg)

[F(a) = FO) = [|Mzq — Myl

t
sup exp </ w(s)ds) lla — bl
tE[T(),T] To

< ||a - b”v

IN

where we have used that w is nonpositive. Therefore, F: D — D is a
nonexpansive operator between bounded sets in Hilbert spaces, thus, due
to [10, Theorem 1], it admits a fixed point.

Therefore, in any case, the operator F admits a fixed point. Finally, it is clear that
any fixed point of F is a solution of (1.1). O

6. THE CASE OF H IS COMPACTLY EMBEDDED IN A BANACH SPACE F

In this section we assume that (H, | - ||z) is compactly embedded in a separable
Banach space (E, || - ||g) (for example, H = H*(Q)) and E = L?(Q2), where Q C R"
is an open domain with Lipschitz boundary).

Let F: [Ty, T] x H = H be a set-valued map satisfying hypotheses (H{) and
(HL). In this section we study existence of solutions for the following differential
inclusion:

(6.1) { o(t) € F(t,z(t)) ae. te [Ty, T,

QT(T(]) = Mac,

where M: C ([To,T); H) — H is a (possibly nonlinear) operator and F' satisfies
the additional hypothesis (HZ') (see Section 3). We emphasize that several control
problem for first-order partial integro-differential equations (e.g., with H = H'()
and E = L?(Q2)) can be formulated as (6.1) (see, e.g., [6,7]).

Now we introduce the concept of bounding function. We distinguish between
weak and strong bounding function according to whether the infimum or the supre-
mum over F' is considered. We point out that our definition of weak bounding
function coincides with the given in [7] under the name of merely “bounding func-
tion”.

Definition 6.1. Let V: H — R be a locally Lipschitz function such that V(z) =0
for ||z||g = Ro and V(z) < 0 for 7o < ||z||g < Ro.
(a) We say that V is a weak bounding function if V is C! in the ring {x €

H: ro<|z|lg < Ro} and there exists a sequence (n,,), C N converging to
+o00 such that for a.e. ¢ € [Tp, T

: < .
62 p o (TV(RL (@) Pa(d)) €O for all v < [Py, (@)1 < Ry
(b) We say that V is a strong bounding function if there exists a sequence
(nm)m < N converging to +oo such that for a.e. ¢ € [Tp,T] and all

ro < [P, ()|l H < Ro

G3) S min{DV(Pa(2); Pa, (@), D=V)(Pr,, (2); ~Pa, ()} < 0.
deF (t,Pn,, (x))
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Remark 6.2. (i) If V is differentiable at z, then
min{DV (z;d), D(=V)(z; —d)} = (VV(x),d) .

Thus, if V is differentiable in the ring {x € H: 9 < ||z|lg < Ro}, then
every strong bounding function is indeed a weak bounding function.
(ii) The bounding function is unaffected by changing F' outside the ball RyB.

(iii) When V(z) := 3 (||lz[|% — R3), the notion of weak bounding function is

equivalent to the well known “Hartman’s type condition” (see Example 7.5):
For a.e. t € [Ty, T
inf (VV(z),d) <0 forall g < ||z||lg < Rp.
deF(t,x)

By using the notion of bounding function, we can prove an existence result for
(6.1). The statement (ii) of the following theorem extends the results of [6] by al-
lowing to M be a nonlinear map. Moreover, statement (iii) of the following theorem
extends [28, Theorem 7] to infinite dimensions and extends the main result of [7],
by allowing to M to be a nonlinear map and F' to be multivalued and merely upper
semicontinuous from E into E,,.

Theorem 6.3. Assume that H is compactly embedded in E. Let F': [Ty, T|xH = H
be a set-valued map satisfying (HY), (HE) and (HE). Assume that one of the
following conditions is verified:
(i) (HE), (2) and (HAT) hold.
(i) (HE), (H3") and (HAT) hold, M (C ([To,T); RoBr)) C RoBy and there ea-
ists a weak bounding function V' for F.
(iil) (HE), (HY) and (HAT) hold, M (C ([T, T); RoBr)) € RoBy and there ex-
ists a strong bounding function V for F.

Then, there exists at least one solution of (6.1).
Proof. (i) According to Step 1 from the proof of Theorem 4.2, for each n € N, there
exists xz,, solution of
In(t) € F(t, Py(z,()) N B(t) By a.e. t € [Ty, T],
{ xn(To) = Pp(Mzy,).

