ma P,
o2 Pug,

Pure and Applied Functional Analysis fv®f Yokohama Puolishers
vl

Volume 1, Number 1, 2016, 97-122 K‘s,.ﬂw
© Copyright 2016

EXISTENCE OF PULSES FOR A MONOTONE
REACTION-DIFFUSION SYSTEM

MARTINE MARION AND VITALY VOLPERT

ABSTRACT. We consider a monotone reaction-diffusion system of the form
wlll — w1 + fl(wg) =0, wé’ — w2 + f2(w1) =0,

and address the question of the existence of pulses, that is of positive decaying
at infinity solutions. We prove that pulses exist if and only if the wave speed
of the associated travelling-wave problem is positive. The proofs are based on
the Leray-Schauder method which uses topological degree for elliptic problems
in unbounded domains and a priori estimates of solutions in weighted spaces.

1. INTRODUCTION

This work is concerned with the existence of pulses for systems of reaction-
diffusion equations. Let us begin with the example of the scalar equation

w” + f(w) =0,
where the function f satisfies the conditions : f(0) = f(1) = 0, f'(0) < 0, there
exists a single zero p of this function in the interval (0, 1) and fol f(s)ds > 0. It can
be verified that under these assumptions there exists a positive solution w defined
on R and decaying at infinity. We call it the pulse solution.

Existence of pulses for the scalar equation can be easily proved by the phase space
analysis or by an explicit calculation (see section 4.2 below). These approaches are
not applicable for systems of equations. Existence of pulses has been proved for some
reaction-diffusion systems: the Gray-Scott model [1], [3], [10], the Gierer-Meinhardt
model [4], [11] and a three component system [2].

In this work we consider reaction-diffusion systems:
(1.1) Duw” + F(w) =0,

Here w = (wy,wq), F = (F1, Fy), D is a diagonal matrix with positive diagonal
elements. Also F'is a sufficiently smooth vector-function which satisfies the following
condition

oF;
8wj

(1.2) (w) >0, 4,j=12 i#j.
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Therefore this is a monotone system for which the maximum principle is applica-
ble. Furthermore we suppose that the origin is a zero of F' and the corresponding
linearized matrix has all eigenvalues in the left-half plane. We consider system (1.1)
on the real axis and look for an even positive solution vanishing at infinity:

w(z) >0, w(x)=w(-z), z€R, w(+oo)=0.

Similarly to the scalar case we will call such solutions pulses. Here and everywhere
below inequalities for vectors mean that each component of the vectors satisfies this
inequality.

Instead of the problem on the whole axis, we can consider system (1.1) on the
half-axis R, with the boundary condition

(1.3) w'(0) = 0.
We will look for decreasing solutions:
(1.4) w'(z) <0 for = > 0.

The existence of pulses will be investigated for a particular case of system (1.1)
which consists of two equations of a special form:

wlll — w1 + fl(wg) =0,
(1.5)
w'2’ — wo + fg(wl) =0,
considered on the half-axis x > 0 with the boundary condition
(1.6) w(0) = wh(0) = 0.
As mentioned above, we look for positive decreasing solutions of this problem de-
caying at infinity:
. w(z) >0 and w'(x) <0 for z >0, w(oo)=0.
1.7 0 and w’ 0 f 0 0
The functions f; : R — R are supposed to be sufficiently smooth. For simplic-

ity, we can consider infinitely differentiable functions. They satisfy the following
conditions:

(1.8) fi(0)=0, fi(1)=1, fi(s)>0 for s >0, i=1,2.
Hence the points w' = (0,0) and w™ = (1,1) are zeros of F = (F, F,) where we
set F1(w) = —wi + fi(w2), Fa(w) = —wa + fa(wi). We assume the existence of a

unique additional zero

The vector function F' has three zeros w™, w™, @ = (w1, W) in Ri;

(1.9) and 0 < w; < 1.

Here R%r is the quarter plane w; > 0, ws > 0. We finally assume that w™ and w™
(resp. w) are stable (resp. unstable) stationary points of the system

duq . dus
- ur + f1(u2), .

that is the eigenvalues of the matrices of the linearized equations

o= (sdy )

= —uy + fo(u1),
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have negative real parts (resp. an eigenvalue with positive real part). Since off-
diagonal elements of these matrices are positive, the eigenvalues are real and simple.
Therefore we require that the principal eigenvalue is negative (resp. positive). It is
straightforward that these assumptions amount to

(1.10) f10)f500) <1, fi)f5(1) <1, fi(wa) fo(wr) > L.

