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RISK-SENSITIVE CONTROL OF REFLECTED DIFFUSION
PROCESSES ON ORTHRANT

SUNIL KUMAR GAUTTAM, K. SURESH KUMAR, AND CHANDAN PAL

ABSTRACT. In this article, we prove the existence of optimal risk-sensitive control
with state constraints. We use near monotone assumption on the running cost
to prove the existence of optimal risk-sensitive control.

1. INTRODUCTION AND PROBLEM DESCRIPTION

In this paper we study the risk-sensitive control problem when the state dy-
namics is governed by a controlled reflecting stochastic differential equation in d-
dimensional orthrant. We prove that the risk-sensitive value is an eigenvalue of the
nonlinear eigenvalue problem with oblique boundary conditions (see, the equation
(3.2) ) which is the Hamilton Jacobi Bellman (HJB) equation of the risk-sensitive
control problem with state constraints. We also show that any minimizing se-
lector in (3.2) corresponding to the eigen function of the risk-sensitive value is a
risk-sensitive optimal control. We use near monotone structural condition on the
running cost and a blanket recurrence condition for the state dynamics for proving
this result. Similar risk-sensitive control problem but with state dynamics given
by non degenerate diffusions without state constraints are studied under various
set of assumptions. For example [16] initiated risk-sensitive control problems with
non degenerate diffusion state dynamics where diffusions are assumed to asymptot-
ically flat. For general non degenerate diffusions, see [5] and the references there in.
Note that in [5], author exploits the eigenvalue problem nature of the risk-sensitive
control problem. Very recently, in an interesting paper [2], authors consider risk-
sensitive control problem with near monotone cost structure for diffusions which
may be transient.

The paper is organized as follows. The remaining part of Section 1 contains de-
tailed description of the problem and some results on controlled reflected stochastic
differential equations which are used in subsequent sections. Among other results,
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we prove [to-Krylov formula for reflected stochastic differential equation in a d-
orthrant (i.e. an orthrant in R?) which may be of independent interest. Also results
from partial differential equations (pdes) theory we use are sketched in this section.
In Section 2, we discuss an auxiliary risk-sensitive control problem with discounted
cost structure. We prove the existence of optimal value and control without the
structural condition near monotonicity on the running cost. In the final section,
we prove our main theorem, i.e. Theorem 3.2. The proof is based on the vanishing
discounting method. Also in this section, we discuss multiplicative Poisson equation
corresponding to uncontrolled reflected stochastic differential equations. In partic-
ular, through an example of a transient reflected Brownian motion, we conjecture
that removing the blanket recurrent assumption may lead to a situation where there
exists no cost function which is near monotone with respect to 3, the risk-sensitive
value.

1.1. Notations. In this subsection, we introduce frequently used notations. In R¢,
the standard norm and inner product are denoted respectively by |- | and (, ). We
denote the positive d-orthrant {x € R¥|z; > 0V i} by D. Also U denote a compact
metric space. For A C R? the interior, closure, boundary and compliment are
denoted respectively by A%, A, OA and A°. Sometimes we use A° for the compliment
of A C Din D. By domain in R¢, we mean non empty open connected set. By
B(z, R) we mean open ball with radius R and center z € R? and when x becomes
the origin we use Bg for B(0, R).

For a bounded continuous function f : D x U — R, denote sup | f(x,v)| by || f]lco-

T,v
For ¢ € Cy(D), the space of all real-valued bounded continuous functions, for each
B, a Borel subset of D, we denote

[elloo, = suplp(@)], [l¢llec = sup |¢(z)].
r€EB 2ED

For a Banach space X with norm || - [|x, 1 < p < oo, define for x > 0

T
LP(k,T;X) = {¢:(k, T) = X|p is Borel measurable and / (@)% dt < oo}

K

with the norm
1

el = [ [ etz a]”

The norm of the Banach space L*((k,1) x D), the space measurable functions
on (x,1) x D with finite essential supremum norm, is denoted by || - ||oc;(x,1)x D-

Forl,k=0,1,---,00, C"*((k,1) x D) denote the space of all functions ¢ : (x, 1) x
D — R which has continuous derivatives of order up to [ in first argument ¢ and
up to k in the second argument = € R?. The spaces C**([x, 1] x D), C*(D),C*(D)
are defined similarly. Cé’k((n, 1) x D), I,k =1,2,--- ,00 denotes the space of all
functions in C%*((k, 1) x D) which are compactly supported. The spaces C*((x, 1]
D), Cé’k([/ﬁ, 1] x D) and C¥(D) are similarly defined. For any suitably smooth
function ¢ : I x B — R where I, B are domains in [0, 00) and R? respectively, V¢
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- 02
denote the gradient, V2¢ denote the Hessian in # € B. We also use %—f, g;, 831_ £ -

to denote various partial derivatives.

For k < T < oo and domain B in RY, C+A/2248((k, T) x B), ks > 0, denotes the
set of all continuous functions (¢, z) in (k,T) x B together with all the derivatives
upto order 1 in ¢ and 2 in z with finite Holder norms. The spaces C**+5/22+8([x, T x
B) is defined by extending the functions continuously up to the boundary.

For any domain B in D, the space WY2P((k,T) x B)),x > 0, denotes the set of
all ¢ € LP(k, T; W?P(B)) such that 8—‘” € Lp((m T; LP(B)) with the norm given by

01 pvansy = 1612 gwariey + IR oy 1< P < 0.
Also the local Sobolev spaces VV1 2’p((/<;, T) x B) are defined by
WL2P (1. T) x B)

loc

= {gp . (k,T) x B — R| @ is measurable and ¢ € WP ((k,T) x K),
for each compact subset K of B}.
Also, define
W2 (5, T) x B) = {¢: (5,7) x B = R|l @l 2pn(eyx5 < 0},

where the norm || - [|; 2, « B 18 defined as

&pt:p
Elo— / /|<pt:c |Pd:cdt+/ / S daat

+Z/ /‘8<p6;x‘ddt+2/ /’ 8:1;% ‘|d dt.

1.2. State dynamics. Now we introduce the state dynamics of the risk-sensitive
control problem. For the given functions b : D x U — R%, ¢ : D — R%*4 and
v : R4 — R?, consider the controlled reflected diffusion in D, given by the solution
of the reflected stochastic differential equation (in short RSDE)

dXt = b(Xt, Ut)dt + U(Xt)th — ")/(Xt)dft,
(1.1) d&¢ = IixieopydSs,

where W = (W7y,---,Wy) is an R%valued standard Wiener process, v(-) is a U-
valued measurable process non anticipative with respect to W (-), called an admis-
sible control. In fact the pair (v(-), W(-)) defined on a filtered probability space
(Q, F,{F:}, P) satisfying the usual hypothesis is an admissible control if and only
if v(-) is measurable and {F,}-adapted, see Remark 2.1, p.31 of [3]. Henceforth, all
filtered probability spaces are assumed to satisfy usual hypothesis. The set of all
admissible controls is denoted by A.

By a solution to (1.1) we mean a pair of continuous time processes (X (-),&(+))
satisfying (1.1) such that the process X (-) is D-valued and &(-) is a [0, oo)- non-
decreasing process which increases only when X(-) hits the boundary 0D. The
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concept of solution in weak and strong sense are analogous to that of the solutions
of stochastic differential equation (in short SDE). The above is a special case of the
more general definition of solutions of SDEs with reflection, see [15]. In fact we
consider the case when the direction of reflection is single valued and continuous.

We use the relaxed control frame work given as follows. The compact metric
space U = P(S) for some compact metric space S, where P(S) denote the space of
probability measures on S endowed with the Prohorov topology, i.e. the topology
induced by weak convergence. The drift coefficient b takes the form

b(z,v) = /Sb(x,s)v(ds), veU,xeD.

Fori=1,2,---, set
D; = DN B.
From the proof of Theorem A2 (ii) and the remark in p. 28 of [13] there exists open
domains Dy,, € R with C* boundary such that
e The distance between D] and Dy, satisfies,

1
d(0Dyy, OD)) < —, 1> 1,
m

¢ D, C Dy n>m, 1> 1.
Set
D,, = U2, Dy, m>1.
Then we have
(i) For each m > 1, D,, is with C* smooth boundary and D,, | D.

(ii) For any compact set C C D, we have C C Dy, for m > 1 and [ sufficiently
large.

We make the following assumption which is sufficient to ensure the existence of
unique solution to the equation (1.1).

(A1) (i) The function b is bounded, jointly continuous, Lipschitz continuous in
its first argument uniformly with respect to the second argument.
(ii) The functions o;; € C%(D),i,j =1, ,d and bounded.

L is uniformly elliptic with ellipticity constant § > 0,

(iii) The function a Y oo

ie.,
za(x)zt > §z)?, z €D,

where 21 denote the transpose of the vector z.

(A2) The function v = (vy1,...,7q) is such that v; € Cy(R?), and there exists
1 > 0 such that

v(z)-ni(z) > n forallzeF, i=1,2,...,n,

and vy(x)-np(x) > n forall x € GjNOD,,, for all m sufficiently large, j =
1,2,...,d, where F; = {z € RYz; = 0},G; is a fixed neighbourhood of F}, and
nt(-),nm(-) denote the outward normal to F; and dD,, respectively.

