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π-basis and X has the BCP. It was also proved that B(c0), B(ℓ1) and every subspace
containing finite rank operators in B(ℓp) for 1 < p < ∞ have the BCP.

Stability of a certain property under direct sum is a typical question in Banach
space theory. Let (Xk) be a sequence of Banach spaces and E be a Banach space
with an 1-unconditional basis (en). The direct sum of (Xk) with respect to E is the
Banach space consisting of infinite sequences (xk) with xk ∈ Xk under the norm

∥(xk)∥ :=
∥∥∥∑ ∥xk∥ek

∥∥∥.
It was proved in [4] by Z. Luo, J. Liu and B. Wang that for 1 ≤ p ≤ ∞, X ⊕p Y
has the BCP if and only if both X and Y have the BCP. Z. Luo and B. Zheng [5]
extended the results to infinite direct sum by showing that (

∑
Xk)E has the BCP

if and only if each Xk has the BCP, where E is either a Lorentz sequence space, a
separable Orlicz sequence space or ℓ∞. It was also shown in [5] that if (Ω,Σ, µ) is a
separable measure space, then the space of Bochner integrable functions Lp(µ,X)
has the BCP if and only if X has the BCP. Similar results were extended in [6] by
the same authors to spaces with the strong BCP and uniform BCP.

In the results above, the direct sums were taking over Lorentz sequence spaces
or Orlicz sequence spaces which have symmetric bases. A natural question is

Question: Let E be a Banach space with an 1-unconditional basis and (Xk) be a
sequence of Banach spaces with the BCP. Does (

∑
Xk)E have the BCP?

In this paper, we will give affirmative answers to the question for two classes
of Banach spaces E. One class contains modular sequence spaces that satisfy the
uniform ∆2-conditions at zero. The other class consists of Banach spaces E whose
1-unconditional bases satisfy block upper-p estimate for some 1 < p < ∞.

If the radii of the balls that cover the unit sphere is bounded, then we say that
the space has the strong ball-covering property (SBCP). In [6], Z. Luo and B. Zheng
showed that the BCP and SBCP are not equivalent in general. Similar results will
be extended to spaces with the SBCP. Throughout the paper, we will use B(x, r)
to denote the open ball centered at x with radius r.

2. Main results

Definition 2.1. Let (Mn) be a sequence of Orlicz functions. The space ℓ(Mn) is the
Banach space of all sequences x = (an) with

∑
Mn(|an|/ρ) < ∞ for some ρ > 0,

equipped with the norm

∥x∥ = inf{ρ > 0 :
∑

Mn(|an|/ρ) ≤ 1}.

The space ℓ(Mm) is called a modular sequence space.

Definition 2.2. A sequence of Orlicz functions (Mn) is said to satisfy the uniform
∆2-condition at zero if there exists a constant K < ∞ and an integer n0 such that
Mn(2t)/Mn(t) ≤ K for all n ≥ n0 and 0 < t ≤ 1/2.

Remark 2.3. Let (Mn) be a sequence of Orlicz functions that satisfies the uniform
∆2-condition. Then the unit vector basis of ℓ(Mn) form a boundedly complete
unconditional basis and ℓ(Mn) is separable.
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Lemma 2.4. Let X be a Banach space. Then X has the BCP if and only if there
exists a countable collection {xn} ⊂ X\{0} such that

SX ⊂
⋃
n

B(xn, ∥xn∥) .

Lemma 2.5. Let X be a Banach space and x ∈ X\{0}. If 0 < s < t, then

B(sx, ∥sx∥) ⊂ B(tx, ∥tx∥)
and

∥sx∥ − ∥y − sx∥ ≤ ∥tx∥ − ∥y − tx∥ for y ∈ X .

Lemma 2.6. Let X be a Banach space and {xn} be a collection of BCP points of
X. Then

X\{0} =
⋃
m,n

B(mxn, ∥mxn∥) .

