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ORDERED LOCATION PROBLEMS

JERZY GRZYBOWSKI, DIETHARD PALLASCHKE, AND RYSZARD URBANSKI

ABSTRACT. For finitely many points in a metric space, called facilities, Endre
Weiszfeld studied the differentiable convex optimization problem of finding a
point such that the sum of all distances from this point to the given facilities is
minimal. In this paper we consider a modified problem: Namely, after ordering
the distances to all facilities by value, determine a point so, that in the order by
value the sum of those distances which belong to a given connected ascending
subsequence of indexes is minimal. This is a quasi-differentiable optimization
problem with a goal function which is a difference of convex functions. Necessary
optimality conditions are derived which are similar to those of the classical cases
studied by Weiszfeld.

1. INTRODUCTION

We describe first our problem in more details: For a metric space (X,d) and
given points v1,vs,...,v, € X, E. Weiszfeld (see [9] and [5]) studied the problem
of finding a point Z € X such that the sum of distances Y ., d(Z,v;) is mini-
mal. In this paper we consider the modified problem of finding a point £ € X
such that for [,k > 0 with [ + k < n there exists a permutation 7 of the in-
dexes such that the sum Ziif_ﬂ d(Z,v,(;)) is minimal under the condition that
d(Z,vr1)) < d(Z,v5(2)) <+ < d(Z,vVg(n)) holds. This problem will be called the
ordered location problem and was first studied from the algorithmic point of view
for an arbitrary metric space in [4]. It turns out, that in the unrestricted case for
X = R"™ endowed with the Euclidean metric it is a quasi-differentiable optimization
problem with a goal function which is a difference of convex functions.

An access to this problem is possible by the class of ordered median functions, which
were introduced by S. Nickel and J. Puerto [6] for the treatment of continuous loca-
tion problems. Roughly speaking these functions are weighted averages of ordered
elements and can be defined as follows:

For a (row)-vector © = (z1,...,2,) € R" let us denote by x< = (2(1),..., %)) the
rearrangement of the components of z, sorted by value, i.e. x(1) <z < - <z,
and consider the mapping

sort, : R" — R" given by x+— z<.
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Definition 1.1. Let A = (A1,...,A;) € R” be given. Then the function
fn : R® — R is called an ordered median function if for every x € R"™ holds
fa(x) = (A, sorty,(z)), where (-, -) denotes the inner product in R™.

Obviously every ordered median function is a continuous piecewise linear function on
R™ and therefore a DCH-function (see [7]) , i.e. a function which can be represented
as a difference of two continuous sublinear functions.

Throughout this paper we will mainly use the notation z() < xg) < -+ < ()
instead of xr() < Trg) -+ < @y, for the ordered components of a vector z =
(x1,...,2y) € R™.

In [3] a simple explicit representation of an ordered median function as a difference
of two continuous sublinear functions is given as follows:

Consider the following sublinear functions 601, 60s,...,60, : R — R given by:
O(x) = x1+az24--+ 2,
il7i27"'7in—1€{1727"7n}
O2(x) = maxq @ +Tiy +--Fx, , i <ig < <lp_1p,

(01582, int1—r €{1,2,..,n}
Or(x) = max @ +T +- -+ X, i1 <iz < <lppi-p o,

7,'1,1'26{1,2,..,77,}
On—1(x) = maxqz;, +x, @ i1 <12 ,

Op(x) = max{zy,...,z,}.
Let us remark that the sublinear functions 6,6, ...,0, are also ordered median
functions, known as centrum functions (see [6]) , where 6, and generated by the
vector A= (0,...,0 ,1,...,1,1,...,1) e R"™.
—— g

r—1 elements n—r+1 elements

In [3], Remark 1 the following statement was proved:

Proposition 1.2. FEvery ordered median function fy : R™ — R given by f\(x) =

(A, sorty () with A = (A1,...,An) € R™ has the following DC H -representation:
1) = (A sortu(a)) = S0 py0;

with p1 = A1 and p; = N\j — N\j—1 fori € {2,...,n}.