We also assume that
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(A3) For each z € D,
PY(X(t) €T’ for some t > 0) = 0,
where IV denote the non smooth boundary part of 9D.
Example 1.1. Consider the controlled RSDE in the non-negative quadrant @
given by
dX; = b(Xy,v)dt +dW, + (1,1)de,,
A& = Iixeom2ydée,
50 = Oa XO =T c Ria

where b satisfies (A1). Using Girsanov’s theorem, there exists a probability measure
@ equivalent to P such that on (2, F,Q), the process X (-) can be written as

dXt = dBt + (17 1)d£t7
A€ = Iixeom2ydle,
& = 0, Xo=zcR3,

where B(-) is a d-dimensional Wiener process under (). From [ [31], Theorem 2.2],
we have Q(X (t) € I for some ¢t > 0) = 0. Hence (A3) holds, since P is equivalent

to Q.

Assumptions (A1), (A2) and (A3) will be in use for the rest of the paper.

The existence of a unique weak solution of (1.1) for an admissible control has
been proved in [4] .

Now we prove a tightness result for solutions of RSDEs on D,,. Note that we
extend the functions b, o to D,, satisfying (A1) and (A2). Let (X™(-),£™(-)) denote
a unique strong solution to the RSDE (1.1) with zero drift and replacing D with
Dy, m > 1. Existence of unique strong solution for RSDE in D,,, follows from [4].

Theorem 1.2. The process (X™(-),£™(+)) converges in law to a unique solution

(X(+),&(+)) of (1.1) with zero drift.
Proof. Set
X™(t) = Y™()+Z™(1),

t
Yy — x+/ (XMW,
0

t
() = - / Iixmeon, yy(XT)dET.

Consider the Skorohod problem for (D, 7), i.e. for each y™ € C([0, o0); R%), find
(2™, 2™) € C([0, 00); Dyy) x C([0, o0); RY)NBV([0, oc0); RY), where BV(]0, co); RY)
denote the set of all functions of bounded variation, such that

B = () + ()t > 0,
Zm = x™(s))d|z™|(s),
(1) /m’t)w (s))d)=™|(s)

dlz"|(t) = Igms)eon,1dlz"|(t), 2™(0) =0,
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where |2™]; denote the total variation of 2™ in [0, ¢].

Set

am(z,p) = max min___(y) - u,
[u|=1,u€R? y€dD,,"B(z,p)

(ORCEEINY

|z = 2|

em(z,p) = max max {
y€OD,NB(z,p)

c(x, p)
max{agn(x’ p)v %am(:m p)} ,
From (A2), we have for x € 0D,,, p > 0,

em(z,p) =

am(x,p) ;= max min nm(y) -u > n.
u€R%|u|=1 yedD,,NB(z,p)
Hence
lim inf >n > 0.
pl—I>I(1) :CE%le am(a:, p) =1
Now from [[14], Proposition 2.3], it follows that
1.2 li inf >
(1.2) lim inf am(z,p) 2 0,
lim sup epn(z,p) = 0, forallm>1.
p~>0 x€0Dm,

Using (1.2), one can easily mimick the proof of Theorem 2.2 of [14] to show that
for each y™ € ), any compact subset of C([0, T]; R?)

(1.3) 12" = [2"]s < Klly™|lss, 0<s <t <T,

where [|y™ |5 = SUPs<s, <ty <t [¥" (t2) — y™(t1)|, K > 0 depends on T" and ) but
not on m.
Using the boundedness of b and o, we can show that

ElY™t) = Y"(s)* < K|t—s>,0<s<t<T,m>1

for some K > 0 which is independent of m. Hence tightness of the laws of {Y"(-)}
follows. Now using (1.3), tightness of the laws of £™(-), Z™(-) follows as in the
proof of [[22], Theorem 3.2]. Using the tightness of the laws of Y™ (:) and Z™(-),
the tightness of the laws of X™(-) follows.

Also, the pathwise uniqueness of solutions to (1.1) follows from Lemma 3.3 of [4].
Now, if (X(-),£(+)) is a limit point in law of (X™(-),£™(-)), then as in the proof of
[[14], Theorem 5.4], (X(-),£(-)) is a solution to (1.1).

This implies that the law of (X™(-),£™(-)) converges to a unique solution

(X(-),€()) of (1.1). O

Remark 1.3. In fact, one can use Theorem 1.2 to give an alternate proof for exis-
tence of unique solution to (1.1) as follows. Use Theorem 1.2 to establish a unique
solution to (1.1) with zero drift. Now with non zero drift, using Girsanov trans-
formation method to establish existence of unique weak solution under admissible
controls, see [[3], pp.42-44]. For a Markov control, one can prove the existence of
unique strong solution by adapting the approach by Zovokin and Veretenikov, see |
[3], pp.45-46] for the analogous proof for the unconstrained diffusions. See Theorem
3.2 of [4] for details.
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The running cost function 7 : D x U — [0,00) is given in the relaxed frame
work as

r(x,v) = [gf(x,s)v(ds),x €D,vel.

Throughout this paper we assume that the cost function 7 is bounded continuous
in (z,s) and Lipschitz continuous in the first argument uniformly with respect to
the second. We consider two risk-sensitive cost criteria, discounted cost and ergodic
cost criteria which are described below.

1.3. Discounted cost criterion. Let 6 € (0, ©) be the risk-aversion parameter.
In the a-discounted cost criterion, controller chooses his control v(+) from the set of
all admissible controls A to minimize his a-discounted risk-sensitive cost given by

1.4 JU(O,x) = llnE” ef Jo~ emtr(Xev)dt ,x €D,
(6% 9 x

where a > 0 is the discount parameter, X (-) is the solution of the s.d.e. (1.1)
corresponding to v(-) € A and E}, denote the expectation with respect to the law
of the process (1.1) corresponding to the admissible control v and initial condition
Xy =z. If t =0, then we denote E}, by E7. An admissible control v*(-) € A is
called an optimal control if

JU(0,2) < JU(O,x), forallv(:)e Aand z € D.

1.4. Ergodic cost criterion. In this criterion controller chooses his control v(-) €
A so as to minimize his risk-sensitive accumulated cost given by

1 T _

(1.5) p’(6,x) =limsup — In E} [eefo r(Xevddt| e D,
T—o0 or

The definition of optimal control is analogous. From now onwards, we take © = 1

without any loss of generality.

1.5. Various subclasses of controls. An admissible control v(-) is said to be a
Markov control if there exists a measurable map ¥ : [0,00) x D — U such that
v(t) = v(t, X (t)). By an abuse of notation, the measurable map ¥ : [0, 00)xD — U,
itself is refereed as Markov control. If ¥ has no explicit time dependence then it is
said to be a stationary Markov control. We denote the set of all Markov controls
and stationary Markov controls by M and S respectively. An admissible control
v(-) is said to be a feedback control if it is progressively measurable with respect to
{J—"tX’S}, where (X (+),£(-)) denote the solution of (1.1) and .7-})(’5 denote sigma field
generated by { X, &s|s < t},t > 0. This is equivalent to saying that there exists a
progressively measurable map o : [0, oo) x C[[0,00); D) x C[[0,00);[0, o)) — U
such that v(t) = o(t, X[0,t],£[0,t]),t > 0, where X|0,t],£[0,t] denote respectively
{X5,0 < s <t},{&,0 < s <t}. Hence by an abuse of notation, we denote the set of
feedback controls by all progressively measurable maps. The following lemma tells
that we can restrict ourselves to feedback controls. Its proof is a straightforward
adaptation of Theorem 2.3.4 (a), p.52 of [3].
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Lemma 1.4. Let (v(:), W (-)) be an admissible control and (X (-),&(+)) be a solution
pair to (1.1) on a filtered probability space (0, F,{Fi}, P). Then on an augmen-
tation (0, F,{F:}, P) with a {F;}-Wiener process W( ) and a feedback control v(-)
such that (X (-),€(-)) solves (1.1) for the pair (3(-), W(-)) on (Q, F,{Fi}, P).

1.6. Review of pde results. Though our basic pdes are quasilinear parabolic, we
only need the ‘time’ variable (which is risk-sensitive parameter for us) as a parameter
and hence by suitably freezing ‘terms’ in the pdes we mostly deal with parametric
families of linear elliptic pdes. Hence, we will be using standard estimates from
linear elliptic pde literature.

Let D C D be a bounded domain with C? boundary and u” € W?22(D) be a
solution to

(1.6) LuP = Etrace(a(x)VQUD(x)) +b(z)-VuP = g(z),z € D,
VuP .-~y = 0ondD.

For W22 to W?2P regularities, we use the following results, which follows from
[[26], Lemma 6.31, p.260] and [[26], Theorem 6.27, p.256] respectively.

Lemma 1.5. Ifu € W22(D) be such that Lu = g,g IS L2( ) and H C D such that
0D N OH is a CY* portion of OD for some o > 2. IfLu=ge LP(H) forp > 2,
then uw € W2P(H).

