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BARRIER METHODS FOR EQUILIBRIUM PROBLEMS

MONICA BIANCHI, IGOR KONNOV, AND RITA PINI

ABSTRACT. We consider several versions of the barrier method for a general equi-
librium problem with nonlinear constraints in a reflexive Banach space setting.
We suggest weak coercivity conditions instead of (generalized) monotonicity, in-
cluding one containing a perturbed barrier function, in order to entail solutions
for the equilibrium problem. We obtain convergence properties of the method
under mild assumptions.

1. INTRODUCTION

Let D be a set in a reflexive Banach space E and let ¢ : D x D — R be an
equilibrium bifunction, i.e. ¢(z,x) = 0 for every = € D. The equilibrium problem
(EP for short) is to find a point z* € D such that

(1.1) ¢(z*,y) >0 VyeD.

EPs give a suitable common format for investigation of various applied problems
arising in Economics, Mathematical Physics, Engineering and other fields. Besides,
EPs are closely related with other general problems in Nonlinear Analysis, such
as fixed point, game equilibrium, variational inequality, and optimization problems;
see e.g. [2,5,11,12] and references therein. It is well known that most solution meth-
ods for EPs were substantiated under certain (generalized) monotonicity /convexity
conditions. In particular, these conditions were also utilized for various penalty and
regularization methods; see e.g. [1,10,18,21]. However, there exist less restrictive
coercivity conditions, which provide existence of solutions for EPs; see e.g. [3,4,16].

Rather recently, it was proposed to utilize the general coercivity conditions for
external penalty methods for EPs; see [14,15]. Moreover, similar conditions were
taken for the regularized versions of these methods. The absence of restrictive
concordance rules for penalty and regularization parameters is an essential feature
of these methods.

It is known that the barrier (or internal penalty) method gives another funda-
mental approach for finding solutions of various problems with complex nonlinear
constraints and even have certain preferences, such as the feasibility of the itera-
tive sequence; see e.g. [8,21]. At the same time, the substantiation of the barrier
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method meets additional difficulties since the auxiliary function is undefined on the
boundary of the feasible set.

In this paper, we intend to develop the approach from [14,15] for barrier meth-
ods applied to EP (1.1) with nonlinear constraints. We establish some results of
weak convergence of the penalized and regularized methods without monotonicity
assumptions via mild coercivity conditions.

2. BASIC PRELIMINARIES

We first recall some basic definitions and auxiliary properties. Let X be a
nonempty subset of a Banach space F and ¢ : X — R be a function. In the
sequel, for every v € R, we will denote by £, (¢) the set

by(p) :={z € X : p(z) <7}
The function ¢ is said to be

(a) convex on a convex set K C X, if
plaz+ (1 —a)y) < ap(x) + (1 - a)e(y), Vo,y € K and Vo € [0,1];

(b) wuniformly conver on a convex set K C X if there exists a continuous and
increasing function 6 : R — R with 6(0) = 0 such that

plaz+ (1 —a)y) < ap(z)+ (1 —a)e(y) — al —a)i(||lz —yl),
Vo,y € K and Yo € [0, 1];

(c) coercive with respect to a set K C X if
p(x) = +oo as |z|]| = o0, z € K;

(d) weakly coercive with respect to a set K C X if there exists a number ~ such
that the set £,(¢) N K is nonempty and bounded;

(e) upper (lower) semicontinuous at a point z € X, if, for each sequence {z*} — z,
z* € X, it holds that

limsup p(2*) < p(2)  (liminf p(z"*) > o(2));

k—o0 k—o0

(f) weakly upper (lower) semicontinuous at a point z € X, if, for each sequence
{zF} & 2, 2% € X, it holds that
limsup p(z") < ¢(z)  (liminf p(*) > ¢(2)).
k—o0 k—o0
Here and below {2*} — z ({zF} % 2) denotes the strong (weak) convergence of

{z*} to z. We say that any of the properties (e) (f) holds on a set K C X, if it
holds at any point of K. From the definitions we have

(b) = (a), (b) == (¢) = (d), and (f) = (e),

but the reverse implications are not true in general.
In this section, we will consider EP (1.1) under the following basic assumptions.