Define
1 T
L:=—||M ds | .
o (1800 + [ pegas)
Then, [|Z,(t)||g < B(t) for ae. ¢t € [Ty, T] and ||z, (t)||g < L for all t € [Tp,T).
Indeed, for all ¢t € [Ty, T

t
[zn ()i < |z (To)l 1 +/ B(s)ds
To
t
< [[Mzp|m + . B(s)ds

t
<m sup aa(®)ln + | M0]x + / B(s)ds.
tG[To,T] To
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Therefore, as in the proof of Claim 6 from Theorem 4.2, there exists a subsequence
of (xn)n (without relabeling) and a absolutely continuous function z: [Ty, 7] — H
such that

Zn(t) = x(t) weakly in H for all ¢t € [Ty, T,

z, — x in L ([Ty, T); H),

&, — & in LY ([Ty, T): H) .
Moreover, due to the compactness of the embedding H — F,
xn(t) = x(t) in E for every t € [Tp,T].

These conditions, (#{) and the convergence theorem (see [3, Proposition 5] for
more details) imply that x satisfies (t) € F(t,z(t)) for a.e. t € [Tp,T]. Finally,
due to (HY), P,Mz, — Mz weakly in H (up to a subsequence), which finishes

the proof.
Define 3
F(t,z) :={d e F(t,x): a(z) (VV(x),d); <0},
G(t,x) = F (t,projROBH (IL‘)) Nvg, (t)Bp,
where

1 if rg < H.%'HH<R0,
a(r) = .
0 otherwise.

By similar arguments as in [6], the set-valued map G satisfies (H1'),(H1) and (HE).
Fix r € (rg, Rp). For each n € N let z,, be a solution (whose existence is guaran-
teed by Step 1 from the proof of Theorem 4.2) of

in(t) € G(t, Pp(zn(t))) a.e. t € [Ty, T,
z,(To) = proj,z,, (ROPn(M(Pnzn))> .

Therefore, for all ¢ € [Ty, T,

t
len(®llm <7+ / oy (5)ds.
To

After taking a subsequence (without relabeling), we can assume that (6.2) holds.
Now we proceed to prove that P,(x,(t)) € RyBpy. Indeed, otherwise, since

1P (n (To) | < 7

we can find tg € (7p,7T] and € > 0 such that ||P,(xn(t0))|lg = Ro and r9 <
| Pr(zn(t) |l < Ro for t € (to — €,t9). We observe that for all ¢ € (tg — €, p)

G(t, Po(x(t))) = F(t, projgys(Pn(zn(t)))) N R, (6)Ba
(6.4) = F(t, Pa(2a(t))) Nvp, () By
C F(t, Po(zn(t))) N vg, (t)By.

Define g, (t) := V (Pu(xn(t))) in (to — 0,t9), where § € (0,¢) is such that g, is
absolutely continuous in (t9 — d,tg). Then, g,(t) exists for a.e. t € (tg — d,%9). On
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the one hand,

[ s = VP anlto)) = V(Pantta - 6))
— _V(Pu(xn(to — 8))) > 0.

On the other hand, for a.c. t € (fo — 6, o),

(1) = {9V (Pulan(t)) Palin(®)) <0,

where we have used the definition of G, (6.4) and the definition of weak bounding
function. Thus, fti)o_ 5 9n(s)ds < 0, which gives a contradiction with (6.5). Hence,
P, (zn(t)) € RoBpy for all t € [Tp, T).

So, by the assumptions of (ii), M(P,x,) € RoBy, which implies that

RiPnM(ann) € rBy. Thus,
0

(6.5)

r
Ry
Therefore, for each n € N, there exists x,, solution of

En(t) € F(t, Pa(a(t))) Nvg,()By  ae. t € [Ty, T,

wn(Tp) = Riopn(M(ann)).

Then, by passing to the limit (up to a subsequence), as in (i), we obtain the existence
of a solution z: [Ty, T] — RoBy of

#(t) € F(t,z(t)) Nvg, (B ae. t € [Ty, T),

z(Ty) = RLOMx.