Although the following Corollary is an immediate consequence of Proposition 1.2,
we will give a direct proof of it.
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Corollary 1.3. For a binary vector A = (0,...,0, 1,...,1, O,...,O) e R™ with
—— N — e —

[1 elements k elements [y elements
block size k, left margin l1 and right margin lo holds

(@) = (A sorty(2)) = 0141 — Oy rht1-

Proof. For © = (z1,...,2,) € R" let z< = (x(l),...,x(n)) be the rearrangement
of the components of z, sorted by value, i.e. xq) < z(9) < -+ < z(,). Then
I(x) = Z?:erlkﬂ TGy = D ity 41 T(6) — Dty 4kt 1 TG = O 41(®) = Oy 11 (2), which
finishes the proof. O

2. THE ORDERED LOCATION PROBLEM

Ordered median functions have been used for the formulation of objectives for
optimization problems in location theory (see [4] and [2] ). Here we assume through-
out the paper that the metric space (X,d) is given by X = R™ endowed with the
Fuclidean distance

d(z,y) = |z —yll = V((z — y,x — ),

and request that the ordered median functions belong to the binary vector of the
form \ = (0,...,07 1,...,1, O,...,O) € R™ with block size & > 0, left margin
N N N——

[1 elements k elements [lo elements
l1 > 0 and right margin ly > 0. Moreover let V = {v1,v9,...,v,} C R™ a finite
subset of pairwise disjoint points and for the Euclidean metric d on R™ define

D(z) = (di(x),...,dp(z)) € R" by di(z) =d(z,v;), x € R™ and i€ {1,2,...,n}.
Then the optimization problem
(OLP) min f)(D(z)) under z € R"

is called the ordered location problem. Note, that the ordered location problem is a
quasi-differentiable optimization problem.

General Assumption:

The metric space (X, d) is given by X = R endowed with the Euclidean distance
d(x,y) and for every point zy € R™ in which the goal function (fy o D) has a local
minimum the condition zg ¢ V = {vy,...,v,} holds. V = {v1,ve,...,v,} CR™ a
finite subset of pairwise disjoint points

Proposition 2.1. For an arbitrary vector A = (A1,...,An) € R" let f) : R" — R
be the corresponding ordered median function. Moreover let V = {v1,va,...,v,} C
R™ q finite subset of pairwise disjoint points and assume that g ¢ V = {v1,...,v,}.
If additionally D(zo) = (di(xo), . .., dn(x0)) € R™ with d;(xo) = d(xo,v;) consists of
pairwise different components, then the function

faoD:R™ — R with =~ f) (D(x))

is continuously differentiable in a suitable neighborhood of g € R™ \ V.
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Proof. Let us choose a different representation of fy, : R®™ — R given by
() = (A sorty(z)) = > Nipi(x) where the order by value is given by the ar-
rangement functions @1, p2,..., ¢, : R” — R with:

e1(z) = min{z1,...,2,}

¢2(x) = min {max {z;,z;} | i<jand 4,j€{1,2,...,n}}

@3(x) = min {max {z;,z;,z;} | 1 <j<land 4,j,l€{1,2,..,n}}

or() = min {max {x;,, Tiy, ..., T, } | i1 < ig<---<ipand iy,i9, - €{1,2,...,n}}
on(z) = max{x1,...,z,}.

Since xg ¢ V the function x +— d;(z) is smooth on R" \ {v;} for the Euclidean
metric. Since the vector D(zg) = (di(zg),...,dn(z9)) € R™ consists of pairwise

different components the sequence (¢1(D(x0)), p2(D(x0)), - .., en(D(xg))) is strictly
monotone. This holds also for (¢1(D(z)), p2(D(z)),...,en(D(z))) for every x ¢
V' which is close to xg. So every summand in this representation is continuously
differentiable around xy which proves the assertion. O

Necessary Optimality Conditions:

Now we will turn our attention to necessary optimality conditions for the ordered
location problem (OLP)

min f\(D(x)) under z € R™
faoD:R™ — Ris given by fi (D(z)) = 61,41 (D(x)) — 01,4441 (D(x)) .

Since fy is a DCH-function and the Euclidean distance is convex the composed
function fy o D is quasi-differentiable in the sense of V.F. Demyanov and A.M.
Rubinov (see [1]). By quasi-differential calculus (see [1]) we get for the quasi-
differential at x¢g € R™ the following pair of compact convex sets

(QD) D(fxoD)|, = (3 (0410 D) |+ OO +k+10D) ‘xo)

where “0” denotes the convex subdifferential in R™ (see [8]). A necessary optimality
condition for a local minimum in zp € R™ (see [1] Theorem 16.4) is:

(NOC) 9 (O +k+10D) |, C d(0y410D)]

o’

Similarly a sufficient optimality condition for xy € R™ (see [1] Theorem 16.7) to be
a strict local minimum is

(SOC) 9 (O +k410D) |, C int d(Oh410D)|,

Zo

where "int (A)” denotes the interior of a set A.

Note furthermore that a point € R™ is in the interior of a convex set A C R™
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of dimension k£ < m if an only if it is a convex combination with strict positive
coefficients of (k + 1) affine independent elements of A.

