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BOLZA OPTIMAL CONTROL PROBLEMS WITH LINEAR
EQUATIONS AND NONCONVEX INTEGRANDS ON LARGE
INTERVALS

ALEXANDER J. ZASLAVSKI

ABSTRACT. We study the structure of approximate solutions of Bolza optimal
control problems, governed by linear equations, with autonomous nonconvex in-
tegrands, on large intervals. It is established that these optimal control problems
have the turnpike property and that this property is stable under small per-
turbations of integrands. We also describe the structure of approximate optimal
trajectories in regions close to the endpoints of the time intervals. It is established
that in these regions optimal trajectories converge to solutions of the correspond-
ing infinite horizon optimal control problem which depend only on the integrand.
This convergence is stable under small perturbations of integrands.

1. INTRODUCTION

In our recent research [49] we analyzed the structure of approximate solutions of
Lagrange optimal control problems, governed by linear equations, with autonomous
nonconvex integrands, on large intervals. It should be mentioned that the growing
significance of the study of (approximate) solutions of variational and optimal con-
trol problems defined on infinite intervals and on sufficiently large intervals has been
realized in the recent years [2,4-10,13-15,17-20,23,28,30,31,34,35,37,38,42,43,46,
48]. This is due not only to theoretical achievements in this area, but also because
of numerous applications to engineering [1,12,26,43], models of economic dynam-
ics [11,12,16,21,25,29, 33, 36,39-41,43,45,48], the game theory [22,24,43,44,48],
models of solid-state physics [3] and the theory of thermodynamical equilibrium
for materials [27,32]. In [49], for the Lagrange optimal control problems, governed
by linear equations, with autonomous nonconvex integrands, on large intervals we
proved that the turnpike phenomenon holds and described the structure of approx-
imate optimal trajectories in regions close to the endpoints of the time intervals. It
is established that in these regions optimal trajectories converge to solutions of the
corresponding infinite horizon optimal control problem which depend only on the
integrand. In the present paper we generalize these results for Bolza problems.

We study the structure of approximate optimal trajectories of linear control sys-
tems described by a differential equation

(1.1) 2'(t) = Az(t) + Bu(t) for almost every (a. e.) t € Z,
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where 7 is either R' or [T, 00) or [T1,T3] (here —co < T} < Ty < o), n,m are
natural numbers, x : Z — R™ is an absolutely continuous (a. c¢.) function and
the control function v : Z — R™ is Lebesgue measurable, and A and B are given
matrices of dimensions n x n and n x m with integrands f : R® x R™ — R

Note that if 7 is an unbounded interval, then = : Z — R™ is an absolutely
continuous function if and only if it is an absolutely continuous function on any
bounded subinterval of Z.

We assume that the linear system (1.1) is controllable and that the integrand f
is a continuous function.

We denote by | - | the Euclidean norm and by (-,-) the inner product in the k-
dimensional Euclidean space RF. For every s € R! set s; = max{s,0}. For every
nonempty set X and every function h : X — R' U {oo} set

inf(h) = inf{h(z): z € X}.
Let ag be a positive number and 9 : [0,00) — [0,00) be an increasing function
such that
(1.2) lim ¢ (t) = oc.

t—o00

Suppose that f : R" x R™ — R! is a continuous function such that the following
assumption holds:

(A1)
(i) for every point (z,u) € R" x R™,

[, u) > max{p(lz]), P(lul),

(1.3) Y([[Az + Bu| — ao|z(l1)[|Az + Bu| — aolx|]+ } — ao;

(ii) for every point € R" the function f(x,-): R™ — R! is convex;
(iii) for every pair of positive numbers M, e there exist positive numbers I, § such
that

|f(w1,u1) — f(22,u2)| < emax{f(z1,u1), f(z2,u2)}
for each ui,us € R™ and each z1,z9 € R™ which satisfy
‘$Z| < M7 |ul‘ > Fa i = 1727

max{|x; — xal, |ur — us|} < 9;

(iv) for every positive number K there exists a positive constant ax and an
increasing function

Y 2 [0,00) = [0,00)
such that
Vi (t) = 00 as t — o0
and
[l u) 2 Y (luf)|u] — ax
for every point u € R™ and every point x € R" satisfying |z| < K.
Let Ty € R' and T, > Ti. A pair of an absolutely continuous function z :

[T1,T5] — R™ and a Lebesgue measurable function u : [T7,7»] — R™ is called
an (A, B)-trajectory-control pair if (1.1) holds with Z = [T1,T3]. Denote by



BOLZA OPTIMAL CONTROL PROBLEMS 155

X (A, B,T1,Ts) the set of all (A, B)-trajectory-control pairs z : [T1,T52] — R™,
u: [Tl,TQ] — R™.

Let T € R! and T = [T, 00) be an infinite closed subinterval of R'. Denote by
X (A, B,T,00) the set of all pairs of a.c. functions x : [T, 00) — R" and Lebesgue
measurable functions u : [T, 00) — R satisfying (1.1).

Note that a function h satisfies (A1) if h € CL(R" x R™), (A1)(i), (A1)(ii),

(A1)(iv) hold, and for each K > 0 there exists an increasing function 1 : [0, 00) —
[0,00) such that for each z € R™ satisfying |z| < K and each u € R™,

max{|0h/0x(z, )|, [0h/Ou(z,w)|} < P(lz])(1 + vx (Jul)lul).

The performance of the above control system is measured on any finite interval
[T1,T»] C [0,00) and for any (x,u) € X (A, B,T1,T2) by the integral functional

T
(1.4) (T, Ty, z,u) = . f(z(t),u(t))dt.

We consider the following optimal control problems
(Pr) 17(0, T, z,u) — min,
(x,u) € X(A, B,0,T) such that z(0) =y, =(T) = z,
(P») I7(0, T, z,u) — min,
(x,u) € X(A, B,0,T) such that z(0) =y,
(Ps) I7(0,T, z,u) — min,
(z,u) € X(A,B,0,T),

(Py) 1700, T, z,u) + g(x(0), 2(T)) — min,

(z,u) € X(A,B,0,T),
where y,z € R*, T > 0 and g : R" x R"” — R! is a lower semicontinuous function
which is bounded on bounded sets. The study of these problems is based on the
properties of solutions of the corresponding infinite horizon optimal control problem
associated with the control system (1.1) and the integrand f. Problems (P;) — (Ps)
where analyzed in [49] while in this paper we study problems (FPy).

We establish the turnpike property for the approximate solutions of problems
(Py) and show that in regions close to the endpoints of the time interval their
approximate solutions are determined only by the pair (f,g) and are essentially
independent of the choice of the interval.

A number

(1.5) p(f) == inf{lgni)infT_llf(O,T,:c,u) . (z,u) € X(A,B,0,00)}

is called the minimal long-run average cost growth rate of f. In view of (A1)(i), we
have —oo < pu(f).
We say that a pair (z,u) € X(A, B,0,00) is (f, A, B)-overtaking optimal [43, 48]
if for every pair (z,u) € X (A4, B,0,00) such that z(0) = Z(0) the inequality
limsup[I7(0,T, %, a) — I/ (0, T, z,u)] <0

T—o00
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holds.
We say that a pair (z,u) € X (A, B,0,00) is (f, A, B)-minimal [43,48] if for every
positive number T,
10, T, x,u) < (0, T, y,v)

for every pair (y,v) € X(A, B,0,T) such that y(0) = z(0), y(T') = z(T).
Let (zf,uf) € R" x R™ satisfy

(1.6) A.%’f-i-BUf:O.

It is clear that pu(f) < f(xy,us). It is not difficult to see that the following result
holds.

Proposition 1.1 (Proposition 3.1 of [49]). Assume that p(f) = f(xf,us) and let
x(t) = xy, u(t) = uy for all t € [0,00). Then the pair (x,u) € X (A, B,0,00) is
(f, A, B)-minimal.

We suppose that the following assumption holds.
(A2) pu(f) = f(xf,uf) and if (x,u) € R™ x R™ satisfies

Az + Bu =0, p(f) = f(z, u),

then z = z;.
In [49] we proved the following result.

Proposition 1.2 (Proposition 3.4 of [49]). For every trajectory-control pair (z,u) €
X (A, B,0,00) either

10,7, z,u) — Tu(f) = oo as T — oo

or sup{|1/(0,T,z,u) — Tu(f)|: T >0} < oco.

A trajectory-control pair (z,u) € X (A, B,0,00) is called (f, A, B)-good [43,48] if

sup{|I7(0, T, z,u) — Tu(f)|: T >0} < cc.