A sequence of Orlicz functions (Mn) is called semi-normalized if the sequence
(τn) with Mn(τn) = 1 is bounded and bounded away from 0.

Theorem 2.7. Let (Xk) be a sequence of Banach spaces and (Mn) be a sequence of
semi-normalized Orlicz functions satisfying the uniform ∆2-condition at zero. Then
X = (

∑
Xk)ℓ(Mn)

has the BCP if and only if each Xk has the BCP.

Proof. Necessity follows easily from definition and we only prove sufficiency. For
each k ∈ N, let xk,0 = 0 and (xk,n)n≥1 be a sequence of points in Xk so that
SXk

⊂
⋃

nB(xk,n, ∥xk,n∥). Let A be a subset of X = (
∑

Xk)ℓ(Mn)
defined by

A = {(z1, z2, . . . , zm, 0, 0, . . . ) : m ∈ N, zk ∈ (xk,n)n≥0, 1 ≤ k ≤ m}.
It is clear that A is countable and we will show that A is the desired BCP points
of X.

Let x = (xk) ∈ SX . We need to find a z ∈ A so that

x ∈ B(z, ∥z∥).
For each k ∈ N, if xk = 0, set nk = 0; otherwise, we can find an xk,nk

so that
xk

∥xk∥
∈ B(xk,nk

, ∥xk,nk
∥)

or equivalently,
xk ∈ B(∥xk∥xk,nk

, ∥xk∥∥xk,nk
∥).

By Lemma 2.5, B(∥xk∥xk,nk
, ∥xk∥∥xk,nk

∥) ⊂ B(xk,nk
, ∥xk,nk

∥). Hence we have

xk ∈ B(xk,nk
, ∥xk,nk

∥).
If x = (xk) is finitely supported, then there is an N ∈ N so that x =

(x1, x2, . . . , xN , 0, 0, . . . ). Let

z = (x1,n1 , x2,n2 , . . . , xN,nN
, 0, 0, . . . ).

We have x ∈ B(z, ∥z∥) by the 1-unconditionality of the unit vector basis of ℓ(Mn).
From now on, we assume x is not finitely supported. Let

ϵn =
∥∥∥∑
k>n

xk

∥∥∥.
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Then ϵn > 0 and decreases to 0. It follows from the definition of ϵn that∑
k>n

Mk

(∥xk∥
ϵn

)
= 1.

Let (τn) be the sequence of reals such that Mn(τn) = 1 for all n. Since (Mn) is
seminormalized, there exist positive real numbers L and U so that

L = inf{τn}, U = sup{τn}.
Let

ϵ = ∥x1,n1∥ − ∥x1,n1 − x1∥
and choose m ∈ N big enough so that

ϵm < min
{
1,

ϵ

2U

}
.

By Lemma 2.5 and the definition of ϵ, without loss of generality, we may assume
that

∥x1,n1∥ > max{1, U}.
Let

z = (x1,n1 , x2,n2 , . . . , xm,nm , 0, 0, . . . ).

By Lemma 2.5 again, we may also assume that

1

2
< M1

(∥x1,n1∥
∥z∥

)
≤

m∑
k=1

Mk

(∥xk,nk
∥

∥z∥

)
= 1 ≤ M1(U).

It follows from above that

∥x1,n1∥ ≤ U∥z∥ and ∥z∥ > 1.

So it is enough to show that

∥x− z∥ < ∥z∥,
which is equivalent to

m∑
k=1

Mk

(∥xk,nk
− xk∥

∥z∥

)
+

∑
k>m

Mk

(∥xk∥
∥z∥

)
<

m∑
k=1

Mk

(∥xk,nk
∥

∥z∥

)
= 1 ,

i.e.

(2.1)

m∑
k=1

{
Mk

(∥xk,nk
∥

∥z∥

)
−Mk

(∥xk,nk
− xk∥

∥z∥

)}
>

∑
k>m

Mk

(∥xk∥
∥z∥

)
.