Let (rp)r be a sequence converging to Ry with r; € (rg, Ro). Then, for each
k € N, there exists xj, solution of

Tr(t) € F(t,z(t)) Nog, (t) By a.e. t € [Tp, T,

r
.I‘k(T0> = RfI;MiL'k,

with x(t) € RoBy for all ¢t € [Ty, T]. Therefore, by passing to the limit (up to a
subsequence), as in (i), we obtain the existence of a solution = of
z(t) € F(t,z(t)) Nog,(t)By  a.e. t € [Ty, T],
z(Ty) = Mz,

xn(To) = =— P, M (Pyxy,).

which finishes the proof.
(ii) Fix r € (ro, Rp). For each n € N let z,, be a solution (whose existence is
guaranteed by Step 1 from the proof of Theorem 4.2) of

in(t) € F(t,projpys, (Pa(a(t)) Mg, (B ace. t € [Ty, T),

a(T0) = p10is, (- PalM(Pa) )
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Therefore, for all ¢ € [Ty, T],

t
H%ﬁmH§T+/0m$M&
To

After taking a subsequence (without relabeling), we can assume that (6.3) holds.
We proceed to prove that P,(z,(t)) € RyBy. Indeed, otherwise, since

1P (2n (To) | <7,

we can find tg € (To,T] and € > 0 such that ||P,(z(to))||g = Ro and rg <
| Pr(zn(t)|lzr < Ro for t € (to — &,tg). We observe that for all t € (to — e, )

E(t, proj s (Pn(2n(1)))) Nvry ()Br = F(t, Pa(zn(t))) N vr, (1) Ba

(6.6) C F(t, Pp(zn(t))).

Define g, (t) := V(Pn(zn(t))) in (tg — 6,t9), where § € (0,¢) is such that g, is
absolutely continuous in (9 — J,%p). Then, g,(t) exists for a.e. t € (tg — d,%p). On
the one hand,

(6.7) /t0_6 gn(s)ds =V (Pu(xn(to))) — V(Pu(xn(to — 6)))
= —V(Pu(wn(to —9))) >0,
because || P, (x(to))||zr = Ro. On the other hand, for a.e. ¢ € (to — 0, o),

V(Pn(xn(t + h))) — V(Pn(xn(t)))

gn(t) = lim

h—0 h
o VPa(an(t) + hPuin(8) = V(Pa(an (1))
h—0 h

= DV (Pp(xn(t)); Poin(t))
= D(=V) (Pa(zn(t)); —Padn(t))
<0,

where we have used (6.6) and the definition of the strong bounding function for F.
Thus, ft?i s9n(s)ds < 0, which gives a contradiction with (6.7). The rest of the
proof, follows as in (ii). O

Remark 6.4. If M: C ([Ty,T]; H) — H satisfies M (0) = 0, which is true if, e.g.,
M is linear, then with the notation of Theorem 6.3,

M (C ([To, T]; RoB)) € RoB.
Indeed, if z € C ([To, T]; RoB), then |Mz| < ||z|| < Rp.

7. TANGENTIAL CONDITIONS

In this section, we give an abstract result for the abstract problem (6.1) in finite
dimensions.
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Let us consider the following differential inclusion:
z(t) € F(t,z(t)) a.e. t € [Ty, T,
(7.1) x(t) € D for all t € [Tp, T7,
x(Ty) =z € D,

and the set-valued map S: D = D defined for each zyp € D as, S(xp), the set of
solutions of (7.1). A classical approach to find solutions of (6.1) is to apply some
fixed point theorem to the set-valued map M o S. Of course, some conditions are
needed to obtain the nonemptiness of the values of S. These conditions, generally,
are of tangential type for some appropriate tangent cone. In fact, it is well known
that existence solutions of (7.1) can be obtained when the set-valued map F has
a nonempty intersection with the Bouligand tangent cone (see [5, Theorem 2]).
However, in order to get some topological properties of the values of S, we will ask
for a strong property, namely, the intersection of the set-valued map F with the
Clarke tangent cone is nonempty, i.e.,

(7.2) F(t,z)NTY(D;z) #0 for all (t,z) € [Ty, T] x D.
The following proposition is a direct consequence of [5, Theorem 16].

Proposition 7.1. Let H be a finite-dimensional Hilbert space. Let D C H be a
closed and bounded set. Assume that D is positively a-far and (7.2) holds. Then, for
any xo € D, the set S(xo) of solutions of (7.1) is nonempty, compact and an Rs-set.
Moreover, the set-valued map S: D = C ([Ty,T]; D) is upper semicontinuous.