We have the following result.

Proposition 1.3 (Proposition 3.5 of [49]). For any (f, A, B)-good pair
(z,u) € X(A,B,0,00)
the inequality
sup{la(t)] : ¢ € [0,00)} < o

holds.

We suppose that the following assumption holds.
(A3) For every (f, A, B)-good trajectory-control pair

(z,u) € X(A, B,0,00)

the equality lim;_,o (t) = x5 holds.
Several examples of integrands satisfying assumptions (A1)-(A3) are considered
in Section 3.1 of [49].
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2. TURNPIKE RESULTS FOR PROBLEMS (Py), (P) AND (P3)

We use the notation, definitions and assumptions introduced in Section 1.
Let T'> 0 and y,z € R™. Set

o(f,y,z,T) =inf{I/(0,T,z,u) :
(2.1) (x,u) € X(A,B,0,T) and z(0) =y, =(T) = z},
(22)  o(f,y, T) = inf{I7(0,T,z,u) : (z,u) € X(A, B,0,T) and z(0) = y},
(2.3) G(f, 2, T) = inf{I/(0,T,2,u) : (z,u) € X(A,B,0,T) and z(T) = z},

(2.4) o(f,T) =inf{I/(0,T,z,u): (z,u) € X(A4,B,0,T)}.

The results of this section were obtained in [49]. The following theorem establishes
the turnpike property of approximate solutions of problems (P;), (P) and (Ps).

Theorem 2.1 (Theorem 3.7 of [49]). Let e, My, My > 0. Then there exist L > 0,
d € (0,€) such that for each T' > 2L and each (z,u) € X(A, B,0,T) which satisfies
for each S € [0,T — L,

IS, S+ L,z,u) < o(f,z(S),x(S+L),L)+6

and satisfies at least one of the following conditions below
(a) [2(0)], |=(T)| < Mo, I/(0,T,z,u) < o(f,2(0),2(T), T) + M;
(b) |2(0)] < Mo, I7(0, T, 2,u) < o(f,x(0),T)+ Mi;
(C) If(O,T,.’IJ,u) S J(fv T) + Ml

there exist py € [0, L], p2 € [T — L,T] such that

|z(t) —zf| < € for all t € [p1,pa2).
Moreover if |x(0) — x¢| <6, then p1 =0 and if |x(T) —xf| < 0, then py =T.

It should be mentioned that turnpike properties are well known in mathematical
economics. The term was first coined by Samuelson in 1948 (see [41]) where he
showed that an efficient expanding economy would spend most of the time in the
vicinity of a balanced equilibrium path (also called a von Neumann path and a
turnpike). This property was further investigated for optimal trajectories of models
of economic dynamics. See, for example, Makarov and Rubinov [29], McKenzie [33],
Rubinov [39,40] and the references mentioned there.

Theorem 2.2 (Theorem 3.8 of [49]). Let z9 € R". Then there exists an (f, A, B)-
overtaking optimal trajectory-control pair (x,u) € X(A, B,0,00) satisfying x(0) =
Q.

Proposition 2.3 (Proposition 3.36 of [49]). Any (f, A, B)-overtaking optimal
trajectory-control pair (x,u) € X(A, B,0,00) is (f, A, B)-good.

The next result describes the limit behavior of overtaking optimal trajectories.
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Theorem 2.4 (Theorem 3.9 of [49]). Let M,e > 0. Then there exists L >
0 such that for any (f, A, B)-overtaking optimal trajectory-control pair (x,u) €
X (A, B,0,00) which satisfies |z(0)| < M the inequality

|z(t) —xyp| < e
holds for all numberst > L. Moreover, there exists § > 0 such that for any (f, A, B)-
overtaking optimal trajectory-control pair (z,u) € X (A, B,0,00) satisfying |x(0) —
xy| <0, the inequality

o) — ] < e
holds for all numbers t > 0.

The next result shows the equivalence of the optimality criterions introduced
above.

Theorem 2.5 (Theorem 3.10 of [49]). Assume that (x,u) € X (A, B,0,00). Then
the following conditions are equivalent:
(i) (z,u) is (f, A, B)-overtaking optimal; (ii) (z,u) is (f, A, B)-minimal and
(f7 A7 B)'QOOd;
(iii) (x,u) is (f, A, B)-minimal and

lim x(t) = xy;

t—o00

(iv) (x,u) is (f, A, B)-minimal and liminf;_, - |z(t)] < co.

3. STRUCTURE OF SOLUTIONS IN THE REGIONS CLOSE TO THE END POINTS

We use the notation, definitions and assumptions introduced in Sections 1 and 2.

For every point z € R™ denote by A(z) the collection of all (f, A, B)-overtaking
optimal pairs (z,u) € X(A, B,0,00) such that (0) = z, which is nonempty in view
of Theorem 2.2.

Let z € R™. Define

(3.1) 7 (2) = liminf[I7 (0, T, 2, u) — Tu(f)),

T—o00

where (z,u) € A(z). By Propositions 1.2 and 2.3, 7/ (z) is finite, well defined and
does not depend on the choice of (x,u) € A(z). The following results were obtained
in Section 3.3 of [49].

Proposition 3.1 (Proposition 3.11 of [49]). 1. Let (x,u) € X(A,B,0,00) be
(f, A, B)-good. Then

7! (2(0)) < mnf[7 (0,7, 2, u) — T )]

—00

and for each pair of numbers S > T > 0,

(32) wl (@(T)) < (T, S, 2,u) = (S = T)u(f) + 7/ (x(5)).
2. Let S>T >0 and (x,u) € X(A,B,T,S). Then (3.2) holds.

Proposition 3.2 (Proposition 3.12 of [49]). Let (z,u) € X(A,B,0,00) be an
(f, A, B)-overtaking optimal pair. Then for each pair of numbers S >T >0,

ol (x(T)) = (T, S,2,u) — (S = T)u(f) + 7 (2(5)).
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Proposition 3.3 (Propositions 3.13, 3.14, 3.16 and 3.17 of [49]). 7/ (z) = 0, the
function 7 is continuous at xy, the function 7t is lower semicontinuous and for
each M > 0 the set {x € R" : n/(z) < M} is bounded.

Proposition 3.4 (Proposition 3.15 of [49] ). Let (xz,u) € X(A, B,0,00) be (f, A, B)-
overtaking optimal. Then

! (2(0)) (170, T, 2, u) = Tu(f))-

= lim
T—o00
Proposition 3.5 (Proposition 3.18 of [49]). Let (z,u) € X(A, B,0,00) be (f, A, B)-
good pair such that for all T > 0,
(0,7, 2,u) — Tu(f) = 7 (2(0)) — 7/ (2(T)).
Then (z,u) € X (A, B,0,00) is (f, A, B)-overtaking optimal.
Consider a linear control system

(3.3) 2'(t) = —Ax(t) — Bu(t),

z(0) = xg
which is also controllable. For the triplet (f,—A, —B) we use all the notation
and definitions introduced for the triplet (f, A, B). It is not difficult to see that
assumption (A1) holds for the triplet (f, —A, —B).

Let Ty € R', Ty > Ty. A pair of an absolutely continuous function z : [T}, Tp] —
R™ and a Lebesgue measurable function w : [T1,T5] — R™ is called an (—A, —B)-
trajectory-control pair if (3.3) holds for a. e ¢t € [I1,73]. Denote by
X(—A,—B,T1,Ts) the set of all (—A—, B)-trajectory-control pairs x : [T1,T5] —
R", u: [Ty, Ts] — R™.

Let T € R'. Denote by X(—A,—B, T, o) the set of all pairs of a. c. functions
x : [T,00) — R™ and Lebesgue measurable functions u : [T, 00) — R™ satisfying
(3.3) for a. e. t > T, which are called (—A, —B)-trajectory-control pairs.

Assume that S; € R!, Sy > S; and that (z,u) € X(A, B, S1,S2). For all t €
[S1, 2] set

(3.4) z(t) = x(S2 —t + S1), u(t) = u(S2 —t+ S1).
By (1.1) and (3.4) for a. e. t € [S1, S2],
' (t) = —2'(Sa —t + 51)
= —Ax(S2 —t+51) — Bu(S2 —t + 51)
= —Az(t) — Buf(t),
(z,u) € X(—A,—B, 51,59).