Under the assumptions (1.8)-(1.10), it is well known that there exists a travelling-
wave solution of the reaction-diffusion system

2
(1.11) ZZZ g;Q)ﬂLF(v).
This solution reads v(z,t) = u(x — ct) where u satisfies the system of equations
(1.12) u" +cu + Fu) =0
and has the limits at infinity
(1.13) u(£o00) = wr.

Moreover, it is a monotonically decreasing vector-function (component-wise). The
wave is unique up to translation in space. This means that such solution exists for
a unique value of ¢, and for the given value of ¢ it is unique up to translation in
space. We will use the results on existence, stability and the speed of propagation
of travelling waves for monotone systems of equations [5], [6].

We can now formulate the main result of this work.

Theorem 1.1. Under assumptions (1.8)-(1.10), problem (1.5)-(1.7) has a solution
if and only if the value of the speed ¢ in problem (1.12)-(1.13) is positive.

Let us first comment on the particular case fi; = fs. Then wi = we may provide
a solution of system (1.5). For such a solution, the problem reduces to the scalar
equation
wi + f(wy) =0,
with f(s) = —s+ fi(s). Under the assumptions of Theorem 1.1, it can be explicitly
verified that a solution of this equation with conditions

wi(0) =0, wi(xr) <0 for x>0, wi(c0)=0,

exists if and only if

1
(1.14) /0 f(s)ds > 0.

On the other hand, for the uniquely defined travelling-wave solution, we have u; =
uy and

uf +cuy + f(ur) =0, wui(—o0)=1, wui(o0)=0.
It is well known that the speed c¢ has the sign of the integral in (1.14), so that it is
positive if and only if the condition (1.14) is satisfied. For this particular case these
properties yield the assertion of Theorem 1.1.

When we consider systems of equations, the positiveness of the integral can not
be used anymore to conclude that the pulse exists and/or the speed of the wave is
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positive. But the relation between the sign of the wave speed and the existence of
pulses remains true.

Let us briefly describe the methods of proof of Theorem 1.1 that are much more
involved than in the scalar case. The existence of solutions for ¢ > 0 is derived
thanks to the Leray-Schauder method. In section 2 we show separation of monotone
solutions and we obtain a priori estimates of such solutions. Section 3 is devoted to
some spectral properties. Next in section 4, we construct homotopy to some model
problem such that f; = fo and ¢ remains positive (section 4.1). This system has
a solution for which w; = ws (section 4.2). Its index equals —1 and the degree
is different from zero. Since the value of the degree is preserved, then it is also
different from zero for the original problem. Hence this proves the existence of a
solution (section 4.3).

Non-existence of solutions for ¢ < 0 can be proved by the comparison theorem
using the wave solution (section 4.4).

We conclude the paper with an example of system for which we can show that
the speed of the wave is positive so that Theorem 1.1 provides the existence of a
pulse (section 5).

2. PROPERTIES OF PULSES

The results presented in this section are applicable for reaction-diffusion systems
(2.1) Duw” + F(w) =0

which are assumed to depend on some parameter 7 € [0,1]. Here w = (wq,ws2)
and D is a square diagonal matrix with positive diagonal elements d;, i = 1,2. We
aim to investigate solutions of such systems defined on the half-axis x > 0 and such
that:

(2.2) wi(x) >0 for x € Ry, wi(0)=0, wi(co)=0, i=1,2.

We will suppose for simplicity that the function F7(w) = (F](w), Fj(w)) is
infinitely differentiable with respect to both variables w € R% and 7 € [0,1]. The
system is assumed to be monotone :

OFT
aw]’

(2.3) (w) >0, 4,j=12 i#j weRy, 7€][0,1].

Also we set wT = (0,0) and we suppose that
(2.4) FT(wt) =0, F™(w") has all eigenvalues in the left — half plane.

For the functional setting let us introduce the Holder space C¥t®(R, ) consisting
of vector-functions of class C*, which are continuous and bounded on the half-axis
R together with their derivatives of order k, and such that the derivatives of order
k satisfy the Holder condition with the exponent a € (0,1). The norm in this space
is the usual Holder norm. Set

E'={we C*"(Ry), wj(0) =0, i = 1,2}, E>=C*Ry).
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Next we introduce the weighted spaces E}L and Eﬁ where p(z) = V1 + 2? which are
equipped with the norms:

ol = lwllpe, i =1,2.
In view of (2.1), let us consider the operator
(2.5) AT (w) = Dw" + F7(w),

acting from E}L into Eﬁ Then the linearized operator about any function in E}L
satisfies the Fredholm property and has the zero index. The nonlinear operator is
proper on closed bounded sets. This means that the inverse image of a compact set
is compact in any closed bounded set in E}L Finally, the topological degree can be
defined for this operator. All these properties can be found in [8], [9].

