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DEPENDENCE ON PARAMETER OF THE SOLUTION TO
AN INFINITE HORIZON LINEAR-QUADRATIC OPTIMAL
CONTROL PROBLEM FOR SYSTEMS
WITH STATE DELAYS

VALERY Y. GLIZER

ABSTRACT. An infinite horizon linear-quadratic optimal control problem with
point-wise and distributed state delays in the dynamics is considered. The coef-
ficients of the problem, as well as the initial conditions, depend on a parameter.
Subject to the assumption on a proper smoothness of this data of the optimal
control problem in the parameter, a smooth dependence of its solution on this
parameter is established.

1. INTRODUCTION

Dependence on a parameter of solutions to optimal control problems is an impor-
tant topic of the control theory. Various problems of this topic have been studied
in the literature. Different optimal control problems for ordinary differential equa-
tions (deterministic and stochastic) without delays, perturbed by a small parameter
(or by a parameter with a small deviation from a nominal value), were extensively
considered in the literature (see e.g. [1, 6, 7, 8, 10, 12, 13, 26, 30, 37] and ref-
erences therein). Stability and sensitivity of solutions to these problems, as well
as an asymptotic solution with respect to the parameter, for regular and singular
types of the perturbation were analyzed. Dependence on a parameter of solutions to
optimal control problems for various types of partial differential equations without
delays also was studied extensively in the literature (see e.g. [2, 28, 29, 31, 33, 36]
and references therein). Dependence on a parameter of solutions to optimal control
problems for ordinary differential equations with delays was studied in the literature
mainly in three cases: (i) dependence on a small positive parameter of singular per-
turbation in dynamics; (ii) dependence on a constant time delay; (iii) dependence
on a small positive weight of control cost in the cost functional. The first case was
analyzed in e.g. [11, 14, 16, 20, 22, 25, 38] (see also references therein). For the
second case, one can see [3, 32] and references therein. The third case can be found
in [15, 19, 21, 23, 24] and references therein. Sensitivity analysis of optimal control
problems for some classes of partial differential equations with delays and a singular
perturbation of geometrical domain of integration was carried out in [9, 27].
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In the present paper, we consider an infinite horizon linear-quadratic optimal
control problem with point-wise and distributed state delays in the dynamics. The
coeflicients of the equation of dynamics in this problem and the corresponding initial
conditions depend on a parameter. Using the control optimality conditions, the
solution of this problem is reduced to solution of a set of three Riccati-type matrix
equations, one algebraic and two differential equations (ordinary and partial) with
deviating arguments. Based on the assumption of a proper smoothness of the data
of the optimal control problem with respect to the parameter varying in a given
interval, a smooth dependence of the solution to this set of Riccati-type equations
on the parameter is established. Using this result, a smoothness with respect to
the parameter of the state-feedback optimal control, the optimal trajectory and the
optimal value of the cost functional in the considered optimal control problem is
obtained. To the best of our knowledge, such a problem has not yet been studied
in the literature.

Although the results of the present paper are rather theoretical, we would like to
present here one their important application. Namely, these results are extremely
useful in qualitative analysis and quadratic optimization of singularly perturbed lin-
ear time-dependent systems with small delays (see e.g. [14, 17, 18]) by application
of the Boundary Function Method [34] and the Separation of Time-Scales Method
[26]. Both methods are based on an asymptotic decomposition of the original sin-
gularly perturbed system into two simpler unperturbed subsystems (slow and fast
ones). The slow subsystem is undelayed, and its independent variable is the original
one (time). The fast subsystem is a time delay system. Its independent variable is a
new one (stretched time), while the original independent variable becomes a param-
eter. Thus, the fast subsystem depends on the stretched time (as an independent
variable) and on the original time (as a parameter). The stretched time varies from
zero to infinity, while the original time varies in a given bounded and closed inter-
val. One of important assumptions in the analysis and optimization of the original
singularly perturbed system is the requirement on the first-order smoothness with
respect to the parameter of the solution to a proper infinite-horizon linear-quadratic
optimal control problem associated with the parameter dependent fast subsystem.
In the papers [14, 17, 18] such a smoothness either was proven for the simplest par-
ticular case of a single point-wise delay in the fast subsystem [14], or was assumed
to be valid in the general case of multiple point-wise delays and a distributed delay
in the fast subsystem [17, 18]. In the present paper this smoothness is rigorously
proven in the general case.

The paper is organized as follows. In Section 2, the optimal control problem is
formulated rigorously. Its reduction to the set of three Riccati-type matrix equations
is presented. Main assumptions are made. Objectives of the paper are stated. In
Section 3, three important auxiliary lemmas and their corollaries are formulated and
proven. Two main lemmas on continuity and first-order smoothness with respect
to the parameter of the solution to the set of Riccati-type matrix equations are
formulated and proven in Section 4. In Section 5, the smoothness with respect to
the parameter of the state-feedback optimal control, the optimal trajectory and the
optimal value of the cost functional of the considered optimal control problem is
proven.
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The following notations are applied in this paper:

(1) E™ is the n-dimensional real Euclidean space.

(2) The Euclidean norm of either a matrix or a vector is denoted by || - ||.

(3) The superscript "T” denotes the transposition either of a vector z (z1) or
of a matrix A (AT).

(4) I,, denotes the identity matrix of dimension n.

(5) L?[n1,m9; E™] denotes the Hilbert space of all functions f(n) : [n1,72) — E"
square integrable on the interval [, 772) The inner product of the elements

f(n) and g(n) in this space is (f(n),9(n)) . = [, fT (Mg(n)dn.
(6) M[n, ng; n| denotes the Hilbert space of all pairs f (fe, fL(n)), fe € E™,
fr(n) € L?[n1,m2; E™]. The inner product of the elements f = (fg, fr(n))

and g = (gE,gL(n)) in this space is <f,g>M = fggE + <fL(n),gL(n)>L2.
(7) Re) denotes the real part of a complex number .

2. PROBLEM STATEMENT

2.1. Control problem formulation. Consider the controlled system

N
D Aj(w)a(t - /Gn, z(t +mn)dn
§=0

(2.1) FB(w)u(t), t>0,

where z(t) € E™; u(t) € E" (u is a control); N > 0 is an integer; 0 = hg < h; <
hy < ... < hy = h are some given constants; w is a parameter; 4;(w), (j =0, ..., N),
G(n,w) and B(w) are matrix-valued functions of corresponding dimensions, given
for n € [—h,0] and w € [wi,wa]; Aj(w), (j =0, ..., N) and B(w) are continuously dif-
ferentiable with respect to w € w1, wa]; the functlon G(n,w) is piecewise continuous
with respect to n € [—h,0] for each w € [w1,ws], its partial derivative 0G(n,w)/dw
is continuous with respect to w € [wy, wo] uniformly in n € [—h,0].
The initial conditions for the system (2.1) have the form
€[=h

(2.2) z(n) = ¢(n,w), ,0); 2(0) = 2o(w),

where the vector-valued function cp(n,w) € L%[—h,0; E" for any w € [wy,ws], its
partial derivative dp(n,w)/0w is continuous with respect to w € [w1,ws] uniformly
in n € [~h,0], and dp(n,w)/0w € L*[—h,0; E"] for any w € [wi,ws]; the vector-
valued function zg(w) is continuously differentiable for w € w1, wo].

The cost functional, to be minimized by a proper choice of the control u(t), is

(2.3) J(u) = /0 o (mT(t)m(t) +uT(t)u(t)>dt.

2.2. Control optimality conditions in the problem (2.1)-(2.3). Let us denote

(2.4) Sw) 2 Bw)BT(w), w € [wy,wa.