Let us finally remark that the subdifferential of a finite maxima of convex functions
is the convex hull of the gradients of the active functions in this point, i.e. for
r € {2,..,n} one has:

0 (0,0 D) ‘xo = conv{V’xO (diy +dig +++-+ iy, ‘ (0 0 D) (wg) =
(SD)

Cinyig,ing 1 €{1,2,.m}
(di1 + dig 4+ 4+ din+1—r) (1,‘0) and 11 <1< ....<1lpp1—rp C R™.

Proposition 2.2. In the notation of an ordered location problem (OLP) let V =

{vi,v9,...,un} C R™ be a finite set of pairwise disjoint points and A\ =
(O,...,O, 1,...,1, 0,...,0) € R"™ be given. Assume that f\ o D has a local min-
—_—— —— ——

l1 elements k elements [o elements
imum in in xog € R™ and xo ¢ V. Let us write for the vector D(x) in the ordered

form
SOl"tn(D(iL'o)) = D(.TU())S = (d(l)(iﬂo), d(g)(xo), PN ,d(n) (wo))
and assume that dg 1y (70) # dg,4r41)(w0) holds. If fy o D is not Gateauz-
differentiable in xg € R™ then
d,y (o) = dg, 41y (o).

Proof. First note that fy(D(z)) : R™ — R with f\(D(z)) = 6,41 (D(z)) —
01, +1+1 (D(z)) is quasi-differentiable at xyp € R™ and hence directional differen-
tiable with quasi-differential

zo> '

Next observe that by formula (SD) and the assumption d(;, 4y (70) # d(,4+x+1)(70)

D(fxoD)|,= <5(911+1 0 D) |,s0 (O +k+10D)

the set 0 (0, 4x+1 0 D) ‘wo is a singleton. Since f)oD is not Gateaux-differentiable in
xo € R™ the set 0 (6;,41 0 D)!xohas at least two extremal points ([1], 10.1). Hence
the ordered sequence sort,(D(zo)) = D(zo)< = (da)(20),d2)(w0), -, dm)(zo))
must be of the form:

d1y(zo) < -+ < dyy(z0) = d(gy41)(%0) < dgy42y(z0) < -+ < dpy(z0)

-~

(n—1;) elements
with the equality d(ll+1)($0) = d(ll)(l‘O)- Now we show that v}xod(ll"‘l) =+ v‘xod(ll)’
because otherwise
Lo — V(1 +1) To — Y(1y)
d(1,+1)(20) d1y) (o)

which implies v(;,) = v, 41) in contradiction to the definition of V. 0

=V|,.du+y =V, dawy =
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Proposition 2.3. In the notation of an ordered location problem (OLP) let V =

{vi,v9,...,u,} C R™ be a finite set of pairwise disjoint points and N\ =
(0,...,0, 1,...,1, O,...,O) € R™ be given. If for an xg € R™\V in the ordered se-
——— e — N——

[1 elements k elements [o elements
quence of distances holds that d(,y(wo) # d,+1)(z0) and dg, 1) (7o) = d, 1141)(T0)
then xy € R™\ 'V is no solution of the ordered location problem

min fy(D(x)) under = € R™.

Proof. As seen in the above proof the set 9 (6,410 D) |$O consists only of one
element, whereas 0 (0, +x+1 0 D) ‘Jfo contains the line segment between two distinct
elements. Hence the necessary optimality condition (NOC) is not satisfied for zy €
R™ and therefore xg is no local minimum point of fy o D which implies that xg is
no solution of the ordered location problem. O

3. TYPES OF LOCAL MINIMA

By the necessary optimality condition (NOC) we have to consider for the opti-
mization problem:
min f\(D(x)) under z € R™

faoD :R™ — R given by
Ia(D(x)) = (A, sortn(D(2))) = b1 41 (D(2)) = O 441 (D () -

the two subdifferentials 9 (6}, 11 o D)‘QE0 and 0 (0, 4x+1 © D)|m0, where we assume that

froD hasin g € R™ a local minimum. If we assume that the ordered sequence
sortn(D(xo)) = D(afo)S = (d(l)(:ﬂo), d(g) (l’o), N ,d(n) (.Z'())) is of the form:

dy(zo) <+ < dyy(wo) = dgy41)(20) < dgy42)(20) < -+ < dy(20)

-

(n—1;) elements

then it follows from formula (SD) that in the case dg,)(w0) # d(,+1)(z0) the
subdifferential O (6,41 © D)‘wo consists only of one element, whereas in the case

d,)(z0) = d(,41)(20) it has at least two different extremal points as shown in the
proof of Proposition 2.2.

