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OPTIMALITY CONDITIONS FOR DISCRETE-TIME OPTIMAL
CONTROL ON INFINITE HORIZON

S. M. ASEEV, M. I. KRASTANOV, AND V. M. VELIOV

ABSTRACT. The paper presents first order necessary optimality conditions of
Pontrygin’s type for a general class of discrete-time optimal control problems
on infinite horizon. The main novelty is that the adjoint function, for which
the (local) maximum condition in the Pontryagin principle holds, is explicitly
defined for any given optimal state-control process. This is done based on ideas
from previous papers of the first and the last authors concerning continuous-time
problems. In addition, the obtained (local) maximum principle is in a normal
form, and the optimality has the general meaning of weakly overtaking optimality
(hence unbounded processes are allowed), which is important for many economic
applications. Two examples are given, which demonstrate the applicability of the
obtained results in cases where the known necessary optimality conditions fail to
identify the optimal solutions.

1. INTRODUCTION

Optimal control theory provides a relevant and widely used instrument for eco-
nomic analysis. Many aspects in the development of control theory were motivated
by economic applications, in particular such on infinite horizon. A large number
of investigations have been devoted to that kind of problems, most of them for
continuous-time (ODE) models. However, discrete-time economic models are often
even more relevant due to the truly discrete nature of the economic decisions. Even
more, the applications of such models are not limited to economics. For exam-
ple, Model Predictive Control, which is a main mathematical tool for engineering
process control, has intrinsic relations to optimal control of discrete-time infinite-
horizon systems (see e.g. the book [9] by L. Gruene and J. Pannek). On the other
hand, the optimal control theory for discrete-time problems on infinite horizon is
far from being complete. A comprehensive account of the state of the art in the
area, what concerns optimality conditions, is given in the recent book [6] by J. Blot
and N. Hayek. For other aspects of this theory we refer to A. Zaslavski [13] and the
bibliography therein.
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In the present paper we consider a general discrete time optimal problem of the
form

g(k, z, up) — max,

NE

i

0

subject to the dynamics

1 = f(k,xp,ug), k=0,1,...,

with a given initial state g and control constraints uy € Ug. The states xj and
the control vectors uy belong to finite-dimensional spaces (an exact formulation is
given in the next section).

One specific feature of discrete-time optimal control problems (in contrast to
continuous-time ones) is that the Pontryagin-type maximum principles on a finite
horizon (developed first in the book [7] by V.G. Boltyanskij) are known to have a
local form. That is, if no additional concavity-type conditions are posed, the maxi-
mum condition for the associated Hamiltonian represents, in fact, only a necessary
condition for a local maximum. This also applies to problems on infinite horizons,
in particular to the results in the present paper.

The (local) maximum condition for the Hamiltonian, which for the problem indi-
cated above has the form! H (k, x,u, v, \o) := Xog(k, z,u) + 1 f(k, x,u), holds along
a specific solution {11 }72, of the so-called adjoint equation. In order to identify
the “right” solution of the adjoint equation one needs additional conditions, usually
in the form of transversality conditions for ¢ when k — oco. In contrast to the
continuous-time case, such conditions are present only in a few contributions that
we discuss in the next lines.

In the very enlightening and general paper [12], P. Michel, introduced several
types of transversality conditions (some of them known from earlier publications,
see the account in [12]), among which we mention the following ones:

(1.1) (7) lm v =0; (i) lim ¢pxp=0; (itd) lim oy (xx —xp) > 0,
k—o0 k—o00 k—o0

where {z}}7°, is an optimal state sequence, and in (iii) {z;}?2, is an arbitrary
state sequence. This is done under concavity-type conditions on the problem.

In J. Blot and N. Hayek [6, Theorem 3.2, Section 3.2.3] it was proved that a local
maximum principle holds with a solution {1}, }3° ; of the adjoint equation, which sat-
isfies the transversality condition (1.1)-(i), provided that (among several additional
assumptions which, however, do not concavity) there are no control constraints and
the optimal solution (control and trajectory) of the problem is bounded. It is re-
markable that the maximum principle holds in a normal form, that is, with Ay = 1.
We mention that for problems on infinite horizon the maximal principle does not
necessarily hold in the normal form, even if no state constraints are involved (in
contrast to the finite-horizon case).