Theorem 1.6. Let u and H as in Lemma 1.5. Then there exists a constant C
which depends only on d,p, D, H, the bounds of o,b and n > 0 such that

1
IV2ullpm < C(SHQHP;D + Hu”p,f))‘

Lemma 1.7. Let u,g and H be as in Lemma 1.5. Then there exists a constant C
which depends only on 6,d,p, D, H, the bounds of o,b and n > 0 such that

ot < C (gl + lull, 5 )-

Proof. Using Erling-Nirenberg-Gagliardo interpolation inequality, see Theorem 4.14,
p.75, [1], for a fixed € > 0,

LpH < 6||V2U||p;H + C(e)|ul

[l

piH >

Now using Theorem 1.6, we get
1
lullzpizr < (1 +)C(5llgll,p + llully;p) + Ce)llullp: -
This completes the proof, since H C D. O

We use the following Harnack’s inequality which follows from [[26], Theorem
1.20, p.28, Theorem 1.27, p.34]. Note that above mentioned theorems in [26] are
for u € C2(D N Br) N C(D N Bg). But the corresponding result for the W27 class
follows by routine approximation argument, so we omit the details.
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Theorem 1.8. Assume (A1)-(A2). Let u € VVli’g(D)) N C°%D) be a non negative
solution to
(1.7) Lu+c(z)u = 0,z €D,
Vu-v = 0ondD,
where ¢ is a bounded measurable function. Then there exists a constant K which

depends only on R > 0, bounds of 0,b, ¢, the constants § > 0,1 > 0 from (A1)-(A2)
such that

sup u < K inf u, R>0
DNBg DnBr

We use the following basic existence uniqueness theorem which can be deduced
from [[7], p.80].

Theorem 1.9. Assume (A1)-(A2), let c: Rex U — [0, oo) be bounded continuous,
f e C3RY) and k> 0. Also D is a C* bounded domain in D. Then the pde

Iy
at
©(0,z) = f(x)in D, Vo(t,z) - y(z) = 0 on dD.

= inf E@(%UHC(%U)@]

has a unique solution in C12([k, T] x 5)

We use the following approximation procedure. Consider a sequence of elliptic
equations

1 -
(1.8) §trace(a(x)v2un) +bp(z) - Vu, = gn(x),x € Dy,

Vu, -y = 0ondD,,

where D,, are C2-open bounded domains in D. If it is known that sup,, ||bn|lee:D
and sup,, [|gn||ce.p are finite and u,, € W2P(D,,), p > 2 satisfies sup,, ||t [|oo:p < 00,
then for each domain H in D with C? boundary portion in 0D (if OH intersects
0D), from Lemma 1.7, it follows that there exists a constant C' which is independent

of n but depending on the volume and the uniform cone property characteristics of
H such that

(1.9) [unllopr < Cin > 1.

Now by a suitable diagonalization procedure and standard trace results, there exists
u € I/Vlif(D UT), p > 2 such that along a subsequence u, — u in W*P(H) and
Vu-v=0ondD a.e.

1.7. Properties of Controlled RSDEs. We prove some results about the con-
trolled RSDE (1.1) which are used in the subsequent sections. To the best of our
knowledge these results are not available for the controlled RSDE (1.1).

First result is about the equivalence of weak solution and martingale problem for
reflected diffusions.
For a feedback control v(-), we say that the RSDE (1.1) admits a weak solution if
there exists a filtered probability space (2, F, {F:}, P), a {F; }-Wiener process W(-)
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and a pair of {F;}-adapted processes (X (-),&(-)) with a.s. continuous paths such
that X () is D-valued, £(-) is non decreasing and satisfy
dX(t) = b(X(t),v(t, X[0,1],£[0,t])dt + (X (t))dW (t) — (X (£))dE(t)
d§(t) = Iixyeapyds(t), X(0) =z,£(0) =0 P as..

Set

(1.10) H = {f € C3D)|Vf-v>0ondD}

and

(1.11) Lf(xz,v) = b(z,v) - Vf(x)+ %trace(a(w)VQf(x)),f € D(L),

where the domain D(L) of the oblique elliptic operator £ contains C’i7 (D), the set
of all bounded twice continuously differentiable functions satisfying Vf -+ > 0 on
oD.

Constrained controlled martingale problem: A pair of { F;}-adapted processes
(X(-),&(+)) defined on a filtered probability space (€2, F,{F:}, P) is said to solve
the constrained controlled martingale problem for RSDE (1.1) corresponding to the
admissible control v(-) and initial condition = € D if the following holds.

(i) X(-) is D-valued and &(-) is non decreasing and X (0) = z,£(0) = 0 a.s.
(i)
t
/0 Itx(s)copydé(s) = €(t), P as. for all t >0,
(iii) For all f € H,

My(t) == FX(8) - / LF(X(s), 0(s))ds + / Vf (X (5)de(s), t>0
is an {F;}-martingale in (Q, F, P).

Theorem 1.10. For a feedback control v(-), the pair of processes (X (-),&(+)) de-
fined on a filtered probability space (2, F,{Fi}, P) solves the constrained controlled
martingale problem iff there exists a filtered probability space

(Q, F,{Fi}, P) and a pair of processes (X (-),&()) which is a weak solution to (1.1)
such that (X(-),€(:)) and (X(-),£()) agree in law.

Proof. Suppose (X (-),£(-)) solves the constrained controlled martingale problem.
Hence the law of X (-) solves the corresponding submartingale problem. Now using
Theorem 1 of [20], there exists a filtered probability space (€, F, {F;}, P) and {F;}-
adapted processes with continuous paths (X (-),(+)) and a Wiener process W (-) such
that (X(-),£(-)) is a weak solution to (1.1) and law of X (-) is same as law of X ().
Now since (1.1) has a unique weak solution, law of (X(:),£(-)) equals the law of
(X(),£(-)). Converse follows from It6’s formula. O

Remark 1.11. Under suitable C? smoothness assumption on the domain and
bounded, continuity assumption on direction of reflection v, the equivalence is
shown in [29]. The case of domains with piecewise smooth boundaries and with
constant direction of reflections is treated in [12].
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For an admissible control v(-), if (X(-),£(:)) denotes a unique weak solution
pair to the RSDE (1.1) on (Q, F,{F:}, P) and 7 a {F;}-stopping time, then F: is
finitely generated and hence using Theorem 1.3.4, p.34 of [30], it follows that regular
conditional probability distribution (rcpd) P, of P given F; exists. Now we prove
a result analogous to Lemma 2.3.7 of [3].

Lemma 1.12. Let (X(-),&(-)) denote a weak solution pair corresponding to an
admissible feedback control v(-), defined on (Q, F,{F}, P) and T be a finite {F;}-
stopping time. Then the conditional law i, of the process X (1 +-) given Fr is a.s.
the law of the process X, (), where X, (-) is a unique weak solution to the RSDE
(1.1) on a probability space (Qu, Fo, {Fwt}, Po) for an admissible control given by
v (t) = v(t + 7(w), X[0, 7(w) + ¢],£[0, 7(w) + t]),t > 0.

Proof. For f € H, since

t t
M, = F(X) — f(Xo) /0 (X, v0)ds + /0 Vf y(Xo)dbe, t2 0,

where £ is given by (1.11) is an {F;}-martingale on (€2, F, P), it follows from The-
orem 1.2.10, p.28 of [30] that there exist a P-null set N such that for w ¢ N,

M;(w) (t) = My — Mypr(u),t > 0 is a Martingale with respect to {F;} on (22, F, B,).

Hence under P,

t

t
M;(w)(t) = f(Xt) - f(XT(w)) - /( )»Cf(X&Us)ds + ( )Vf : ’Y(Xs)dg&t > T(w)

is a Martingale under F,,w ¢ N. i.e.,

M) = (X)) = f(Xrw) - /0 LIX(r(w) + 8, Vsir(w) ) ds

t
+A V- 7(X5+T(w)>d€s+7(w)7t >0

is a Martingale under P,,,w ¢ N. i.e. (X,(+),&u(")) = (X (-4w), () +7(w) =& (T(w))
solves the constrained controlled martingale problem for the admissible control v,
and initial distribution X (7(w)). This completes the proof. O

Next we prove the [t6-Krylov formula for controlled RSDE. Note that generalized
1t0’s formula, i.e. Ito-Krylov formula doesn’t seem to be available in a precise form
even for uncontrolled RSDE on non smooth domains. But for smooth bounded
domains, It6-Krylov formula can be deduced from the arguments given in [[7], p.89).
So we give details of the It6-Krylov formula for controlled RSDE for functions from
W2P(DUT),p > d, where

r — {:p e UFilz ¢ Fyn--NFy,k>2i€{l, - ,d}}
denotes the smooth part of the boundary D and I denote the remaining part of

0D. Before proceeding to generalized [t6’s formula, we prove the following estimate
which is crucial in the proof of generalized It6’s formula.
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Lemma 1.13. Let (X(-),&(+)) be a unique solution to (1.1) and f € LP((0, T) x
D),p>d. Then for T > 0,R > 0, there exists a K > 0 independent of f such that

TATR
B [ 106 XDls] < KN lyory<on,

where Tr = T(Br), 7(B) = inf{s > 0|Xs ¢ B} denote the exit time of a process
X(+) from a domain B.

