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ABSTRACT. The celebrated Dvoretzky theorem asserts that every N-dimensional
convex body admits central sections of dimension d = Q(log N), which are nearly
spherical. For many instances of convex bodies, typically unit balls with respect
to some norm, much better lower bounds on d have been obtained, with most
research focusing on such lower bounds and on the degree of approximation of
the section by a d-dimensional Euclidean ball. In this note we concentrate on
another parameter, namely the radius of the approximating ball. We focus on
the case of the unit ball of the space £} (the so-called cross-polytope), which
is relevant to various questions of interest in theoretical computer science. We
will also survey other instances where similar questions for other normed spaces
(most often £p-spaces or their non-commutative analogues) were found relevant
to problems in various areas of mathematics and its applications, and state some
open problems. Finally, in view of the computer science ramifications, we will
comment on the algorithmic aspects of finding nearly spherical sections.

1. INTRODUCTION

Consider R with two norms: ¢; and £5. Although for an arbitrary vector z € RY
the discrepancy between these two norms can be as large as VN, ie., |[z]z <
lz|]i < V/N|z||2 (and these estimates are sharp), it is a classical fact that there
exist subspaces of RY of dimensions even proportional to N (i.e., Q(N)), on which
the two norms are comparable. More specifically, for any fixed € > 0 there exists a
subspace E C RY of dimension at least c¢(g)N such that, for all z € E,

(1.1) (1 =)zl < llz[lx
(1.2) [zl < (T +e)A|z]l2

for some scaling constant A > 0 ([9]). In such case E is called an almost-Fuclidean
subspace of /1. If one denotes Bi¥ and B3’ the unit balls in R" that correspond to
the norms of ¢; and of ¢5 respectively, then (1.1) and (1.2) can be rephrased as

A1 At
B§mEgB¥mEg1

BN NE.
1+e¢ — € 2

(1.3)

In other words, A™!/(1 — ¢), which is (an upper bound for) the outer radius of a
section of Bi¥ with E, is remarkably close to the in-radius of that section, which is
at least A™'/(1 +¢). A companion result to this striking instance of Dvoretzky’s
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theorem [8], in the isomorphic regime, asserts that, for any n € (0, 1), there exists
a subspace E C RY of codimension at most 7N such that, for all z € E,

(1.4) VN Aellz < Jlzlli < VN ||z,

see [20]. (Such E is then called a nearly-Euclidean subspace.) It needs to be
emphasized that proofs of existence of large almost-Euclidean (or nearly-Euclidean)
subspaces are generally probabilistic and (except for very special instances, see
Section 4) do not yield subspaces E that are explicit or can be efficiently exhibited.

In this note we are interested in sharp bounds for the scaling constant A in (1.1)—
(1.4) or, equivalently, for the Euclidean radius of the corresponding section. In
known constructions of almost-Euclidean subspaces of £ of proportional dimension,
A is of order v/N, and it follows from (1.4) that this a necessity and not an artifact
of the method. Below (in Theorem 2.1) we will make this assertion more precise by

showing that A is between Vd and (essentially) \/g VN , where d is the dimension

of the subspace. In terms of sections of B{'-balls, our result asserts that for any
d-dimensional section the inner radius is at most d~'/2 while the outer radius is
(essentially, for large d) at least /5 N -1/2,

The interest in the value of the scaling constant A stems (for example) from
the fact that large nearly-Euclidean subspaces of ¢i-spaces have applications in
theoretical computer science, including, but not limited to, the area of compressed
sensing (see, e.g., [7]). Finding explicit examples of such subspaces, or efficient
algorithms to generate them is a major project, see [17] and cf. [12]. Existence of
subspaces verifying (1.1) with A close to v/N would allow (by arguments from [18])
for constructions of such large subspaces which — while still being probabilistic
— would require relatively few random bits. Unfortunately, our result supplies a
“no-go theorem.” A result in similar vein (and similarly motivated) can be found
in [25].