L 1n order to avoid multiple use of the transposition sign, everywhere in the paper we consider
the adjont vectors ¢ as row-vectors, while x, u and f are column-vectors.
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In the present paper we obtain that for any optimal solution (x*,u*) = {(x}, u;)}7,
the (local) maximum condition

;LH(k7$zaUZ7¢k+1:)\0) v <0 foreveryve Ty, (u;), k=0,1,...,
holds with Ao = 1 (normal form) and with an adjoint sequence {1 }32, which is
defined by an explicit formula (see the next section). Here Ty, (u}) is the contingent
cone to the set Uy at the point uj € Ug. The optimality is understood in the sense
of weak overtaking optimality (see e.g. [8] and the definition in the next section), so
that problems with infinite vales of the objective function are included. In fact, the
explicit definition of the adjoint sequence {11 }32, selects the “right” solution of the
usual adjoint equation, for which the maximum condition (1.2) holds. The result
is based on an assumption, which guarantees that the definition of ¢, produces a
finite vector. Of course, this assumption rules out abnormal optimal processes for
which the maximum principle cannot have a normal form. On the other hand, it
is not restrictive for a large class of problems, including rather challenging ones,
where the known optimality conditions do not hold or are not informative. In
particular, the transversality conditions (1.1)-(i),(ii) are not necessarily satisfied
for the explicitly defined adjoint sequence {4 }32,, while (1.1)-(iii) is too weak to
identify a useful adjoint sequence. Two such examples are given in the last section:
a complete solution of the discrete-time version of the well-known Halkin example
[11] is obtained, and an economic model of optimal utilization of a non-renewable
resource is solved.

(1.2)

The paper is structured as follows. The next section contains the exact formulation
of the problem and the main results, including discussions. Section 3 presents two
examples illustrating the advantages of the obtained results.

2. THE DISCRETE-TIME CONTROL PROBLEM

Denote by R” the n-dimensional Euclidean space and by N — the set of all non-
negative integers. Let G' be an open subset of R", Uy, k € N, be nonempty subsets
of R™, and let for every k € N, a function f(k,-,-) : G x Uy — R™, be given. Here U},
denotes an open set containing Uy, (the case Uk = Uy, is not excluded). We consider
the discrete-time control system

(2.1) g1 = f(k,xg,ur), ug € U, k €N,

with a given initial state x¢o € G, where x; and ug, k = 0,1,..., are regarded as
state and control variables, respectively. Any sequence u = {uy}32, with uy € Uy,
k € N, is called admissible control. For a given an admissible control u, equation
(2.1) generates a trajectory xg,x1,... extendible either to the minimal number k
such that f(k,zk,ux) ¢ G (if such exists) or to infinity. In the latter case we call
the pair (u,x := {x,}32,) admissible process.

Given an admissible process (u,x), the trajectory {x}32, can be represented
from (2.1) as

k k—1 0
Tpy1 = [y, © fur_, 00 fuy(x0), kEN,
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where f¥(z) := f(k,z,u) for x € G and u € Uy, and o denotes the composition of
the corresponding maps.

For a sequence of functions g(k, -, -) : G X U, — R, k € N, we consider the optimal
control problem

oo
(2.2) Zg(k,xk,uk) — max,

k=0
where u = {uy}32, together with x = {z;}72, is an admissible process. In order
to define the meaning of this problem, for any w € N we denote

= Zg(k7xk7uk)
k=0

Definition 2.1. An admissible process (u*,x*) is called weakly overtaking optimal
if for each ¢ > 0, for each positive number w and for each admissible process (u, x)
there exists a positive integer @ > w such that J¥(u*,x*) > J¥(u,x) — e.

Let (u*,x*) be a weakly overtaking optimal process. For any k € N and for each
vector ¢ we denote by zM¢ = (x1,x41,...) the trajectory of (2.1) starting from
xr = £ at the instant k that is,

(2.3) = Sl oo fE(6), s=hkt 1.

Clearly, 2% may happen to be an infinite sequence or may terminate at the minimal
s > k such that fs(s,z% ,u:) ¢G.

We assume that for every k € N the functions f(k,-,-) and g(k, -, -) are continuously
differentiable on G x U.

In the next assumption and further we use the notation B(z;«) for the closed
ball with radius a centered at x.