Since ϵm < 1 and ∥z∥ > 1, we have

(2.2)
∑
k>m

Mk

(∥xk∥
∥z∥

)
=

∑
k>m

Mk

( εm
∥z∥

· ∥xk∥
εm

)
≤ εm

∥z∥
·
∑
k>m

Mk

(∥xk∥
εm

)
=

εm
∥z∥

.

Since
ϵ = ∥x1,n1∥ − ∥x1,n1 − x1∥,

1− ∥x1,n1 − x1∥
∥x1,n1∥

=
ϵ

∥x1,n1∥
.
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So we have
m∑
k=1

{
Mk

(∥xk,nk
∥

∥z∥

)
−Mk

(∥xk,nk
− xk∥

∥z∥

)}
≥ M1

(∥x1,n1∥
∥z∥

)
−M1

(∥x1,n1 − x1∥
∥z∥

)
= M1

(∥x1,n1∥
∥z∥

)
−M1

(∥x1,n1 − x1∥
∥x1,n1∥

· ∥x1,n1∥
∥z∥

)
≥ M1

(∥x1,n1∥
∥z∥

)
− ∥x1,n1 − x1∥

∥x1,n1∥
·M1

(∥x1,n1∥
∥z∥

)
=

(
1− ∥x1,n1 − x1∥

∥x1,n1∥

)
·M1

(∥x1,n1∥
∥z∥

)
=

ϵ

∥x1,n1∥
·M1

(∥x1,n1∥
∥z∥

)
≥ ϵ

U∥z∥
·M1

(∥x1,n1∥
∥z∥

)
≥ ϵ

2U∥z∥

≥ ϵm
∥z∥

Combining the results above with Equation 2.1 and Equation 2.2, we have ∥x−
z∥ < ∥z∥. This finishes the proof.

□
Corollary 2.8. Let (Xn) be a sequence of Banach spaces with the BCP and (Nn)
be a sequence of Orlicz functions so that ℓ(Nn) is separable. Then (

∑
Xn)ℓ(Nn)

can
be renormed to satisfy the BCP.

Let (en) be an unconditional basic sequence and 1 < p < ∞. A sequence (xn) is

said to be a block sequence of (en) if xn =
∑tn+1−1

k=tn
bkek, where (bk) is a sequence

of real numbers and (tn) is an increasing sequence of positive integers. We say that
(en) satisfies a block upper-p estimate if there exists a constant C ≥ 1 so that for
all (ak) ⊂ R and block sequences (xn) of (en),∥∥∥∑ akxk

∥∥∥ ≤ C
(∑

|ak|p
) 1

p
.

In this case, (en) is said to have a block upper-p estimate with constant C.

Theorem 2.9. Let (Xn) be a sequence of Banach spaces with the BCP. Let E be a
Banach space with an 1-unconditional basis (en) which has a block upper-p estimate
with constant 1 for some 1 < p < ∞, then (

∑
Xn)E has the BCP.

Proof. For each k ∈ N, let xk,0 = 0 and (xk,n)n≥1 be a sequence of points in Xk so
that SXk

⊂
⋃

nB(xk,n, ∥xk,n∥). Let A be a subset of X = (
∑

Xk)E defined by

A = {(z1, z2, . . . , zm, 0, 0, . . . ) : m ∈ N, zk ∈ {jxk,n}n≥0, 1 ≤ k ≤ m, j ∈ N}.
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It is clear that A is countable and we will show that A is the desired BCP points
of X. Since elements in X with finite support can be easily covered by balls with
centers in A. We will only consider x = (xk) ∈ X which are not finitely supported.
Let ϵn = ∥

∑
k>n xk∥. Then (ϵn) is a sequence of positive numbers decreasing to 0.

For each k ∈ N, if xk = 0, set nk = 0; otherwise, we can find an xk,nk
so that

xk ∈ B(xk,nk
, ∥xk,nk

∥).