Remark 7.2.
i) If F is single-valued with F(¢,-) continuous for all ¢ € [Ty, T, then (7.2) is
equivalent to
F(t,z)NTB(D;2) # 0 for all (¢,2) € [Ty, T] x D.
Indeed, let (x,), C D converging to x € D. Then, for all t € [Ty, T],
F(t,z,) € TB(D;x,) and,

— 1 DN B . _7C(n.
F(t,x) = nll)r_{looF(t,x) € ylf’;{;%%T (D;y) =T (D;x).
ii) See [5, Example 4] for an example of a positively a-far set D and a set-valued
map F' whose intersection with the Bouligand tangent cone is nonempty but
the solution map S does not have Rgs-values.

Now we can state an existence result for (6.1).

Theorem 7.3. Let H be a finite-dimensional Hilbert space. Assume that (HY),
(HE) and (HL) hold. Let M be a Lipschitz map such that there exists a closed, con-
tractible, positively «-far and bounded set D, satisfying (7.2), such that
M (C ([Ty,T); D)) C D. Then, there exists at least one solution of (6.1). More-
over, x(t) € D for all t € [Ty, T).

Proof. 1t is enough to apply Proposition 2.2 with X :== D, ®:=S and f:=M. O

The following result gives a characterization of the tangential condition (7.2) for
convex sets.
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Proposition 7.4 ( [20]). Let S # H be a closed convex set and t € [Ty, T]. Then,
the following conditions are equivalent:

i) F(t,2) NTC(S;z) # 0 for all x € S.

ii) iFn(f )(U,QSOforallCGN(S;x) and x € S
vel (t,x
iii) iFn(f )(U,Q <0 for all ( € dds(x) and x € S.
veF (t,x

) iFn(f )(U,C) <0 for all € 0Ag(z) and x € bd S, where Ag(x) = dg(x) —
velF (t,x

dsc(aj).

Example 7.5. Let us consider S := RoB. Then, the condition F(t, )T (S;z) #
() is equivalent to

v

inf <0 for all # with ||z = Ro.
(7.3) Uegl(m@’@_ or all z with [jz[| = Ry

Inequality (7.3) is known in the literature as Hartman’s condition and was first used
by Hartman in the context of second order systems (see [19]). Since then, it has
been used to deal with periodic problems (see, e.g., [2,6]).

Example 7.6. Let V: H — R be a convex function such that S := {x € H: V(z) <
0} is bounded with nonempty interior. Then, the condition (7.2) is equivalent to

inf (v,{) <0 forall ¢ €0V (z)and z €S with V(z)=0.

veF (t,x)
Example 7.7. Let V: H — R be a C! function. Define S := {x € H: V(z) < 0}
and assume that S is bounded, bd S = {z € H: V(x) = 0} and that VV (z) # 0 for

all x € 9S. Then, S is positively a-far and condition (7.2) is equivalent to

(7.4) ueiFn(g ) (v,VV(x)) <0 forall z € bdS.
If (7.4) holds for all z € H, it is said that V is a weak Lyapunov function for
F (see [14]). Therefore, the existence of a weak Lyapunov function for F', with
bounded level sets, implies the existence of solutions for (6.1).

8. AN APPLICATION TO NONLOCAL DIFFERENTIAL COMPLEMENTARITY SYSTEMS

Let K be a closed convex cone in R™ and K* be its dual cone. In this section, we
consider differential complementarity systems (CDSs), which are differential equa-
tions coupled with complementarity conditions (see [37] for more details). More
specifically,

z(t) = f(t,z(t),u(t)) a.e. t € [Ty, T,
(8.1) K>u(t) L (G(t,z(t)) + F(u(t))) € K* ae. te[Ty,T],
$(TYO) = MIE,

where f: [To,T] x R" x R™ — R", G: [Ty, T] x R — R™ and F: R™ — R™ are
continuous mappings; M : C ([Tp, T];R™) — R™ is a (possible nonlinear) operator.

In order to give sufficient conditions for the existence of solutions of (8.1), we
consider the following hypotheses:



DIFFERENTIAL INCLUSIONS WITH NONLOCAL INITIAL CONDITIONS 489
(Ay) for each (t,z) € [Ty, T] x R™ the set
ft,2,Q) :={f(t,z,y): y € Q}

is convex for every convex subset {2 C R™.