Using the matrix S(w), we consider for any w € [w1,ws] the following set, con-
sisting of one algebraic and two differential equations (ordinary and partial) for
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matrices P, @), and R:

(2.5) PAy(w) 4+ AL (w)P — PS(w)P + Q(0) + QT(0) + I,, = 0,
G (4Fw) - PS() Q) + PG(.w)
(2.6) + z_: PA;j(w)d(n + hy) + R(0,7),
<£7 + ;X)R(n X) = G'(n,w)Qx)
N—-1
+QT(MG(x,w) + Y AT (W)Q(x)d(n + hy)
j=1
(2.7) + Z QT () A (w)3(x + hy) — Q" (M) S(w)Q(x),

where n € [—h,0] and x € [—h,O} are independent variables; d(-) is the Dirac
delta-function.
The set of equations (2.5)-(2.7) is subject to the boundary conditions

Q(—h) = PAy(w),
R(=h,n) = AG(w)Q(n),  R(n,—h) = Q" (n)An(w).

(2.8)
For a given w € [wi,ws], consider the state-feedback control in the system (2.1)
(29) i) = Ko@)+ [ Fafowe+ njan

where K (w) and Ky (n,w) are r x n-matrices; Ko(n,w) is piece-wise continuous in
€ [_h70]7 Ty = .Z'(t + 77)7 ne [_h70]

Definition 2.1. For a given w € [w1, ws], the system (2.1) is called L2-stabilizable if
there exists the state-feedback control (2.9) such that for any z¢(w) € E", ¢(n,w) €
L?[—h,0; E™], the solution #(t) of (2.1) with u(t) = @(z;) and subject to the initial
conditions (2.2) satisfies the inclusion Z(t) € L?[0, +o0; E™].

In what follows, we assume
(A) For all w € [w;,ws] and any complex number A with Re\ > 0, the following
equality is valid:
N
(2.10) rank Z w) exp(—Ah;) / G(n,w)exp(An)dn — A\, , B(w)| = n.
j=0
The following assertion is a direct consequence of the results of [35].

Proposition 2.2. Let the assumption (A) be valid. Then, for each w € [w1,ws],
the system (2.1) is L?-stabilizable.
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Lemma 2.3. Let the assumption (A) be valid. Then, for each w € [wy,ws], the
set of equations (2.5)-(2.7) subject to the boundary conditions (2.8) has the unique
solution {P(w), Q(n,w), R(n,x,w), (n,x) € [-h,0] x [—h,O]} such that:

(i) the matriz

o) (e e )

(Qn,w)" R(n, x,w)

defines a linear bounded self-adjoint nonnegative operator mapping the space
M{[—h,0;n] into itself;

(ii) the matriz P(w) is positive definite;

(iii) the matriz-valued function Q(n,w) is piece-wise absolutely continuous in
n € [—h,0] with the bounded jumps at n = —h;, (j=1,...,N —1);

(iv) the matriz-valued function R(n, x,w) is piece-wise absolutely continuous in
n € [=h,0] and in x € [—h,0] with the bounded jumps at n = —h;, and
X = —hj27 (]1 =1,..N—1; jo=1,...,N — 1),

(v) the unique state-feedback optimal control in the problem (2.1)-(2.3) has the
form

0
(2.12) u=uj () = B (w) [P(W)fﬂ(t) + /_hQ(n,W)ZE(t +n)dn| ;

(vi) the optimal value J*(w) of the cost functional (2.3) has the form
0
7w =af P + 28 [ Queetnin

0 0
(2.13) +/h /h o (M R(n, p,w)e(p)dndp;

(vii) the closed-loop system (2.1),(2.12) is L?-stable, implying that all roots A\(w)
of the equation

N
det [)\In - (Ao(w) - S(w)P(w)) =3 4(w) exp(~Ahy)
j=1
0
14 — G(n,w) — S(w w) ) exp(An)dn| =
(214) | (6w) = @M.« expmdn] = 0
satisfy the inequality
(2.15) ReA(w) < —2y(w), w € [wi,wa],
where y(w) > 0 is some function of w.

Proof. The statements of the lemma immediately follow from Proposition 2.2 and
the results of [4]. O
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2.3. Objectives of the paper. The objectives of the paper are the following:
(I) to establish a continuity with respect to w of the solution to the set (2.5)-

(2.7),(2.8);

(IT) to establish a first-order smoothness with respect to w of the solution to the

set (2.5)-(2.7),(2.8);

(III) to establish a first-order smoothness with respect to w of the state-feedback
optimal control in the problem (2.1)-(2.3);

(IV) to establish a first-order smoothness with respect to w of the optimal tra-
jectory in the problem (2.1)-(2.3);

(V) to establish a first-order smoothness with respect to w of the optimal value
of the cost functional in the problem (2.1)-(2.3).

3. AUXILIARY LEMMAS

Consider two quasi-polynomial equations with respect to A

(3.1) det [)\I —ZA exp(—Ah;) / G(n exp()\n)dn]

7=0

0

(G(n)+AG(n) exp(kn)dn] =0,

—h

(3.2 det[ EN: A +AA) exp(—)\hj)—/
=0

where A;, AA;, (7 =0,...,N), G(n), AG(n) are matrices of the dimension n x n; the
matrix-valued functions G(n) and AG(n) are piece-wise continuous in the interval
[_hv 0] :

Lemma 3.1. Let all roots X\ of the equation (3.1) satisfy the inequality ReA < =24,
where B > 0 is some constant. Then, there exists a positive number v such that for
all AA;, (7 =0,...,N) and AG(n), n € [=h,0], satisfying the inequalities

(3.3) A4l <v, j=0,...N; |[AG()| <v, ne[-h,0],
all roots Aa of the equation (3.2) satisfy the inequality ReAa < —20.

Proof. We prove the lemma by contradiction, i.e., we assume that the statement of
the lemma is wrong. This means the existence of the sequences {v;}, {AA; 1}, (j =
0,1,...,N), {AGi(n)} and {Aa } with the following properties: (a) v, > 0, (k =
1,2,...), and limy_,4 o v = 0; (b) the n X n-matrices AA; . satisfy the inequalities
HA'AMH <, (j=0,1,..,N; k=1,2,...); (c) the n X n-matrix-valued functions
AGy(n) are piece-wise continuous in the interval [—h, 0] and satisfy the inequalities
|AGL()|| < vk, n € [<h,0], (k=1,2,...); (d) Redak = =28, (k =1,2,...); (e) Aa
is a root of the equation (3.2) with AA; = AA;x, AG(n) = AGr(n), (k=1,2,...).
The following two cases can be distinguished with respect to the sequence {Aa 1 }:
(i) {A\ax} is bounded; (ii) {Aa x} is unbounded. We start with the case (i). In this
case, there exists a convergent subsequence of {Aa ;}. For the sake of simplicity
(but without a loss of generality), we assume that the sequence {Aa ;} itself is
convergent. Let AA = limy_ 400 Aa k- Due to the above mentioned property (d),
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ReAa > —28. Substitution of AA; = AA;k, AG(n) = AGk(n), A = Aa into (3.2),
followed by calculation of the limit of the resulting equality for k — 400, yields:

(3.4) det | Aaln — > Ajexp(—Aah;) — / hg(n) exp(Aan)dn| = 0.
=0 -

The latter means that A is a root of the equation (3.1). Thus, due to the assump-
tion of the lemma on the roots of this equation, we obtain that ReAa < —23. This
contradicts the above obtained inequality Rela > —28.