Assumption A. For each k € N there exists oy, > 0 and a sequence {85}, with
>, BY < oo such that B(z};ax) C G, for every & € B(x}; ay) the sequence z%¢

is infinite, and
€ u¥)

sup < ﬂk

§eB(w};00)

O as
o9\
Assumption A implies that for every k € N the series
=9

k& ) x
Z 79(87 Ty 7us)
s=k ag

is absolutely convergent, uniformly with respect to £ € B(a};ay). Due to the
identity

gls.ab€ ul) = g (5, 37 0 w0 fl(€)ul)

we have by the chain rule that

(24) UGEANETACEARTIN § FACEART
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for s > k, where by definition for s > k

k
H A; = Ag_ 1 As_o ... Ap with A; = f;(z,xf’f,u*)

(2

i=s—1
k
and H A; = I (the identity map) for s < k.
i=s5—1

k
We use the symbol [ instead of the usual symbol Hf:s for products in order to
=S
indicate that the “increment” of the running index 7 is —1 (since s > k).
Next we define the adjoint sequence v := {1}, }72, as follows

(2.5) ¢k_28§ g(s, ¢ u?) , k=1,2,....

|§—$k

According to assumption A, we have that ||¢x| < co. Also, taking into account
7332

(2.4) and the equality xlg =z, we obtain that

oo

(2.6) Yy = Zg;(s,x:,u H fai, @), ul
s=k i=s—1

and the above sum is absolutely convergent.

To formulate the main result of the paper, we denote by Ty, (u) the Bouligand
tangent cone to the set Uy at the point u € Ug. We remind that Ty, (u) consists of all
v € R™ such that there exist a sequence of positive real numbers {t,}72; convergent
to 0 and a sequence {v,,};2; C R™ convergent to v such that u+t,v, € Uy for each
pw=1,2,... (see, for example [1, Chapter 4.1]).

Theorem 2.2. Let Assumption A be fulfilled and let (u*,x*) = ({u} }72 0. {25 }70)
be a weakly overtaking optimal solution. Let the adjoint sequence v = {1);}3°, be
defined by (2.5) (or equivalently by (2.6)). Then for every k € N the following local
maximum condition holds:

(27) (g;(k7$27u2) + 1/1k+1f;(k7$27u1t)) v<0 for every v € TUk(ul:)

Proof. Let us fix arbitrarily £ € N and v € Ty, (uj). Without any restriction we
may assume that ||v|| = 1. Then there exist an &; > 0, a sequence of positive
reals {tu}f=1~_> 0 and a sequence of elements {v,}72; — v as u — oo such that
B(uj;ay) C Uy and uj, + t,v, € Uy for each = 1,2,.... Without a restriction we
may assume that ||v,|| =1 and ¢, < &;. Define the number

c:= max k, x7, .

e (k)

Let 1o > 0 be such that ct, < ag41 for every p > po, where ag; is introduced in
assumption A.
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For a parameter p > pg we define the control sequence u* as follows:
. uy for s # k,
5 uy +t,v,, fors=Ek.

Clearly, u*(t,) is an admissible control. The corresponding trajectory x* can be
represented as

xs fors=0,1,...,k,

s
ot = ¢ f(k, xk,uk—i—t v,), fors=k+1,
fls=1,2%  ut ), fors>k+1,

i.e. for each s > k + 1 we have that

. ps—1 k+1
T = fj:—l o f“k+1 © fu k"‘tuvu( k-

Notice that for u > g
‘xg—o—l - xlt+1‘ = ‘f(kwrzvult + tﬂvk) - f(kvxszZ)\ < Ctﬂ < Oy,

since co {uy,uj + t,vr} C B(u}; ). Then according to assumption A, the trajec-
tory {zk}s is defined for all s € N.
Let us choose an arbitrary positive number € and an arbitrary w > k such that

oo
c Z BErl < ¢

s=w—+1

For any p > pug we apply the definition of weak overtaking optimality for w and for
t,€ instead of e: there exists a positive integer w, > w such that

ety > JU(wh, xM) — J9 (u”, x7).