Notation. Above and in what follows, C, ¢, co etc. refer to (strictly) positive con-
stants, independent of the instance of the problem, most notably of the dimension.
Different occurrences of the same symbol do not necessarily indicate the same nu-
merical value. Similarly, ¢(d) etc. is a positive constant, which depends only on the
parameter §. For comparing different quantities, we will freely use the Bachmann-
Landau asymptotic notation, which is standard (particularly) in theoretical com-
puter science : O(+), o(-), Q(-), ©(-). For a vector x € R we refer to its coordinates
as z(1),...,z(N). By g1,g2,... we denote independent standard (real-valued, un-
less otherwise indicated) normal random variables. The Euclidean length of the
standard Gaussian random vector G = (gq, ..., g4) in R? is usually called the Chi
distribution (with d degrees of freedom) and often denoted by xg4. It is well-known
that its mean is

12 _ /3 I'((d+1)/2)

1. =E|GD |y =E(jgi|* + ... 2
(1.5) pa =BG V2 = E(lg1]" + ... + [9al”) r{d/2)

and that % increases to 1 as d — oo. (See, e.g., Appendix A.2 in [2], but note that
the quantity from (1.5) is denoted there by kg.)
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2. THE MAIN RESULTS

The main result of this note is the following.

Theorem 2.1. Suppose that E is a subspace of R of dimensiond (1 <d < N).
(i) If M|z||2 < ||x||1 for all x € E, then

(2.1) A< \/z\/ﬁ X ﬁ.

(i) If ||z|x < N|x||2 for all z € E, then
(2.2) N > V.

Remark 2.2. (a) It is part (i) of the Theorem that is of primary interest. Of course,
once an upper bound is determined, it is natural to ask about a lower bound, and we
found it intriguing that such estimate (without additional multiplicative constants)
was not readily available in the literature.

(b) The assertion (i) simplifies a little if we replace the underlying counting measure
by the normalized one, or by any probability measure. We get then, by the same
argument,

(2.3) NPT
T

In the present setting, the bound (2.3) is optimal. For example, for d = 2, the
subspace of L ([0, 1]) spanned by sin(27t) and cos(27t) saturates the bound, which
is ?. (Saturation for /¥ — in the limit as N — oo — follows by discretization.)
For general d, the space of linear functions on L1(S?!) (with normalized surface
measure) does the trick. Of course, the bound in (ii) is saturated if £ is a coordinate
subspace.

(¢) While the assertion (ii) just reiterates the point that if d = Q(N), then the
scaling constant A\ must be Q(v/N), the assertion (i) is more tantalizing. It says
that the ratio )\/\/N can not be close to 1 for any d > 1 and, for large d, must

satisfy /v N < \/g + o(1). Recall now that the standard proofs of Dvoretzky’s

theorem (e.g., [9], which essentially follows [27]) lead to the scaling constant that is
the average (or the median) of the underlying norm over the Eucldean sphere. As is
well known (see, e.g., Appendix A.2 in [2]), in the case of the K{V -norm that average
is precisely %, which — as N — oo — is of order \/g VN, precisely the same as
the upper bound given by our Theorem 2.1(i). In other words, our Theorem shows
that such behavior is not an artifact of the method, but a necessary feature.

(d) Most of the assertions of Theorem 2.1 carry over to the complex case, and
generalize to statements about subspaces of KZ],V for p € (1,2). However, some of the
bounds have to be (necessarily) slightly modified, and we do not have a completely
satisfactory version of (ii) for p > 1. We elaborate on these issues in the next
section. 0
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Proof of Theorem 2.1 (i). Let {x1,..., 74} be an orthonormal basis in /Y NE C RV,
Consider the random vector X in RY given by

d
X =3 zjg
j=1

which has a Gaussian distribution on E. We compute the expectation of the ¢-
norm of X. Using the property of the normal distribution that Z;.lzl a;g; has the

same distribution as (Z;.lzl |aj|2)1/291’

d N , d 1/2
S (k)g; =Eglz(2m<k>2) |
j=1 k=1 \j=1

Recall that E|g1| = p1 = \/g . Applying Cauchy-Schwarz inequality we obtain

SETEREL 3 oIS R e

k=1 j=1

N
(2.4) E|X], =) E
k=1

On the other hand, by the assumption of (i),

d d
> zigi|| =AE(D 952" = Aua,
2

j=1 j=1

E||X|: > AE

where the first equality follows from the fact, that x1, ..., x4 are orthonormal in Eév .
Combining the two above estimates for E|X||; we arrive with the desired upper
bound for A. O

Proof of Theorem 2.1 (ii). While it is hard to believe that this bound is new, we
could not find a reference in the literature. The proof is based on the following
lemma.