Proceed to the case (ii) where the sequence {Aa 1} is unbounded. In this case,
there exists a subsequence of {Aa 1}, modules of elements of which tend to infinity.
Similarly to the case (i), we assume that {Aa 1} itself is such a subsequence, i.e.,
limy_s 400 [Aa k| = +00. By substituting AA; = AA; 1, AG(n) = AGL(n), A = Aak
into (3.2), dividing the resulting equality by ()\Avk)n and, then, calculating the limit
of the last equality as k — 400, one obtains the contradiction (—1)" = 0.

The contradictions, obtained in the cases (i) and (ii), prove the lemma. O

Consider the initial-value problem with respect to the n x n-matrix-valued func-
tion ®(¢)

N 0
35 =Y )+ [ Kae)sndn 20
j=0 -

(3'6) ‘I’(U) =0, ne [—h,O); (I)(O) = Ip,

where H;(w), (j = 0,...,N) and K(n,w) are n X n-matrix-valued functions, given
for n € [—h,0] and w € [w1,ws]; H;j(w), ( =0,..., N) are continuously differentiable
with respect to w € [wi,ws]; the function K(n,w) is piecewise continuous with
respect to n € [—h, 0] for each w € [wi,ws], and its partial derivative 9K (n,w)/dw
is continuous with respect to w € [wy, we] uniformly in n € [—h,0].

Due to the results of [5], for any w € [wi,ws], the problem (3.5)-(3.6) has the
unique locally absolutely continuous solution ®(t) = ®(t,w), t > 0.

Consider the quasi-polynomial equation with respect to A

N 0
(3.7) det [)\In — Z’Hj(w) exp(—Ah;) — /th(n,w) exp(An)dn| =0,
j=0 -

Lemma 3.2. Let for any w € [wi,ws], all roots \(w) of the equation (3.7) satisfy
the inequality
(3.8) AMw) < —2k(w),

where k(w) > 0 is some function of w € [wi1,wa]. Then, there exists a positive
number K such that all these roots satisfy the inequality

(3.9) AMw) < =28 Yw € [wi,ws].

Proof. Using the above mentioned smoothness of 7;(w) and K(n,w) with respect to
w € [wy,ws], the lemma is proven by contradiction similarly to the proof of Lemma
3.1. U
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Let wy be an arbitrary but fixed point in the interval [wy,ws], and Aw # 0 be an
arbitrary number such that wg + Aw € [wy,ws]. Let us denote
(3.10) AD(t) = P(t,wo + Aw) — ®(t,wp), t>0.

Lemma 3.3. Let the condition of Lemma 3.2 be valid. Then, for all sufficiently
small |Aw|, the matriz-valued function A®(t) satisfies the inequality

(3.11) |A®(t)|| < aexp(—Fit)|Aw], ¢ >0,
where a > 0 and 0 < Ry < K are some constants independent of Aw.

Proof. First of all, let us note that, due to Lemma 3.2 and the results of [4], the
matrix-valued function ®(t,wp) satisfies the inequality

(3.12) H@(t,wo)H < ajexp(—kt), t>0,
where a1 > 0 is some constant.
Denote
(3.13) AH]' = Hj(&)o + Aw) — Hj(&)o),
(314) A’C(U) = lc(na wo + Aw) - Ic(nv WO), ne [_hv O]

Due to the smoothness of of H;(w) and KC(n,w) with respect to w € [wr,ws], we
obtain the inequalities for all sufficiently small |Aw]:

(3.15)  ||AH,|| < aglAw|, j=0,1,...,N; ||AK(p)| < a2lAw|, n € [-h,0],
where ao > 0 is some constant independent of Aw.

Using the problem (3.5)-(3.6) at w = wp and w = wo+Aw, we obtain the following
initial-value problem for A®(¢):

A N
d E(t) ;)Hj(wo + Aw)AD(L — hy)
0
(3.16) —i—/ K(n,wo + Aw)AD(t + n)dn+ D(t), t >0,
—h

where
N 0

(3.18) D(t) = Z AH;®(t — hj,wo) + / AK(n)®(t + n,wo)dn, t>0.
— —h

Using inequalities (3.12),(3.15) and the initial conditions (3.6), we immediately have
for all sufficiently small |Aw|

(3.19) D) < agexp(—Ft)|Aw|, ¢ >0,

where a3 > 0 is some constant independent of Aw.
Now, by virtue of the variation-of-constant formula (see e.g. [5]), we obtain the
unique solution of the problem (3.16)-(3.17)

(3.20) /@t—sAw D(s)ds, t>0,
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where the n x n-matrix-valued function (¢, Aw) is the unique solution of the initial-
value problem

N
dO(t, Aw)
— ng/Hj(wo + Aw)O(t — hj, Aw)
0
(3.21) —|—/ K(n,wo + Aw)O(t + n, Aw)dn, t >0,
—h
(3.22) O(n,Aw) =0, ne[-h0); O6(0,Aw)=1I,.

Consider the following quasi-polynomial equation with respect to A, which is the
characteristic equation of the delay differential equation (3.21):

N 0
(3.23) det [)\IH—ZHj(w0+Aw) exp(—Ah;) —/ K(n,wo+Aw) exp(An)dn| = 0.
§=0 —h
Due to the inequalities (3.15), and Lemmas 3.1 and 3.2, we obtain that all roots
AAw) of (3.23) satisfy the inequality ReA(Aw) < —2& for all sufficiently small Aw.
The latter, along with the results of [4], yields for such Aw the inequality

(3.24) |©(t, Aw)|| < agexp(—F&t), >0,

where a4 > 0 is some constant independent of Aw.
Now, the statement of the lemma (the inequality (3.11)) follows immediately from
the equation (3.20) and the inequalities (3.19),(3.24). O

Corollary 3.4. Let the condition of Lemma 3.2 be valid. Then, the solution ®(t,w)
of the problem (3.5)-(3.6) is continuous with respect to w € [w1,ws] uniformly in
t €0,400).

Proof. The corollary is a direct consequence of Lemmas 3.2 and 3.3. (I

Corollary 3.5. Let the condition of Lemma 3.2 be valid. Then, the derivative
0P (t,w) /0w exists and is continuous with respect to w € w1, ws| uniformly in t €
0, +50).

Proof. In the proof of this corollary, we use the notations introduced in the proof
of Lemma 3.3.

Applying Corollary 3.4 to the problem (3.21)-(3.22), we obtain that
lima,,—0 O(t, Aw) exists and satisfies the initial-value problem, obtained from (3.21)-
(3.22) by setting there Aw = 0. Thus,

(3.25) lim O(t, Aw) = @(t,wp).
Aw—0

Now, dividing the equation (3.20) by Aw, calculating the limit of the resulting
equality for Aw — 0 and using the equations (3.18),(3.25), we obtain

N

SO [ S
0

Ow Aw—0 Aw — dw
j:

0
(3.26) +/ M<I>(s + n,wo)dn] ds, t>0.
—h Ow
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Since wy is an arbitrary point of the interval [wy,ws], the equation (3.26) is valid
for all w € [w1,ws]. This observation, along with Corollary 3.4, directly yields the
statement of the corollary. a

4. MAIN LEMMAS

4.1. Continuity with respect to the parameter of the solution to the set
(2.5)-(2.7),(2.8).

Lemma 4.1. Let the assumption (A) be valid. Then, the matrices P(w), Q(n,w),
R(n, x,w), constituting the solution of the set (2.5)-(2.7),(2.8), are continuous func-
tions of w € [wy,ws] uniformly in (n,x) € [—h,0] x [—h,0].