Using the mean value theorem we obtain that
W

ety > Z(Q(vagvug)_g(svxzvu:»

s=0

= g(k,xp,up + tyvu) — g(k, xp, up) + Z (s,xt,uy) —g(s, x5, uy))
s=k+1

+ Z (g(S, JJISH_L f(k@Z»uZ""tMUu)’ u:) _ g(S, x’;+17f(k7$27u2), u:))

) L
(2.8) + oty Y (‘759(5’ 2B ) g Fulk,wiuf + Euv)vp,

where @ € co{u},uf + t,v.}, t, €[0,¢,] and fzﬂ = f(k, x5, u} + o).
Notice that

1661 = whgall = 1 (R, 2, wi + Euv) = fk, 2 )| < ety < g
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Then due to assumption A we have

Wu

9 k % % ~

Z afgg(s,xsﬂg Djee &, fﬁ(k/‘a-’%uk%—twﬂ)vﬂ
s=w+1

— || 0

k+1 % % ~

s=w—+1

00

< ey ft<e
s=w+1

Dividing (2.8) by ¢, and using this inequality we obtain that

w
*  ~ 6 * * g
2¢ > gy(k, 2}, @), + Z 295, 25w )\5 €t fulle, @i uf, + tvu) v,

s=k+1 85
/ * * . 8 k—l—l{
= gu(k,af v+ Y 6759( w0 U e=ar, , Su (kTR wk) vy
s=k+1
<9
(29) - Z aigg(sa k+15 )§ :Ek 1fu(k xkauk)UN+R( )U/h
s=w+1
where
R(t,) = (9&(’6 Ty, W) — g (k25 ug) vy
T i R A AR e A

s=k+1
_8759(37 k+1§ )|£ —af,, f;(k,xz,u,t)] Uy,

From the continuity of f/, and ¢!, with respect to u and from the continuity of
0
agg(s M€ u¥) with respect to & (see e.g. (2.4)), we obtain that R(t,) converges to

zero with t,. Then ||R(t,)| < € for all sufficiently large ;1. Moreover, for the second
last term in (2.9) we have from assumption A

<ec Z Bk+1<€

s=w—+1

Thus, regarding (2.6), we obtain from (2.9) the inequality

[e'S)
* * 6 k * * *
4de > g;(k?xk’uk)vﬂ_}— Z 8759(5"%57£’u8)|£:33k+1 f&(kaxk;auk:)vu
s=k+1

= (g,u(kvxlt;vuZ) + 7/)k+1 fé(kvxltvuZ)) Y

for all sufficiently large ;. Since € was arbitrarily chosen and v, — v, we obtain the
inequality (2.7). O
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Notice that in the above theorem the “adjoint” sequence {1} }7°,, for which the
local maximum condition (2.7) holds, is explicitly defined by (2.5) or equivalently
by (2.6). The next corollary makes a link between this result and the familiar
Pontryagin-type maximum principle In the formulation we use the notation

(2.10) H fi(s,ztul), k>1.

s=k—1

Corollary 2.3. Under the conditions of Theorem 2.2, there exists a sequence {1y }7
satisfying the adjoint equation

wk:wk+1fg/:(k7x27u2)+glx(k7$lt:7uz>7 k:1727"'7
and the transversality condition
2.11 li Zr =0
(2.11) Jm 9z =0,

such that the local maximum condition (2.7) is fulfilled for every k € N.

As seen in the proof, the above corollary holds with the same adjoint sequence
as defined explicitly in Theorem 2.2.

Proof. The first claim is fulfilled with {1;}?2, defined by (2.6). To obtain the
second claim we multiply (2.6) by Z;. The right—hand side becomes

o0
(2.12) Y2y = Zg;(s,x:,u H fa(i, xf,uf
s=k i=s5—1
The sum in the right-hand side is absolutely convergent since it is the same sum
that appears in the definition of ;. Hence, ]lin’%] Y2 = 0. O
—

In the next paragraphs we give some explanations about assumption A. Clearly, its
meaning is that the marginal effect of a disturbance of the optimal trajectory at time
k on the future running objective values g(s,-,u) is summable. This assumption
takes a simpler form (similar to that in assumption A2 in [4] in the continuous-time
case) if the equation (2.1) is invertible. The latter means that for every k > 0,
x € G and u € Uy the matrix f.(k,z,u) is invertible (see [5], where this property
is introduced). A somewhat weaker form of this condition (formulated along the
reference process ({uy},{z}}) is that for every k there is some o > 0 such that
B(z};a) C U and the mapping f B(z};a) — R™ is a diffeomorphism (see [10]).
In the lemma below the latter deﬁmtlon of invertibility suffices.

The invertibility condition is satisfied, for example, if the discrete-time equation
(2.1) results from the Euler (or another Runge-Kutta discretization) of a controlled
differential equation, provided that the discretization step is sufficiently small.

Lemma 2.4. If equation (2.1) is invertible then assumption A is implied by the
following one:
there exist positive numbers ag and Bs, s € N, such that Y o2 s < oo and

< Bs.