Lemma 2.3. ([29]) Let i12 : €1 — {2 be the formal identity map. Then ma(i12) = 1.
Equivalently, if T : by — €1 is a bounded linear operator, then ||i1a o T|lus < ||T|.

Above ma(-) is the 2-absolutely summing norm and || A||gs = (TF(AA*))1/2 —
the Hilbert-Schmidt norm of a Hilbert space operator. Since we will only use the
second statement of the Lemma, we refer the reader to Chapter 2 of [34] for the
definition and properties of p-absolutely summing and related norms. What we
need to know here is that, for a normed space X and an operator S : X — /o, we
have

mo(S) = sup{||ST||lus : [|T|| <1, T :40s — X},

which readily implies the equivalence between the two statements of the Lemma.
To prove assertion (ii) of the Theorem we apply Lemma 2.3 with 7' = Pg, the
orthogonal projection onto a d-dimensional subspace E C RY, considered as an
operator from ¢ to ¢1; formally T' = i130 Pg. Then the norm || Pg : 2 — 1| equals
max{||z|1 : z € E,||z||2 = 1}, which < X by hypothesis. On the other hand, clearly
| Pg|las = v/d and the conclusion follows. O
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Lemma 2.3 seems to have been forgotten — or overseen — by subsequent authors,
who on occasions cited slightly weaker bounds. For example, in [34] it is noted that
ma(i12) < v/2 (as a consequence of Khinchine’s inequality, Proposition 10.6) and
ma(i12) < \/g (as a consequence of the little Grothendieck inequality, Proposition
10.8). It is conceivable that the reason for this oversight was that most authors were
focused on the much more interesting boundedness of the 1-summing norm 71 (i12),
which is an instance of the main Grothendieck inequality ([11]; see, e.g., Proposition
10.6 and Theorem 10.11 in [34]), and in comparison to which Lemma 2.3 might have
seemed trivial. Another factor might have been the fact that the language of the
original 1967 reference was German. In fact, we were made aware of [29] (thanks,
Guillaume!) only after a preliminary version of the present paper was circulated.

We include below a proof (in fact, three proofs) of Lemma 2.3. First, we do it
for completeness, given the limited accessibility of the original paper [29]. More
importantly, we were not able to obtain a satisfactory generalization of the Lemma
(and, as a consequence, of Theorem 2.1(ii)) to subspaces of ¢,, p € (1,2); supplying
the proofs will allow us to state the missing ingredients as conjectures, see Section
3 for details.

Proof of Lemma 2.3. It is enough to address the finite-dimensional version, i.e.,
with 419 : £ — £ and T : £3* — ¢}V (in any case, this is the setting that is relevant
here). We need to prove that Tr A < ||T||?, where A = TT* is considered as an
operator on fo (formally, A = i19TT*i}y = 12T T*i200). Specifically, we will show
that

(2.5) Tr A < Al

where the norm on the right is || A : £ — ¢IV|. Note that this is equivalent to the
previous statement since ||A| = || TT*| = ||T||*>. (This is a standard identity for
Hilbert space operators, but is also true if the domain of T is a Hilbert space and
the target space is arbitrary.) Denoting A = (aij), we have

|A: N — 0] = max Zaijeie; el =l =1fori,j=1,...,N
ihj

On the other hand,
TrA= Z a;; = Ee Z ajjeie; < meaxz a;j€€j,
7 1,] 2y}

with both the expectation and the maximum taken over all choices of signs € = (¢;),
le;] = 1, and (2.5) readily follows.
Another presentation of the argument is as follows:

||T:€2—>€1H2 = sup sup‘(Tx,e)‘stup sup |<$,T*6>‘2

llzll2=1" € € [lzfl2=1

sup [|[T*€e||3 > E(TT ¢, e) = Tr TT*.
€



1530 S. SZAREK AND P. WOLFF

Finally, here is a direct “high level” proof that the 2-integral norm of i;2 (and
hence 72 (i12)) does not exceed 1. We have

i12 =R o jo20 R
where joo2 @ Loo — Lo is the formal identity, R : Ly — {3 is the (norm 1)
Rademacher projection (see §10 of [34]), and R* : {1 — L the isometric embed-

ding (using the Rademacher functions); this yields the needed Pietsch-Grothendieck
factorization of i12 (cf. §9 of [34]). O

Remark 2.4. We conclude this section with a few observations concerning Theorem
2.1 and its proof.