Proof. Let wy be an arbitrary but fixed point in the interval [wq,ws], and Aw # 0
be an arbitrary number such that wy + Aw € [wi,ws]. Let us denote

AA; = Aj(wo + Aw) — Aj(wp), j=0,1,...,N,
(4.1) AS = S(wo + Aw) — S(wp), AG(n) = G(n,wo + Aw) — G(n,wp),
AP = P(wy + Aw) — P(wy),
AQ(n) = Q(n,wo + Aw) — Q(1,wo) — Pwo) AAN,
AR(n, x) = R(n, x,wo + Aw) — R(n, x,wo) — Q" (n,wo) AAy
(4.2) —(AAN)TQ(x,wo) — (AAN)T P(wp)AA.

Using the set of equations (2.5)-(2.7) at w = wp and w = wp + Aw, we obtain the
following problem for AP, AQ(n), AR(n, x):

(4.3) APa(wy) + o (wo) AP + AQ(0) + (AQ(0))" + Tp(AP) =0,

LI~ a0 AQU) + APO(0)
N-—1
(4.4) + > APAj(wo)d(n + hy) + AR(0,n) + T (AP, AQ(n)),
j=1

0 0 T
(On + &()AR(m xX) = (AQ(n)) 0(x,wo)
N-1
+07 (1, wo) AQ(x) + Y AT (wo) AQ(X)3(n + hy)

j=1
N—-1
(4.5) + 57 (AQm) T Aj(wo)d(x + hy) + Tr(AQ(M), AQ(X)),

j=1
AQ(—h) = AP(An(wo)+ AAy),
AR(~h,) = (An(wo)+AAN)"AQ(n),
(46)  AR(n,—h) = (AQ(M)" (An(wo) + AAy),
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where
(4.7)  aw)=A)w) = SW)PWw), O(nw)=G(nw) - Sw)Qn,w),
Yp(AP) = (P(wo)+ AP)AA+ (A4g)” (P(wo) + AP)
—(P(wo) + AP)AS(P(wo) + AP) — APS(wo)AP
(4.8) —P(wo)AAy — (AAN)" P(wo),
To(AP,AQM)) = [Ady— AS(P(wo) + AP)]" (Q(n,wo) + AQ(n))
—~APS(w0)AQ(n) + (P(wo) + AP)AG(n)
N-—1
(4.9) +> (P P)AA;8(n+ hy) + a” (wo) P(wo) AAw,

Jj=1

Tr(AQM),AQ() = (AGH)" (Q(x.wo) + AQ(x))
+(Q(n,wo) + AQ() TAG(x)

N— 1
Q(x,wo) + AQ(x))d(n + hy)

+
Z <.
g

£ (@) + AQ) AAS(x + hy)
1
(AQ ) (wo)AQ(x)
—(Qn,wo) + AQ(M) " AS(Q(x, wo) + AQ(x))
dQ(ﬁaWO) TdQ(X,UJO)
dn dx

+(AAN)T P(w0)0(x, wo) + 67 (1, wo) P(wo) AAy
N—-1

+ > AT (wo) Plwo) AANS(n + hy)
j=1

_|_

) AAy + (AAy)

P

T
(4.10) + (AAN) P(wo)Aj<WQ)(5(X + hj).
j=1
By virtue of the results of [4], we can rewrite the problem (4.3)-(4.6) in the
equivalent integral form

“+oo
AP = / |:,CT(0',W0,AW)TP(AP),C(O',W(),AW)
0
0
+/ LT (o,wo, Aw) T (AP, AQ(n)) L(0 + 1, wo, Aw)dn
—h

0
+ /—h LT (o +n,wo, Aw)Tg (AP, AQ(n))L(0,wo, Aw)dn
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0 0
N / h / L7 (0 4,0, ) Tr(AQ(), AQ(X))

(4.11) xL(o +X,w0,Aw)dndx] do,

+o0 -
200) = [ [0 A TR Elo 0, 50
/ LY (o ,wo, Aw) Yo (AP, AQ(x))L L(o + X, 1, wo, Aw)dx
/ LT (o —i—X,wo,Aw)TQ(AP AQ(x))L L(o,m,wo, Aw)dx
[ £ e B Tr(30(0, 2000)
—nJ-n
><[,~(a + X1, 1, wo, Aw)dxdx1 | do
n+h
+ / {LT(U,WO,AOJ)TQ(AP, AQ(n — o))
0

0
(4.12) +/hLT(a+WO,AW)TR(AQ(X),AQ(T,—a))dx do,

Jr
AR(n,x) = /0 [E (0,1, w0, Aw)Y p(AP)L (0, X, wo, Aw)

/ (0,100, ) T (AP, AQ(x1)) (6 + x1. X w0, Aw)dx
+/h£ (0+X1,7],w0,Aw)TQ(AP AQ(Xl)) (0 X wo, Aw)dx1
+/ / L "0+ x1,m, w0, Aw) Tr(AQ(x1), AQ(x2))

—nJ-n

xz(a—i— X2, X, wo, Aw)dx1dx2 | do
n+h ~
+ [ [h(ar aQn - o) e en a0
0
0
+/hTR(AQ(X1) AQ(n—o0))L (0+X1,x,wo,Aw)dX1]d
x+h 1 _
+ [ [T AT (AR Q0 - )
0

0 ~
+ / LT (4 1m0, A Tr(AQ(). AQU - a>>dxl} do
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min(n+h,x+h)
@ o+ TR(AQ( — o). AQ(x — 0))do,
0
where L(0,wp, Aw) is the solution of the problem
N-1
dL (o, wo, A
W = a(wo)L(o,wo, Aw) + Y Aj(wo)L(o — hj,wo, Aw)
j=1
+AN(wo + Aw)L(0 — hy,wo, Aw)
0
+/ 0(n,wo)L(o +1,wo, Aw)dn, o >0,
—h
(4.14) L(0,wp, Aw) =1, L(0o,wo,Aw) =0 Vo <0,
and E(a, 1, wo, Aw) is defined as follows:
N-1
~ A L(c —n—hj,wy, Aw)Aj(wg), n—o < —hj<n
L{o,n,wo, Aw) = Zl { 0, otherwise
]:
{ L(c—n—h,wy, Aw)AN(wo + Aw), n—0<—h<n }
+ 0 .
, otherwise
h
(415) +/ ‘C(U - N = X,wo, AW)Q(—X, WO)dX7 c>0, ne [_h7 0]
-1

Using Lemmas 2.3 and 3.1, the equation (4.7) and the continuity of Ay(w), we
obtain that, for all sufficiently small |Awl, all roots A of the equation

N-1
(4.16) det [)\In — afwy) — Z Aj(wo) exp(—Ahj)

j:
0
— An(wo + Aw) exp(=Ah) — / 0(n, wo) exp(An)dn| =0
—h

satisfy the inequality
(4.17) ReX < —27v(wp).

The latter, along with the results of [4], and the equations (4.14) and (4.15), yields
the following inequalities for all sufficiently small |Aw|, and all ¢ > 0, € [—h, 0]:

|1 £(c,wo, Aw)|| < aexp (= v(wo)o),
(4.18) HZ(O‘, n,wo, Aw)|| < aexp (— y(wo)o),

where a > 0 is some constant independent of Aw.
Due to the smooth dependence of 4;(w), (j =0,1,...,N), G(n,w) and S(w) on
the parameter w, we have the following inequalities for all sufficiently small |Aw]:

|AA|| € alAw|, j=0,1,...,N,
(4.19) |AS]| < alAw|,  [|AG()|| < alAw|, 7 € [~h,0],

where a > 0 is some constant independent of Aw.