Proof. By an application of Girsanov’s theorem as in [[7], Lemma 4.2], we can
assume w.l.o.g that b = 0. Let (X™(-),£™(-)) be a unique strong solution to the
RSDE given by

dXi" = o(Xi")dW; — y(X¢")dg;",

(1.12) d&i" = Iixpeop,}d&”,
&' = 0, X§'=ux€ Dy,
Then using Theorem 1.2, (X,,(-),£™(-)) converges in law to a unique solution
(X(-),€(-) of (1.1) with b = 0. For f € CY*2:2+8((0, T)x D)NLP((0, T)x D), f >
0, consider the pde
dp™ 1

(1.13) % + 5 (trace(a(@) V™) + f = 0

Vo™ v = 0on 0Dy, ¢ = 0on BN Dy,

e"(T,xz) = 0.

Then (1.13) has a unique solution ¢™ in C*2([0, T] x D,, N Bg), see [[24], Theorem

3]. Now extend ¢™ to a bounded domain (0,7") x D containing (0,7") X (D N Br),
where D is C?, such that ¢ satisfies
o™

5 T %(trace(a(x)VQQDm)) +f =0

Vo™ .y = 0ondD,
e"(T,xz) = 0.
Now from [[25], Theorem 7.35, p.185], one can deduce that, for each bounded domain
H C DN Br with C? boundary,
(1.14) H‘PmHZ,p;H < KleHP;(O,T)XD)7

where K7 > 0 is independent of f and m. Now using the arguments in subsection
1.6, it follows that ¢™ — p € W12P(0, T) x (DN Br)uT)NC%([0, T] x D N Bg)
and satisfies the pde

(1.15) 88(: + %(traee(a(m)vch)) +f =0
Ve-v = 0ondD, ¢ = 0ondBrND
p(T,z) = 0.

Using Ito’s formula to the process (X™(-),£™(:)) and ¢™, we get

TATR
" (t ) = Em[/t f(s, X™))ds|.
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Now using (1.14), it follows that

TATR
(1.16) L [ f6. X7 )] < Kl o,

Now since X™(-) converges in law to X (-), || f||oe;0,7)x p < 00 and hence by invoking
Skohorod’s representation theorem, it follows from dominated convergence theorem
that

TATR
(117) L [ s x)as) < Kl
For f € LP((0,T) x D), f > 0, choose f € C’1+§’2+5((0, T) x D) N LP((0, T) x

D), fn > 0 such that f,, — fin LP((0,7) x D). We can assume w.l.o.g. that f, — f
a.e. by restricting to a subsequence. Now from (1.17) we have

p;(0, T)xD-

TATR
B [ 5l X(6)ds] < Kalfullo, s n > 1

Now by letting n — oo, with the help of Fatou’s lemma for the left hand side, we
get,

p;(0, T)xD-

s [ s xnas] < Rl

Now for f € LP((0,T) x D), use f = f+ — f~ to completes the proof.
[l

Now we prove generalized It6’s formula for RSDEs.

Theorem 1.14. For ¢ € Wli’f(D UT),p > d and the process (X (-),&(+)) given by
(1.1), we have for each bounded domain H C DUT, t >0,

tAT(H) tAT(H)
O X(tAT(H)) = olz)+ /O Lo(Xs, vs)ds + /O V(X))o (X,)dW,

tAT(H)
- /0 Vio(X.) - 1(Xa) I x.comydés

Proof. Choose ¢, € C?(D) such that ¢, — ¢ in W2P(D UT). Using It6’s formula
to p, we get

tAT(H) tAT(H)
on(X(EAT(H)) = pulz) + / Loon(Xy)ds + / Veon(Xa) Lo (X)W,
0 0

tAT(H)
(1.18) - /O Ve - A(X(8) I x.copydéa.

Using Lemma 1.13, it follows that

tAT(H)
(1.19) lim E;;[/O IL(on — ©)(Xs)ds| = 0.

n—oo

Since Vi, — V¢ uniformly on H, it follows that
tAT(H)
lim Ve - ’Y(X(S))I{XseaD}dés

n—o0 0
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tAT(H)
(1.20) = lim Veon - (X () x,erydés

n—o0 0

tAT(H)
— /0 Ve - (X () Ix.conydés.

Using Lemma 1.13, we get

2
E; < K'|[Ven = Vel p

tAT(H)
/0 V(gn — @) (Xo) o(Xo)dW,

From the above we get

tAT(H) tAT(H)
(1.21) lim V(X)) o(X)dW, = / V(X)) to(X,)dWs.
Now we complete the proof by combining the above limits with (1.18). O

Now we give a characterization for recurrence of the RSDE (1.1) corresponding
to a stationary Markov control in the following lemma.

Lemma 1.15. Let v(-) € S and X(-) be a solution to the RSDE (1.1) corresponding
to v(-) and B be an open ball in D. Then X (-) is recurrent iff the pde

Lo(z,v(z)) = 0, in D\ B,
(1.22) ¢ = londB, Ve-v=0on dD.

has a unique non negative bounded solution in W2 ((D\ B)uT)NC%D \ B).

loc

Proof. Note that ¢ = 1 is always a positive bounded solution of (1.22) in W24 ((D\

loc

B)UuT)NC®D\ B). Also an application of It6-Krylov formula and Fatou’s lemma
implies that any bounded non negative solution ¢ € I/Vli’cdﬂ((D\B) uTr)NC(D\ B)
satisfies

o(z) > P.(r(D\ B) < >),x € D.
Hence the result follows, since non degeneracy of the RSDE implies that X (-) re-

current iff it is B-recurrent for some ball B in D.
O

2. ANALYSIS OF THE DISCOUNTED COST CRITERION

In this section, we study the discounted risk-sensitive control problem with the
state dynamics (1.1) and cost criterion

ng(97$) = % In E;; [eefooo et T(Xt,vt)dt] )

The a-discounted risk-sensitive control problem is to minimize (1.4) over all admis-
sible controls. We define the so-called ‘value function’ for the cost (1.4) as

2.1 (6.2) = inf (6. ).
21) ¢a(0,z) = inf J3(0,2)

Set

(2.2) JU0,z) = EY [0 67 e r(Xawodt] |
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Since logarithm is an increasing function for fixed # > 0, a minimizer of J2(6,x) if
exists will be a minimizer of J2(6,x)). Corresponding to the cost (2.2), the value
function is defined as

(23) ua(6.) = int T2(0.)
Note that
(2.4) Go(0,7) = %lnua(H,x).

Since we are dealing with exponential cost we need multiplicative version of Dynamic
Programming Principle (DPP) in place of additive DPP, given in [[11], pp. 53-59].
We mimic the arguments as in [27] to prove DPP for the value function uq (6, x).

Theorem 2.1 (DPP). Let T be any bounded stopping time with respect to the natural
filtration of process X (-), i.e., {F{*}. Then

(25) ua(ﬁ, x) = ’lur(lf). E;) [eefoT e~ ot T(Xt,vt)dtua (ee_aT,X<T))] )

where infimum is taken over all feedback controls.

Proof. Note that, given two feedback controls vy (t) and va(t), t > 0 and 7 as above,
v(-) given by

(2.6) v(t) = vi(t)g<ry +v2(t = 7) >y, T 20,

is also a feedback control. Indeed, we are given pairs of processes (Xi(:),&1(+),
v1(+)) and (Xa(+),&1(+),v2(+)) satisfying (1.1) on some, possibly distinct, probabil-
ity spaces (21, F1, P1), (Q2, Fa, P2) respectively, with v1(-),v2(+) in feedback form.
Also, X;1(0) = z and the law of X5(0) is same as the law of X;(7), where 7 is a
prescribed stopping time with respect to the natural filtration of process X;(-). Now
using Lemma 1.12, by augmenting ({21, F1, P1) suitably, one can construct processes
(X(+),&(+)) and v(-) satisfying (1.1) such that they coincide with (X;(+),&:1(+)) and
v1(-) on [0, 7], and (X (7+4-),&(7+-)) and v(7 +-) agree in law with (X3(-),&(-)) and
va(+). Also the conditional law of X (7 + -) of given F; is the same as its conditional
law given X (7) and agrees with the conditional law of X (7 + -) given X3(0) a.s.
with respect to the common law of X5(0), X (7).

For € > 0, let X(-) be a process (1.1) controlled by v(-) as above with v;(:) an
arbitrary feedback control and v2(-) an e-optimal feedback control for initial data
X(7). By (2.3) we have

[ T —at %) 7cxt
ug(0,2) < EY|efJo e r(Xevdi+o [ (Xt,vt)dt:|

- v [ o0 Jo et r(Xevp)dt
X

X 606—(17 fooo e~ ot T(Xt+-,-,1)t+7—)dt:|

_ E}E} - 9[7 —at . Xt,vt)th |: femaT [ et T(Xt,vt)dt‘X(T)}}
< Ev [ Gf" —at (X, )dt (Ua (06_0”— X( )) _'_6)}

_ E;) [ 9[7 —ot p(Xy,vp)dt (96 ar X( )):| —i—EEU [ 9[0 Xt,vt)dti| _
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Since 7,1 are bounded and € > 0 is arbitrary we get

a(0,) < inf B [e005 1Oy, (e X (7).