2.1. Separation of monotone solutions. We first suppose that all monotone
solutions of (2.1)-(2.2) are uniformly bounded in the space E/i (in section 2.2 below
we will investigate how to derive such bounds).

We aim to derive a result of separation between the solutions of (2.1)-(2.2) that are
monotonically decreasing for all their components that will be denoted by w™ ()
and the solutions of (2.1)-(2.2) which do not satisfy this condition that will be
denoted by w' (x). We will call the latter ones non-monotone solutions.

Theorem 2.1. Under assumptions (2.3)-(2.4), we also suppose that all monotone
solutions of (2.1)-(2.2) are uniformly bounded in the space E}L Then there exists

a constant v > 0 such that for any monotone solution w™ and any non-monotone

solution w™ of (2.1)-(2.2) and (for all T € [0,1]) the following estimate holds:
™ — ¥ gy > 1.

Proof. Let us suppose that the assertion of the theorem does not hold true. Then
there is a sequence of monotone solutions (w™*); and a sequence of non-monotone
solutions (w™'F); (possibly for various values of 7) such that the norm of their
difference tends to 0 as k — oo.

Since all monotone solutions are uniformly bounded and the operator is proper,
the set {wM kowhNk ke N } is relatively compact in Elli In particular the sequence
of monotone solutions possesses some convergent subsequence still denoted by w™:*.
Let us denote the limiting function by @w(z). It is a solution of problem (2.1) for
some 7 = 79 and satisfies w(z) > 0 and @'(z) < 0 for z > 0, @'(0) = 0.

Let us first show that

w(0) # (0,0).
Arguing by contradiction suppose that w**(0) converges to w* as k — oo. The
assumptions (2.3)-(2.4) provide the existence of some neighborhood of the origin in
Ri such that for all 7 sufficiently close to 79 and for each point w # w™ in this
neighborhood at least one component of F"(w) is negative. Indeed in view of (2.4)
the matrix F™'(w™) possesses some positive eigenvector p corresponding to the
principal eigenvalue. Hence for sufficiently small €, F™(ep) < 0 so that F7(ep) <0
for all 7 sufficiently close to 79. Consequently thanks to the assumption (2.3) in the
neighborhood wt < w < ep, w # w™ at least one component of F7(w) is negative.
Coming back to the sequence w™+*(0) which converges to w*, for sufficiently large
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k, wM*k(0) enters this neighborhood and at least one component of F7(wM:*(0))
is negative. Hence for the corresponding index i by equations (2.1) the second

derivative wZM ’k//(O) is positive, and the function wZM *(2) cannot be decreasing.

Next let us verify that @'(x) < 0 for all x > 0 (component-wise). Indeed, suppose
that w}(xp) = 0 for some i and for some zy > 0. Assuming for example i = 1 we
differentiate the first equation of system (2.1) for 7 = 79. Setting v = —w] it
provides:

—d1v" — a(z)v = b(x),

where i
o(x) = (@), ba) =

B 6w1

OF
8’(02

(@) w5(x)-

Since b(z) > 0, v(z) > 0 and v(xg) = 0, the positiveness theorem yields v(z) =0
hence w;(z) = 0. Then ws satisfies

Wh — e =0, Wy >0, Wh<0, whH0)=0,
so that wy = 0. We obtain a contradiction with w(0) # 0. Hence w'(x) < 0 for all
x > 0. In particular this yields

(2.6) w(0) > 0.
Consider now a sequence of non-monotone solutions w!V** which converges to the

monotone solution w as k — co. Without loss of generality we can suppose that the
first components of the solutions are not monotone. Then there are values z; > 0
such that w{v’k/(:ck) = 0 and up to some subsequence we have either z — . > 0
or rp — oo or x — 0 as k — oo.

If 2, — . for some z, > 0, then ) (z,) = 0 and we obtain a contradiction with
the monotonicity of this function.

We claim that for sufficiently large y > 0 and for sufficiently large k,

(2.7) wN* <0 on [y, ool

Therefore the convergence x — oo cannot hold.