(B1) D is a nonempty, conver and closed subset of E and ¢ : D x D — R is
an equilibrium bifunction such that ¢(-,y) is weakly upper semicontinuous for each
y € D and ¢(x,-) is convex for each x € D.
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If we add the boundedness of D, EP (1.1) will have a solution due to the simple
specialization of the well-known existence result due to Ky Fan; see [6]. It suffices
to take the weak topology in E.

Proposition 2.1. If (B1) holds and D is bounded, then EP (1.1) has a solution.

However, we are interested in investigating the general unbounded case. Then,
we should utilize a suitable coercivity condition. Let u : E — R denote a lower
semicontinuous and convex function p : E — R, which is weakly coercive with
respect to the set D. For instance, we can take y to be a uniformly convex function.
Note that, under the assumptions above on p, all the sets f5(u) N D, s € R, are
either empty, or bounded (see [7] and also, for instance, [20, Chapter 3, Theorem
3.14]).

The next existence result was proved in [15], Theorem 3.1 under the following
mild coercivity condition:

(C1) There exist a number r such that, for any point x € D\ £,(p), there is a point
z € D with

(2.1) min{¢(z, z), u(z) — u(x)} <0 and max{p(zx,z),u(z) — u(x)} <0.

Note that under the assumptions (B1) and (C1), the set ¢,(x) N D is nonempty
(see Lemma 3.2 in [15]).

Theorem 2.2. Let us assume that the set D, the bifunction ¢, and the function u
satisfy the conditions in (B1) and (C1). Then EP (1.1) has a solution.

If we replace (2.1) in (C1) with the stronger condition
(2.2) u(z) < p() and (z,2) <0,

then we can show, in addition, that all the solutions belong to the bounded set
D N4 (p). In general, the further coercivity conditions (C2)—(C4) considered in
this paper will lead to a stronger result, namely, the existence of solutions, which
belong to a bounded set, without proving the boundedness of the whole solution
set.

3. THE CLASSICAL BARRIER METHOD
Throughout the next sections we will consider EP (1.1) under the following basic
assumptions (B2):
e D is a nonempty set of the form
(3.1) D=vnWw,

where W and V' are conver and closed sets in a reflevive Banach space E
such that the set
D =V NintW
18 nonempty;
e ¢:V xV = R is an equilibrium bifunction such that ¢(-,y) is weakly upper
semicontinuous for each y € V and ¢(x,-) is convex for each x € V;
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o 1 : F — R is lower semicontinuous, conver and weakly coercive with respect
to the set D.

A barrier function B with respect to W is a function enjoying the following
properties:

(i): B :intW — R is nonnegative, convex and lower semicontinuous;
(ii): B(z) = 400 as & — I', where I' = OW.

We will denote by Dy, the subset of D° given by
Dy =ty (B)N V.
Example 3.1.
(1): In the particular case of a set W described via functional constraints, i.e.
W={xeFE : hi(x) <0, i=1,...,m},

where h; : F — R is convex, i = 1,...,m, we can set

Bla) = - 1/hi(),
=1

B(z) = » max{-In(—hi(z)),0}", p>1.
=1

Another possibility could be to take
B(z) = —1/h(x),
B(z) = max{-In(-h(z)),0}", p=1,

where h(x) = max;—1 _m{hi(z)} (see [8,19,21]).
(ii): In case of a finite dimensional space E, the function

B(z) = max{—Indy(z),0}’, p>1,
where the distance function dy : W — R, is given by
dw(z) = d(,T) = min{lz = =]},

is a convex barrier function on W (see [9], Theorem 6.20).
(iii): The perturbed (regularized) barrier function

B(z) = B(x) + p(x),

where p is, in addition, nonnegative, seems also suitable since it is weakly
coercive with respect to D and it can be used instead of u for the penalized
problems. We will discuss this approach in Section 4.