Conversely, let € > 0 and v(-) is an e-optimal feedback control for initial data
X (0) = z. Then
ua(0,z)+e > EY 9fT ot (X, )dt+0 [ e (Xt,vt)dt]

_ E;] Gf‘r —at r(Xt,ve)dt g [ femaT [ et T(Xt,Ut)dt‘X(T):|:|

>y [e0 e g p [ )]
B v(*)

= [ iy (g X ()],

Thus
ua(0,z) +€> 11?§ E? [ 0Jg ™ r(Xave)dty, (HE_O‘T,X(T))} .
o(-
Letting ¢ — 0, we complete the proof. O

Using dynamic programming heuristics, the HJB equation for a-discounted cost
criterion is given by

8“@ s 1 2
2.7) QW = 1}161(5 [biac,v) Vug + 0r(z,v)us) + 2trace(a(x)v Ug)
ua(0,2) = lon D, Vuy(f,z). v(z) =0on (0,1) x 9D.

First we show that (2.7) has unique a solution. There are two technical difficulties
in solving the p.d.e. (2.7). First is the singularity in 6 at 0 and the second is the
unbounded non smooth nature of the orthrant. We circumvent these difficulties by
suitable approximation arguments which involves approximating (2.7) by a family
of pdes in the smooth bounded domains D,,; given below. For each m,l > 1 and
0 < k < 1, consider the p.d.e.

(2.8)
6“& Im . " 1 9
af 50 = 52{{ |[b( v) - Vug 1 + Gr(x,v)ua,lm] + itmce( a(x)V=ug 1)
ug,lm(’k"‘ax) = € o on Elma vua im-7 =0 on ( ) X 0Dy

Lemma 2.2. The the p.d.e. (2.8) has a unique solution uy, ;,, € CY2([k,1] X Dy),
and

(2.9) 145t s, 11 B Se*‘)”ﬁ‘m,for all 5> 0, m,0>1,

ou’ (0+3)lIrllco ||

@

alm

(2.10) ‘

H , forall k >0, m,l > 1.
Hl]XDlm

Proof. For the existence and uniqueness result we use Theorem 1.9. Set

0=1-—t, (0,x) = u(t,x).

alm
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Then (2.8) reduces to

ou . 1 2
—a(l —t)— T gglf] [b(x,v) - Vu+ (1 —t)r(z,v)u] + B trace(a(x)V<u)
u(l—kr,x) = eﬁ”ruoo for x € Dy,
Vu(t,z) -v(x) = 0on (0,1 — k) x Dy,
Rewrite the above equation as
ou . b(x,v) 1
N +1i f L‘(l — Vu + ar(x,v)u]
1 a(r) o _
(2.11) +2trace< (1_t)V u) =0
u(l—k,z) = eH”T”oo for x € Dy,
Vu(t,z)-v(z) = 0on (0,1 —K) X ODpp.
Now, set
. b(x,v) 1
(2.12) b(t,z,u,p) = ;glf] [a(l—t) p+ ar(m, v)u
, _a(=)
aij(t,2) = 2a(1 —1t)
T = 1—-x&
Qr = Dy x[0,T]
Ellrlleo
¢0(x) = e @

Note that b(t,x,u,p) and a;;(t,x) are Lipschitz continuous in z, since b(z,v),
r(x,v), ai;j(x) are Lipschitz continuous in the first argument uniformly with respect
to the second.

Therefore from Theorem 1.9, it follows that (2.11) has a unique solution in
CY2([k, 1] x Dyy,). Hence existence of a unique solution to (2.8) in C*2([x, 1] x Dy,,)
follows.

Let v(-) be an admissible control and X (-) be the process given by

dXt = b(Xt, ’Ut)dt + O'(Xt)th — ’}/(Xt)dgt
d& = Iix,eop,,}d&
& = 0, Xo=z€Dy,.

Applylng [t6’s formula to efo 057 (Xsvs)ds upy lm(Gt, X;),0; = Oe ' we get

a, lm(
+ 9tug7lm(0t, Xt)efo Osr(Xs ’vs)dST(Xt, Ut)dt,
where

duf 1 (01, Xt) = (VU 1 (04, X)) T (Xe) AWy — [v(Xe) - VUl 10, (61, X)) I x,com,, 186

Lu ethtulvt) aet 8

90 U, lm(etv Xt)} dtv

alm(
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and L is defined in (1.11). Using the fact that uf; ;,, satisfy the equation (2.8), we
get
0,) < EY [e””ll“”efT"e “osy <X57v5>ds}

x 9

alm

In(4

where T}, = . Repeating the above argument with a minimizing selector in

«
(2.8), it follows that

(2.13) 0.0) — inf BV [enurauooefoﬁ ge—aST(Xs,Us)ds:| 7

()

where infimum is over all admissible controls. Now from (2.13), we get

oclm(

Ul (0, )| < B2 [0 o™ 07 X | < o™= lirfloo 1752
which proves the estimate (2.9).
We mimic the arguments of [[8], Theorem 3.1], to prove the estimate (2.10). For

e with |¢| sufficiently small, set

1
TS = —log <9+6>.
a K

Now consider for each v(-) admissible

B |:e(9+6) fOT'g e_mr(Xt,vt)dt:| . |: 9f e~ %ty Xt,vt)d}

(2.14) <

B |:6(9+6) foT'i e‘atr(Xt,vt)dt:| _ RV |:66’IOT'g e_o‘tr(Xt,vt)dt:|
x x

ny; [ o[ _atr(Xf,vf)d:| o [ o [T —atr(xf,vf)dt]
Now
’ IARGE i eatT(Xt,vt)dt:| gy [ e eo‘tr(Xt,vt)dt:|
015, <E [eefoTé et (Xewn)dt o | e fo® et (Xev)dt _ 1H
. ;
< M=) |l et (ewngar _ 1‘
< o lles lrlee J
and

|: 9f0 e~ ( Xy, )dt [ 9f0 e~ oty Xt71;t)dt:|

[2IEEIFS) Olirlloo | ,—aTk _ ,—aTE
<e o |e @ e ¢ ”|_1]

Ollrlloo

uruoo‘ | ]
=e a e otel — 1
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Note that for each 6 > 0, when ¢ is positive, then <1 and for € < 0 we can

KeE
0+¢

< 2 whenever |e| < eg. Hence we have

choose a 0 < ey < 1 such that he
0+e¢

e@fOT“ —aty (Xt,vt)dt:| |: Gf e~ oty Xt,Ut)dti|

rlloo 2|Irlloo
<e a [e ol 1] whenever |e| < eg
2

lirll
]6]62 o1l whenever le| < ep

©+2)lrloo ||7|0o
«@

=2e le| whenever |e| < €y

From (2.13), (2.14), (2.15) and (2.16) we have

Ellrlloo

‘ualm(0+€7‘r) ozlm((9 $)| < e @ sup
v(*)

—E7 |:60 I 6_atT(Xtﬂ)t)dt] )

E |: 9+€ f K ety (Xt,vt)d:|

@+3)rloo [|7]] oo
«

3e

le|] whenever || < eg.

This completes the proof of the lemma. O

Theorem 2.3. The equation (2.7) has a solution u, € VVll’Z’p(( 1)x DUT)N
C%([0,1] x D), p > d.

Proof. Let H be an open bounded domain with C? boundary in D. Let N be a
positive integer such that

H C Dy, forallm>1, I > N.
From Lemma 2.2, p.d.e. (2.8) has a unique solution u® , € C1?([, 1] x Dy,,) and

Olirllco

g imlloos(v, 1)xDyy <€ @, VE>0& m, 1 > 1.

Let v'™(-,-) be a minimizing selector in (2.8). Then the p.d.e. (2.8) can be casted
as a parametric family of linear elliptic p.d.es given by

1
§trace(a(a:)v2 Ugy ) + bim (0, ) - Vufy’lm = gm0, z)
Vup, -y = 0on 0Dy,
where

bim(0,2) = bz, v'™(0,2)),

ouy, 1,
00

Now from Lemma 2.2, it is easy to see that for each 6 € (0, 1],

gm0,z) = ab — Or(z,v'™ (8, z)).

SUD{[bun (0 ) loo, Dim» 190m (0, oo, D1y } < 00-

,m
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Hence using Lemma, 1.7, using the approximation procedure given in subsection 1.6,
and using Lemma 2.2, we get

(2.17) g imll1,2,p 1) xm < K, for allm >1,1> N,p > 2,

where K does not depend on [ and m. Now choose a sequence of bounded domains
{H,} from D such that U,H, = DUT and 0D N dH, is a C? portion of D. Now
by a standard diagonalization procedure there exists u ,, € VVZL:2 P((k,1) x DUT)
such that along a subsequence in [ — oo,

(2.18) Wty — U, weakly in WHP((k,1) x H).

a,l
Now from (2.17), we have

(219) Hug’mHLQ’p;(H’l)X]{ < K7 for all m 2 1.

Now by repeating the diagonalization argument there exists ul, € Wﬁ)’f’p ((k,1) x
D UT) such that along a subsequence in m — oo

(2.20) wh  — ufy weakly in W'2P((k,1) x H).