Let δ = ∥x1,n1∥−∥x1−x1,n1∥ > 0. Since ϵn decreases to 0, we can pick an m ∈ N
so that

ϵm <
δ

2
.

Fix this particular δ. By Lemma 2.5, we can choose a big enough natural number
M so that x1 ∈ B(Mx1,n1 ,M∥x1,n1∥), ∥Mx1,n1∥ − ∥Mx1,n1 − x1∥ ≥ δ and

∥Mx1,n1 − x1∥ >
(2
δ

) 1
p−1 ·

∥∥∥ m∑
k=2

∥xk,nk
∥ek

∥∥∥ p
p−1 − δ

2
.

Let z = (Mx1,n1 , x2,n2 , . . . , xm,nm , 0, 0, . . . ). It is clear that z ∈ A. Next we will
show that

∥z − x∥ < ∥z∥.
By the 1-unconditionality of (en) and type p of E, we have

∥z − x∥ =
∥∥∥∥Mx1,n1 − x1∥e1 +

m∑
k=2

∥xk,nk
− xk∥ek +

∑
k>m

∥xk∥ek
∥∥∥

≤
∥∥∥∥Mx1,n1 − x1∥e1 +

m∑
k=2

∥xk,nk
− xk∥ek

∥∥∥+ ϵm

≤
∥∥∥∥Mx1,n1 − x1∥e1 +

m∑
k=2

∥xk,nk
− xk∥ek

∥∥∥+
δ

2

≤
(∥∥∥Mx1 − x1,n1

∥∥∥p + ∥∥∥ m∑
k=2

∥xk,nk
− xk∥ek

∥∥∥p) 1
p
+

δ

2

<
(
∥Mx1 − x1,n1∥p +

δ

2

(
∥Mx1 − x1,n1∥+

δ

2

)p−1) 1
p
+

δ

2

<
(
∥Mx1 − x1,n1∥ ·

(
∥Mx1 − x1,n1∥+

δ

2

)p−1
+

δ

2

(
∥Mx1 − x1,n1∥+

δ

2

)p−1) 1
p
+

δ

2

<
(
∥Mx1 − x1,n1∥+

δ

2

)
+

δ

2
= ∥Mx1 − x1,n1∥+ δ

≤ ∥Mx1,n1∥
≤ ∥z∥.

□
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Theorem 2.10. Let (Xk) be a sequence Banach spaces so that each Xk has the r-
SBCP for some r ≥ 1 independent of k. Let (Mn) be a sequence of Orlicz functions.
Then (

∑
Xk)ℓ(Mn)

has the r-SBCP.

Proof. For each k ∈ N, let xk,0 = 0 and (xk,n)n≥1 be a sequence of points in Xk

so that SXk
⊂

⋃
nB(xk,n, ∥xk,n∥) and 1 ≤ ∥xk,n∥ ≤ r for all k, n ∈ N. Let A be a

subset of X = (
∑

Xk)ℓ(Mn)
defined by

A = {(s1z1, s2z2, . . . , smzm, 0, 0, . . . ) :

m ∈ N, {sk}mk=1 ∈ S, zk ∈ {xk,n}n≥0, 1 ≤ k ≤ m}.

where S is the set of finite sequences of positive rational numbers (sk)
m
k=1

with
∑m

k=1Mk(sk) ≤ 1. It is clear that A is countable and for any z =
(s1z1, s2z2, . . . , smzm, 0, 0, . . . ),

∥z∥ ≤ sup
1≤k≤m

{∥zk∥}
m∑
k=1

Mk(sk) ≤ r.