272 VALERY Y. GLIZER

Now, applying the procedure of successive approximations with zero initial ap-
proximation to the set (4.11)-(4.13), and using the equations (4.7)-(4.10) and the
inequalities (4.18)-(4.19), one can show after a routine algebra that for all suffi-
ciently small |Aw| there exists the unique solution {AP, AQ(n), AR(n, x)} of this
set, such that the matrix

(4.20) ( AP AQKX) )

(AQ(m)"  AR(1.x)

defines a linear bounded self-adjoint operator mapping the space M[—h,0;n] into
itself. Moreover, the following inequality is satisfied:

max AP, [|aQm)|, [[ARM.v)]] < eAw,
(421) (7]7X) € [—h,O] X [_ha 0]7

where a > 0 is some constant independent of Aw.

Since (4.11)-(4.13) is a set of nonlinear equations and may have multiple
solutions, we must show that its solution, satisfying (4.21), indeed satisfies
the equation (4.2), where {P(wo + Aw), Q(n,wo + Aw), R(n, x,wo + Aw)} and
{P(wo), Q(n,wo), R(n,x,wo)} are the solutions of the set (2.5)-(2.8) at the param-
eter values w = wg + Aw and w = wy, satisfying Lemma 2.3.

Consider the matrices

P(wo) + AP, Q(n) 2 Q(n,wo) + AQ(n) + Plwy) Ay,
R(n, x) R(n, x,wo) + AR(n,x) + Q" (n,wo) AAy
(4.22) +(AAN)TQ(x wo) + (AAN) T P(wo)AAy.

It is clear that the triplet {f’, Qn), é(n,x)} satisfies the set (2.5)-(2.7),(2.8) for
w = wg + Aw, i.e.,

(4.23) P Ag(wo+ Aw) + A% (wo 4+ Aw)P — PS(wo + Aw) P+ Q(0) + Q7 (0) + I,, = 0,

)

P

> >

di?lf;?) _ (Ag (wo + Aw) — PS(wo + Aw))@(n) + PGy, wo + Aw)
N-1
+ Z 15Aj<w0 + Aw)é(n + hj) + ﬁ(()?n),
j=1

(4.24)

l

0 0 9)
(877 N 8x> x) = GT(nwo+ Aw)Q(x)
N-1

+Q (MG (x,wo + Aw) + Y AT (wo + Aw)Q(x)3(n + hy)
j=1

N—-1
+ 3 Q T(n)Aj(wo + Aw)d(x + hy)
=1

(4.25) —Q T()S(wo + Aw)Q(x),
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Q(~h
(4.26) R(=h,7

= PAn(wo + Aw),
= Al (wo+ Aw)Q(n), R(n,—h) = Q T(n)An(wo + Aw),

where n € [—h,0], x € [-h,0].
The set (4.23)-(4.25) is transformed equivalently as:

)
)

(4.27) Pa+a&"P+1,+Yp=0,
WO _ 57Gm) + i)
U
N ~ ~
(4.28) Z i(wo + Aw)d(n + hy) + R(0,1) + To(n),

<;7+8>§(77,x) = 0" (n)Qx)

+
L)
N
=
=S

() + D A (wo + Aw, 0)Q(x)d(n + hy)

j=1

(4.29) + 570 T(n)Aj(wo + Aw, 0)5(x + hy) + Tr(m, 1),

where & = Ag(wo + Aw) — S(wo + Aw)ﬁ, 0(n) = G(n,wo+ Aw) — S(wo + Aw)Q(n),
Tp = PS(wo + Aw)P, To(n) = PS(wo + Aw)Q(n), Tr(n,x) = Q T(n))S(wo +
Aw)Q(X)-

Consider the following quasi-polynomial equation with respect to A:

0

N

(4.30)  det [S\In — &= Aj(wo + Aw) exp(—Ah;) — / 0(n) exp(An)dn| = 0.
=1 —h

Due to Lemma 2.3, all roots X of this equation satisfy the inequality

(4.31) Rel < —27(wo + Aw).

Also, consider the operator, defined by the matrix

( TP TQ(X) )
(4.32) N N ,
Y5 Tr(n,x)

and mapping the space M[—h, 0; n] into itself. Since S(wy+ Aw) is a symmetric and
positive semi-definite matrix, then this operator is self-adjoint and non-negative.
Now, based on the inequality (4.31) and the properties of the operator defined
by (4.32), we obtain by virtue of the results of [4] that the set (4.27)-(4.29),(4.26)
has the unique solution {P Qn), (n,x)}, (n,x) € [=h,0] x [—h,0]. Moreover,
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the operator, defined by the matrix

P Q(x)
(4.33) ,

QT(n) R(n,x)

and mapping the space M[—h,0;n] into itself, is self-adjoint and non-negative.

Note that the set (4.27)-(4.29),(4.26) is equivalent to the set (4.23)-(4.25), (4.26).
Moreover, the latter coincides with the set (2.5)-(2.7),(2.8) for w = wp+ Aw. There-
fore, by the above mentioned properties of the solution {ﬁ, Q(n), R(n, x)} to the
set (4.27)-(4.29),(4.26), and by virtue of Lemma 2.3, we immediately have that for
all (777X) € [—h,O] X [_hv 0]

(4.34) P = P(wo+Aw), Q1) =Q(n,wo+Aw), R(n,x) =R, x,wo+ Aw).

These equalities, along with the equation (4.2) and the inequality (4.21), imply
the continuity of the matrix-valued functions P(w), Q(n,w), R(n, x,w) with respect
to w at w = wp uniformly in (n,x) € [—h,0] x [~h,0]. Since wp is any point
of the interval [wy,ws], then P(w), Q(n,w), R(n, x,w) are continuous functions of
w € [wi,wse] uniformly in (n,x) € [—h,0] x [—h,0]. This completes the proof of the
lemma. O

4.2. Smoothness with respect to the parameter of the solution to the set
(2.5)-(2.7),(2.8).

Lemma 4.2. Let the assumption (A) be valid. Then, the derivatives dP(w)/dw,
0Q(n,w) /0w, OR(n, x,w)/0w exist and are continuous functions of w € [wi,ws]
uniformly in (n,x) € [—h,0] x [=h,0].

Proof. In the proof of this lemma, we use the notations introduced in the proof of
Lemma 4.1.

Let us divide the equalities (4.11)-(4.13) by Aw. Then, let us calculate the
limits of the resulting equalities for Aw — 0. Using the equations (4.1)-(4.2),(4.7)-
(4.10),(4.14)-(4.15) and the inequalities (4.19),(4.21), we obtain that the derivatives
dP(WO)/dw7 8@((*}0)77)/8(“)7 8R(WO,77,X)/8(U exist for any pair (777X) € [—h,O] x
[—h, 0], and these derivatives have the form

dP(wp) AP

22 im =
dw AUIJIEO Aw

+oo
- / |:51111m (07 WO)HP (wo)ﬁlim(g7 WO)
0

0

+ / N Egm(07 WO)HQ(% WO)Elim(U +n, WO)dn
0

+/ Elji—‘m(o- + n7w0)H£(n7w0)£lim(O_7 W[))dT]
h

0 0
(435) +/h/h££m(a+77?w0)HR(777X7W0)£11m(U+Xaw(])dndx dU,
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0Q(n,wo) .. AQ(n)
Ow - Alggo Aw

—+00 .
- [ [cﬁmw, o) TTp (w0) Eien (0 1, 0)
0

dAN(wo)