Using parabolic version of the Morrey’s lemma, see [[33], pp.26-27], Wh2P((g,1) x
H) is compactly embedded in C2%([r,1] x H),0 < & < 2 — %. Hence along a
subsequence of [ — 0o, m — 00, we get

(2.21) lim llim Ug 1 = Uy Where the convergence is in C%’é‘([/{, 1] x H).
o

m—o0 [— im «

Now (2.21) implies (along a subsequence in I, m — c0)
(2.22) lim lim inf [b(z,v) - Vuly , + 0r(z,v)uf ]

m—o0 o0 U
fo

= inf [b(z,v) - VUl + Or(z,v)uf] in [k, 1] x H.

By letting (along a subsequence) I — oo and then m — oo in (2.8), with the
help of (2.18) and (2.22), we get

a K
ab (;Lﬁa = inf [b(x,v) - Vul + 0r(z,v)ul]
1
+§trace(a(:c)v2ug) in (k,1) x D
in the sense of distribution and % € W?P((k,1) x H) for any compact subset H

Ellrlloo

of D with C? smooth boundary. Also from (2.21) it follows that uf(k,z) = e o

Now we show that Vuf -v =0 a.e.on 0D. For z € I, using the construction of

Dy, it follows that one can choose zp, € 0Dy, such that z,, — = as I,m — oo.

Hence using the fact that u(0,-) € C*(DUT), (2.21) and continuity of v, we get
0 = lim Vul,.(0,zim) Y(zim) = Vus(0,x)-v(z).

l,m—00 a,im
Since the surface measure of I' is zero, we have Vu! - v =0 a.e. on 9D.
This proves that (2.7) has a solution u® € WHP((k,1) x H) N C%2%([k, 1] x
H), p > 2 for each bounded C? domain H in D. Hence u? € VVlif’p((H, 1) x DU
)N C%([k,1] x D).
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Following the arguments in [[27], Proposition 3.2], extend the function u to whole
of [0, 1] as follows:

Elrllco

e a Ho<og<k.

0. 2) if 0>
uzw,:c):{ )

Then it follows that, @l is nonnegative bounded, continuous,

0<k<1 :(0,1)x DUT!

and for each compact H C D with C? boundary,

sup (|1l iz < o0,
0<k<

for each 0 < 0 < 1. The function u;, is a solution in almost everywhere sense to the
following p.d.e

8123 —K —K )
ab 50 = ggf [b(z,v) - Vag, + 0r(x,v)ug)
1
(2.23) —i—?crace( a(x)V>3ark)
g 1n£{r(z,v)}l{9§,€}
un(0,z) = 1, Vush.y=0ondD.

Hence @ € W??((0,1) x DUD)NC%24([x, 1] x H) for each bounded C? domain H

loc

in D, is a weak solution to (2.23). So multiply equation (2.23) with a test function
¢ € C((0,1) x D) and integrate over (0,1) x D, we get

—a/ <a“ ,¢>d9+/01 <vig(f]{b(:c,v) V' + 0r(z,v)a" ), ¢>>d9

1 K KTl ~
o4 [ etatererag) s | <£f{9r(x u)e'a”},qb> 2,
(2.24)

where (-,-) is inner product on L?(D). By letting x — 0 in above, we obtain

1
_a/ <aua 7 ¢> g + /0 <1}1€15{b(a:, v) - Vug + 0r(z,v)uqa}, QA§> do

1 .
+ ;/o (trace(a(z)V3uy), p)df =

where u,, € I/Vl})’cz’p((O, 1) x DUT)NC%2%([, 1] x H) for each bounded C? domain
H in D,p > 2. Therefore we have

g . 1 2
a@w = 31615 [bﬁv, v) - Vug + 0r(x,v)uq] + 5tmce(a(m)v Ug)
ua(0,2) = 1lon D.

Let # € (0,1) and H be a domain in D with Lipschitz boundary such that its
closure in D intersects only with I', smooth portion of 9D. Clearly @/ (0,-) and
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uq(6,-) € W2P(H). By Morrey Lemma, see [[21], pp. 335-339], W2P(H) is com-
pactly contained in C%%(H). Hence for each fixed 6 > 0, we have

at(0,) — ua(f,) in CV*(H).
This implies that Vug -y = 0 on O0H N 0D because Vauy, -y =0 on dD. Since
choice of H is arbitrary, it follows that Vu, -y = 0 a.e. on dD.
Hence we have the existence of a weak solution u, € T/Vlif’p ((0,1) x DuI) N

C%0(]0,1] x D),p > 2 for the equation (2.7). This completes the proof. O

Now we prove the existence of optimal control for the discounted risk-sensitive
control problem. From [6], existence of a measurable minimizing selector in (2.7)
follows.

Theorem 2.4. The equation (2.7) has a unique solution us € M/ﬁ)’c?,p((a 1)x DU
)N C%([0,1] x D), p > 2, given by
uoz(97 -T) == inf E;) |:€€ fooo e~ % (Xs,vs)ds
v(-)eA

Moreover if vy () is a minimizing selector in (2.7), then v, (-) is optimal for the
a-discounted risk-sensitive control problem.

Proof. From the proof of Theorem 2.3 it is clear that for fixed § > 0, u%(6,z) =
ul (0, z) for sufficiently small x. Mimicking the arguments used to prove (2.13), we
have the following stochastic representation

Ug(e, QZ) = II(lf). E;] [e%&ﬂ)ﬂf Ge*asr(Xs,US)dsi| 7

where X (-) is the process (1.1) corresponding to an admissible control v(-). Since
ul (0, ) — uy (0, x) pointwise and T, — oo as k — 0 along a subsequence, using
dominated convergence theorem, we get

ua(0,2) < EV [efo” 96‘“Sr<Xs,vs)ds} .
Since v(-) is an arbitrary admissible control, we have
ua(ga J?) < inf E;) [efooo eeias""(Xs,’Us)ds] )
()
In particular we get

Ua(0,2) < EY [efo‘” ee*wxavaces,xs»ds}

)

where v,4(+,+) is a minimizing selector in (2.7), 85 = fe~**,s > 0,6 > 0. To prove
the reverse inequality we argue as follows. The non-negativity of the function r
implies u% (6, ) > 1 and hence uqy(6,2) > 1. Consider the following RSDE

dX () = b(Xp,va(0r, X¢))dt + o (Xy)dW (t) — v(X¢)dE(t)
(2.25)  d§(t) = Iix,eopyd€(t)
¢0) = 0, X(0)==zeD.
Choose a sequence of bounded domains Hy C D UL,k > 1 such that Hy C Hyyq
for all £ and
UpH, = DUT.



Consider the sequence of stopping times 7, = 7(Hy),k > 1. Then using (A3), it
follows that 7, — oo a.s. and is also non decreasing.

Apply It6-Krylov formula to eJo 0s7(Xsva (05, Xs)dsy, o0, Xt), we get

TATE
95 XS7 «@ 057X5 d
efO " Y ( )) 8 (HT/\Tka XT/\Tk)

T ATy :
= uu(f, ) +/ eJo 957"(X5’”O‘(HS’XS))deua(Gt,Xt)
0

T ATy ¢
+ / ua(ﬁt, Xt)efo Os7(Xs,va (GS’XS))dSQtT'(Xt, va(ﬁt, Xt))dt,
0
where

dua (01, Xt) = (Vua(bs, X¢))to(X)I{X; € OD}dW (t) — O‘H’faae

1
+ {Vua (01, Xt) - (X, va(0, Xt)) + §trace(a(Xt)V2ua(9t, Xt))] dt
— [Y(Xt) - Vua (0, Xe)] I1x,copydé:-

Using the fact that wu, satisfy the equation (2.7), we get

Ua(et, Xt)dt

TATE
0s7(Xs,va(0s,Xs))d
efo m(Xsva( ) Sua(eT/\Tk7XT/\’Tk)

T ATy
— ua(0,2) + / ey B (Xova 00, XeDds (7 (0, X)) oo (X)) AW (2).
0

Since Vuy, is continuous on H}. by the Sobolev embedding Theorem, therefore Vu,
is bounded on Hj, which implies that the stochastic integral

TATE
/0 eJo Or(Xava(XaDds (74, (0, X;)) Lo (X1) AW (£)
is a zero mean martingale for each k. Hence we get
w6, 2) = [ Ik TAT Osr(Xs,va(Gs,Xs))dsua<9T/\Tk7 XT/\T,C)} '
Letting £ — oo, we get
ua(f, 1) = E° [efoT HSr(XS,va(GS,XS))dsua(eT’XT)} > B [ I osr Xs,va(es,xs))ds] _
Now taking T' — oo, we obtain
ua(8,1) > E° [efow Ge_asr(Xs,UQ(GS,XS))ds} .

Thus,
uo(0,r) = inf E;’[eefowf”f(Xsws)dS} _ E;J[eefg”e*aSr(Xs,va(es,Xs))ds

v(-)eA

This proves v4(+,) is optimal and u, is the unique solution to the equation (2.7),
which completes the proof. [l
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3. RISK-SENSITIVE CONTROL WITH NEAR MONOTONE COST

In this section we prove existence of optimal control for the risk-sensitive control
problem described in Section 1, under a structural condition on the cost function
r(x,v), called “near monotonicity”. We also use an additional assumption that the
process given by (1.1) is recurrent for each admissible control. Let X(-) be the
process (1.1) corresponding to the admissible control v(-). For any domain O C D,
recall that 7(O) denotes the first exit time of the process X (-) from O, i.e.,

7(O) = inf{t > 0: X(t) ¢ O}

Definition 3.1. Let X (-) be the process given by (1.1) corresponding to an ad-
missible control v(-) with initial condition z. We say controlled process X (-) is
recurrent, if for any domain O C D the first hitting time of the set O, i.e., 7(O°),
satisfies P(7(0°) < o0) = 1, for all x € D. If E[r(0°)] < oo for all z € D, then
X(+) is said to be positive recurrent. Correspondingly, the control v(-) is called a
stable control. We denote the set of stable, stationary Markov controls by M.