Hence the structure of the subdifferential depends only on the condition whether
d,)(zo) = d,41)(20) or d(,) (7o) # d(;,+1)(70) holds, which we take as a basis for
classifying local minima. To get a better overview about all this cases we first give
the following list of all formal logical combinations:
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Nr. List of all formal logical combinations

1 (dyy (o) Fdy +1)(w0)) A

2 (dayy (o) Fdy 41y (0)) A

3 (dy) (wo) Fdt 41y (w0)) A

4 (dayy (o) Fdy 1) (20)) A

5 (day) (mo) =day 41y (0)) A

6 (dayy(xo) =da, 41y (x0)) A

7 (dy) (zo) =dq, +1)(0)) A

8 (dayy (o) =da, 41y (z0)) A

(daty +5) (o) =d(1y 1x41)(20))

(daty 42y (o) =d (1, 1x41)(20))

(dy+1) (o) Fdy 4141y (z0))

(daty 1) () Fd 1y 1x41)(20))

(daty +8) (o) =d(1y 1x41)(20))

(daty 1) (o) =d 1y 1x41)(20))

(daay+#) (@0) F#d, 4111y (20))

(daty 1) (x0) Fd(ty 4141 (20))

(daty +1)(w0) =dgty 4111y (w0))

(daty 1) (@0) Fdty 4111y (20))

(day+1) (o) =d(1y +141) (20))

(At 1) (o) Fdty 1h41) (20))

(d(11+1) (w0) = d(ll +k+1) (370))

(daty 1) (o) Fdy 1h41) (20))

(A +1) (o) = d(y 4x+1) (20))

(A1) (0) Fdty 1h41) (20))

The cases 3) and 7) are not possible, because the sequence of distances is ordered
by value and the last condition contradicts the two previous ones. The cases 1)
and 2) are treated in Proposition 2.3, where we proved that the first two conditions
(d(ll)(wo) #d(ll—i-l)(xO)) and (d(l1+k)(x0):d(ll—i-k—i-l)(xO)) already imply that T €
R™ \ V is no solution of the ordered location problem. Weiszfeld conditions for the
remaining cases will be given in the next section: for case 4) in Theorem 4.1 a), for
case 5) in Theorem 4.2 b), for case 6) in Theorem 4.2 a), and finally for the case 8)
in Theorem 4.1 b).

4. NECESSARY OPTIMALITY CONDITIONS IN WEISZFELD TERMS

In this section we derive Weiszfeld formulations for the ordered location problem.
For a finite subset V' = {v1,v9,...,v,} C R™ of pairwise disjoint points and a
binary vector A = ( 0,...,0,1,...,1,0,... ,0) € R™ with block size k, left margin

—_—— —— N——

l1 elements k elements [y elements
l1 and right margin o we consider the optimization problem:

min f\(D(x)) under x € R™

faoD:R™ — R given by
I (D(x)) = (A sorty (D(x))) = 0141 (D(x)) — Oy 4541 (D(2)) -
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First we will fix some notation: For zo € R™ and [ € {l; + 1,11 + k + 1} we call:
L(wo, 1) = {i € {1,...,n} | d(xo,vi) = w1 (D(x0)) }
={j e{L,....,n} | dj(wo) = dg)(=0) }

the set of “active indexes for xg € R™ at the order-position 1.”

If we assume, that

sortn(D(xo) = D(:Co)g = (d(l) (l‘o), d(2) (fL‘o), e, d(n) (l’o))
then one has for the ordered sequence (for instance at [ =1; + 1) :

day(zo) < dgy(wo) < -+ < dggy—p—1)(z0) < dt,—ry(w0) = d(1,—r41)(T0)
= dg,y(w0) = dg,41)(20) = - - - = d(, +5)(20)
< dgyts41)(w0) < - < diyy (20)

(r + s) permuted indexes for equal distances in the positions Iy —r + 1,
lh—r+2,...,01 — 1,11 left of index 1 + 1 and Iy + 2,11 + 3,....,l1 + s
on the right hand side. So, on the left hand side of I; + 1 are r positions for
equal distances and on the right hand side of I; + 1 are (s — 1) positions for
equal distances. Including Iy + 1 to the right hand side index set, we will call
the number s the degree of summation for 0 (6,410 D) ’330' Hence Z(zo,l1 +1) =
{h=r+1)...,(51 = 1),(l1),(I1 +1),...,(I1 + s)} in the notation of the permuted
indexes of the ordered sequence of distances.