The main result of this section relies on the following coercivity condition:

(C2) There exist a number r such that, for every x € D\ £,.(u) there exists z € D°
such that

min{¢(z, z), B(z) — B(z)} < 0 and max{¢(z,z2),B(z) — B(x), u(z) — p(z)} <0
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We now introduce, for any positive 7, the penalized equilibrium problem EP. defined
as follows: given a barrier function B with respect to W, let ¢, : D® x D® — R be
given by

¢r(2,y) = ¢z, y) + 7(B(y) — B(x)).
Then, EP; is to find a point z* € DY such that

(3-2) ¢r(x%,y) >0, Vye DO

Our plan is, first, to prove the existence of solutions to the penalized equilibrium
problem EP, (3.2) for every 7, then to show that for any sequence 7; | 0, we are
able to reach a solution of the original equilibrium problem (1.1) as a limit point of
a sequence of solutions of problems EP,.

Lemma 3.2. Fiz 7 > 0. If the conditions in (B2) and (C2) hold, then the penalized
problem EP. admits a solution, which belongs to £,(u) () D°.

Proof. We divide the proof in three steps:

Step 1. Since D° # (), there exists a positive M such that the set D, is non empty.
We start by proving the existence of solutions of the reduced equilibrium problem

(3.3) ¢r(2,y) 20, Vy€ Dy

by applying Theorem 2.2 to the set Dj; and the bifunction ¢,.

Note that (B1) is fulfilled and, in addition, ¢, satisfies the coercivity condition
(C1) on Dy with respect to the function 4 and the scalar r given in (C2). Indeed,
if # € Dys \ (1), then z € D%\ £,(11) and, from (C2), there exists z € D, such
that B(z) < B(x) < M, implying that z € Dj;. Moreover, from the condition
min{¢(z, z), B(z) — B(z)} < 0, it follows easily that ¢,(x,z) < 0 and thus (2.2)
holds. Therefore, by the remark below Theorem 2.2, the equilibrium problem (3.3)
admits solutions and all these solutions belong to the bounded set Dy N £, (p).
Step 2. Let now My 1 +oo, and denote by z,(Mj) a solution of the equilib-
rium problem (3.3) on Dy, . Since D N 4,.(p) is convex, closed, and bounded, and
xr(My) € DN {4 () for every k, without loss of generality we can assume that

z,(My) 5 xk € DNl (1)

as k — +o0.
It is easy to prove that x* € D, Indeed, fix y € Djy. By observing that
Dy, € Dy, for every k > 1, we get for any k

Blar(My) < ~6(re(My).9) + B(y)

Since every weakly upper semicontinuous function admits a maximum on
every closed, convex and bounded set by the Weierstrass theorem, the bounded-
ness of {¢(z-(My),y)} implies the boundedness of {B(x;(My))}. Since B(z¥) <
liminfy o B(z:(My)) < 400, we get xX € intW. Moreover, ¥ € V, and thus
zt € DO.

Step 3. Finally, we show that x* is a solution of the equilibrium problem (3.2).
Suppose, by contradiction, that there exists y € D° such that

o(27,y) + 7(B(y) — B(27)) <O0.
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Then, since y € Dy for a suitable k,

¢(xr (M), y) + 7(B(y) — B(wr(My))) = 0
for all k > k. By the weak upper semicontinuity of ¢(-,%) and weak lower semicon-
tinuity of B, we get
¢(az,y) + 7(B(y) — B(z7)) 2 0,
a contradiction. 0

We are now ready to prove the basic theorem for the barrier method.