Define the optimal risk-sensitive values as follows

B = inf hmsupﬁlnE” o0 Jo (Xt dt}'

v()EA T—o0
Though in principle, 8 can depend on z, we are suppressing the dependence, since
under our assumption [ is independent of x which we will see later.

Now we state the near-monotonicity assumption.

(A4) The cost function r satisfy the following

(3.1) liminf inf r(x v) >, x € D,
|x|—ro0 vE

i.e., r is near monotone with respect to 3.

Also we use the following recurrent condition.

(A5) For each stationary Markov control v(-), the corresponding the process X (-)
given by (1.1) is recurrent.

See Lemma 1.15 for a characterization of (A5).

In fact, we see at the end of this section that (A4) is non existent without (A5)
for most interesting situations.

We adapt the vanishing discount approach to prove the existence of optimal
risk-sensitive ergodic control under the near-monotonicity assumption. To prove
existence of solution for risk-sensitive ergodic HJB, we study the limiting behaviour
of the equation (2.7) as & — 0.

Theorem 3.2. There exist a solution (p,4) € R x I/Vl P(DUT)NCYD) to the
equation

1
(3.2) Opta = ;Iellfj [b(x,v) - Vi + Or(z,v)d] + 3 trace(a(z)V>a) }
Vi.v = 0ondD, a(xyg) =1.
Moreover

p<p.
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Proof. For k > 1, let x; denote a nonnegative smooth function such that y; = 1 in
Bg, xk =0 in By, and 0 < x; < 1. Let ry = rx;. Then

17k lloo < [l7lloo, iy

Define for o« > 0

3.3 k(0,2) = inf EY|efJo e mXuvdt|
(3:3) ug(0, ) oot Fa [e }
Consider the p.d.e.
qul, ok k
al 5 = ;glf] [b(x,v) Vua+9rk(x,v)ua]

(3.4) —1—3 trace(a(fv)vgug)

Vut  y(x) = 0ondD, uf(0,2)=1.
Mimicking the arguments as in Theorem 2.3 and 2.4, one can see that p.d.e. (3.4)

has a unique solution uf in W??((0,1) x DUT)NC*([0, 1] x D), p > 2, and uk

loc

has the representation (3.3).

Set
k _ 1k k _ ok dgs
(35) d)a(ev :E) - 5 lnua(97 .Z‘), ga(aa .CU) - O@a + QHW
Mimicking the arguments as in [[8], Lemma 2.1] we have
K 0%,
(3.6) |ads |loo + QQW <3|7klloo, YVO< <1, 0<6<1.

Let 7 = 7(Bj ), i.e. the hitting time of the process (1.1) to the set By, under
the admissible control v(-) € A. For x € Bj_ |, dynamic programming principle
(2.5) implies

ub(0,2) = inf EY [0 Jg € rr(Xew)dt b (6e 7, X;)
(67 ) ’U(.) X L « ) T

= 11(1§ E? -uk(He*aT,XT)] (e =0o0n Bg )
(- L

«

IN

1I(1€ E? _uZ(H,XT)} (e ° <1 as. and uf is increasing in )
(- L

IN

k
sup  ug(0,y).
yE@Bk_HﬂD

Rewrite the equation (3.4) as the following parametric family of elliptic pdes

0 = Lug(d,z,v""(0,2)) + 0(ri(z, v (0,2)) — ga)ud }

(37) Vuk -~v(z) = 0ondD, uk(0,2)=1,

where v®¥(-,-) denote a minimizing selector of (3.4). Using the weak Harnack’s
inequality, Theorem 1.8, we have

(3.8) sup ug(ﬂ,x) < Kyq(k),
z€B11ND

where Ky.1(k) is independent of a.
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Set
e
ak (6, z) = M for some ¢ € D.
Then @¥ is a solution to
(3.9) 0 = 51615 Lak (0,2, v) + 0(r(z,v) — g’oi)ﬂ';]

Vit - y(z) = 0ondD, @k(6,z0) =1.
From (3.8) it follows that

sup  @h(0,x) < Kuq(k).
2€BK11ND

But the foregoing arguments show that for x € By |,

k
h0.r) < sup Pﬁ&w}smdm
yE@Bk_Hﬂﬁ Ua(e, xo)

where Ky.1(k) can be chosen independent of x,«. Now using the approximation
arguments given in subsection 1.6, we have for each R < k + 1

(3.10) 1280, )lop:Brr(pur) < Ko,

where Ko > 0 is independent of @ > 0. Now using compact and continuous
Sobolev embedding theorems, for each fixed # > 0, without loss of generality 8 = 1,
there exists @ € VVlif(D UT) such that

ak(1,") — @ strongly in WLP(DUT),

ak(1,) — @* weakly in W2P(DUT),

along a subsequence as « | 0. By Sobolev embedding theorem, the convergence
is uniform on compact subsets of D U T, hence we have ¥ is bounded above by
Ky.1(k). Now we show that

gh(l,z) — pp €R.
From (3.6), along a further subsequence,
(3.11) gk (8, x) — pk(0,x), in weak* topology of L=((0, 1) x D).
We show that p¥ is a function of # alone. From (3.10) and
1

5V Intg(0,z) = V650, 2),

we have for any R > 0
(3.12) 17656, -)]
where K4.3 > 0 is independent of o > 0. By (3.12),

1p;(DUD)NBr < Kag,

lim | aVe(0,2)f(z) =0,
al0 Jp
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for each f € C°(D). Thus the distributional derivative of p¥ in z is identically

k
zero, proving the claim. Also by (3.6), for each fixed § = 6y > 0, {aa;gl o > 0} is

bounded in L*([fp, 1] x D). Hence along a further subsequence

k
(3.13) (b — p5(0,2), weakly in L} ([0, 1] x D).
It follows from (3.11) and (3.13) that p5(-,-) = (p¥)’ in the sense of distribution,
where (p})’ is the distributional derivative (in @) of p¥. Hence pk(-,-) is also a
function of # alone. Thus we have: for each 6 > 0 there exists a constant pj such
that along a subsequence
Ode
90
Now letting o — 0 in (3.9) along the subsequence, we have (pg, 4*) € R x I/Vlif(
I') satisfying the following equation (6 = 1)

agf + af — Dg.

S . 1 )
(3.14) PrUE = ngf] [b(z,v) - Vi, + r(z,v)ug] + B trace(a(z)V=iy) }

Vig -v(z) = 0on dD, tg(zg) =1.

For n > 1, let 7, = 7(H,), where H,, C DUT,n > 1 is an increasing sequence of
bounded domains such that
U,H, = DUT.

Applying It6-Krylov formula to the process (1.1) corresponding to v(-) € A,
d <efot(7’k(XSfUS)*Pk)dS ﬂk(Xt)) — oJor(Xsws)—pr)ds d(ﬂk(Xt)>

b (re( Xy, ve) — pr)edo eXaw)—p)ds gk () g,

where

d (ak(Xt)) - [b(Xt,vt)) ViR (X)) + %trace( (X;)V2ak( Xt))] I{X; € dD}dt

= (v(X0) - Vir (X)) Iy, copydée + (Vi (X0) o (X)W,

t<T1p,n>1.
Hence it follows that
. g‘AT"(rk(Xs,us)—pk)dsﬂk(XT/\TR) o ,&k(x)
TNy,
(3.15) > / eI (X =p)dsy gk (X)L o (X,) AW,
0

Since @* € Wfof(D uUT),p > d, we have V" is bounded on H,, and hence

TNATn
/ efg(rk(Xsﬂs)_pk)ds(Vﬂk(Xt))O'(Xt)de
0

is a zero mean martingale. Taking expectation in (3.15) we obtain

E;j |:ef0T/\‘rn(rk(XS7vS)—pk)d8ak(XT/\Tn)i| _ ak(x) > 0.
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Since @* is bounded above, we have
() < Kaa(W)Ey [elo ™ 0eXew=pis| < oy (k) By |elo (0 Xeompds]
Taking In and divide by T we get

1 In K(k 1
Tlnﬂk(w) < miii L} T( ) + TlnE;f [efoT(rk(Xs’”s)_pk)ds] .
Since u¥ > 1, by definition @* is bounded below, hence uniform convergence on
compact sets gives that 4* is bounded below say by K4.3(k) > 0 . Therefore

In K (k)
T

1 1
T In K43(k‘) é + T In E;;) [efoTTk(X37Usd5:| - D

Now taking T' — oo we get

pr < lim sup%ln E} [efOT rk(XS’”S)dS} .
T—s00

Since |rg| < |r|,

1

pr < limsup — log E;’ [efoT T(Xs,Us)dsi| _
T—00 T

Taking infimum over all admissible controls in the right hand side of above, we get

(3.16) o < B, ¥ k.