Theorem 4.1. Let A = (0,...,(), 1,...,1, 0,...,0) € R" be a binary vector
—— N — ——

l1 elements k elements o elements
with block size k, left margin 11 and right margin lo and fy the corresponding or-

dered median function. Moreover let V. = {v1,va,...,v,} C R™ be a finite subset
of pairwise disjoint points and for the Euclidean metric d on R™, put D(x) =
(di(x),...,dp(z)) € R™ by di(x) = d(x,v;) forx € X and i € {1,2,...,n}. Assume
that xo ¢ V and that fyxoD has in xg € R™ a local minimum and that sort, (D(x)) =
D(z0)< = (d(1)(20), d(2)(x0); - - -, dimy(w0)) and d, 1) (0) # dy4rs1)(x0) hold.

a) If dg,)(wo) # dgy+1)(wo) then

le'i‘k Y(i)
i=li+1 d;) (o)

le +k 1 :
i=li+1 diy (zo)

b) If d,y (7o) = d(,41)(z0) and (in the notation of the permuted indexes of the
ordered sequence of distances) the active index set at xog € R™ on level l; +1

with degree of summation s for 0 (0,410 D) |df0 s

Z(xo, i+ ) ={(l1—r+1),...,(L—=1),(lh), (L +1),..., (L1 +s)}

then there exists a point

o =

p € conv {U(ll—r—i-l)? Ul —r+2)s -+ -5 V(1) V(11 41)5 - - -5 U(ly+5) }
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such that
(P l1+k V(4)
s (f) + Ll d(s (x0)
s l1+k 1
& T Lilis+1 350

holds with d* = d;, 1)(z0)-

Trog =

Proof. a) Since by assumption d(;,) (7o) # d(,+1)(z0) and d(, 1) (70) # d(1,++1)(T0)
we have

0 (911+1 o D) |m0 = {V’xo (d(l1+1) + d(11+2) 4+ d(n))} and

9 (O +k+10D) [, = {V!xo (day4hrny T Ay srp2) +-o o+ d(n))}

and by the necessary optimality condition (NOC) 0 (6, +x+1 © D) ‘Zo CA (0,410 D)|
we get

o

Voo ([+1) + d—142) + -+ diyry) = 0.
Now V xodi = %, which gives:

—v
i(ZT0O
li+k o — V) .
i1 d(i) (wo) 7

and finally
L+k Y6
Zi:ll‘H d(iy (o)
El1+k 1 :
i=li+1 d(w(ajo)

b) Now we consider the case where d(;)(v0) = d(;,41)(z0) and assume that
d(1,+#)(70) # d(1,+k+1)(70). Then the ordered sequence of distances looks like:

o =

dy(zo) < dey(wo) - -+ < dg,—)(20) < dty—rs1)(T0) = (g, —p12)(20) = - -
= d(1y)(x0) = dy11)(20), -+ = dgy16)(0) < dity1511)(0) < -+ < d)(20)
By subdifferential calculus (see [8]) one has:

Z:l,iQ,A..‘,Z‘SEI($0,ll+1)
8(911+1 o D) |x0 = conv V}IO (diy +diyg + -+ di,) ‘ 1 <tg < - <l

‘l‘v‘azg (d(l1+s+1) + d(l1+s+2) 4+ d(n))
and

9 (O +k+10D) [, = {V!xo (dayahrny T gy spp2) +-o 0+ d(n))}

By the necessary optimality condition (NOC) 9 (0}, 1x+1 0 D) ‘xo C 9(6+10D)|
we get

Zo

11,82,...,8s €L (x0,l1+1)
{O}ECOHV V‘Io(d’il—i_dig—i_“'_i_dis)} 1 <io < - - <1g

(NOC) V| (s Fdy s+ i gy) -
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Hence there exist real numbers ¢;,i,<...ci, > 0 With > i iy iseZ(eoi+1) Liyiges = 1
i <ig<---<ig
such that

D, tii, [VL:O (diy +diy + -+ dis)] + V|, (s + 0+ dgvny)
il77;21”-11"561(4”0;11"‘1)
11 <9< <1is

=0.

Since V‘wo (d;) = 29(;;’3, this gives:

N
*
i1 yig, . is€T(zg,l1+1) d ll+5+1) d(ll+k)
i <ig<--<is

Z — [s 2o — (Viy + iy + - +Uis):| n <d( x0 xg >

_ (U(ll+s+1) NI U(l1+k)> -0

(1, +5+1) At 4k)
and finally:
Vi, + Uiy + s 1 1
Z _tiu’zms I:( 11 zzd* Zs):| +x0,<d*+d+...+d )
11,895 yis EL(zsl1+1) (li+s+1) (li+k)
i <ig<--<is
- <U(ll+s+l)¢ . f(mk)) _0
(1, +5+1) A1, 4k)
and
Y e {(vil +vi2;...+vis)] N <Z}l(l1+s+1) - Z(lﬁ-k))
i1,09,...,is €Z(zq,l1+1) (lits+1) (li+Fk)
i1 <ig<--<ig
( s 4 1 - 1 >
d* diyyst) d(1,+k)
Put for i € {(ll —’l“),(ll —T+1),...,(ll),(l1 + 1),...,([1 —I—S) } :I(l‘o,ll + 1),
= 1 Livig- s and p= TiV;
T S
i1,i9,..,is €L (zq,l1+1) 1€Z(z0,l1)+1
i€{i1,..,is}
then
Vi, + v; +...+U-S S S
o Z ti1i2"'s|:( - = d* : ):| = E : A TV | = % D
11,12,4.4.,1561(9:.0,11) zeI(xo,ll)
11 <ig<--<tis

which gives

V(] +s v 1 1
<5.{+ul++n+...+<h+k>):xo.<s++...+ )
d d(l1+s+1) d(l1+k)

and finishes the proof.
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Theorem 4.2. Let A\ = (0,...,0, 1,...,1, O,...,O) € R™ be a binary vector
——— N — ——

[1 elements k elements o elements
with block size k, left margin 11 and right margin lo and fy the corresponding or-

dered median function. Moreover let V. = {v1,va,...,v,} C R™ be a finite subset
of pairwise disjoint points and for the Euclidean metric d on R™, put D(x) =
(di(z),...,dp(z)) € R™ by di(x) = d(z,v;) for x € X, i € {1,2,...,n}. Assume
that xo ¢ V and that fyxoD has in xg € R™ a local minimum and that sort, (D(x)) =
D(zo)< = (duy(20),d2)(x0), .- dwmy(w0)) and dg)(zo) = dg,41)(z0) and
dt,+#)(T0) = d(,4+k+1)(®0) hold. Furthermore let us write in the notation of the
permuted indexes of the ordered sequence of distances on level l1+1 and level [y +k+1

I(x07l1 + 1) = {(Zl —r+ 1)7 ceey (ll - 1)7 (ll)’ (ll + 1)7 cee (ll + 5)}
and
I(xo, i+ k+ 1) ={(h+k—7+1),...,(L+k),(l1+k+1),...., (L + k+35)}.
Then:

a) If dg,41)(w0) # d,4xk+1)(70) holds then for every set S = {i1,....,i5} C
Z(xo,l1 + k + 1) of pairwise different indexes with 5 elements, there exists a point
p € conv {U(ll—r—i-l)v Uty —r4+2)s -5 V(1) V(U14+1)1 - - -5 V(11 +s) }

such that ) N
s (&) + Ziers gt
s 1
& T 2ier\s Tiizg)
with R={(l1 +s+1),..,(lL + k), (1 +k+1),..., (L +k+35)} and d* = d, +1)(w0)
holds. Here the number s is the degree of summation for 0 (6;,4+1 0 D) ‘mo.
b) If d,+1)(w0) = dg, 4x41)(z0) or equivalently T(wo,l1 + 1) = Z(xo, 11 + k + 1)
then for every S = {j1,....,45} C Z(xo,l1 + k + 1) of pairwise different indezes
with 5 elements there exists a point

p € conv{Z(xo,l1 +k+ 1)}

o =

such that such that

1
o = E ‘ Z Vyy — TP,
’LzEI(a:‘o,ll-f—k-‘rl)\S
with v taken from Z(xo,l1 + 1). Note that r is also the degree of summation at the

instance (I +k + 1) for 0 (6i,4+k+1 0 D) |

xo’
Proof. a) This part of the proof is similar to the proof of Theorem 4.1 b). Now

by assumption d;,)(w0) = d(,11)(z0) , dgy44)(T0) = dgy4x+1)(w0) and dg, 41 (20) #
d (1, +k+1)(Z0). Hence we have

8 (6[1+1 o D)

i1,i2,...,is €L(w0,l14+1)
—conv A V|, (diy +dig ook di) | i< < <
o

+V‘zo (d(l1+s+1) + d(l1+5+2) + o+ d(n))
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and

i1,iz,...,igel(acmll-‘rk-i-l)
0 (0 +k+10D)

zo

+V‘x0 (d(l1+§+1) +dg 4542y 0+ d(n)) :
Since d(;,41)(z0) # dg,+r+1)(70) the necessary optimality condition (NOC)
0 (01, +x+10D) ‘Io C 09(6,410D) |Io is equivalent to the condition, that for ev-
ery S = {i1,....,i5} C Z(xo,l1 +k+1) of pairwise different indexes with s elements
Vo (diy + iy + -+ dig) + V[, (dyssrn) + disea) + -+ dw)
€9 (0, 110D)|

o

which gives that:

11,82,...,0s €L (x0,l1+1)
0 € conv v}mo(di1+di2+"'+dis)‘ 1 <tg < - - <lg

V1 D 4

JER\S
where R = {(l1+s+1),....,(li+k), (lh+k+1), ..., (l1+k+35)} is the set of remaining
indexes. Now we can proceed exactly as in the proof of the above Theorem 4.1 after
equation (NOC’) to derive the claimed result.

b) By assumption we have
I(mo,ll + 1) = I(:Eo,ll +k+ 1)
= {(ll —r+ 1)5 ) (ll)’ (ll + 1)7 ) (ll + k)’ (ll +k+ 1)7 ) (ll +k+ §)}

with r 4+ 5 4+ k elements. Since k + 5§ = s we have

9 (9l1+1 © D)

.i1,i2,;~~7is€I(x0yl1-!-l)
= conv V’xo (di1 + d;, —G—---—|—dik+§) ‘ 1 <idg < - < lpys
xo

+v|;c0 (d(ll+k+§+1) + d(ll+k+§+2) 4+ d(n))
and

9 (0141410 D)

3

i1,12,5ik+ s €Z(T0,l1+k+1)
= conv v‘xo(dil—i_dig‘k"'*‘di*)‘ i <9 < - <ig
)

+V 1, [drrrsn) + dnsea) + 0 +dw)) -
Now the necessary optimality condition (NOC) 9 (0, 4x+1 0 D) ‘1"0 C 9(0;,410D) ’960
is equivalent to the condition, that for every S = {ji,....,j55} C Z(zo,l1 + k+ 1) of
pairwise different indexes with § elements which gives that:
Y, (i +djp + -+ dj,)

i1,02,..,ip+5€L (20,01 +1)
€ conv V‘xo (dz’1 +d;, +"'+dik+§) ’ 11 <1g < - < lgys
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Hence there exist real numbers ¢;i,.., . > 0 With Y i o, iy sez(eoiy+h4+1) Ligigeyys =1
11 <ig<--<ipygz

such that

Z Livig s [V‘xo (di1 +di, +--+ dik+§) —V‘IO (dj, +dj, +---+dj,)

1,89, sif 4 5EL(T( L1 +h+1)
i1 <ig<-<igygz

(*) = 0.

Rewriting this formula by ordering with respect to the terms V!xodii gives for the
coefficients ¢;, of Vbodn for the indexes i; € Z(xo,l1 +k+1)\ S and for iz € S resp.

Ciy = Zilxi2’---vik+§€2(10711%4219'k+§ resp. Ci; = Ziw‘z ----- ik+§ez(w0111twi‘521)'k+§
it €{i1,ig,vipys) igE{i15ig,ig 4 5)
i <ig<-<igis i1 <ig<<igig

Hence formula (x) can be written as:

Z Citv xodit — Z Eitv’xodit =0.

it €Z(xo,l1+k+1)\S €S

Since D iy ig,.ipps€(egoiy +k+1) tiyig-p,s = 1 which implies ¢;, = (1 — ¢;,) the above
i <ig<-<igyz
formula can be written as:

Z v‘xodit - Z Eitv‘xodit =0.
itEI(ZO,ll—‘rk—l-l)\S itGI(ZO,ll—‘rk—l-l)

Similar as at the end of the proof of Theorem 4.1 b) one can prove that every
tiyiz-yss aPpears in the collection of all sums ¢;, exactly r times (which is the degree

of summation for 9 (0, 1x+10D)| ), which gives finally that formula (x) can be

. xo
written as:
Z v‘xodit - r- Z %itv|m0dit =0
itEI(Io,l1+k+1)\S itGI(xo,ll-f—k-‘rl)
. — _ 1 =, = _
with 7, = ;¢;, and Zitez(ggo,ll+k+1) i, = 1.

Since V‘xodi = 2?(;;’3, and all distances are equal this gives:

(k+r)-xzo— Z Vi, —r-mo+r-z Tivi, =0

itEI(Z‘o,l1+k+1)\S itEI(Z‘o,l1+k+l)

which finishes the proof. O
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5. EXAMPLES

In this section we will discuss four typical examples of an ordered location problem
for which in the first case the goal function is smooth in the solution point and in
all other cases nonsmooth.

The smooth case

We begin with the case where the goal function is smooth in the solution point
zo € R? and recall that a necessary optimality condition for this case is given in
Theorem 4.1 a).