(3.5)

In view of (3.4),

SQ 52
g f(z(t),u(t))dt = g f(x(Sy—t+ S1),u(Sy —t+ S1))dt
Sa
= [ Fa(),ult))dt.

S1

(3.6)
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For every pair of numbers 7o > T) and every trajectory-control pair (x,u) €
X(—A, —B,Tl,TQ) define
T

(3.7) (T, Ty, z,u) = g f(x(t), u(t))dt.

For every pair of points y, z € R"™ and every positive number 7' define
o_(f,y,zT) =inf{I/(0,T,2,u) :
(3.8) (r,u) € X(—A,—B,0,T) and z(0) =y, z(T) = z},
o (f,y,T) = inf{I(0, T,z u) :

(3.9) (x,u) € X(—A,—B,0,T) and z(0) = y},
_(f,2,T) = inf{I/(0,T,z,u) :

(3.10) (z,u) € X(—A,—B,0,T) and z(T) = z},

(3.11) o_(f,T) = inf{I/(0,T,z,u) : (z,u) € X(—A,—B,0,T)}.

The following auxiliary results were proved in Section 3.3 of [49].

Proposition 3.6. Let So > Sy be real numbers, M > 0 and that (z;,u;) €
X(A,B,S51,852),i=1,2. Then
I7(S1, So, 1, u1) > I7(S1, Sa, w0, ug) — M
if and only if I1(Sy, So, &1, 1) > I7(S1, S, Ta, tip) — M.
Proposition 3.7. Let So > S1 be real numbers and
(x,u) € X(A, B, Sy, 52).
Then the following assertions hold:
(81,85, 2,u) < a(f,Ss—S1) + M
if and only if I7(S1, Sy, Z,0) < o_(f, Sy — S1) + M;
(1, S2,2,u) < o(f,x(S1),2(S2),S2 — S1) + M
if and only if I7(S1, So, Z,0) < o_(f,#(S1), #(S), So — S1) + M
(81,8, 2,u) < a(f, x(S ), 52 — S1) + M
if and only if If(Sl,SQ,:c ) <o_(f,z(S2),S2 — S1)+ M
17(81, 8, 2,u) <G(f,x ( S2), 52 — S1) + M
if and only if I7(S1, S2, Z,1) < o_(f,Z(S1),S2 — S1) +
Define
(3.12) p—(f) = inf{liTningflff(O,T,x,u) : (z,u) € X(—A,—B,0,00)}.

Proposition 3.8. u_(f) = u(f) = f(zf,uy).
Proposition 3.9. For any (f,—A,—B)-good trajectory-control pair (x,u) €
X(—A,—B,0,00),

tlgglo x(t) = xy.



BOLZA OPTIMAL CONTROL PROBLEMS 161

Therefore (f,—A, —B) satisfies all the assumptions posed for the triplet (f, A, B)
and all the results stated above for the triplet (f, A, B) are also true for (f, —A, —B).
For every point z € R", define

wl () = lim inf[17(0, T, 2, u) — Tu(f),

where (z,u) € X(—A,—B,0,00) is an (f, —A, —B)-overtaking optimal pair such
that z(0) = 2.

In Chapter 3 of [49] we prove the following two theorems which describe the
structure of solutions of problems (P,) and (P3) in the regions closed to the end
points.

Theorem 3.10. Let Ly > 0, € € (0,1), M > 0. Then there exist § > 0 and
Ly > Ly such that for each T > Ly and each (z,u) € X(A, B,0,T) which satisfies

|2(0)] < M, I7(0, T, 2,u) < o(f,2(0),T) +6
there exists an (f,—A, —B)-overtaking optimal pair
(Ts,us) € X(—A,—B,0,00)

such that
! (2.(0)) = inf(x),
|z(T —t) — Z.(t)| < e forallt €0, Lo].

Theorem 3.11. Let Lg > 0 and € > 0. Then there exist § > 0 and L1 > Lo such
that for each T > L1 and each (z,u) € X(A, B,0,T) which satisfies

(0,7, 2,u) < o(f,0,T) + 4

there exist an (f, A, B)-overtaking optimal pair (x.,u.) € X (A, B,0,00) and an
(f,—A, —B)-overtaking optimal pair (T.,u.) € X(—A, —B,0,00) such that

! (2.(0)) = inf(x),
! (2.(0)) = inf(x] )
and for all t € [0, L],
2(t) =z ()] < € [2(T — 1) = Z(t)| < e

4. SPACES OF INTEGRANDS

We use the notation, definitions and assumptions introduced in Sections 1-3.
Recall that ap > 0 and 1 : [0,00) — [0,00) is an increasing function such that

tlgIolo W(#) = oo.
We continue to study the structure of optimal trajectories of the controllable linear
control system
2’ = Az + Bu,
where A and B are given matrices of dimensions nxn and nxm, with the continuous
integrand f : R™ x R™ — R! which satisfies assumptions (A1)-(A3) and (1.6).
Denote by 90 the set of all borelian functions g : R**™*+! — R! which satisfy

g(t,x,u) = max{y(|z]), ¢(|ul),
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(4.1) U([[Az + Bu| — ao|z|]1)[|Az + Bu| — aolz|]+} — ao

for each (t,z,u) € RPT™+L,
We equip the set 91 with the uniformity which is determined by the following
base:
E(N,e,\) ={(f,9) e MxM: |f(t,x,u) —g(t,z,u)| <€

for each (t,x,u) € R satistying ||, |u| < N}

M(f,9) €Mx M= (| (1, w)] + 1) (19t 2, w)| + 1)~ € WA
(4.2) for each (¢, z,u) € R™™ T satisfying || < N,

where N > 0, ¢ > 0 and X\ > 1.

It is clear that the uniform space 91 is Hausdorff and has a countable base.
Therefore 91 is metrizable. It is not difficult to show that the uniform space M is
complete.

Denote by 9 the set of all functions g € 91 which are bounded on bounded
subsets of R"*+1. Clearly, M is a closed subset of 9. We consider the topological
subspace M C M equipped with the relative topology.

For each a pair of numbers Ty € R', To > Ty, each (z,u) € X(A, B,T,T,) and
each borelian bounded from below function g : [T1, T3] x R x R™ — R! set

T>

Ig(Tl,Tz,x,u):/T g(t, z(t), u(t))dt.

We consider the following optimal control problems
(T, Ty, x,u) — min,
(x,u) € X(A, B,T1,T») such that (T}) =y, z(12) = z,
I9(Ty,To, x,u) — min,
(x,u) € X(A, B, Ty, T) such that z(Ty) =y,
(T, Ty, x,u) — min,
(r,u) € X(A,B,T1,Ty),

where y,z € R", oo > T5 > T1 > —oo and g € M.
Let y,2 € R*, Ty € RY, Ty > T} and g : [T}, T3] x R® x R™ — R! be a borelian
bounded from below function. Set

0(g,y,z, 11, Ty) = inf{I9(T1, To, z,u) :
(4.3) (x,u) € X(A,B,T1,T3) and z(Ty) =y, z(Tz) = 2},
o(g,y,Th,To) = inf{19(T1, T, x,u) :
(4.4) (r,u) € X(A,B,T1,Ty) and z(T1) = y},
0(g,2z,Th,Tz) = inf{19(T1,T>, x,u) :
(4.5) (z,u) € X(A,B,T1,Ty) and z(T) = z},

(46) U(g,Tl,TQ) = inf{Ig(Tl,Tg,:r,u) : (x,u) S X(A,B,Tl,TQ)}.
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Recall that f : R" x R™ — R! is a continuous function which satisfies (1.6) and
assumptions (A1), (A2) and (A3). For each (¢, z,u) € R"+! set
(4.7) F(t,z,u) = f(x,u).

The following stability results were obtained in Chapter 4 of [49]. They show that
the turnpike phenomenon, for approximate solutions on large intervals, is stable
under small perturbations of the objective function (integrand) f.

Theorem 4.1. Let e, M > 0. Then there exist Lo > 1 and d9 > 0 such that for each

Ly > Lg there exists a neighborhood U of F in 9y, such that the following assertion
holds.

Assume that T > 2Ly, g €U, (z,u) € X(A, B,0,T) and that a finite sequence of
numbers {S;}I_, satisfies

So =0, Sit1—S; €[Lo,L1], i=0,...,¢—1, S, € (T'— L1,T],
I9(S;, Si1, m,u) < (Sigr — Si)u(f) + M

for each integer i € [0,q — 1],

I9(S;, Siva, w,u) < 0(g,2(5i), ©(Sis2), Si, Sit2) + 6o
for each nonnegative integer i < q — 2 and

I9(Sy—2,T,z,u) < o(g,x(Sg—2), x(T), Sq—2,T") + do.
Then there exist p1,p2 € [0,T] such that p1 < p2, p1 < 2Ly, po > T — 2L, and that

|z(t) —xf| < € for all t € [p1,p2).

