oa P,
o0 Pug

%

rY Ok,
\%mv?‘

Pure and Applied Functional Analysis
Volume 10, Number 6, 2025, 1567-1575

Yokohama Publishers

Singe 199 © Copyright 2025

BALL COVERING PROPERTY FOR UNCONDITIONAL DIRECT
SUM OF BANACH SPACES

BENTUO ZHENG
|

ABSTRACT. Let (X%) be a sequence of Banach spaces and (M,,) be a sequence of
semi-normalized Orlicz functions satisfying the uniform As-condition at zero. We
show that X = (3 Xk)e,,, , has the ball-covering property if and only if each X
has the ball-covering property. Let E be a Banach space with an 1-unconditional
basis (en) which satisfies a block upper-p estimate for some 1 < p < co. Then
(3" Xk)e has the ball-covering property if and only if every X has the ball-
covering property. Similar results are proved for Banach spaces with the strong
ball-covering property.

1. INTRODUCTION

A Banach space X is said to have the ball-covering property (BCP) if its unit
sphere can be covered by countably many closed, or equivalently open balls off
the origin. The ball-covering property has been investigated intensively recently
and shown to be different from, but closely related to the topological properties of
Banach spaces.

To see that the ball-covering property is not a topological property, one should
refer to a result of L. Cheng, Q. Cheng and X. Liu [1] which shows that /, can be
renormed to fail the BCP (while ¢ itself clearly has the BCP). So the BCP is not
preserved under linear isomorphisms. A much simpler proof for this purpose was
given by Z. Luo and B. Zheng [5] who showed that L[0, 1] fails the BCP. Moreover,
V. P. Fonf and C. Zanco [2] obtained a quantitative result by proving that X* is
w*-separable, then X can be (1 + €)-equivalently renormed to have the BCP. This
result reveals the fact that the BCP is a geometric property deeply related to the
topological properties of Banach spaces.

It is clear from definition that every separable Banach space has the BCP. In
[3], M. Liu, R. Liu, J. Lu and B. Zheng provided several examples of non-separable
Banach spaces with the BCP. It was shown that if K is a locally compact Hausdorff
space and X is a Banach space, then Cy(K) has the BCP if and only if K has
countable m-basis. Moreover, Cy(K, X) has the BCP if and only if K has a countable
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m-basis and X has the BCP. It was also proved that B(cg), B(¢1) and every subspace
containing finite rank operators in B(¢,) for 1 < p < oo have the BCP.

Stability of a certain property under direct sum is a typical question in Banach
space theory. Let (Xj) be a sequence of Banach spaces and E be a Banach space
with an 1-unconditional basis (e, ). The direct sum of (X}) with respect to E is the
Banach space consisting of infinite sequences (xy) with z; € X} under the norm

IOl = | - lellex)

It was proved in [4] by Z. Luo, J. Liu and B. Wang that for 1 < p < oo, X @, Y
has the BCP if and only if both X and Y have the BCP. Z. Luo and B. Zheng [5]
extended the results to infinite direct sum by showing that (>  Xj)g has the BCP
if and only if each X has the BCP, where FE is either a Lorentz sequence space, a
separable Orlicz sequence space or /. It was also shown in [5] that if (2, %, ) is a
separable measure space, then the space of Bochner integrable functions LP(u, X)
has the BCP if and only if X has the BCP. Similar results were extended in [6] by
the same authors to spaces with the strong BCP and uniform BCP.

In the results above, the direct sums were taking over Lorentz sequence spaces
or Orlicz sequence spaces which have symmetric bases. A natural question is

Question: Let E be a Banach space with an 1-unconditional basis and (Xj) be a
sequence of Banach spaces with the BCP. Does (> Xj)g have the BCP?

In this paper, we will give affirmative answers to the question for two classes
of Banach spaces E. One class contains modular sequence spaces that satisfy the
uniform As-conditions at zero. The other class consists of Banach spaces E whose
1-unconditional bases satisfy block upper-p estimate for some 1 < p < oo.