‘6 (s,22¢, u?)

max
£€B(zo;a0)
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Proof. Let us fix an arbitrary positive integer k. The invertibility assumption im-
plies that there exists ag > 0 such that the map

k—1 k—2 0
Fk = fu271 o fu272 O-++-0 fug : B(xo; ao) — R"

is a diffeomorphism. Because of x} = Fj(xo), the set Q = {y = Fi(§) : ¢ €
B(z0; a0)} contains an open neighborhood of the point x}, and hence there exists
ap > 0 such that B(z};ar) C Q, N G. Let & be an arbitrary point of B(x}; ay).
Then there exists {y € B(zg; ap) such that £ = Fi(&), and hence for each integer
s > k we have that

-l
95,25, u?) = g(s, 2080, ) = g(sx;k“) )

and hence

Y 0 0,7 () 9
859(87'7;5 7us) aé- <S$ 7u5 oaé-Fk (5)

Therefore, for s > k we have

et < e (7 )l
aF*(@H < sup H Bs =: B2
> k > s — .
85 §€B($Z;ak) ag
This completes the proof, since > o2, B is convergent. O

3. EXAMPLES

We give two examples that illustrate the applicability of Theorem 2.2 in cases
where the known to the authors previous results do not give comprehensive solu-
tions.

Example 3.1.

Let us consider the following discrete version of the well known Halkins’s example
(see [11], also [12, Remark 4] for the discrete-time case):

J(u,x) = Z (1 — zp) up — max,
k=0
(3.1) Lh+1 = Tk + (1 - .CUk) Uk, Tro = 0,
uy, € [0, 1], ke N.

It is straightforward that for any admissible control u = {u;}32, the corresponding
trajectory x = {x}}32, satisfies the inclusions zj € [0, 1] for each k € N.

For each positive integer w and admissible process (u, x) the truncated objective
functional takes the form

(3.2) JO(ux) =300 (1= ) up = 3050 (Tpt1 — Tn) = T
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On the other hand, we can prove by induction (see the next paragraph for a similar
proof) that the solution x of (3.1) for an admissible control u can be represented
for k > 0 as

k—1
(3.3) vp=1- [0 -u) <1

s=0
(In this example we use the standard notation H;?:p instead of Hf:q since in the
scalar case the order of multipliers does not matter; again H;-]:p is defined as 1 if
p > q.) Since for the admissible control @, = 1 we have z; = 1 for all k > 1, we
obtain that J(u,x) = 1, thus (u,X) is optimal (in any reasonable sense). Taking
into account also the monotonicity of the sequence {x}7°,, we see from (3.3) that
an admissible process (u*,x*) is weakly overtaking optimal if and only if

oo

(3.4) [[a-u) =0

s=0

Now, we analyze what Theorem 2.2 provides for this example. Let (u*, x*) =
{(ug, z3)}72, be an weakly overtaking optimal process. Again by induction we
verify that

=1 (1-0-uly)...(1—-u}), s=k+1,....
Indeed, having in mind the particular form of f, we have for s = k£ 4 1 that
B = (1-Qui=1-(1- 91 - u})
and inductively,

e =t (b =1 - (1B (1 —ul) =1 - (1 - &)1 —ul)... (1 —uf).

We have ¢/, (z,u) = —u (in this example the functions f and g do not depend on
k), thus
3.5 8 k€ i€ ) 25— 1 _

In order to prove that assumption A is satisfied for the considered optimal process
(u*,x*) we define

B = | 2ot )

s—1
= u, 1—uy).
Haa 111 =

Let us prove that the series > o0, ¥ is convergent. In fact we will prove by induction
that for every positive integer u > k

(3.6) d B =1-TJ@—u).

For p = k we have that
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Let us assume that (3.6) holds true for some positive integer p > k. Then

pAl 1 pt1
S g - ﬂ+1+zﬁk—uﬂ+lnlfu (1H<1u;f>) T,
s=k

i=k i=k

which proves (3.6).

Since the process (u*,x*) is optimal, condition (3.4) holds. Then (3.6) implies
that > 22, B¥ < 1 Thus assumption A is fulfilled. Then Theorem 2.2 claims that
the process (u*,x*) satisfies the maximum condition (2.7) with {1} defined by
(2.5) (or equivalently by (2.6)). That is, the claim of Theorem 2.2 holds for every
weakly overtaking optimal process in the considered example.