Moreover if |x(0) — xf| < 6, then p1 =0 and if |[x(T) —xy| <6, then pp =T

Theorem 4.2. Let ¢ € (0,1), My, My > 0. Then there exist L >0, § € (0,¢€) and
a neighborhood U of F in My such that for each T > 2L, each g € U and each
(x,u) € X(A, B,0,T) which satisfies for each S € [0,T — L],

I9(S,S+ L,z,u) <o(g,z(S),z(S+ L),S,S+ L)+

and satisfies at least one of the following conditions below

(a) [z(0)], |=(T)| < Mo,

90,7, z,u) < o(g,2(0),z(T),0,T) + Mjy;
(b) [2(0)] < Mo,
90,7, z,u) < o(g,2(0),0,T) + M;;
(c) 1900, T, z,u) < o(g,0,T) + M
there exist p1 € [0, L], po € [T — L, T] such that
|z(t) —zf| < € for all t € [p1,p2).

Moreover if |x(0) — x¢| <6, then p1 =0 and if |x(T) — x| <0, then py =T.

Theorem 4.3. Let ¢ € (0,1), My, M; > 0. Then there exist | > 0, an integer
Q > 1 and a neighborhood U of F' in My such that for each T > 1Q), each g € U and
each (z,u) € X (A, B,0,T) which satisfies at least one of the following conditions
below
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(a) |z(0)], |z(T)] < Mo,
1900, T, z,u) < o(g,2(0),x(T),0,T) + Mi;
(b) [z(0)] < Mo,
Ig(O,T,I‘,U) < O'(g,.fL’(O),O,T) + M17

(C) Ig(o’ T7 xz, ’LL) < U(gv 07 T) + Ml
there exist strictly increasing sequences of numbers {a;}{_,, {bi}1_; C [0,T]
such that ¢ < Q, foralli=1,...,q,

0<b;—a; <,
b; < ajy1 for all integers i satisfying 1 < i < q and that
|z(t) — z¢| <€ forallt €[0,T)\ UL [as;, bs).

In Chapter 4 of [49] we also prove the following two stability results. They show
that the convergence of approximate solutions on large intervals, in the regions
close to the end points, is stable under small perturbations of the objective function
(integrand) f.

Theorem 4.4. Let Lo >0, e € (0,1), M > 0. Then there exist § > 0, a neighbor-
hood U of F in My and Ly > Lo such that for each T > Ly, each g € U and each
(x,u) € X(A, B,0,T) which satisfies

lz(0)| < M, 19(0, T, z,u) < o(g,2(0),0,T) + 0
there exists an (f, —A, —B)-overtaking optimal pair
(s, us) € X(—A,—B,0,00)
such that
7 (2,(0)) = inf (),
|z(T —t) — x4(t)| <€ for allt € [0, Lo].

Theorem 4.5. Let Ly > 0, ¢ € (0,1). Then there exist 6 > 0, a neighborhood
U of Fin My and Ly > Lo such that for each T > Ly, each g € U and each
(z,u) € X(A, B,0,T) which satisfies

IQ(O,T,:E,’LL) < O'(g,O,T) +9

there exist an (f, A, B)-overtaking optimal pair (z.,u.) € X(A, B,0,00) and an
(f, —A, —B)-overtaking optimal pair (T, us) € X(—A,—B,0,00) such that

! (2.(0)) = inf(n”),
71 (2.(0)) = inf(x7)
and for all t € [0, L],
[2(t) — 2a(8)] < €, Jo(T — 1) — 22(8)] < e
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5. BOLZA OPTIMAL CONTROL PROBLEMS

We use the notation, definitions and assumptions introduced in Sections 1-4.
Recall that f : R* x R™ — R! is a continuous function which satisfies assumptions
(A1)-(A3) and (1.6).

Let a3 > 0. Denote by 2 the set of all lower semicontinuous functions A :
R" x R"™ — R' which are bounded on bounded subsets of R” x R" and satisfy

(5.1) h(z1,22) > —aq for all z1,29 € R".
We equip the set 2 with the uniformity which is determined by the following base:
E(N,e) ={(h1,h2) € A xA: |hi1(z) — ha(z)| < e

(5.2) for each z € R™ x R" satisfying |z| < N},

where N > 0, € > 0. Clearly, the uniform space 2l is metrizable and complete.
We consider the following optimal control problem

Ig(Tl,Tg,.’L',u) + h(l’(Tl),IE(TQ)) — min,
(.CE,U) S X(AaBaTlaTQ)a

where co > Ty > T > —00, g € M and h € 2.
Let 1 € RY, Ty > Ty, g : [Ty, Tz] x R x R™ — R! be a borelian bounded from
below function and h € 2. Set

o(g,h,Th,Tp) = inf{19(Th, T2, z,u) + h(z(T1), z(13)) :
(x,u) € X(A,B,T1,T2)}.
In view of Proposition 3.3, there exists M, > 0 such that
{xeR": ©f(z) =inf(x"}U{z € R": x/ (2) =inf(x!)}

(5.3) C{xeR": |z| < M}

We prove the following turnpike results for the Bolza optimal control problems
which show that the turnpike phenomenon is stable under small perturbations of
the objective functions.

Theorem 5.1. Let € > 0, My, My > 0. Then there exist [ > 0, an integer QQ > 1
and a neighborhood U of F in My such that for each T > 1Q, each g € U, each
h € A which satisfies

|h(z1,22) < My
for all z1,z9 € R™ satisfying |21, |22] < My + 1 and each
(x,u) € X(A,B,0,T)
which satisfies
1900, T, x,u) + h(x(0),z(T)) < o(g,h,0,T) + Mo

there exist strictly increasing sequences of numbers {a;}l_;, {b;}l_; C [0,T] such
that ¢ < Q, foralli=1,...,q,

0<b—a; <lI,
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b; < aj+1 for all integers i satisfying 1 < i < q and that
lz(t) —z¢| <€ forallt € [0,T]\ UL, [as;, bs).

Theorem 5.2. Let e € (0,1), My, My > 0. Then there exist L > 0, § € (0,¢€) and
a neighborhood U of F in My such that for each T > 2L, each g € U, each h € A
which satisfies
|h(21, 22)| < My
for all z1, z0 € R™ satisfying
‘2’1’, ’Zg‘ S M* +1
and each (z,u) € X(A, B,0,T) which satisfies for each S € [0,T — L],
9(S,S+ L,z,u) <o(g,z(S),z(S+L),S,S+ L)+

and satisfies
90,7, z,u) + h(x(0),z(T)) < o(g,h,0,T) + My
there exist py € [0, L], p2 € [T — L,T] such that
|z(t) —zf| < € for all t € [p1,p2).
Moreover if |x(0) — x¢| <6, then pr =0 and if |x(T) —xf| <0, then py =T.

In this paper we also prove the following stability result for our Bolza optimal
control problems. This result shows that the convergence of approximate solutions
on large intervals, in the regions close to the end points, is stable under small
perturbations of the objective functions.

Theorem 5.3. Let Ly > 0, € € (0,1) and h € A. Then there exist 6 > 0, a
neighborhood U of F in My, a neighborhood V of h in A and L1 > Lo such that for
each T > Ly, each g € U, each § €V and each (x,u) € X (A, B,0,T) which satisfies

0, T, z,u) + &(x(0),2(T)) < 0(g,£,0,T) + 6

there exist an (f, A, B)-overtaking optimal pair (x7,u}) € X (A, B,0,00) and an
(f,—A, —B)-overtaking optimal pair (z5,u3) € X(—A,—B,0,00) such that

!l (1(0)) + 7L (25(0)) + h(27(0), 23(0))
<7l (1) + 7L (y2) + hly1, 92)
for all y1,y2 € R™ and that for all t € [0, Lo],
2(t) —z1 ()] < & [2(T — 1) —a3(t)| < e
6. AUXILIARY RESULTS
In the sequel we use the following auxiliary results.