If the radii of the balls that cover the unit sphere is bounded, then we say that
the space has the strong ball-covering property (SBCP). In [6], Z. Luo and B. Zheng
showed that the BCP and SBCP are not equivalent in general. Similar results will
be extended to spaces with the SBCP. Throughout the paper, we will use B(z,r)
to denote the open ball centered at x with radius r.

2. MAIN RESULTS

Definition 2.1. Let (M,,) be a sequence of Orlicz functions. The space £(,y, is the
Banach space of all sequences x = (a,) with > M, (|a,|/p) < oo for some p > 0,
equipped with the norm

ol = inf{p > 0 3" Ma(laal /p) < 1}.
The space £(;y,,) is called a modular sequence space.

Definition 2.2. A sequence of Orlicz functions (M) is said to satisfy the uniform
As-condition at zero if there exists a constant K < oo and an integer ng such that
M, (2t) /M, (t) < K for all n > ng and 0 < t < 1/2.

Remark 2.3. Let (M,,) be a sequence of Orlicz functions that satisfies the uniform
As-condition. Then the unit vector basis of £(y;,) form a boundedly complete
unconditional basis and £(,y, ) is separable.



BALL COVERING PROPERTY FOR UNCONDITIONAL DIRECT SUM OF BANACH SPACES1569

Lemma 2.4. Let X be a Banach space. Then X has the BCP if and only if there
exists a countable collection {x,} C X\{0} such that

Sx € |JB(@n, |zal) -

Lemma 2.5. Let X be a Banach space and x € X\{0}. If 0 < s < t, then
B(sz, |[sz|l) < B(tx, [[tx]])
and

szl = lly — szl < |[tf| - [ly — tal| fory e X
Lemma 2.6. Let X be a Banach space and {x,} be a collection of BCP points of

X. Then
X\{0} = | Bmay, [lma) .

A sequence of Orlicz functions (M,,) is called semi-normalized if the sequence
(tn) with M, (7,) =1 is bounded and bounded away from 0.

Theorem 2.7. Let (X}) be a sequence of Banach spaces and (M,) be a sequence of
semi-normalized Orlicz functions satisfying the uniform Ag-condition at zero. Then
X = (3" Xk)ey,, has the BCP if and only if each Xy, has the BCP.

Proof. Necessity follows easily from definition and we only prove sufficiency. For
each k € N, let 20 = 0 and (2, )n>1 be a sequence of points in X so that
Sx, C U, B(@kn, ||TKnl). Let A be a subset of X = (> Xk)g(l\/fn) defined by

A= {(21,22,...727,1,0,0,...) :meN,z, € ($k7n)n20,1 <k< m}

It is clear that A is countable and we will show that A is the desired BCP points
of X.
Let = (xx) € Sx. We need to find a z € A so that

z € B(z, |z]])-
For each k € N, if z;, = 0, set n, = 0; otherwise, we can find an xy,,, so that
T
—€B
||$k|| (xkﬂ’bk? ka,nkn)
or equivalently,
zp € Bllzgllen g, |lzxllll2rm,)-
By Lemma 2.5, B(|ak|2kngs |24 [2kn, 1) © Bzt [, ]1). Hence we have
T € BTk, Tk, )
If + = (xg) is finitely supported, then there is an N € N so that z =
(r1,22,...,2n,0,0,...). Let
Z = (x17n1,$2,n2, e 7xN,nN7070> .. )

We have z € B(z, ||z]|) by the 1-unconditionality of the unit vector basis of £(yy,)-
From now on, we assume z is not finitely supported. Let

>

k>n

€En =
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Then ¢, > 0 and decreases to 0. It follows from the definition of ¢, that
ZM (Hﬂka) —1
k>n €n
Let (7,,) be the sequence of reals such that M, (7,) = 1 for all n. Since (M,,) is
seminormalized, there exist positive real numbers L and U so that
=inf{7r,}, U =sup{m}.
Let
€= [[z1n, | = llzrn — 1
and choose m € N big enough so that

em < min{l, %}
By Lemma 2.5 and the definition of €, without loss of generality, we may assume
that
|21 ,n, || > max{1,U}.
Let
2= (Z1n1, 2095 > Tmnms0,0,...).