Therefore take n = 6, I; = 1, £ = 3 and [ = 2, and choose for the points
V = {v1,v,...,v6} C R? (see Figure 1)

and
ve=(0,1), vs=(V2,1), ws=(0,2).
Then for A = (0,1,1,1,0,0) € R® the goal function
Ia(D(z)) = (A, sorty (D(x))) = 02(D(x)) — 05(D(x))

has to be minimized for * € R?. Here 6,05 are centrum functions and D(x) =
(di(zx),...,dg(x)) is the vector of the Euclidean distances d;(z) = d(x,v;).

Y

FIGURE 1. Ordered location problem for A = (0,1,1,1,0,0)

It follows from [5] Theorem 4.33 that the solution of the above ordered loca-
tion problem is xzy = (0,0). This is also the solution of the location problem

minimize (da(x) + ds(x) + dy(x)) for z € R?, i.e. for the minimal distance problem



ORDERED LOCATION PROBLEMS 79

of the points V = {v2,v3,v4} C R?, which is a smooth convex optimization prob-
lem. In this solution point zy € R? the goal function is differentiable and for the

vector of distances D(x) = (di(z),...,ds(x)) with d;(x) = d(x,v;), in the Euclidean
distances metric holds:

dl(l‘o) < dQ({L‘(]) = dg(ﬂfo) = d4(l‘0) < d5({L‘0) < dﬁ(l’o).
The nonsmooth case

Now we consider an example where the goal function is nonsmooth in the solution

point zg € R? and recall that a necessary optimality condition for this case is given
in Theorem 4.1 b).

Therefore take n = 8, I3 = 2, k = 4 and l» = 2, and choose the points V =
{v1,v9,...,v8} C R? as follows:

v = (0.0,25), vy =(2.0,1.5), wvs3=(3.0,0.0), wv4=(2.0,—2.5)

vs = (0.0,-3.0), wvg=(-3.0,—-2.5), wv7=(-3.5,0.0) wvg=(-2.0,2.0).
The polytope is depicted in Figure 2. By evaluating condition (NOC’) numerically,

FIGURE 2. Ordered location problem for A = (0,0,1,1,1,1,0,0)

we get for the optimal solution zy of the corresponding optimization problem with
the goal function

IN(D(x)) = (A, sortn (D(x))) = 03(D(x)) — 07(D(x))
xo = (0.25,—0.25). In this point the goal function is not differentiable and for the
vector of distances D(x) = (dyi(z),...,ds(z)) with d;(z) = d(z,v;) in the Euclidean
metric holds:
dQ(l‘o) < dl(l‘o) = dg(l‘o) = d5(l‘0) < d4($0) < dg(.%‘(]) < d7(3§‘0) < d6(l‘0).

It follows from the numerical evaluation of (NOC’) that the artificial point p from
the necessary optimality condition in Theorem 4.1 b) is p = (0.3786, —0.13644) €
conv {v1, v3,v5} and the degree of summation is 2.
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The case of equal distances

The next two examples concern both parts of Theorem 4.2. We consider two sub-
cases for the following n = 8 points, namely V = {vy,va,...,v8} C R?

v1 = (1.0,1.0), vy =(1.0,—-1.0), wv3=(—1.0,1.0), vg=(—1.0,—1.0)

vs = (v/2,0.0), wvs=(0.0,v2), wvr=(0.0,—v2), wvg=(—V?2,0.0)
and take zg = (0.0,0.0). All distances d(xo,v;) = v/2, i = 1,...,8 are equal.
a) Now taken =8, Iy =2, k =4 and ly = 2, Then A = (0,0,1,1,1,1,0,0) € R®
and the goal function
IA(D(x)) = (A, sortn (D(x))) = 03(D(x)) — 67(D(x))
has to be minimized for x € R2. In this case 2o = (0.0,0.0) is a solution
of the corresponding ordered location problem, we have 0 (650 D) ‘xo =
9 (070 D) ’ = 1\/24, where A C R? is depicted in Figure 4. The function

z0 2

x +— 03(D(x))—07(D(x)) and the level lines around z( are depicted in Figure

)

0.2 0, 0.

:‘ J

FIGURE 3. Plot of z — 03(D(z)) — 67(D(x)) with level lines around x
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b) Now take n =8, [y =1, k=5 and ly = 2, Then A = (0,1,1,1,1,1,0,0) €
R8. Now the goal function

IN(D(x)) = (A, sorty (D(x))) = b2(D(x)) — b7(D(x))

has to be minimized for x € R2. But it turns out that z¢ = (0.0, 0.0) is now
not a local minimum, but even a local maximum of the goal function and
satisfies the sufficient optimality condition (SOC). We have 0 (62 o D) | =

Zo

5 an 7 0 =3 , where the subsets A, B C are depicte
5V2Band 9 (070 D) |, = 3v2A, where the subsets A, B C R? are depicted
in the Figure 4.
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