(a) There are several alternative approaches to establishing (weaker) versions of
bounds (i) and (ii) from Theorem 2.1. For example, it is proved in [26] that, among
all sections of BY¥ (the unit ball in £}) of given dimension, the coordinate sections
have the maximal volume. Therefore, a direct calculation shows that — under the
hypothesis of (ii) — we must have (cf. [31, 32])

N> Voly(B$)Y/? _ d/Qr(dJr 1 \/’ V.
Voly(Bg§)1/4 24T (4 +

where Vol stands for the d-dimensional volume. ThlS is not as precise as what our
Theorem gives, but the argument is quite robust: the results of [26] are valid for
other p € (1,2) and in the complex case.

(b) The upper bound for A\ cannot be essentially improved even if we assume
that (1.1) and (1.2) hold simultaneously. Indeed, as pointed out in Remark 2.2(c),
the bound given by (2.1) is approximately saturated by the original argument from
[9], which yields both (1.1) and (1.2).

3. THE COMPLEX CASE AND THE RANGE 1 < p < 2

The assertion (i) of Theorem 2.1 can be easily extended to subspaces of EN over
real or complex scalar field, for any p € [1,2]. In what follows, the Ly-norm of
the Euclidean length of the standard Gaussian random vector G(d) in R? will be
denoted by ji4,. A standard calculation shows that

1
1 I'((d+p)/2)\*
o = (216) = e (MG
Similarly to the case p =1, MT’d” increases to 1 as d — oo for any 1 < p < 2.

Theorem 3.1. Let p € [1,2] and suppose that E is a subspace of RN or CN of
dimension d, where 1 < d < N. If A||z||2 < ||z||, for all z € E, then

- # in the real case,
(3.1) A NP 2 xVdXx .
H2pin the complex case.
H2d,p

Remark 3.2. (a) In the complex case and for p = 1,

Ag\f\/ﬁxm:<ﬁ+o(1)>\/ﬁ

Hod 2



RADII OF EUCLIDEAN SECTIONS OF /,-BALLS 1531
1_1
(b) The bound (3.1) is nontrivial (i.e., the factor standing by N? 2 is strictly
smaller than 1) for all d > 2 and all p € [1,2).

Proof of Theorem 3.1. The proof follows the same lines as that of Theorem 2.1(i),
only a few minor changes are needed. First, instead of bounding E|| X[, one should
consider E|| X||}. Next, the Cauchy-Schwarz inequality is to be replaced by Holder’s
inequality. Finally, in the complex case, g1, g2, . . . are independent standard complex
Gaussian random variables. O

Let us now discuss possible extensions of the assertion (ii) of Theorem 2.1. For
p = 1 and the complex case, the result remains valid as does Lemma 2.3. The proof
of Lemma 2.3 in the complex case is essentially the same as in the real case. The
argument based on bounding from below the ¢3) — ¢ norm of A = TT* requires
only some minor formal changes: one can take the real value of the bi-linear form
Zi, ; @i eie;; however, ¢;, e;- can remain *1, since we do not actually need to saturate
the norm of A with €’s ranging over the whole unit circle. The alternative argument
for the real case of Lemma 2.3 carries over to the complex case without any changes.

For 1 < p < 2 we do not have a fully satisfactory counterpart to the assertion (ii).!
As already mentioned in Remark 2.4(a), using the result of Meyer and Pajor [26],
one deduces that

(3.2) N > ed /P12,

and there are several other lines of argument that yield a similar conclusion. We
conjecture that inequality (3.2) holds with ¢ = 1. However, a proof appealing to
[26] (i.e. via comparison of volumes of Bg- and B§-balls) is clearly suboptimal; this
is true already in the case p = 1, see Remark 2.4(a). A natural way to generalize
Theorem 2.1(ii) to 1 < p < 2 with a sharp estimate on X would be to find a counter-
part for Lemma 2.3. Below we propose a few statements as problems/conjectures;
they correspond to the different proofs of Lemma 2.3 we presented in Section 2:

Conjecture 3.3. (a) m2(ip2) < 1 for p € (1,2), where iy : £, — o is the formal
identity map, m2(-) is the (r,2)-absolutely summing norm (see Chapter 2 of [34]),
and r =2p/(2 —p).

(b) |B: by — £,]| > ||Blls, with r =2p/(2 —p), where |A|ls, = (Tr(A*A)Tp)l/T 18
the r-Schatten norm.