By Lemma 2.5 again, we may also assume that

1 m
z z

k=1

It follows from above that
21,0, || < Ull2]| and [|z]| > 1.
So it is enough to show that
|z — 2| < =]},

which is equivalent to

m

ZMk(lem xkll) Z M, (Hmkll) - ZMk<||$k,nkH> _1,
B el ) = 2 U

i.e.

. [ 125y, — | 24
1) 3 {m () < g (PR b s S g (R

2 B B 2 U
Since €, < 1 and ||z]| > 1, we have

[EZ4 em |lzelly _ em lzklly _ em
(2.2) M( ) Mk(—- )g—- Mk< ):—.
2 M) = 2 (o) < X ) =
Since
€ = [lz1m | = [lz1,n, —22l],

Jorn 2l _ e
lerml Terml

1—
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So we have

5 ) (50

(H:vlan> (chlm xll!)

|12l |12l

1(!\x1n1\> M (Hxlm 1| Hxl,mH>
12|l |21, |l |12l

o =l oy
E

=1

v
=

1

[
=

[Eaen|

_ (1 Mz —xlll) 'Ml(llxl,mll)
22, 2]

= ¢ M1<||':U1,TL1”)

[EFwN 121l
€ |21,

i ()
Ull=|l [z
€

P
2U |||

> Em

|

Combining the results above with Equation 2.1 and Equation 2.2, we have ||z —
z|| < ||z||- This finishes the proof.
O

Corollary 2.8. Let (X,,) be a sequence of Banach spaces with the BCP and (Ny,)
be a sequence of Orlicz functions so that {(y, is separable. Then (3 X;) can
be renormed to satisfy the BCP.

£(n)

Let (e,,) be an unconditional basic sequence and 1 < p < oo. A sequence (z,,) is
said to be a block sequence of (e,) if z, = 272}:1 brer, where (by) is a sequence
of real numbers and (t,,) is an increasing sequence of positive integers. We say that
(en) satisfies a block upper-p estimate if there exists a constant C' > 1 so that for

all (ax) C R and block sequences (z,,) of (ep),

|3 o] = ()

In this case, (e,) is said to have a block upper-p estimate with constant C'.

Theorem 2.9. Let (X,,) be a sequence of Banach spaces with the BCP. Let E be a
Banach space with an 1-unconditional basis (e,) which has a block upper-p estimate
with constant 1 for some 1 < p < oo, then (> X,)r has the BCP.

Proof. For each k € N, let 23,0 = 0 and (2, )n>1 be a sequence of points in X}, so
that Sx, C U,, B(Zkn, ||Zknl]). Let A be a subset of X = (3 Xj)r defined by

A={(2z1,22,...,2m,0,0,...) :m e N,z € {jTpn}n>0,1 <k <m,je N}
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It is clear that A is countable and we will show that A is the desired BCP points
of X. Since elements in X with finite support can be easily covered by balls with
centers in A. We will only consider = = (x3) € X which are not finitely supported.
Let €, = || >4~y Zkl|- Then (e,) is a sequence of positive numbers decreasing to 0.
For each k € N, if 3, = 0, set nj, = 0; otherwise, we can find an y, ,,, so that

2k € B(@knys [ 1)-

Let 6 = ||x1n, || — |1 — 21,0, || > 0. Since €, decreases to 0, we can pick an m € N
so that
0
Em < 5

Fix this particular §. By Lemma 2.5, we can choose a big enough natural number
M so that 1 € B(Mx1n,, M||z10, ), |Mz1p,|| — |Mx1n, — 1] > and

277 |+ )
|21 =l > (5)77 | D lokmllen]| ™ = 5.
k=2

Let 2 = (MZ1n,,%2n95 - - - s Tmomm, 0,0,...). It is clear that z € A. Next we will
show that

Iz = || < lz]].
By the 1-unconditionality of (e,) and type p of E, we have

m
=l = ||IMarm = @iller+ Y lanm, = zillen + Y laellex
k=2 k>m

m
< 162210 = 2aller + 3 Nwnn, = wller| + em
k=2

m
o
< | 1M1, = @aller + Dl — aillen] + 5
k=2
m 1
P PNy O
< (Jotes v 5 el +
k=2
5 NP1y 6
< (IMa1 = ar P+ 5 (1M1 —ernll+5)" )" +35
o\r-1 0§ S\P~1Ny 0
< (1M1 = ol (1M =zl + )"+ 5 (IM@1 = @rall+5)" )"+ 5

o o
< (IMa1 =21l +3) + 5
= [Mz1 — @10 || +9
< [Maipn |
< I=ll-
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Theorem 2.10. Let (X) be a sequence Banach spaces so that each X has the r-
SBCP for some r > 1 independent of k. Let (M,) be a sequence of Orlicz functions.
Then (3 Xk)eyy,, has the r-SBCP.