+ P(wg) dw

O ~
+/ ﬁgnl(ov WU)HQ(Xa wﬂ)ﬁlim(o + X1, wO)dX
h

0 ~
+/ E%m(a +X WO)Hg(Xa WO)Elim(Uv n, WU)dX
—h
0 /0 N
"’/ / Lh (o +x,wo)R(X, X1,w0) Liim (0 + X1, 7, wo)dxdx1 | do
—hJ—h

n+h T
+ [ {aim(m o)l (1 — 7, w0)
0

O 7 dApn(wo)
(436) + Elim(a- + X WO)HR (X? n—o, wO)dX do + P(WO) dw )
—h
dAn(wo)

dw

ow Aw—0 Aw

+(M>TQ(XMO)

(777 wO)

dw

+oo _
= / [ﬁ fm (o, m, wo)p(wo) Liim (0, X, wo)
0

O ~ ~
+ / L Em(a? 7, WO)HQ(Xl, wo)'clim(o- + X1, X WO)dX1
—h

0 ~
+/ L fi (0 + x1,m,w0) I (X1, wo) Liim (7, X, wo)dx1
—h

0 0 _
+/ / ‘C,ll';m(o-—f_Xl?”?wU)HR(XhXQqu)
—h J—h

X Liim (0 + X2, X, wo)dx1dx2 | do

_l’_

n+h . _
/ |:HQ (77 - 07 WO)»Clim(O'v X7 WO)
0

0 ~

+ HR(leTI_ g, wO)ﬁlim(U+X17X7w0)dX1:| do

—h

x+h [ _ T
|:‘C lim(U7 m, wO)HQ (X — 0, WO)

+
S— T

0 ~
+/ L Em(a +X17777w0)HR(X17X — 0, WO)dX1:| do
—h

min(n+h,x+h)
+/ HR(TI — 0, X0, wO)dU
0
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(4.37)

where

(4.38)

(4.39)

(4.40)

J
Liim (0, w) is the solution of

dLyim (07 w)
do

(4.41)

T
P(w) dAO (w) 4 <dA0 (w)

Liim (0,

VALERY Y. GLIZER

+QT(777 WO)

T
S (M) o

ol ) P - P

) _ (dAN(w)>TP(w)7

{

dw dw

dAg(w)

dw dw

T
>] Q) + Pl 2E02)

dAN(w)
dw

8(n + hj) + o’ (w) P(w)

)+ Q" (n,w) aG((;;, )

) ( Al )>TQ<x,w>6<n+hj>

N-1
+> Q" (n,w)
1

j=

dA;j(w)
dw

6(x + hy)

Q" (n,) B g 0)

+<dan> dAN (w )+<dAC]in(w)>T
(7 )
N-1
I

dQ(x,w)
dx
dAN(w)
dw

P(w)8(x,w) + 0T (n,w)P(w)

dAN(oJ)
dw

6(n + hy)

= <.
;l

_l’_

T
) P(w) A5 (@)3(x + hy),

™

<dAN (w)

dw
1

—+

he problem
N

= a(w)Lim(o,w) + > Aj(w)Lim(o

J=1

+/ g(naw)ﬁlim(o— + an)d% o> 07
—h

_hjaw)

w) = I,, Ehm(a,w) =0 Vo <0,
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and th(a, n,w) is defined as follows:
N

5 A Liim(c —n — hj,w)Aj(w), n—o<—h;<n
Lim(o,n,w) = Zl { 0, otherwise
J:
h
(4.42) +/ Lim(oc —n—x,w)0(—x,w)dx, oc>0, ne€l-h0].
-7

Since wp is any point of the interval [wi,ws], then the derivatives dP(w)/dw,
0Q(n,w) /0w, OR(n,x,w)/0w exist for any w € [wi,we] and any pair (n,x) €
[—h,0] x [=h,0]. Now, let as show that these derivatives are continuous in w €
[w1, wa] uniformly with respect to (1, x) € [—h,0] x [—h,0].

Let us denote

P 2 B g0 2 KAL) py, PAN),
T
(143)  Ripw) & SO gy P (D) g,

Using these notations and the equations (4.35)-(4.37), we have for any w € [wy, w9]

—+o00
Pl = | [zfm<a,w>np<w>cnm<o,w>
0

0

+ / ££m(07 w)HQ (771 (U)Elim(d + mn, W)dn
—h
0

+ / Lo+ 1) 01.) i 750

0 0
(4.44) + / h / Lo+ (. X.50) Lo + 3, | do

+o0o _
o) = [ o te @) imo.n.)
0
0 ~
+/ »Clj;m(0'7w)HQ(X,w),Clim(O'+X,17,w)dx
—h
D o~
+/h££m(0 + Xaw)Hg(Xvw)ﬁlim(O—a 777w)dX
0 0 N
+/ / Lh (o +x,w)R(X, X1,w) Liim (0 + x1,1,w)dxdx1 | do
—nd-n
n+h
+/ [ﬁi‘fm(ng)HQ(n - an)
0
0
(4.45) + [ Lo+ xn(en — 0w do,
—h

—+00 -
ROnv.w) = /0 [c£m<a,n,w>np<w>cnm<a,x,m
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O ~ ~
+/ L £n1(07n7w)HQ(X17w)£lim(U+X17X)w)dX1
—h

0 ~
+/ L Em(a + Xlanaw)Hg(Xlaw)‘Clim(aaX?w)dX1
—h
0 0
+/ / L lim(a + Xl,T],W)HR(Xl,XQ,W)
—h J—h

XZlim(U + X2, X W)dX1dX2 do
n+h . ~
+/(; I:HQ<77 - an)ﬁlim(o—a X?w)

0 ~
+/ HR(len_ O',w>£11n1<0'+X1,X,W)dX1:| do
h

x+h [ _ T
+/ I:ﬁ lim(07n7w>HQ (X - U7w)
0
0 ~
+/ L gn1(0+xlanaw)HR(X17X_ U,W)dX1:| do
—h
min(n+h,x+h)
(4.46) +/ Mr(n —o,x — o,w)do,
0

where Ly (0o, w) and Ehm(a,n,w) are given by (4.41) and (4.42), respectively.

Remember that in the proof of Lemma 4.1, we transformed equivalently the set
(4.3)-(4.6) to the set of integral equations (4.11)-(4.13). In the present proof, we
apply the inverse transformation of the set (4.44)-(4.46). Due to this transformation,
we obtain the following set of equations, equivalent to (4.44)-(4.46):

(4.47) Pw)a(w) + o (w)P(w) + Q(0,w) + QT(0,w) 4+ p(w) = 0,
L) aT()Qw) + P
N—-1
(4.48) + )" P(w)Aj(w)3(n + hy) + R(0,1,w) + Ho(n,w),
j=1
o 0
(5 + 3 JROxw) = Q)
N-—1
+67 (1, w)Q(x,w) + Y AT (w)Q(x,w)d(n + hy)
=1
N—-1 ’
(4.49) +> QT (0, w)Aj(w)d(x + hy) + Tr(n, X, w),
j=1

Q(—h,w) = P(w)An (),
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(4'50) R(_hvnaw) = A%(W)Q(Uyw)» R(’% _haw) = QT(”?"J)AN(W)a

where w € [wy,ws] is the parameter.