(c) If A is positive semi-definite, then ||A: £y — L] > ||Alls, with r = p/(2 —p)
(and, again, p' =p/(p —1)).

Confirming any of these conjectures would imply a generalization of Theorem 2.1(ii)
to p € (1,2) with the (optimal) assertion X > d'/P~1/2, (Actually, like in the case
of the different reformulations of Lemma 2.3, the statements (a)—(c) are formally
equivalent.) Note that the dimension doesn’t explicitly enter any of the statements
(a)—(c) above, they are just assertions about various operator ideal norms and/or
(real or complex) matrices of arbitrary size. It is also conceivable that there is a

IMost of the results of this paper were obtained in 2013 and shortly thereafter, but we procras-
tinated with publication, mostly because we hoped to fully resolve the 1 < p < 2 case.



1532 S. SZAREK AND P. WOLFF

simple direct proof of the inequality (3.2) with ¢ = 1, either via change of density
(see Section 1.2 in [19]) or by some fancy interpolation argument...

4. SURVEY OF SIMILAR QUESTIONS, OPEN PROBLEMS

Similar questions/results for other normed spaces, most often ¢,-spaces or their
non-commutative analogues, Schatten spaces, were found relevant to problems in
various areas of mathematics and its applications. Here is a sampler of the connec-
tions and possible questions.

Let us start with the spaces E;,V for p € (2,00) (and, say, p < log N). In that
setting, it is more convenient to use the normalized counting measure already men-
tioned in Remark 2.2(b). The proof from [9] supplies then almost-Euclidean sub-

spaces that (ignoring a multiplicative ¢(e) constant) are of dimension d = O(pN %)
with the scaling constant A = ©(,/p) (see, e.g., Section 7.2.4.1 in [2] for reasonably
detailed yet accessible calculations). It was further shown in [9] that the obtained di-
mension d is asymptotically optimal, but the argument doesn’t yield any constraints
on the scaling constant. It is likely that some information in this regard can be ob-
tained via the approach applied in the preceding section for p € [1,2). Likewise,
the range p € (0,1) can be similarly investigated. (This range falls outside of the
familiar context of convex geometry, but is of significant interest in applications, for
example in compressed sensing; see, e.g., [7].) We leave these questions as exercises
for an interested reader, but will instead mention two circles of ideas that touch on
algorithmic aspects of the problem.

First, if (and only if) p € 2N, there do ewist sections (of the unit ball BY) that are
precisely spherical (see [28, 24, 23]). The constructions have connections to number
theory, numerical analysis, coding theory, spherical designs, and combinatorics, and
are completely explicit. If p = 4, it is possible to achieve d and A matching — up to
universal multiplicative constants — the values obtained by the probabilistic proof.
If p=6,8,..., the existing explicit constructions are suboptimal (according to [23]).
In any case, it would be interesting to determine the precise asymptotics (for fixed
p > 2, and as p — oo) of the optimal scaling constant A.

Other examples of nearly-Euclidean subspaces of L, come from harmonic anal-
ysis. Let L, = Ly([0,2n]) (with normalized Lebesgue measure) and, for k € Z,
consider the functions xx(t) = €™, which can be thought of as characters on the
circle group T. For p > 2, a set S C Z is called a Ap-set if, for some X\ > 1, the
inequality || Y rcsteXkllp < A keg [t]?)1/? holds for any sequence of scalars (¢).
(For p < 2, the inequality has to be reversed.) Since the converse inequality holds
always, without any multiplicative constant, this means that the subspace of L,
spanned by (xx)kes is nearly-Euclidean. Again, if p € 2N, there are explicit (based
on combinatorics and finite geometries) examples of sets S C {1,2,..., N} of cardi-

nality G)(N%) such that S is a Ap-set with A = ©(,/p) ([30]). For other p € (2,00),
subsets S of cardinality ©(N %) and with A < C(p) can be found using rather so-
phisticated probabilistic methods (see [5, 35, 6]). It would be very interesting to

produce such A,-sets that are either explicit, or generated by a feasible algorithms,
particularly for p € (2,4).
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It may appear to the reader that the last example is “out of character” in that
it deals with continuous setting, functions on an interval rather than EI]JV . However,
this discordance is easily remedied, either by discretization, or by working with
characters on the group Zy (or, say, Z5', m = logy N).