(Az) for every bounded subset Z C R™ x R™ there exists az > 0 such that
| f(t, z,w)|| < agz for (t,z,w) € [Ty, T] x Z.

(As) for every bounded subset 2 C R™there exists 7 > 0 such that

|G(t, z)|| <vq for (t,2) € [Ty, T] x Q.
(A4) F is monotone and there exists a, > 0 such that

(x,F(z)) > as|z||*> forallz € K.

Remark 8.1. A common example is f(¢,z,y) = f(t,2)+B(t, z)y (see [37] for more
details).

Let U: [Ty, T] x R™ = K be the set-valued map defined as
U(t,z) :=SOL(K,G(t,2) + F) ={w e K: (w,G(t,z) + F(w)) = 0}.
According to [28, Lemma 9], under (Ay), for every z € R", the set U(t, z) is
nonempty, convex and closed. Consider ®: [Ty, T] x R™ = R” the set-valued map
O(t,x) :={f(t,x,w): we U(t,x)}.

Then, according to [28, Lemma 10], under (A;)-(A4), ® satisfies (HI'), (HL) and
(HE). Thus, the existence of solutions for (8.1) can be obtained from the following
differential inclusion:

z(t) € ®(t,z(t)) a.e. te [Ty, T],
x(Ty) = Mx.

Therefore, by virtue of Theorems 4.4 and 6.3, we obtain the following result, which
improves [28, Theorem 12| by allowing to M be a nonlinear map. Moreover, the
statements (i) and (ii), in the following theorem, are new.

Theorem 8.2. Assume, in addition to (A1)-(A4), that one of the following condi-
tions is verified:
(1) (HM) and (H3T) hold.
(ii) (H2T) holds and there exists a weak bounding function V for ®.
(iii) (HAT) holds and there exists a strong bounding function V for ®.

Then, there exists at least one solution of (8.1).

9. AN APPLICATION TO HYSTERESIS

In this section, we illustrate our results by giving an application to the exis-
tence of periodic solutions for the Play operator (see [26] for more details). We

denote by W;é% ([To,T]; H) the space of periodic absolutely continuous functions.
Let g: [To,T] x H x H x H — H be a continuous function such that

(9.1) lg(t, z,y,w)l| < B(t)  ae. (tz,y,w) € [To,T] x H x H x H,
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for some 3 € LY(Tp,T). Given y € W ([To, T]; H) we consider the following
differential inclusion:

(0.2) i(t) € =N (K(y(t)); x(t)) + g(t, 2(t), y(t),y(t)) a.e. t € [To,T],

where K: H = H is a k-Lipschitz set-valued map with nonempty, compact and
convex values satisfying K(y) C RB for some R > 0.

Proposition 9.1. Under the above conditions, for all y € W;é}n ([To,T); H) there
exists at least one solution x € Woer ([To, T]; H) of (9.2). Moreover,
@) < sllg@l +28(t)  ae. t € [To,T].

Proof. Define C(t) := K(y(t)) and F(t,z) = g(t,z,y(t),y(t)). To show existence of
solutions, we verify the hypotheses of Corollary 4.8.

e (Hi) holds: Let x € H and t,s € [Ty, T]. Then
|d(z,C(t)) — d(z, C(s))| = |d(z,C(y(t))) — d(z, C(y(s)))]
< rlly( ) y(s)ll

)lldr - / l9(r) 7|,

which shows that (#1) holds with C(t = meO lly(7)||dr.

o (HE), (HE) and (HL) hold: It follows from the continuity of g, the fact that
y € Woar ([To, T); H) and (9.1).

e C(T) C D C C(Tp) for some set D convex and bounded: Indeed, if D :=
C(Ty) N RB then,

C(T) = K(y(T)) = K(y(To)) = C(To) N BB,
where we have used that y € Wpléllf ([To, T); H).
Thus, the existence for (9.2) follows from Corollary 4.8. O

<K

Remark 9.2. Proposition 9.1 allows us to define the set-valued Play operator
P Wy ([T, T1: H) = Wy ([T, T1: H)

per per
which to every function y associates the set of solutions of (9.2). Thus, the Play
operator is well defined for inputs in WS&% ([To, T); H).
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