Theorem 3.3. Let the assumptions in (B2) and (C2) hold and let B be a barrier
function with respect to W. Then:
(i) EP (1.1), (3.1) has a solution;
(ii) EP; (3.2) has a solution for each T > 0 and all these solutions belong to
() N DY
(iii) Each sequence {x7},} of solutions of EP; with 7, | 0 has weak limit points,
all these weak limit points belong to £.(p) (D and are solutions of EP (1.1),
(3.1).
Proof. By Lemma 3.2 we know that for every 7 > 0 the penalized equilibrium
problem EP, (3.2) admits a solution ¥ € DY N ¢,.(u). Besides, if there exists
another solution z, € D\ £,(u), then, by (C2) there exists z € D° N £,.(u) such
that ¢,(Z-,z) < 0, which is a contradiction. Therefore, assertion (ii) holds. Fix
7 4 0, and denote by 7, a solution in £,.(x) N DY of EP,,. Without loss of generality,
we can assume
7, Bare DNl ().
We show that z* is a solution to EP (1.1).
First of all, by the assumptions on B,

¢(z},y) +nB(y) > nB(z};) >0 Vye D°.
By the upper semicontinuity of ¢(-,y), we have
¢(z*,y) > limsup(p(at,,y) + 1B(y)) >0 Vye DO

=400
Assume now, by contradiction, that there exists 5 € I" such that ¢(z*,7) < 0. Let
y' € DY then, by convexity of ¢(z,-), since (1 — \)y' + Ay € D° for A € [0,1), we
get
0< (2", (1= Ny +39) < (1=No",y) + Ab(z",7) <0
for A close enough to 1, a contradiction. Therefore, assertion (iii) holds too. Asser-
tion (i) follows from (iii). O

4. THE REGULARIZED BARRIER METHOD

_In this section we will consider the penalized and regularized equilibrium problem
(EP.): find a point z¥ € D° such that
(4.1) pr(aty) =0, Wye D,

where

QOT(iU,y) = ¢($7y) + T(B(y) - B(x)),
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B(z) = B(z) + p(x) and the function p is, in addition, nonnegative. That is, the
barrier function now combines both penalty and regularized terms. Note that, since
((B) C ly(1), and B is a barrier function with respect to W, there exists 7 such
that E;(E) N D is nonempty and bounded, i.e., B is weakly coercive with respect to
D.

The aim of this section is to provide a new existence result relying on the following
coercivity condition:

(C3) There exists a number r such that, for every x € D°\ £.(B), there exists
z € DY such that

min{¢(z, z), B(z) — B(z)} < 0 and max{¢(z, z), B(z) — B(z)} < 0.

Theorem 4.1. Given a barrier function B with respect to W, let E(x) = B(z) +
w(x) where p is nonnegative. Let the assumptions in (B2) and (C3) hold. Then:
(i) EP (1.1), (3.1) has a solution;
(ii) EP, (4.1) has a solution for each T > 0 and all these solutions belong to
t(B)ND;

(iii) Each sequence {x7,} of solutions of EA]STZ with 7, } 0 has weak limit points,

all these weak limit points belong to £,(B) (D and are solutions of EP (1.1),

(5.1).
Proof. Let us consider the set Dys := VNl (B) C D, where M > max (7, 7). Since
lN)M is nonempty, closed, convex, and bounded, and ¢, is a bifunction satisfying
the conditions in (B1) on INJM, by the well-known result by Ky Fan there exists a
solution to the equilibrium problem on Dy, say x+(M). By the coercivity condition
(C3), z.(M) € £,(B). Indeed, if x,(M) € D°\ £,(B), there exists y € Dy such
that ¢, (x-(M),y) < 0, a contradiction.

Let Mj 1 +o0; without loss of generality, x (M) R = D, c DO. Following
the lines of Steps 2 and 3 in Lemma 3.2, we can show that z} is a solution of (4.1).
Therefore, part (ii) holds.

Furthermore, arguing as in the proof of Theorem 3.3, we can also prove that for
74 0, {=},} has weak limit points in D, which are solutions of EP (1.1). Therefore,
part (iii) holds too. Part (i) follows from (iii). O

Observe that Theorem 4.1 gives the existence result for EP (1.1), (3.1) under
somewhat different conditions in comparison with those in Theorem 3.3.