Now, based on the set (4.47)-(4.50) and using the statement of Lemma 4.1, one
can show (similarly to the proof of Lemma 4.1) the continuity of P(w), Q(n,w),
R(n, x,w) inw € [w,ws] uniformly with respect to (n, x) € [—h, 0] x[—h,0]. The lat-
ter, along with the equation (4.43) implies the continuity of dP(w)/dw, 0Q(n,w) /0w,
OR(n, x,w)/0w in w € [wy,ws] uniformly with respect to (n,x) € [—h,0] x [—h,0].
This completes the proof of the lemma. O

5. MAIN THEOREMS

5.1. Dependence on the parameter of the state-feedback optimal control.
Based on the expression (2.12) for the state-feedback optimal control of the problem
(2.1)-(2.3), let us consider for any w € [w1,ws] the operator F, : M[—h,0;n] — E,
given as:

A 0
(5.1) Fulfior fr(n) 2 Pr(w) i + / Qr(n.w)fulmin
where
(5.2) Prw) = —BT(@)PW), Qr(nw) = —BT(@)Q(nw),

(fE,fL(n)) € M[-h,0;n], fg € E™, fr(n) € L?[~h,0; E"]; P(w) and Q(n,w) are
the components of the unique solution to the set (2.5)-(2.8) mentioned in Lemma
2.3.

Theorem 5.1. Let the assumption (A) be valid. Then, for any given (fE, fL(n)) €
M([—h,0;n], the derivative dF, (fE,fL(n))/dw of the image F, (fE,fL(n)) exists
and is a continuous function of w in the interval [wi,ws]. Moreover, for any given
bounded set S C M[—h,0;n], this derivative is continuous in the interval [wi,ws]
uniformly with respect to (fE, fL(n)) eS.

Proof. Using the smoothness of the matrix B(w) with respect to w € [w1,ws], as
well as the equation (5.2) and Lemma 4.2, we directly obtain that the derivatives
dPr(w)/dw and 0Qr(n,w)/0w exist. The first of these derivatives is continuous in
w € |wi,ws], and the second is continuous in w € [wy,ws] uniformly with respect
to n € [—h,0]. Therefore, for any given (fg, fr(n)) € M[—h,0;n], the derivative
dF, (fE, fL(n))/dw exists, has the form

dF,(fe, fr(n)  dPr(w) 0 0QF(n,w)
- o+ [ D)
dw dw _h Ow
and is continuous for w € [wy, ws).
Proceed to the proof of the second statement of the theorem. Since the set
S C M]J—h,0;n] is bounded, there exists a positive number Ks such that any
(fE, fL(n)) € S satisfies the inequalities

(5.4) |72 < Ks, || fe(n)||,. < Ks.

Let wp be an arbitrary but fixed point in the interval [wi,ws], and Aw # 0 be
an arbitrary number such that wy + Aw € [w1,ws]. Using the equation (5.3), the

(5:3) fr(mdn,  w € [w,wa],



280 VALERY Y. GLIZER

inequalities (5.4) and the Cauchy-Bunyakovsky-Schwarz inequality, we obtain the
following inequality for any ( fE, fL(n)) es:

(5.5)
dFuoraw(fE, fL(0)  dFuy(fE, fL(n))

<
dw dw < Ks dw dw

(1, )]

This inequality implies immediately the continuity of dF,, ( fe. f L(n)) /dw at w = wy
uniformly with respect to ( fe, f1L (77)) € §. The observation that wg is an arbitrary
point in the interval [wi,ws] completes the proof of the second statement of the
theorem. 0

H dPr(wo + Aw)  dPr(wo)

aQI(%WO + Aw) N 8@]:(777(*)0)

Ow dw

5.2. Dependence on the parameter of the optimal trajectory. Substitution
of the expression (2.12) for the state-feedback optimal control into the system (2.1)
and using (2.4) yield the system

N
dil(tt) = a(w() + Z Aj(w)a(t = hy)

(5.6) / 0(n,w)x(t +n)dn, t>0,

where a(w) and 6(n,w) are given by (4.7).

The system (5.6) and the initial conditions (2.2) constitute the initial-value prob-
lem for obtaining the optimal trajectory of the optimal control problem (2.1)-(2.3).
Due to the results of [5], for any w € [w1,ws], the problem (5.6),(2.2) has the unique
locally absolutely continuous solution z(t) = z(¢,w), t > 0.

Theorem 5.2. Let the assumption (A) be valid. Then, the derivative Ox(t,w)/0w
exists and is continuous with respect to w € (w1, ws] uniformly in t € [0, 400).

Proof. Using the variation-of-constant formula (see e.g. [5]), for any w € [wi,ws],
we obtain the unique solution of the problem (5.6),(2.2) in the form:

(57) x(t,w) ['hm t,w 1'0 / »Chm t,m,w (ﬁ,w)dna t >0,

L (t,w) is the solution of the problem (4.41) and Ly, (£,7,w) is given by (4.42),
where o is replaced with t¢.

Due to the equation (4.7), Lemma 2.3 (item vii, equations (2.14)-(2.15)) and
Corollaries 3.4-3.5, the functions Ly, (t,w), OLjim (t,w)/Ow are continuous with re-
spect to w € [w1,ws] uniformly in ¢ > 0. Therefore, the functions /jlim(t,n,w),

OLjim (t,m,w)/O0w also are continuous with respect to w € [wi,ws] uniformly in
(tan) € [07+OO) X [_ha 0]
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Using (5.7) and the assumptions on the smoothness of zg(w) and ¢(n,w) with
respect to w € w1, ws], we obtain

8:17(1&, OJ) _ 6L"lim(t? w) i de(w)
Ow N ow 0 (@) + Liim ;) dw
0 8th(ta mn, w) ~ 8(10(77’ OJ)
+/h [&d@(%w) + Elim(tvnuw)aw]d ;
(5.8) t>0, w€ [wi,wsl.

By virtue of Lemma 2.3 (item vii, equations (2.14)-(2.15)), as well as the proofs
of Lemma 3.3 (equation (3.12)) and Corollary 3.5 (equation (3.26)), we obtain the
following inequalities for any prechosen w = wy € [wy,ws| and all ¢ > 0:

8»C'lim (t7 WO)

% < crexp (—y(wo)t),

59) |Gt < crexp (=2l |

where ¢; > 0 is some constant.
The equation (4.42) and the inequalities (5.9) yield the following inequalities for
all t > 0 and n € [—h,0]:

aZlim (t7 m, OJ())

N < cgexp (—’y(wo)t),

(5.10) Hzlim(t,n,wo)H < cpexp (—y(wo)t), H

where ¢y > 0 is some constant.

Now, using the equation (5.8), the inequalities (5.9)-(5.10), and the continuity
of all the functions in the right-hand side of (5.8) with respect to w at w = wy
uniformly in (¢,7) € [0,400) X [—h,0], we obtain that the derivative dz(t,w)/0w
is continuous with respect to w at w = wp uniformly in t > 0. The observation
that wy is any point of the interval [wy,ws] implies the continuity of the derivative
Ox(t,w) /0w with respect to w € [wi,ws] uniformly in ¢ > 0. Thus, the theorem is
proven. [l

5.3. Dependence on the parameter of the optimal value of the cost func-
tional.

Theorem 5.3. Let the assumption (A) be valid. Then, the derivative dJ*(w)/dw
exists and is continuous with respect to w € [wi,ws], where the optimal value of the
cost functional J*(w) of the problem (2.1)-(2.3) is given by (2.13).

Proof. The statement of the theorem directly follows from the equation (2.13) and
Lemma 4.2. ]

REFERENCES

[1] A. Bensoussan, Perturbation Methods in Optimal Control, Wiley, New York, NY, 1988.

[2] J. F. Bonnans and F. J. Silva, Asymptotic expansion for the solutions of control constrained
semilinear elliptic problems with interior penalties, STAM J. Control Optim. 49 (2011), 2494
2517.

[3] F. H. Clarke, The sensitivity of optimal control problems to time delay, SIAM J. Control
Optim. 29 (1991), 1176-1215.