We note that the adjoint sequence {wk}zo | defined by (2.5) has the explicit form
(see (3.5), the definition of the numbers 5* and (3.6))

(3.7) Z H (1—u} 25’“ 1+ @ =)
i=k

Conversely, let the admissible control process (u*, x*) satisfy assumption A and the
maximum condition (2.7) in Theorem 2.2 with the adjoint sequence {1}, } 3>, defined
by (2.5), that is by (3.7). Observe that, as argued after (2.5), ¢ are all finite due
to assumption A.

For the particular functions f and g the maximum condition takes the form

(1= 2p) (1 +Yr1)v <0 for every v € Tjg qy(ug)-

If for some k it happens that u} = 1, then [[22(1—u}) = 0, thus the process (u*, x*)
is optimal. Alternatively, if for every k it holds that u; < 1, then [0, 00) C Tjg 1j(u},)-
The maximum condition implies that (1 — x3)(1 4+ ¥%41) < 0 for every k. Since
xy € [0, 1], this means that either z; = 1 or ¢¥p11 < —1. In the first case the process
is optimal because J“(u*,x*) = 2z = 1 for all w > k. In the second case (3.7)
implies that []>7, (1 —u}) < 0. Hence, [[72,(1 —u}) = 0 and the considered process
is again optimal.

Summarizing, we proved that Theorem 2.2 provides a complete characterization
of the optimal controls in this discrete-time version of Halkin’s example.

Notice that if an optimal control sequence u* = {u}}?2 is such that uj, # 1 for all
k =0,1,2... then in view of (3.7), (3.3) and (3.4) both “natural” transversality
conditions

lim ¢ =0 and lim ¢z =0
k—o0 k—o0

fail in this example. This is also noted in [12, Remark 4], where P. Michel ar-
gued that his transversality condition (1.1)-(iii), which for the example reads as
limg oo ¥ < 0, is satisfied. The trouble is, that for any admissible process there
exists an adjoint sequence {1} }32, satisfying this transversality condition so that
the local maximum condition is also satisfied. That is, the maximum principle with
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this transversality condition does not give any useful information for this example.
According to Corollary 2.3, the “correct” transversality condition is the following:

k—1
li 1—u)=0.
Jlim 4 SHI( up) =0
Indeed (3.4) and (3.7) imply the last equality immediately.

Example 3.2.

Let us consider an application of Theorem 2.2 to a discrete version of the continuous-
time model of optimal exploitation of a nonrenewable resource (see [2, Section 2.2,
Example 1]):

(3.8) J(u,x) = Z 0% In(zy, — a) + Inug] — max,
k=0
(3.9) Tpr1 = T —ug(zp —a), xo=x0 > a,

u, €U, =U=(0,1), keN.
Here 0 < 8 < 1 and a > 0 are given values.

In this example the state variable xzj represents the stock of the nonrenewable
resource and the control variable uj represents the extracted share of the available
for exploitation stock xi — a of the resource at stage k € N respectively. The
discount factor #* characterizes subjective time preference, and the value In(zj —
a) + Inuy represents the instantaneous utility of the extracted amount ug(z; — a)
of the resource at stage k € N. If a = 0 then the initial resource stock zg > 0 can
be fully exhausted. If @ > 0 then the initial resource stock z¢g > a can be depleted
only till the minimal possible level a.

Here we have G = (a,0), f(z,u) = x—u(z—a) and g(k, z,u) = 0% [In(x — a) + Inu]
forz € G,ueUand ke N (in this example the function f does not depend on k).

It is easy to see that for any admissible control sequence u = {uy}32,, ur € (0, 1),
k € N, the corresponding trajectory x = {x}32, (see (3.9)) is admissible, and for
any integers 0 < w1 < wy we have

ZGk In(zg — a) + Inwug] < Zlenxo—a

k=w1 k=w1

—7 ln(xo —a).

This implies that for any admissible process (u,x) the corresponding series (3.8)
either converges to a finite number or diverges to —oo. Thus, for any weakly over-
taking optimal admissible process (u*,x*) (if such exists) the corresponding value
J(u,x) of the functional (3.8) is finite.