We will show that A is the desired set of BCP points of X.
Let x = (xk) ∈ SX . We need to find a z ∈ A so that

x ∈ B(z, ∥z∥).
For each k ∈ N, if xk = 0, set nk = 0; otherwise, we can find an xk,nk

so that

xk ∈ B(∥xk∥xk,nk
, ∥xk∥∥xk,nk

∥).
Without loss of generality, we assume x is not finitely supported. Let

ϵn =
∥∥∥∑
k>n

xk

∥∥∥.
Then ϵn > 0 and decreases to 0. It follows from the definition of ϵn that∑

k>n

Mk

(∥xk∥
ϵn

)
= 1.

Pick ϵ > 0 so that

ϵ < ∥x1∥∥x1,n1∥ −
∥∥∥∥x1∥x1,n1 − x1

∥∥∥.
Then we have

(2.3) 1−
∥∥∥x1∥x1,n1 − x1

∥∥
∥x1∥∥x1,n1∥

>
ϵ

∥x1∥∥x1,n1∥
.

Select a positive rational number s1 so that

1

2
∥x1∥ < s1 ≤ ∥x1∥

and

(2.4) 1−
∥∥s1x1,n1 − x1

∥∥
s1∥x1,n1∥

>
ϵ

s1∥x1,n1∥
.
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Choose an m ∈ N so big that

ϵm < ϵM1

(∥s1x1,n1∥
r

)
.

By the definition of S and the choices of (xk,nk
), we can pick s2, s3, . . . , sm such

that (sk)
m
k=1 ∈ S. Let

z = (s1x1,n1 , s2x2,n2 , . . . , smxm,nm , 0, 0, . . . ) ∈ A,

and
∥skxk,nk

∥ > ∥skxk,nk
− xk∥, ∀1 ≤ k ≤ m.

So it is enough to show that

∥x− z∥ < ∥z∥,
which is equivalent to

m∑
k=1

Mk

(∥skxk,nk
− xk∥

∥z∥

)
+

∑
k>m

Mk

(∥xk∥
∥z∥

)
<

m∑
k=1

Mk

(∥skxk,nk
∥

∥z∥

)
= 1 ,

i.e.

(2.5)
m∑
k=1

{
Mk

(∥skxk,nk
∥

∥z∥

)
−Mk

(∥skxk,nk
− xk∥

∥z∥

)}
>

∑
k>m

Mk

(∥xk∥
∥z∥

)
.

Without loss of generality, we may assume that ϵm < 1 and ∥z∥ > 1. Then we have

(2.6)
∑
k>m

Mk

(∥xk∥
∥z∥

)
=

∑
k>m

Mk

( εm
∥z∥

· ∥xk∥
εm

)
≤ εm

∥z∥
·
∑
k>m

Mk

(∥xk∥
εm

)
=

εm
∥z∥

.

Now we start our estimate.
m∑
k=1

{
Mk

(∥skxk,nk
∥

∥z∥

)
−Mk

(∥skxk,nk
− xk∥

∥z∥

)}
≥ M1

(∥s1x1,n1∥
∥z∥

)
−M1

(∥s1x1,n1 − x1∥
∥z∥

)
= M1

(∥s1x1,n1∥
∥z∥

)
−M1

(∥s1x1,n1 − x1∥
∥s1x1,n1∥

· ∥s1x1,n1∥
∥z∥

)
≥ M1

(∥s1x1,n1∥
∥z∥

)
− ∥s1x1,n1 − x1∥

∥s1x1,n1∥
·M1

(∥s1x1,n1∥
∥z∥

)
=

(
1− ∥s1x1,n1 − x1∥

s1∥x1,n1∥

)
·M1

(∥s1x1,n1∥
∥z∥

)
>

ϵ

s1∥x1,n1∥
·M1

(∥s1x1,n1∥
∥z∥

)
≥ ϵ

s1∥x1,n1∥
·M1

(∥s1x1,n1∥
r

)
>

ϵm
s1∥x1,n1∥

≥ ϵm
∥z∥
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Combining the results above with Equation 2.5 and Equation 2.6, we have
∥x− z∥ < ∥z∥. This finishes the proof. □
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