[4] M. C. Delfour, C. McCalla and S. K. Mitter, Stability and the infinite-time quadratic cost
problem for linear hereditary differential systems, SIAM J. Control 13 (1975), 48-88.



282
(5]

(6]

(7]

(8]

(10]
(11]
[12]
(13]

(14]

(15]

[16]

(17]
18]
(19]
20]
21]

22]

23]

24]

[25]

[26]

VALERY Y. GLIZER

M. C. Delfour and S. K. Mitter, Controllability, observability and optimal feedback control of
affine hereditary differential systems, SIAM J. Control 10 (1972), 298-328.

M. G. Dmitriev and G. A. Kurina, Singular perturbations in control problems, Autom. Remote
Control 67 (2006), 1-43.

A. L. Dontchev, Perturbations, Approximations and Sensitivity Analysis of Optimal Control
Systems, Lecture Notes in Control and Information Sciences, Vol. 52, Springer-Verlag, Berlin,
1983.

A. L. Dontchev, W. W. Hager, A. B. Poor and B. Yang, Optimality, stability and convergence
in nonlinear control, Appl. Math. Optim. 31 (1995), 297-326.

Z. Emirsajlow, A. Krakowiak, A. Kowalewski and J. Sokolowski, Sensitivity analysis of time
delay parabolic-hyperbolic optimal control problems with boundary conditions involving time
delays, in: Proceedings of the 18th International Conference on Methods and Models in Au-
tomation and Robotics, Miedzyzdroje, Poland, 2013, pp. 514-519.

U. Felgenhauer, On stability of bang-bang type controls, SIAM J. Control Optim. 41 (2003),
1843-1867.

E. Fridman, Decomposition of linear optimal singularly perturbed systems with time delay,
Autom. Remote Control 51 (1990), 1518-1527.

V. Gaitsgory and S. Rossomakhine, Awveraging and linear programming in some singularly
perturbed problems of optimal control, Appl. Math. Optim. 71 (2015), 195-276.

7. Gajic and M.-T. Lim, Optimal Control of Singularly Perturbed Linear Systems and Appli-
cations, High Accuracy Techniques, Marsel Dekker, Inc., New York, NY, 2001.

V. Y. Glizer, Asymptotic solution of a singularly perturbed set of functional-differential equa-
tions of Riccati type encountered in the optimal control theory, NoDEA Nonlinear Differential
Equations Appl. 5 (1998), 491-515.

V. Y. Glizer, Asymptotic solution of a cheap control problem with state delay, Dynam. Control
9 (1999), 339-357.

V. Y. Glizer, Asymptotic solution of a boundary-value problem for linear singularly-perturbed
functional differential equations arising in optimal control theory, J. Optim. Theory Appl. 106
(2000), 309-335.

V. Y. Glizer, Controllability of singularly perturbed linear time-dependent systems with small
state delay, Dynam. Control 11 (2001), 261-281.

V. Y. Glizer, Observability of singularly perturbed linear time-dependent differential systems
with small delay, J. Dyn. Control Syst. 10 (2004), 329-363.

V. Y. Glizer, Suboptimal solution of a cheap control problem for linear systems with multiple
state delays, J. Dyn. Control Syst. 11 (2005), 527-574.

V. Y. Glizer, Correctness of a constrained control Mayer’s problem for a class of singularly
perturbed functional-differential systems, Control Cybernet. 37 (2008), 329-351.

V. Y. Glizer, Infinite horizon cheap control problem for a class of systems with state delays, J.
Nonlinear Convex Anal. 10 (2009), 199-233.

V. Y. Glizer, Linear-quadratic optimal control problem for singularly perturbed systems with
small delays, in: Nonlinear Analysis and Optimization II, (A. Leizarowitz, B. S. Mordukhovich,
I. Shafrir and A. J. Zaslavski, Eds.), Contemporary Mathematics Series, Vol. 514, American
Mathematical Society, Providence, RI, 2010, pp. 155-188.

V. Y. Glizer, Stochastic singular optimal control problem with state delays: regularization,
singular perturbation, and minimizing sequence, STAM J. Control Optim. 50 (2012), 2862
2888.

V. Y. Glizer, Singular solution of an infinite horizon linear-quadratic optimal control problem
with state delays, in: Variational and Optimal Control Problems on Unbounded Domains, (G.
Wolansky and A. J. Zaslavski, Eds.), Contemporary Mathematics Series, Vol. 619, American
Mathematical Society, Providence, RI, 2014, pp. 59-98.

1. V. Grebennikova, Solution approrimation in a minimax control problem for a singularly
perturbed system with delay, Russian Math. 55 (2011), 23-33.

P. V. Kokotovic, H. K. Khalil and J. O’Reilly, Singular Perturbation Methods in Control:
Analysis and Design, Academic Press, London, UK, 1986.



DEPENDENCE ON PARAMETER OF SOLUTION TO CONTROL PROBLEM 283

[27] A. Kowalewski and J. Sokolowski, Sensitivity analysis of hyperbolic optimal control systems
with boundary conditions involving time delays, in: Proceedings of the 18th International Con-
ference on Process Control, (M. Fikar and M. Kvasnica, Eds.), Tatranskd Lomnica, Slovakia,
2011, pp. 531-536.

[28] I. Lasiecka and J. Sokolowski, Sensitivity analysis of optimal control problems for wave equa-
tions, STAM J. Control Optim. 29 (1991), 1128-1149.

[29] M. Majewski, Stability analysis of an optimal control problem for a hyperbolic equation, J.
Optim. Theory Appl. 141 (2009), 127-146.

[30] K. Malanowski and H. Maurer, Sensitivity analysis for state constrained optimal control prob-
lems, Discrete Contin. Dyn. Syst. 4 (1998), 241-272.

[31] K. Malanowski and J. Sokotowski, Sensitivity of solutions to convex, control constrained op-
timal control problems for distributed parameter systems, J. Math. Anal. Appl. 120 (1986),
240-263.

[32] P. M. Ndiaye and M. Sorine, Delay sensitivity of quadratic controllers: a singular-perturbation
approach, STAM J. Control Optim. 38 (2000), 1655-1682.

[33] J. Sokolowski, Sensitivity analysis of control constrained optimal control problems for dis-
tributed parameter systems, SIAM J. Control Optim. 25 (1987), 1542-1556.

[34] A. B. Vasil’eva, V. F. Butuzov and L. V. Kalachev, The Boundary Function Method for
Singular Perturbation Problems, STAM Books, Philadelphia, 1995.

[35] R. B. Vinter and R. H. Kwong, The infinite time quadratic control problem for linear systems
with state and control delays: an evolution equation approach, STAM J. Control Optim. 19
(1981), 139-153.

[36] S. Walczak, U. Ledzewicz and H. Schéttler, Stability of elliptic optimal control problems, Com-
puters and Mathematics with Applications 41 (2001), 1245-1256.

[37] Y. Zhang, D. S. Naidu, C. Cai and Y. Zou, Singular perturbations and time scales in control
theories and applications: an overview 2002-2012, International Journal of Information and
Systems Sciences, 9 (2014), 1-36.

[38] V. P. Zholtikov and V. V. Efendiev, Singularly perturbed control with delay problem, J. Au-
tomat. Inform. Sci. 29 (1997), 40—43.

Manuscript received July 24 2016
revised October 14 2016

V. Y. GLIZER
Department of Mathematics, ORT Braude College of Engineering, P. O. Box 78, Karmiel 2161002,
Israel

E-mail address: valery48@braude.ac.il , valgl120@gmail.com