For any admissible process (u, x) we have f.(zk, ux) = 1 —ug, and ¢, (k, g, up) =
0%/(xy —a), k € N. Since f(z,u) = (1 —u) + au and u € (0,1), the mapping
x +— f(-,u)is a diffeomorphism. Then the system (3.9) is invertible (which is not the
case in the previous example!). Further, it can be easily shown that the conditions
of Lemma 2.4 are satisfied for any admissible process (u,x) with ag = (29 — a)/2
and s = 20°/(xo — a), s € N. Thus, assumption A is fulfilled for any admissible
process (u,x).
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Let (u*,x*) be an optimal admissible process. Then due to Theorem 2.2 the
adjoint sequence 1) = {14, }72 ;, specified by (2.5) (or equivalently by (2.6)) for every
k € N, satisfies the local maximum condition (2.7). Since the process (u*,x*) is
interior and

ok -
g;(k:,a:,u):;, fi(z,u) = —(z — a), reG, uelU, keN,

the local maximum condition (2.7) reads as

oF .
(3.10) — =Uksi(eg—a), kel
k
Due to (2.6) we have?
[e9) 95 s—1
warl: Z x*_a.H(l_ui)a k€N,
s=k+1 "% i=k+1
and due to (3.9) we have
k—1
s —a=[[(1—u)wo—a), keN
i=0
These equalities imply
oo s s—1 k—1
(311) ¢pra(af—a)= Y pra— IT a=u) [T —uf) (o —a)
s=k+1 "% i=k+1 i=0
oo s s—1
-y 0= w0 - a)
s=k+1 (@5 = a) (1 =) g
1 0 gr+1
= ¥ = , keN
1 —uj S:Zk;_l (1—-up)(1-10)
Due to the maximum condition (3.10) this implies
1 _ *
Tk 9 ken
uy 1-6
Solving the last equality we finally get
(3.12) up=1-0, zf=a+60x0—a), k e N.

Thus we have proved that if an optimal admissible process (u*, x*) exists then it
is uniquely defined by (3.12), and due to (3.11) the corresponding adjoint sequence
Y = {Yr}, is defined as follows:

1
Now let us prove that the process (u*,x*) defined by (3.12) is optimal.

(3.13) ke N.

P
i=q
the scalar case the order of multipliers does not matter; again H;?:p is defined as 1 if p > q.

2Here as in the previous example we use the standard notation Hg:p instead of []?_  since in
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For this notice first that for any £ = 0,1,2,... the unique absolute maximum of
the function h(k, -, 9¥r41) : (0,00) — R!, defined by
Ik, ¢, ¥rs1) = 0 I ¢ = Ypnl,  ¢>0,
is reached at the point ¢y = 0% /g1 = 0%(1 — 0) (20 — a) = u}(z} — a). Here the
sequence ¥ = {1} }32, is defined by (3.13) and the process (u*,x*) = {(u}, z})} 7,
is defined by (3.12).

Now let {(vk,yr)}32, be an arbitrary admissible process. Then for any k € N we
have

h(k7 UZ(I‘Z - (1), ¢k+1) > h(kv Uk(yk - a)7 1/1k+1)
or, equivalently,
0" In . + In(wf, — 0)] — G106 (27 — a)
(3.14) > 6" oy, + In(yy, — a)] — Yrr1ok(ye — a)-
For an arbitrary integer w > 1 summing (3.14) we get

w

(3.15) > 6 [Inuj +In(xf — a)] = Y _ 6% [Invg + In(yy, — a)]
k=0

k=0
w
Z ¢k+1uk Z Tﬁk+1’l)k Yk — a)
k=0 k=0
. 1
T (1—=0)(wo—a) Z;) R A (O v m(yw — ).
Since
lim y, >a and lim z), =a,
wWw—00 w—00

taking the limit in inequality (3.15) as w — oo we get

o0
Z 0% Inu} + In(z} — a)] > limsup Z 0% Invg + In(yp — a)] .
k=0 W k=0
Thus, the process (u*,x*) defined by (3.12) is optimal. As already proved above,
if an optimal process exists then it is unique. Hence, the process (u*,x*) defined
by (3.12) is a unique optimal admissible process.
Notice that if @ > 0 then in view of (3.12) and (3.13) both “natural” transversality
conditions
lim ¢, =0 and lim ¢z =0
k—o00 k—o00
fail in this example. Due to Corollary 2.3 the “correct” transversality condition is
the following:

k—1
li 1—u})=0.
Jm v ][0 =) =0
Indeed, (3.12) and (3.13) imply
gk—1
hm z/JkH 1—u)) = hm — =0.

oo (1 —60)(zg—a)
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