Finally, it should be mentioned that Aj-sets of extremal size are not possible if p <
2. Indeed, if S C {1,2,..., N} satisfies #S = Q(N), then — by Szemerédi’s theorem
[33] — S contains, for large N, long arithmetic progressions, which precludes it from
being a Ap-set for p # 2. (An analogous argument is even simpler for groups such
as Zy'.) On the other hand, for p € (0,2), A,-sets with #5 = Q(NY), a < 1, exist
as a consequence of the corresponding results for p > 2 (and the Holder inequality),
but note that the latter were random constructions.

Pecularities of scaling constants for almost- and nearly-Euclidean subspaces of /XY
were exploited in [21] to solve (in the negative) the then almost 60-years-old Knaster
problem : Given continuous function f : S"~ 1 — R and a configuration {x}} of n
points on S"1, does there exist an isometry V € O(n) such that f(Vxy) is constant?
In a nutshell, the idea behind [21] was that, for an almost-Euclidean subspaces of
¢N | the scaling constant should satisfy an inequality of the kind y/d/N < X\ <
C(e)+C+/d/N. This was hinted, but not precisely stated and only partially proved
in [21] (see Lemmas 3 and 4 in that paper; note that for the upper bound on A
to hold, it may be necessary to discard “superfluous” coordinates). It would be
interesting to complete this analysis.

It is intriguing that, as pointed in [28], a positive answer to the Knaster problem
would yield a proof of Dvoretzky’s theorem with optimal dependence on the param-
eter . While the solution in [21] was negative, it doesn’t preclude the possibility of
a positive answer if the size of the configuration is noticeably smaller than n, say
Q(n'/?), which would be still sufficient for the application to Dvoretzky’s theorem.

Let us now turn our attention to the non-commutative L,’s, the Schatten spaces
Sp = SI],V . It will be more convenient to work with the version of Schatten norms
induced by the normalized trace. Further, to lighten the notation, for the remainder
of this paper we will denote the p-Schatten norm by || - ||,. That is, for an N x N
matrix A we will write ||All, = (& Tr(A*A)p/Q)l/p
usual operator norm.)

If p = oo, we have a minor miracle. Namely, if we restrict our attention to the
real vector space of Hermitian matrices, and N = 2™, then SOA; contains a subspace
of F of dimension d = ©(m), on which all p-norms coincide or, equivalently, every
A € F is a multiple of an isometry. That is, the scaling constant A is precisely 1.
(Strangely, this phenomenon can not be reproduced in the complex setting; see, e.g.,
Section 11.1 in [2] for more details about both settings.) This “miracle” allowed
Tsirelson ([36]) to relate the Grothendieck inequality to quantum violations in Bell
inequalities; see Chapter 11 in [2] for more background about this circle of ideas
and Problem 11.27 there for a more general question about the scaling constant in
the present context.

For p € [1, 00), the method of [9] yields optimal (up to multiplicative constants de-
pending at most on p and ¢) values of the dimension of almost- and nearly-Euclidean
subspaces of Sév , and gives information about the resulting scaling constant. The

. (The limit || - || norm is the
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estimates can be tightened by more careful calculations (see, e.g., Section 7.2.4.2
and Exercises 7.23 & 7.25 in [2]) and further studied using methods parallel to Sec-
tions 2 and 3 of the present paper, but we will not engage in such analysis here.
What we would like to emphasize is that these instances of Dvoretzky’s theorem,
and in particular the values of the scaling constants, turned out to be highly rele-
vant to the solutions of important additivity problems for quantum channels [16, 1]
in quantum information theory. Specifically, the cases p € (2,00) were relevant to
the study of Rényi entropy [15, 3], while a more subtle analysis of (a version of) the
case p = 4 led to results about von Neumann entropy [14, 4]. Unfortunately, given
that these results were based on random versions of Dvoretzky’s theorem, we do not
actually have good explicit examples of channels which yield “quantum advantage.”
(The best result in this direction seems to be [10], and it is clearly just a starting
point.)

It would be extremely interesting to find explicit (or generated by a feasible al-
gorithm) examples of nearly-Euclidean subspaces of the Schatten space S, = S]]?V
(particularly for p € (2,4]), whose dimensions and scaling constants reasonably ap-
proach those obtained by the random method. Unfortunately, there are no obvious
non-commutative analogues of spherical designs or A,-sets that do the job, in spite
of considerable research on related topics such as unitary ¢-designs, see, e.g., [13].
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