Indeed considering again some eigenvector p > 0 corresponding to the principal
eigenvalue \g of F'™'(w™), clearly F™ (wt)p = Agp < 0. Consequently there exists
d > 0 and kg such that for k > ko and |w| < § (where |.| denotes the euclidian norm
in R?) we have F™'(w)p < 0. Next due to the exponential decay of the solutions
and the convergence of w™'¥ to the monotone function @ we can select y > 0 and
k1 > kg such that:

wN’k/(y) <0, |@(x)] <6 for x>y, |[wVF*@)| <8 for x>y and k> ki

Now suppose that (2.7) is not satisfied and a function v*(z) = —w™"*'(z) is not
positive for some 2 > y and k > k1. By differentiating system (2.1) v* satisfies:

(2.8) DF" 4 FTE (W Rk = 0.

Since v¥(y) > 0 and v*(4+00) = 0 (due to the exponential decay of v¥), we can
choose some a > 0 such that u*(z) = v*(z) + ap > 0 for all z >y, and u¥(x1) =0
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(for at least one of the components of this vector) for some z1 > y. Taking into
account system (2.8), we see that

DuF" + F (N Rk () =0,

where ¢(z) = —aF™'(w™"*)p > 0 on [y, +00). We obtain a contradiction in signs
in the equation for the component of the vector-function «*, which has a minimum
at x = 1 (by using also (2.3)).

It remains to study the case x; — 0. Let us verify that
(2.9) F™(w(0)) > 0.

Obviously, the inequality F™(w(0)) > 0 holds because otherwise, if at least one of
the components of this vector is negative, then the corresponding component of the
vector w”(0) is positive. Since @'(0) = 0, this would contradict the assumption that
the function @ is decreasing. Thus, we need to verify that the components of the
vector F'70(w(0)) can not equal zero. Suppose that this is not true, and for example
the first component vanishes. Set v(x) = —@](x) and differentiate the first equation
n (2.1). This gives

" 8F{0 N —
div” + Do (w(x)) v+ b(x) =0,
where
oF
= — > 0.
b(z) Dy (w(z)) wy(x) =0

Since v(0) = 0 and v'(0) = 0, then we obtain a contradiction with the Hopf lemma.

Thus, we proved that all components of the vector F™(w(0)) are positive. Since
the functions w™'"* converge to @, then for all k sufficiently large F™ (w™"¥(0)) > 0.
Therefore w!V'* (a:)” < 0 in some interval 0 < x < ¢ independent of k. Hence
wN*(z) < 0 in this interval and the convergence z; — 0 cannot hold. This
contradiction completes the proof of the lemma. O

Remark. The arguments in the proof of Theorem 2.1 yield the existence of some
constant 7 > 0 such that for any monotone solution w* and all 7 € [0, 1]:

(2.10) wM(0) >n,  wi(0) >n.

Indeed otherwise there exists a sequence of monotone solutions w™-* converging to

some @ in E; and at least one component of @(0) vanishes. In view of (2.6) this is
impossible.

This lower bound yields that the monotone solutions are also separated from the
trivial solution w = 0.

2.2. Estimates of monotone solutions. Here setting w™ = (1,1), we assume
furthermore that

(2.11) F™(w™) =0, F"'(w™) has all eigenvalues in the left — half plane.

and

(2.12) FThas a unique zero w” € (w*,w™),

the principal eigenvalue of F™ (") is positive
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where (w™,w™) denotes the set of w such that 0 < w; < 1, i = 1,2. Note that due
to (2.4) F7 only vanishes at the two points w™ and w™ on the boundary of the unit
square 0 < w; < 1.

Consider monotone solutions w(z) of problem (2.1)-(2.2) that furthermore satisfy
the inequality w™ < w(z) < w™ for all z > 0 (see Lemma 2.3 below). From this L>
estimate and from the assumption that the function F7 is sufficiently smooth with
all derivatives uniformly bounded it follows that the Holder norm in C*t*(R,) of
the solutions is also uniformly bounded (there exists a bound independent of such
a solution and of 7). However, this is not sufficient to conclude that the norm
in the weighted space F; = Cﬁ+a(R+) is uniformly bounded. It is clear from
the following example. Let u(x) be a positive function exponentially decaying at
infinity. Consider the sequence of functions uy(x) = u(axx) where ay is a sequence
of positive numbers converging to zero. Then this sequence is uniformly bounded
in the Holder norm, each function ug(x) is bounded in the weighted norm, but this
sequence is not uniformly bounded in the weighted norm. This is a typical situation
for problems in unbounded domains. We need to impose some additional condition
in order to get uniform estimates in the weighted norm.