Proposition 6.1 (Proposition 3.27 of [49]). Let T > 0 and y,z € R". Then there
exists (z,u) € X(A, B,0,T) such that

z(0) =y, 2(T) = z,
If(O,T,a:,u) =o(f,y,2,T).
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Proposition 6.2 (Proposition 4.5 of [47], Proposition 3.28 of [49]). Let M,T > 0.
Then
sup{lo(f,y,2,7): y,2 € R", |y, |2| < M} < <.

Proposition 6.3 (Proposition 2.9 of [47]). Let g € M, 0 < ¢1 < ¢2 and D,e > 0.
Then there exists a neighborhood U of g in M such that for each h € U, each Ty € R,
each Ty € [Th + c1,T1 + ¢2] and each trajectory-control pair (x,u) € X (A, B,T1,T5)
which satisfies
min{[9(Ty, Ty, x,u), I"(Ty, Ty, z,u)} < D
the inequality
\I9(Ty, Ty, x,u) — I"(Ty, Ty, x,u)| < e

holds.
Proposition 6.4 (Proposition 4.2 of [47]). Let To > 11 be real numbers,
{(xj,uj)};?';l C X(A,B,T1,T2) and let the sequence {If(Tl,TQ,xj,uj)}j?";l be
bounded. Then there exist a subsequence {(xj,,u;,)}72, and (z,u) € X (A, B,T1,T»)
such that

xj, (t) = x(t) as k — oo uniformly in [T, T3],

wj, — u as k — oo weakly in L'(R™; (T1,Ty)),

(T, Ty, z,u) < liminf I7(Ty, Ty, 2, , uj, )
k—o0

Proposition 6.5 (Proposition 4.6 of [47]). Let M,7,e > 0. Then there exists a
number § > 0 such that for each yi1,y2, 21,22 € R" satisfying

|y2|7 |ZZ| < M7 1= 1525 |?/1 - iUZ|7 |Z]. - Z2| < 0
the following relation holds:

lo(fsy1,21,7) = o(f,y2, 22, 7)[ S e

Proposition 6.6 (Proposition 2.7 of [47]). Let M1 > 0 and 0 < 179 < 11. Then there
exists a positive number My such that for each Ty € RY, each Ty € [T} + 70, Ty + 71]
and each (z,u) € X (A, B,T1,T5) satisfying

If(T]_,TQ,lT,U) S M]_
the inequality |x(t)| < My holds for all t € [Ty, T3].

7. PROOF OF THEOREM 5.1

By Theorem 4.5, there exist § € (0,1), L1 > 1 and a neighborhood U; of F' in
My, such that the following property holds:
(P1) for each T' > Ly, each g € U; and each (x,u) € X (A, B,0,T) which satisfies

Ig(O,T,LIT,U) S 0(9707T) +6

there exist an (f, A, B)-overtaking optimal pair (z.,u.) € X(A4,B,0,00) and an
(f, —A, —B)-overtaking optimal pair (Z.,us) € X(—A, —B,0,00) such that

77 (2.(0)) = inf(x!), 77 (2.(0)) = inf(x))
and that for all t € [0, 1],
[2(t) — 2 (D) <1, [2(T =) — ()] < L.
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By Theorem 4.3, there exist [ > L1, an integer ) > 1 and a neighborhood U C U;
of ' in My such that the following property holds:
(P2) for each T' > 1Q, each g € U and each (z,u) € X(A, B,0,T) which satisfies

Ig(O,T,ﬂj‘,U) < U(g>O7T) +M1 +M2 +a+1

there exist strictly increasing sequences of numbers {a;}?_;, {b;}{_, C [0,T] such
that ¢ < Q, forallt=1,...,q,

0<b;—a; <lI,
b; < a;+1 for all integers ¢ satisfying 1 < i < g and that
lz(t) — z¢| < eforallt €[0,T]\ UL, [as,bi).
Assume that
(7.1) T>1Q, gelU, he,

(7.2) |h(z1, 22)| < My for all z1, 29 € R" satisfying |z1], |z2| < M, + 1,
and (z,u) € X(A, B,0,T) satisfies

(7.3) 190, T, 2, u) + h(2(0),2(T)) < o(g,1,0,T) + Ma.

By (4.1), there exists (y,v) € X(A, B,0,T) such that

(7.4) 1900, T, y,v) < 0(g,0,T) + 0.

Property (P1), (7.1) and (7.4) imply that there exist z1,z9 € R™ such that
(7.5) 7 (z1) = inf(x?), 7l (25) = inf(x)),

(7.6) |21 = y(0)], |22 —y(T)| < 1.

In view of (5.3), (7.5) and (7.6),

(7.7) y(O)]; |y(T)] < M. + 1.

It follows from (7.2) and (7.7) that

(7.8) h(y(0),y(T)) < M.

It follows from (5.1), (7.3), (7.4) and (7.8)
900, T, z,u) —ay < I19(0, T, z,u) + h(x(0),z(T))
<190, T, y,v) + h(y(0), y(T)) + My
< 19(0,T,y,v) + My + M,
<0(g9,0,T) + 1+ My + Mo,

(7.9) 0, T,x,u) <o(g9,0,T)+ 14+ My + Ms + ay.

In view of (7.1), (7.9) and property (P2), there exist strictly increasing sequences
of numbers {a;}{_,, {b;}!_; C [0,T] such that ¢ < Q, for alli=1,...,q,

0<bi—a; <1,
b; < a;+1 for all integers ¢ satisfying 1 < i < ¢ and that
lz(t) — z¢| < eforallt €[0,T]\ UL, [as;,bi).



BOLZA OPTIMAL CONTROL PROBLEMS 169
This completes the proof of Theorem 5.1.

8. PROOF OF THEOREM 5.2

By Theorem 4.2, there exist L1 > 0, § € (0,¢) and a neighborhood U; of F' in
My, such that the following property holds:
(P3) For each T' > 2Ly, each g € U; and each (z,u) € X(A,B,0,T) which
satisfies for each S € [0, T — L4],
(S, S+ L, z,u) <o(g,z(S),z(S+ L1),S,S+ L)+
and satisfies
90,7, z,u) < o(g,2(0),z(T),0,T) + M,
2(0) — 24 < 6, |o(T) — a7 < 6
we have
|z(t) —xs| < eforall t €0,T].
By Theorem 5.1, there exist [ > 0, an integer () > 1 and a neighborhood U C U

of F' in My, such that the following property holds:
(P4) for each T' > 1Q, each g € U, each h € 2 which satisfies

|h(z1,22)| < My for all 21,29 € R" satisfying |21], |22| < M, +1
and each (z,u) € X (A, B,0,T) which satisfies
190, T, 2, u) + h(z(0), #(T)) < (g, h,0,T) + My

there exist strictly increasing sequences of numbers {a;}?_;, {b;}{_, C [0,T] such
that ¢ < Q, foralli=1,...,q,

0<b;—a; <,
b; < a;41 for all integers ¢ satisfying 1 < i < g and that
lz(t) —zp] <6 forall ¢ € [0,T]\ UL, [ai, bj].

Fix

(8.1) L> 2L +41Q.

Assume that

(8.2) T>2L,geU, he

satisfy

(8.3) |h(21,22)| < My for all 21, 29 € R" satisfying |z1], |22| < M, +1
and (z,u) € X(A4, B,0,T) satisfy for each S € [0,T — L],

(8.4) I9(S,S+ L,z,u) <o(g,z(S),z(S+ L),S,S+ L)+

and

(8.5) 190, T, x,u) + h(z(0),z(T)) < o(g,h,0,T) + M>.

By (8.1), (8.2), (8.3), (8.5) and property (P4), there exist 71,72 € [0,T] such that
(8.6) 71 €1[0,Q!l], 2 € [T —QIL, T,

(8.7) lz(1) —ap| <0, i=1,2.
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If |2(0) — 2¢| < 6, we may assume that 7y = 0 and if |2(T) — 2¢| < 6, we may
assume that 7o = T'. It follows from (8.1), (8.2), (8.4)-(8.7) and property (P3) that
|z(t) —x¢| <€ t€[m,m).
Theorem 5.2 is proved.
9. AUXILIARY RESULTS FOR THEOREM 5.3

The following result easily follows from Proposition 3.3.

Lemma 9.1. Let h € A. Then the function
7 (1) + 7l (22) + h(z1, 22), (21,22) € R" x R"
is lower semicontinuous and bounded from below, for every number M the set
{(21,22) € R" x R"™: Wf(zl) + ﬂf(zg) + h(z1,20) < M}

is bounded and there exist 27,z € R" such that

wf (1) + 7L (25) + b, 25) < 7l (1) + 7l (22) + B2, 22)

for all (z1,22) € R" x R".