Since the coefficients of (3.14) are bounded, by repeating the arguments given after
eq. (3.6), we can use the Harnack’s inequality Theorem 1.8 to show that |a| is
bounded uniformly in k. Thus we have 4 — @ in I/Vllof(D UTl) and pp, — p
along a subsequence. Furthermore, it follows from Harnack’s inequality that 4 > 0
on compacts, in fact one has uniform positive lower bounds for 4* on compacts.
Letting k — oo in (3.14), by repeating the argument as in Theorem 2.3, it follows
that (p,4) satisfy

L . 1 ).

(3.17) pu = 525 [b(z,v) - Vi 4 r(z,v)a] + 3 trace(a(x)V<i) }
Vi-vy(z) = 0ondD, a(xg) =1,

In view of (3.16) it follows that p < /3, which completes the proof. 0

~

Theorem 3.3. The ergodic risk-sensitive HJB equation (3.2) has a solution (p, @)
such that p = B. Also, minimizing selector in (3.2) is an optimal control.

Proof. In view of Theorem 3.2 it remains to show § < p. By assumption (3.1) we
have o

infr(-,v) > B >p outside O C D,

v

for some bounded open O. We know that for some v > 0, & > v > 0 in O. Let
x € 0°ND. Set T,, = n A1y, nis chosen sufficiently large. Let v*(-) be minimizing
selector in (3.2), applying It6-Krylov’s formula

efoT(oc)/\TTL (T(Xs,y*(XS))—p)dsa(XT(OC)ATn) . a(x)

T(O)NTn .
= / eJo (r(Xsw (XS))*p)dS(Va(Xt))la(Xt)th.
0
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Since & € WP (DUT), it follows that V4 is locally bounded and using the

loc
boundedness of r, o,

tAT(O°)AT,
/ L (X7 (XD =0)ds (74 X))o (X ) AWy,
0
is zero mean martingale. Hence we have
v T(O°)ATh, r(Xs,0* (Xs))— PN N
By [eJ T R N0 (X o)) i) = 0
Using the Fatou’s lemma, letting n — oo we get
a(x) > EY {efo (r(Xew* (Xo)=p)dty( x (OC))} _
Using (Ab), it follows that 7(O¢) < oo a.s. Hence
E; {6 OT(O )(T(Xt,v*(Xt))_ﬂ)dt&(XT(OC))} > v,

This proves that @ is bounded below by v. Repeating the previous argument, we
also have for any T > 0,

a(z) > EY [ o (X 0% (X)) —p)dt 7 a XT)} > VY [efoT (r(Xe,0* (Xe)=p)dt|
Taking logarithm and dividing by T’
1 1
7 InEY [ fo r(Xe,v" (Xe))— P)dt} + 7 Inv <
Letting 7' — oo on both sides, we have

lim sup % In EY |:efoT(T(Xt,v*(Xt))—p)dt} <0.

T—00
ie.,
1 T *
limsup — In E {efo r(Xew (Xt))dt} <p.
T—o00 T
Thus B < p. This completes the proof of the theorem. O

3.1. Multiplicative Poisson equation. The main aim of this subsection is to in-
dicate that it may be useless to remove (A4). i.e., we give an example of a transient
uncontrolled RSDE in which the near monotone condition becomes meaningless.
This example in fact point to the fact that it could be the case for general uncon-
trolled transient diffusions though we don’t have a proof.

To this end, along the lines of [2], we can prove the following lemma. Frame work
is uncontrolled, so we consider the uncontrolled RSDE given by

dXt = b(Xt)dt + a(Xt)th - ’Y(Xt)dft,
(3.18) d§y = Iix,eopydés,
and the corresponding multiplicative Poisson equation is
(3.19) pu = Lu+r(x)uin D
Via-v(x) = 0ondD.
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Lemma 3.4. Let r be near monotone with respect to p and (p,u) € V[/li’cd(D uln
CY%(D) be a nonnegative solution to (3.19) satisfying u(xo) > 0 for some xg. Then
the following are equivalent.

(1) The RSDE (3.18) is recurrent.

(3) The function 4 is inf-compact.

(4) RSDE (3.18) is geometrically ergodic.

Moreover any one of the above implies that 5 < p.

Now we will provide an example which indicates that removal of the recurrent
condition makes the near monotone condition impossible to hold.

Example 3.5. Let D be the positive quadrant and X (-) denote a Brownian motion
on D with direction of reflection given by v(z) = —(1,1),2 € 9D. Then (X (-), Z(-))
can be seen as a unique strong solution to the reflecting Brownian motion given by

X(t) =z +W(t)— RZ(t),t >0,

11
=)
and W (-), 2-dimensional standard Wiener process. Then it follows from Theorem

3.1 of [32] that X(-) is transient.
Choose r as follows.

where

e 1 increases in ||z|| and r(x) < ||r|| for all z.
o limy) 00 7(7) = [|7]00-
In particular r is near monotone with respect to A < [|7]|co- Set
1 T
8 =limsup — In E, [efo T(Xt)dt}
t—00 T

and
1
£0 = §A+T

Consider the eigenvalue problem associated with Ly with the oblique boundary
condition ~ defined above.

(3.20) Loi = Aiin D,
Via-y(x) = 0ondD, u(xg) =1,

where z¢g € D is fixed. Along the lines of [10], we define generalized principal
eigenvalues as follows.

M(—Lo,D) = inf {)\ eR[Fy € W22(D), ¢ > 0, Lop < Ap ace. D,
(3.21) Ve-v>0ae. on GD}.

It is easy to see from the definitions that

(3.22) M (=L, D) < [|7]loo-
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First we show the existence of principal eigenvalue. Let H,, be an increasing se-
quence of bounded C? domains in D UT such that

UpnH, =DUT.

First we state the following theorem on eigenvalue problem for mixed boundary
conditions which is a restatement of Proposition 2.3 of [19].

Theorem 3.6. Forn > 1, there exists a unique pair (An,on) € R x W2P(H,) N
C°(H,),p > d such that

(3.23) Loon = Mpon in Hy
Von-v = 0ondDNOH,, v, = 0on dH,\ (0D NOH,).

A simple application of It6-Krylov’s formula implies that

1 ™
(3.24) An = limsup—=InF|e 0" T(Xt)dt}
T—o0 T
where 7,, = 7(H,) This implies that A, is monotonically increasing and
An < B.

Let A be the limit of \,’s. Now repeating the arguments as in the proof of Theorem
3.2 with the help of Harnack’s inequality given in Theorem 1.8, it follows that ¢y,
has a limit point ¢ € I/Vlif(D UT)NCYD),p>d,o>0and (), ) satisfies (3.20).
This in particular implies that

A > A (=Lo, D).

Now straightford mimicking of the arguments in the proof of Proposition 1 of [10]
it follows that
>\n < )\1(—£0,D), Y n.

Thus we have

A= Ai(=Lo, D).
i.e.
(3.25) A (=Lo, D) < B < |7 co-

Now suppose
A (—Lo, D) < [|7]|co-
Then r is near monotone with respect to A\;(—Lg, D). Therefore using Lemma 3.4,
it follows that ¢ is not inf compact and infp ¢ = 0. In fact by closely mimicking of
the arguments in the proof of [[23], Theorem 3.1] , one can show that ¢ is bounded.
Using [ [28], Theorem 6.1], it follows that

2 Xl < K >
(3.26) ] < fo] + K mas [W(s)],¢ > 0.
for some K > 0. Hence using Doob’s maximal inequality, it follows that
1

(3.27) lim —-E|X;| = 0.

t—oo t
Using the arguments given in subsection 1.7 to prove (1.9), we can show that
(3.28) el

2,p;B(z,1)ND < KH@”OO;B(J:,I)QD?
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where K > 0 is independent of x € D. Now using Sobolev imbedding theorem and
Harnack’s inequality, Thereon 1.8 , we get

sup [Ve(y)| < Kip(x)
yeB(z,1)
Hence we get
(3.29) o(z) > e K10+2) 4 e D,

Now by an application of Itd0’s formula, we get
o(z) = Ey|el T(Xt)*’\l(*LO’D))dtw(XT)}, T > 0.

Using Jensen’s inequality, we get

T
:;/0 r(Xy)dt — A1(—Lo, D) + %Ez[lnso(XT)] < %lw(x)-

Now by taking 7' — oo in view of (3.27) and (3.29) we get

1 T
1 < B
Thr%o TE:U[/O T‘(Xt)dt} < Ai(—=Lo, D).

Since | X| — oo a.s as t — oo, using dominated convergence theorem, we get

1 T
Irlloe = Jim TE[/O (X
Hence A\i(—Ly,D) = = ||r||co. Thus we have proved the following.

Theorem 3.7. There exists ¢ € W'lif(D ur)NC%D),p>d, ¢ >0 such that the
pair (A1 (—Lo, D), p) solves the eigen value problem (3.20). More over \(—Ly, D) =
B=1rle-

The above theorem implies that since X (-) is transient, there exists no continuous
function which is near monotone with respect to 8. We would like to conjecture
that this is indeed the case for any non degenerate transient RSDE in D.
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