Proof. For each k € N, let z;0 = 0 and (zx,)n>1 be a sequence of points in Xj,
so that Sx, C U,, B(Zkn, |Tknl) and 1 < ||zg || < r for all k,n € N. Let A be a
subset of X = (3_ Xj)q,,, , defined by
A ={(s121,8222, -+, Sm2Zm,0,0,...) :
m e Na {%}?:1 € S,Zk; € {mk‘,n}nZ(]a 1 S k S m}

where S is the set of finite sequences of positive rational numbers (s)}",
with >0, Mi(sg) < 1. It is clear that A is countable and for any z =
(s121, 8222, - -y Sm2m, 0,0, ...),

m
Izl < sup {[lzkl} D Mi(se) <7
1<k<m

We will show that A is the desired set of BCP points of X.
Let = (x) € Sx. We need to find a z € A so that

z € B(z, | 2)).
For each k € N, if x;, = 0, set n, = 0; otherwise, we can find an xj,, so that

ok € B(l|lzkllzhny, 12kl 2rm, )-

Without loss of generality, we assume z is not finitely supported. Let
o=
k>n
Then ¢, > 0 and decreases to 0. It follows from the definition of ¢,, that

ZM('“”)

k>n
Pick € > 0 so that
e < lorlllzrn || = |[lleszrn, - o
Then we have
(2.3) L [lz1l|z1,0, — 2] €
ferllermll ~ Tealles]

Select a positive rational number s; so that

1
Slleall < s1 <l

and

ls121.0, — 21 ¢

51”"1717711” Slel,mH .

(2.4) 1—
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Choose an m € N so big that

0 < EMI(Ilsm,nlll)'

r
By the definition of S and the choices of (zj ,, ), we can pick sa, s3,..., sy such
that (si)}; € S. Let
Z2 = (S1%1,n1552%2m0s - - - » SmTmonm, 0,0,...) € A,
and

Iskzrmell > llskrm, — 2kl V1 <k <m.
So it is enough to show that
[ = z[| < [l=],

which is equivalent to

m m
ZMk(\\Skwk,nk ka) i Z Mk<”$k|’) < ZMk<||Skxk7nk||) —1,
2 ] 2 U] ) S A El
1.e.
S [56Zk,m | I skk,ne — @kl |zl
(2‘5) Z{Mk( ELk,ng >_Mk( kLEk ng, k >}>ZM1<;< k )
2 El El 2 U

Without loss of generality, we may assume that €,, < 1 and ||z|| > 1. Then we have

(2.6) ;;Mk(W) :;M’“<||€Z|' HwkH) < EZH'ZM’“UM) _ %H

3 3
>m m k>m m

Now we start our estimate.
i {Mk(HSk@“k,nkH> 3 Mk(HSkl"k,nk —f’ka)}
2] [ 2]

k=1
> Ml(llswl,nlII) _Ml(llsm,m —fcl\l)
&l &l
_ M1<||81$1,n1||) B Ml(llswl,m —z ||811E1,n1||)
5| 5121, | 1]
> M1<|!51$1,m|!) s1zam, — 3| .MI(HSliELmH)
& 5121, | 1]
_(1_ 5121 —le) _M1<H31351,n1\|>
s1/[21,n, 1]
. ¢ 'Ml(\lsm,m\l)
stz 1, | 1]

S _ € 'Ml(\lﬁm,nlll)

~ sl |l r
_ fm
s1]T1 5 ||

€m
— =l
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Combining the results above with Equation 2.5 and Equation 2.6, we have
|lx — z|| < ||z||- This finishes the proof. O
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