For each h € U define

(9.1) dn(21, 22) = 1l (21) + 71 (22) + h(z1, 22) for all (21, 22) € R™ x R™.

Lemma 9.2. Let h € A, Sy > 0, € € (0,1). Then there exists § € (0,€) such
that for each (x1,u1) € X(A, B,0,Sp) and each (x2,us) € X(—A,—B,0,Sy) which
satisfy

(9.2) én(71(0), 22(0)) < inf(¢p) + 4,
(9.3) 17(0, So, 21, u1) — Sop(f) — 7/ (21(0)) + 7/ (1(S0)) < 6,
(9.4) 170, So, w2, uz) — Sop(f) — 7l (22(0)) + 7 (2(S0)) < 0

there exist an (f, A, B)-overtaking optimal pair (z7,u}) € X(A, B,0,00) and an
(f,—A, —B)-overtaking optimal pair (z5,us) € X(—A, —B,0,00) such that

(9-5) ¢n(21(0),25(0)) = inf(¢n)
and that for all t € [0, Sp],
[21(t) =21 (D)] <€, Jaa(t) —3(t)] < e

Proof. Assume that the lemma does not hold. Then there exist a sequence {05}, C
(0,1] and sequences

{(@p1,u61) iz € X(A,B,0,50), {(zr2,ur2) iz C X(—A,—B,0,5)
such that
(9.6) lim 6 =0,

k—o0

for all integer k > 1,
(9.7) on(@k,1(0), 2x,2(0)) < inf(n) + 0k,
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(9.8) 170, So, w1, wi 1) — Sopt(f) — 78 (24,1(0)) + 7 (25,1(S0)) < g,

(9.9) 17(0, So, 1.2, ur2) — Sop(f) — 7! (2.2(0)) + 77 (21.2(S0)) < 0%

and that for each integer k& > 1, each (f, A, B)-overtaking optimal pair (£1,71) €
X (A, B,0,00) and each (f,—A, —B)-overtaking optimal pair

(€27 772) € X(_A7 _B7 07 OO)

satisfying

(9.10) ?r(£1(0),62(0)) = inf(¢n)

we have

(9.11) sup{|&1(t) — zp1(t)], [€2(t) — zr2(t)] - t € [0,50]} > €.

In view of (5.1), (9.1), (9.7), Proposition 3.3 and Lemma 9.1, the sequences
{mf (21,1 (0)}724,

{m! (2r.2(0)}72
and
{A(2£,1(0), 22,2(0)) }32
are bounded. Together with Proposition 3.3 this implies that the sequences
{21(0)}32, {z£2(0)}32, are bounded. Proposition 3.3, (4.1), (9.6), (9.8) and
(9.9) imply that the sequences

{If(oa SO’ Tk,1, uk,l)}zozlv {If(oy SO? Tk 2, uk,Q)}lzozl

are bounded. By Proposition 6.4, extracting a subsequence and re-indexing if
necessary, we may assume without loss of generality that there exist (zj,u;) €
X (A, B,0,5)) and (z2,u2) € X(—A,—B,0,S5y) such that for i = 1,2,

(9.12) xy,;(t) = xi(t) as k — oo uniformly on [0, S,
(9.13) If(O, S[), X, uz) < liminf If(O, S(), Ll,is ukﬂ-).
k—ro0

It follows from (9.7), (9.12) and the lower semicontinuity of 7/, xl , h, ¢ that
7w (21(0)) < lim inf 7 (21,1(0)),
—00

(9.14) ! (22(0)) < liminf r/ (24.2(0)).
(9.15) h(z1(0),22(0)) < 1ilgi£fh($k,1(0), z1,2(0)),
(9.16) Pn(1(0), 22(0)) < liminf ¢ (wy,1(0), 21,2(0)) = inf(¢n).

In view of (9.14)-(9.16),
lim 7Tf($k71(0)),

a k—o00

- (22(0)) = lim e (7£,2(0)),

k—o00

! (1(0))
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(9.17) A(w1(0),22(0)) = lim A(wp1(0), (2.2(0)):

By (9.12) and the lower semicontinuity of the functions 7/, nl,

mf (21(Sp)) < lim inf 7 (21.1(S0)),
—00

(9.18) 7w (24(S0)) < lim inf 7! (21.2(S0)).
—00
It follows from (9.6), (9.8), (9.13), (9.17) and (9.18) that

17(0, So, w1, u1) — Sop(f) — 7 (21(0)) + 7/ (21(S0))
< hkmlnf[ff 0,80, Tx,1, up,1) — Sop(f)]

(
(9.19) — lim f (21,1(0)) JrhmiﬂfTFf(ﬂf/‘k,l(So))
< hkmmf[ffm Sos k1, up1) — Sop(f) — 7 (2,1(0)) + 7/ (24,1 (S0))]
< lim 6 = 0.
It follows from (9.6), (9.9), (9.13), (9.17) and (9.18) that

11(0, So, w2, uz) — Sop(f) — 7l (2(0)) + 7l (22(S0))
< lim inf[If(O, S(),l’kg,uk’z) — Sou(f)}

k—o00

~ lim ! (21.2(0)) + lim inf ! (21.2(S0))
(9.20) k=
< lim 1nf[[f(0 S(),.Z’k 2, Uk 2) S()M(f)

k—o0

— 7 (21.2(0)) + 7! (24.2(S0))]
< lim 6k = 0.
k—oo
In view of (9.19), (9.20) and Proposition 3.1,
(9.21) 17(0, So, 1, u1) — Sop(f) — 7 (21(0)) + 7/ (21(S0)) = 0,

(9.22) 17(0, So, 2, u2) — Sop(f) — 7l (22(0)) + 7l (22(S0)) = 0,

Theorem 2.2 implies that there exists an (f, A, B)-overtaking optimal pair (Z1,u) €
X (A, B,0,00) such that

(9.23) Z1(0) = 21(So)

and an (f, —A, —B)-overtaking optimal pair (Z9,u2) € X(—A, —B,0,00) such that
(9.24) Z2(0) = 22(S0)

For all t > Sy and 7 = 1,2 set

(9.25) x;i(t) = &;(t — So), ui(t) = u;(t — Sp)-

It is not difficult to see that the pair (z1,u1) € X(A, B,0,00) is an (f, A, B)-good
pair and that the pair (z2,u2) € X(—A, —B,0,00) is an (f, —A, —B)-good pair. By
(9.21)-(9.25) and Propositions 3.1 and 3.2, for all S > 0,

(0, 8,x1,m) = Su(f) — 7/ (21(0)) + 7/ (21(5)) = 0,
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170, 8,2, u2) = Su(f) = 7l (22(0)) + 7L (22(5)) = 0.
Combined with Proposition 3.5 and (9.16) this implies that
(x1,u1) € X (A, B,0,00)

is an (f, A, B)-overtaking optimal pair and that

(z2,uz) € X(—A,—B,0,00)
is an (f, —A, —B)-overtaking optimal pair such that

¢ (21(0), 22(0)) = inf(¢p).
By (9.12), for all sufficiently large natural numbers k and i = 1,2,

|2k, (t) — zi(t)| < €/2 for all t € [0, Sp).

This contradicts (9.11). The contradiction we have reached proves Lemma 9.2. [J

10. PROOF OF THEOREM 5.3

By Lemma 9.2, there exists oy € (0, €) such that the following property holds:
(P5) for each (z1,u1) € X(A, B,0, Ly) and each (x2,us) € X(A, B,0, Ly) which
satisfy
¢h($1(0),$2(0)) S inf((bh) + 450,
17(0, Lo, w1, w1) — Lop(f) — 7/ (21(0)) + 7/ (w1 (Lo)) < 46,
17(0, Lo, @2, uz) — Lop(f) = wl (22(0)) + f (a(Lo)) < 460
there exist an (f, A, B)-overtaking optimal pair (z7,u}) € X (A, B,0,00) and an
(f,—A, —B)-overtaking optimal pair (z},u3) € X(—A,—B,0,00) such that

¢n(21(0), 23(0)) = inf(¢n)
and that for all ¢ € [0, L], i = 1,2,
|zi(t) — 27 ()] < e.
In view of Propositions 3.3 and 6.5, there exists d; € (0,00/4) such that:
for each z € R" satisfying |z — x| < 26,
(10.1) 7l (2)] = |7l (2) — 7l (@p)] < 60/,

(10.2) 7! (2)] = ! (2) = 7! ()] < 60/8;
for each y, z € R™ satisfying
ly —x¢| <201, |2 — x| <26
we have

(10'3) ‘U(fvywzvl) _M(f)‘ < 50/8'

By Theorem 5.2, there exist Iy > 0, d3 € (0,01/8), a neighborhood U; of F' in M,
and a neighborhood V; of h in 2 such that the following property holds:
(P6) for each T > 2ly, each g € U, each £ € V; and each

(x,u) € X(A,B,0,T)

such that
1900, T, z,u) + £(2(0),2(T)) < 0(9,6,0,T) + 02
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we have
|z (t) — xf| < 6y for all t € [lo, T — lo].
By Theorem 2.2 and Lemma 9.1, there exist an (f, A, B)-overtaking optimal pair
(x4, us) € X(A, B,0,00)
and an (f, —A, —B)-overtaking optimal pair
(Zy,uy) € X(—A,—B,0,00)

such that

(10.4) 01 (+(0), 2.(0)) = inf (¢

Assumption (A3) implies that there exists I; > 0 such that for all ¢ > [y,
(10.5) |Z4(t) — x¢] <61, |2a(t) —ap| < 1.