We can obtain a similar convergence result for a modified coercivity condition
weaker than (C2):

(C4) There exists a number r such that, for every x € D°\ £.(u), there exists
z € D° such that

min{¢(z, 2), B(z) — B(x), i(z) — p(x)} <0
and
max{@(z, =), B(z) - B(x), u(z) — p(a)} < 0.

Theorem 4.2. Let the assumptions in (B2) and (C4) hold, with u nonnegative,
and let B be a barrier function with respect to W. Then:
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(i) EP (1.1), (3.1) has a solution;
il) EP; (4.1) has a solution for each T > 0 and all these solutions belong to
(ii) g
6 (p) N D -
iii) Fach sequence {xX } of solutions of EP., with 71 | 0 has weak limit points,
Tl 4
all these weak limit points belong to £,(p) (D and are solutions of EP (1.1),
(5.1).

Proof. Fix M > 0. Let us consider the reduced EP: find a point z-(M) € Djs such
that

(42) ng(xT(M),y) >0, Vye€Dpy.

Clearly, (B1) is fulfilled and, in addition, ¢, satisfies the coercivity condition (C1)
on Djs with respect to the function p and the scalar r given in (C4). Hence, EP
(4.2) has a solution due to Theorem 2.2, besides, by the remark below Theorem 2.2,
all its solutions belong to the bounded set Dy N ¢, (p). Next, following the lines of

Steps 2 and 3 in Lemma 3.2 and replacing B with B where necessary, we can show
that

x,(My) 5 xk € DO (1)

as k — +oo, for any sequence My 1 400, and that % solves EP (4.1). Therefore,
part (ii) holds. The same substitution in the proof of Theorem 3.3 justifies part
(iii). Part (i) follows directly from (iii). O

5. COMPARISON WITH OTHER COERCIVITY CONDITIONS

In this section we will show that our coercivity conditions (C1)—(C4) are weaker
than other ones recently found in literature. In [16], in a finite-dimensional setting
FE, the following weak coercivity condition was suggested for establishing existence
results:

(G) There exists a convex function p : E — R which is weakly coercive with respect
to the set D, and a number r such that for any point z € D \ £, (u) with
inf ¢(z,y) >0,
yeLlr (1)
there is a point z € D, with u(z) < p(z), and ¢(z, z) <O0.
However, (G) implies (C1). To prove this, fix the same r € R and = € D \ £, (u),
and let us consider two possible cases:

(i): ¢(x,y) > 0 for every y € £, (u): taking the same z we see that (C1) is
fulfilled;
(ii): there exists y € £,(u) such that ¢(z,7) < 0. In this case, choose z = 7.

It should be noted that condition (G) implies certain weakened coercivity condi-
tions in the case where the initial space admits a partition into a Cartesian product
of spaces so that the usual coercivity holds only with respect to a selected subspace;
see [16] for more details. These relaxed coercivity conditions are useful in the study
of various iterative solution methods; see e.g. [17].

The following well known coercivity condition was used for establishing conver-
gence of penalty methods (see e.g. [10,13,18]):
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(C) There exists a point & € DY such that
(z,%) = —o0 as ||z —Z| = oo, z € D,

We conclude by showing the relationship between (C) and (C1)—(C4).
If we set p(z) = || — Z||, then (C) clearly implies (C1). Indeed, the set

D' ={zeD’: ¢(x,%) >0}

is contained ¢, () for some positive p'. Thus (C1) holds with r = (p’) and z = Z.

Next, if the barrier function B is weakly coercive with respect to D°, the set
(p(z(B) N DY is bounded, therefore it is included in £, (), for a suitable p”. Taking
p =max{p',p"}, z =2, and r = p, we see that (C2) holds. Therefore, (C4) holds
too.

Let us go back to condition (C3). We recall that the function B(z) = B(z)4u(x)
is weakly coercive with respect to D and that the set D’ is bounded. If we choose
the functions B and y such that D’ is contained in some set £,(B), then (C3) holds
true.
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