By Proposition 6.3, there exists a neighborhood U C U; of F in 9} such that
the following property holds:

(P7) for each g € U, each Ty € RY, each Ty € [T} + 1, T + 2L¢ + 2o + 211 + 4]
and each trajectory-control pair (z,u) € X (A, B,T1,T») which satisfies

min{lf(TlaTQa ZE,U), Ig(T17T27x>u)}
< (|u(f)] + 2)(2Lo + 2lo + 21, +6) + 8
+ 7L (2.(0))] + [ (4(0))] + [(.(0), 2.(0))]
+ a1+ ao(Lo+1lo+ 11 +3)

the inequality
|1 (T, Ty, z,u) — I9(Ty, To, z,u)| < 52/8
holds.
By Proposition 6.6, there exists Ag > 0 such that the following property holds:
(P8) for each T € R' each T, € [Ty + 1,71 + 2Lo + 2lp + 211 + 8] and each
(x,u) € X(A, B,T1,T5) satistying

(T, Ty, m,u) < (|p(f)] + 2)(2Lo + 2lo + 201 + 6)
+ 2/l (2.(0))] + 2|77 (2.(0))]
+ [h(24(0), 2+(0))| + a1 + ao(Lo + lo + 11 + 3) + 46
we have |z(t)| < Ay for all t € [T1,T).
Let
V={¢eV: [£(21,22) — h(z1,22)] < 61/16
(10.6)  for all z1, 22 € R" satisfying |z;| < 2+ Ag + |z.(0)| + |z+(0)], ¢ = 1,2}.
Choose § > 0 and L; > 0 such that
(10.7) 6 <47 Yo(Lo+ 1o+ 11 +8)71,

(10.8) Ly > 4Ly + 4l + 411 + 8.
Assume that

(10.9) T>Li,gel, €V, (x,u) € X(A,B,0,T),
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(10.10) 190, T, u) + £(2(0), 2(T)) < 0(9,£,0,T) + 6.
It follows from property (P6) and (10.7)-(10.10) that
(10.11) |z(t) — xf| < 61 for all t € [lo, T — lp].

By Proposition 6.1, there exists a trajectory-control pair
(z,u) € X(A,B,0,T)

such that
L(t) = (1), u(t) = us(t), t € [0, Lo+ 1o+ 1 + 3],
F(t) = a(t), @t) = ut), t € [Lo+lo+1+4,T —ly — I — Lo — 4],
I(t) = z.(T —t), a(t) = ( t),tE[ _lo_ll_LO_&T]’
o+ +Lo+3,lg+ 1 + Lo+ 4,%, 1)
:O'(f,x*(lo+l1+L0+3),x(lo+l1+L0+4) )
INT—1lg—1, —Ly—4,T—1lg— 1, — Lo — 3, &, @)
(10.12) :(T(f,:E(T—lo—ll —L0—4),f*(l0+l1—|—L0+ ) )
By (10.5), (10.8), (10.9), (10.11) and (10.12),
(10.13) ‘.’Z‘(LQ +lo+ 11 + 3) - a;f| = ‘.’L'*(Lo +lo+ 11 + 3) — l‘f’ < é1,
(10.14) |.f(LQ +lo+ 1 +4) - £Cf| = |.T(LQ +lo+ 1 +4) - £Cf| < d1,

(10.15) ’.i‘(T— L(] - lo - ll — 4) — .Z‘f| = |$(T — Lo — l() — l1 — 4) — xf\ < (51,

(10.16) |Z(T'— Lo —lop—1; —3) — .CCf‘ = ’f*(LO +lo+1+3)— a;f| < 6.
In view of (10.3) and (10.12)-(10.16),
(10.17) [T (Lo +1lo+11 +3,Lo+ 1o+ 11 +4,%,0) — u(f)| < /8,

(10.18) (T —Lo—lo—1, —4,T —Lo—lo— 11 — 3,2, 0) — u(f)] < o/8.
Property (P7), (10.9), (10.17) and (10.18) imply that
[I9(Lo +1lo+ 11+ 3, Lo+ lo + 11 +4,%,4) — u(f)|
<|9(Lo+1lo+1+3,Lo+1lo+11 +4,2,u)
(10.19) — Lo+ 1lg+11+3, Lo+ 1o+ 11 +4,2,0)]
+ (Lo 4+ 1o+ 11+ 3, Lo+ lo + 11 +4,&,a) — p(f)|
< d2/8 + 60/8
and
19T — Lo —lo— 11 —4,T — Lo — lo — l1 — 3,&,@) — pu(f)]
<|INT—Lo—1lg—lh —4,T —Lo—lo— 11 — 3,%,1)
(10.20) (T —Lo—1log—11 —4,T — Ly —lo — Iy — 3,%,4)|
+ (T —Log—1lg—1y —4,T — Lo —lo — I1 — 3,&,@) — pu(f)]
§52/8+5o/8.

175
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By (10.3), (10.8), (10.9) and (10.11),

N(Lo+1lg+1 +3,Lo+1lo+11+4,2,u)
(10.21) > J(f,$<L0+l0+l1 +3),x(L0—|-l0+l1 +4),1)
> u(f) —do/8

and
INT—Ly—1lg—1,—4,T —Lo—lo— 1, — 3,z,u)

(10.22) >o(f,z2(T'—Lo—1lo—1l1 —4),2(T —Lo—1lo— 11 —3),1) > u(f) — do/8.
We show that

(10.23) II(Lo+1lo+UL+3,Lo+ 1o+l +4,2,u) > pu(f) —do/2.
Assume the contrary. Then

(10.24) (Lo+1lo+1+3,Lo+1lo+ 11 +4,2,u) < u(f)—do/2.
Property (P7), (10.9) and (10.24) imply that

If(Lo—i-lo—i-ll+3,L0+lo+l1+4,x,u)
<D(Lo+lp+li+3,Lo+lo+ 1 +4,z,u)+ 02/8
< p(f) —60/2+b2/8 < pu(f) — do/2 + do/16.

This contradicts (10.21). The contradiction we have reached proves (10.23).
We show that

(10.25)  I9(T —Lo—1lo—1y —4,T — Lo — lo — I — 3,2,u) > u(f) — 60/2.
Assume the contrary. Then
(10.26) Ig(T— Lo—lo—11 —4,T—Ly—1ly—1l; — 3,az,u) < ,u(f) — 50/2.
Property (P7), (10.9) and (10.26) imply that
T —Ly—1lg—11—4,T—Lo—lo— 1, —3,z,u)
< Ig(T—LQ —l() —ll —4,T—L0—l0 —ll —3,JI,U)+52/8
< p(f) = 00/2 4 02/8 < pu(f) — do/2 + 60 /16.
This contradicts (10.22). The contradiction we have reached proves (10.25).
Since (x4, uy) is an (f, A, B)-overtaking optimal pair, (10.12) and Proposition 3.2
imply
I70,lg+ 11+ Lo+ 3,T,&,4) = I7(0,1g + 11 + Lo + 3, &, uy)
(10.27) = /L(f)(lo + ll + Lo + 3)
+ 7l (2.(0)) — 7 (zu(lo + 11 + Lo + 3)).
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Since (Z«, U+ ) is an (f, —A, — B)-overtaking optimal pair it follows from (3.6), (10.12)
and Proposition 3.2 that
INT —1g—1y — Lo —3,T,%,1)
= I5(0,1p + 11 + Lo + 3, 7., )
= pu(f)(lo+ 11+ Lo+ 3)
+ 7l (2.(0) = 7l (@ (lo + 11 + Lo+ 3)).
In view of the choice of d; (see (10.1), (10.2)) and (10.5),
|7 (2 (Lo + 1o + 11 + 3))| < 80/8,

(10.28)

(10.29) 7 (2. (Lo + lo + 11 + 3))| < do/8.
Combined with (10.27) and (10.28) these inequalities imply that
IF(0,Lo+ 1o+ 1 +3,%,a) < u(f)(lo+ 11 + Lo+ 3) + 7/ (2.(0)) + /8,

(10.30) IF (T —ly—1y— Lo—3,T,%,@) < u(f)(lo+11+ Lo+ 3) + 7/ (2,(0)) + /8.
Property (P7), (10.9) and (10.30) imply that
1900, Lo + lo + 1y + 3, %, 1)
(10.31) <I7(0,Lo+lo+ 11 + 3,%, @) + 62/8
< u(f)(lo+ 11 + Lo + 3) + 7/ (2:(0)) + 60 /8 + 52/8
and
I9T —ly— 1, — Lo — 3,T, %, )
(10.32) <INT—1lg—1y — Ly—3,T,% )+ 62/8
< u(f)lo+ 1 + Lo+ 3) + 7/ (£.(0)) + 60/8 + 62/8.
By (10.10), (10.12), (10.19), (10.23), (10.26), (10.31) and (10.32),
§ > 1900, T, z,u) + £(x(0), z(T)) — (I9(0, T, &, @) + £(#(0), £(T)))
= (£(2(0),z(T)) — £(2+(0), 2.(0)))

+ 190, Lo+ lo+ 11 + 3,z,u)

— 1900, Lo +lo+ Iy + 3,%,)

+I9(Lo+lo+U+3, Lo+ 1o+l +4,2,u)

-9 (Lo+lo+UL+3,Lo+lo+ 1 +4,2,0)

+I9(T —Ly—lo—lh —4,T—Lo—lo— 1 — 3,z,u)

— 9T —Lo—lg—1; —4,T — Lo —lo — l1 — 3,&,7)

+ 09T —1lp—11 — Lo —3,T,z,u)

— 9T —1ly—1; — Ly — 3,T,%,4)

> &£(2(0), (1)) — &(2+(0), 2.(0))

(10.33) + 190, Lo+ 1o + 11 + 3, z,u)

— (o + 11+ Lo + 3) — 7/ (2.(0)) — 6p/8 — 62/8
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(u(f) = 00/2 = p(f) — 60/8 — 62/8)
(u(f) = 00/2 = p(f) — 60/8 — 62/8)
—|—Ig(T—l0—l1 —L0—3,T,IB,U)

— pu(f)(lo + 11 + Lo + 3) — 7/ (2.(0)) — 60/8 — 62/8

> §((0), 2(T)) — £(2+(0), 7.(0))
—|—Ig(0,L0 +log+ 1 +3,x,u) —i—Ig(T— lo—11— Lo — 3,T,x,u)

() (Lo + 1o+ 11 +3) — 7 (2,(0)) — 7 (2.(0)) — 350/2 — /2.
In view of (10.6) and (10.9),
(10.34) [€(24(0), 2. (0)) = h(2+(0), Z.(0))] < 01/16.
It follows from (4.1), (5.1) (10.33) and (10.34) that
O, Lo+lo+ UL +3,z,u), I9(T —1lp—11 — Lo —3,T, z,u)
<0+ 02/2 + 300/2 + |h(24(0), Z,(0))| 4+ 61/16 + a1
+20(f) (Lo +lo + 11 + 3) + 7/ (2.(0)) + 7L (2.(0))

+
+

(10.35) +ao(Lo + 1o+ 11 + 3).
Property (P7), (10.9) and (10.35) imply that
|[79(0, Lo+ lo+ 11 + 3, z,u) — If(O,Lo +lo+1 +3,z,u)| <d2/8,

(10.36) |I9(T —1lg— 1y — Lo — 3, T, z,u) — I' (T —lg — Iy — Lo — 3, T, z,u)| < §3/8.
Property (P8), (10.35) and (10.36) imply that
M0, Lo+ lo+ 11+ 3,z,u), IF(T—1lg—1, —Lo—3,T, 2, u)
<6+ 82/8+02/2 4 350/2 + |h(24(0),Z.(0))| + 61/16 4+ a4
+2u(f) (Lo + 1o + 1 + 3) + 7f (2.(0)) + 77 (2.(0))

—HLQ(LO +lo+ 1+ 3).
In view of the inequality above and property (P8),

(10.37) |x(t)| < Ap, te [O,Lo +lo+ 1+ 3] U [T —lg—11 — Lo — 3,T].
By (10.6), (10.9) and (10.37),
(10.38) 1€(2(0), z(T)) — h(x(0),2(T))| < d1/16.

It follows from (10.33)-(10.36) and (10.38) that
§+380/2 + 62/2 > h(z(0),z(T)) — h(x.(0), 2.(0)) — 61/8
+ 170, Lo+ lo+ 1, + 3,2,u) — 62/8
+ (T —1lg—1y —Lo—3,T,z,u) — 62/8
—2u(f) (Lo +lo + 11 + 3) — 7/ (2.(0)) — 7 (2..(0)).

(10.39)
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In view of (9.1) and (10.39),
0 +3d0/2 + 362/4 + 61/8 = ¢n(x(0), z(T))
— 6n(24(0), :(0)) — 7/ (2(0)) — 7/ (2(T))
(10.40) + 170, Lo+ 1o+ 1y + 3, z,u)
+ (T —1lg—1y —Lo—3,T,z,u)
—2p(f) (Lo + 1o+ 11+ 3).

Set
(10.41) y(t) =x(T —t), v(t) =uw(T —1t), t €[0,T].
In view of (3.6) and (10.41),
(10.42) T —1lg—1y — Lo—3,T,z,u) = I7(0, Lo+ lo + I, + 3,9, v).
By (10.4), (10.29) and (10.40)-(10.42),
0+ 300/2+ 362/4+ 01/8
> ¢p(2(0), (T)) — inf(¢n)
+ 170, Lo+ log+ 1y + 3, ,u) — u(f) (Lo + lo + 11 + 3)
— 7l (@(0) + 7/ (@(Lo + 1o+ 11 +3)) — 7l (x(Lo+ lo+ 11 + 3))
+ 170, Lo+ lg+ 11 + 3,y,v)
—al (y(0) + 7 (y(Lo + 1o+ 1 + 3))
(10.43) —u(f L0+lo+l1+3)—7r((T Lo—1p—11—3))

)(
> ¢n(2(0),2z(T)) — inf(¢n)
+17(0, Lo+ lo + 1y + 3,2, u)
—u(f)(Lo+ 1o+ 1 +3) — 7l (2(0)) + 7/ (x(Lo + lo + 1 + 3))
+If(0,L0+l0+l1+3 Y, v)
— 7l (0) + 7l (y(Lo + 1o+ 1 +3))
— u(f)(Lo+ 1o + 1y + 3) — 8o /4.
Proposition 3.1, (10.41) and (10.43) imply that
(10.44) 400 = ¢ (x(0), z(T)) — inf(en),

460 > I7(0, Lo + lo + 11 + 3,2, u)
(10.45) — u(f)(Lo+ 1o+ 11 +3) — 7l (2(0)) + 7/ (x(Lo + o + 11 + 3))
> 170, L, @, u) — p(f) Lo — 7/ (2(0)) + 7/ (z(Ly)),

460 z[f(O,L0+lo+l1+3 Yy, )
(10.46) —al ((0) + 7l (y(Lo+ 1o+ 11 +3)) — u(f) (Lo +lo + 1y +3)
> 17(0, Lo, y,v) — 7L (y(0)) + 7 (y(Lo)) — u(f) Lo.
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(10.44)-(10.46) and property (P5), there exist an (f, A, B)-overtaking optimal

pair (z],u}) € X(A, B,0,00) and an (f, —A, —B)-overtaking optimal pair (x5, u3) €
X(—A,—B,0,00) such that

¢n(21(0), 23(0) = inf(¢n)

and that for all ¢ € [0, Lo],

€ > |2(t) —21(8)], € = |y(t) — z3(t)| = [(T — 1) — 5(8)]-

Theorem 5.3 is proved.
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