This condition will be related to the travelling wave problem

(2.13) Du” +cu' + F7(u) = 0.

In view of the assumptions (2.11)-(2.12) together with (2.3)-(2.4) there exists a
unique value of ¢ denoted by ¢” such that the system (2.13) has a monotonically
decreasing solution with the limits at infinity:

(2.14) u(£o00) = wt,

(see [5], [6]).
The following result provides the estimates for w in the weighted spaces under
an appropriate assumption on c¢’.

Theorem 2.2. Let assumptions (2.3)-(2.4), (2.11)-(2.12) hold. Moreover suppose
that ¢™ > 0 for all 7 € [0,1]. Then there exists some constant R > 0 such that
for all T € [0,1] and for any arbitrary monotone solution w of (2.1)-(2.2) with
wt < w < w, the following estimate holds:

gy < R.

Proof. Since such solutions are uniformly bounded in the Hoélder norm without
weight, it is sufficient to prove that the norm sup,, |w(z)u(x)| is uniformly bounded.
Let us recall that solutions decay exponentially at infinity. So this norm is bounded
for each solution. Suppose that solutions are not uniformly bounded in the weighted
norm. Then there is a sequence of monotone solutions w* (with w < wk < w™) of
problem (2.1)-(2.2) for possibly different values of 7 for which

sup |w”(z)p(z)| = 0o ask — oo.
x>0
Let € > 0 be sufficiently small so that the exponential decay of the solutions gives

the estimate
wF(z)pu(z)| < M,
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for those values of  such that |w*(z)| < e, with some constant M > 0 independent
of k. Choosing ¢ < 1 given by (2.10) we can select z, so that |w*(z})| = € and

(2.15) \wk (z)pu(x — a1)| < M for z > a,.

If the values x;, are uniformly bounded, then the values |w*(x)u(x)| are uniformly
bounded for 0 < z < x}, since w”*(z) < wT. Together with (2.15), this provides the
required estimate for all z > 0. Suppose that x; — co. Consider the sequence of
functions u*(z) = w¥(x 4+ x3). We can choose a subsequence converging to some
limiting function u%(z) in C? (R). Then u” is a monotone function defined on the

loc
whole axis and satisfies the equation

DU + F(u%) =0
for some 1y € [0,1]. The bound (2.15) yields that u°(c0) = w™ while u’(—00) = u~,
where v~ is such that F™(u~) = 0 and u~ # w™ since |u’(0)| = e. Hence we obtain
a solution of system (2.13) with ¢ = 0. Let us show that this is not possible.
Indeed, if u~ is the unstable zero of F™ in (w™,w™), then a solution of system
(2.13) exists only for negative ¢ [5], [6]. If u~ = w™ (stable point), then by virtue

of the assumption of Theorem 2.2, ¢ > 0. Hence the function u” can not exist, and
the sequence xj, is bounded. This completes the proof of Theorem 2.2. O

There remains to check conditions that guarantee that the monotone solutions
take values in (wt, w™). Even though more general results can be obtained we focus
on the particular system that we will consider hereafter that is

dlw/l/ — w1 + ff(wg) =0,
(2.16)
dgwé’ — wy + fg(wl) =0,

where d; > 0, i = 1,2. We will assume that the functions f] : R — R are infinitely
differentiable and satisfy conditions similar to (1.8)-(1.10) namely:

(2.17) fr0)y=0, ff(1)=1, f/'(s)>0 for s >0, i=1,2,

(2.18)
The system wy = f7(ws2), we = f4 (w1) has three solutions w™, w™, w" in R?,
furthermore 0 < w] < 1,

(2.19) T0)f5(0) <1, W) <1, ' (@3)f3'(w]) > 1.

Lemma 2.3. Under assumptions (2.17)-(2.19), assume that problem (2.16) has a
solution w(x) defined for x > 0 and such that

(2.20) w'(0) =0, w(r)>0 and w'(x) <0 for x>0, w(c0)=0.
Then for x > 0 and i = 1,2 we have w;(z) < 1.

Proof. Let us omit the index 7. As usual we set w~ = (1,1) and F(w) =
(Fi(w), Fo(w)) with Fi(w) = —wy + fi(w2), Fa(w) = —ws + fa(wy). Thanks to
the assumptions (2.18)-(2.19), we have fo(w1) < f; '(wy) for wy; > 1 where f;*
denotes the inverse function of f;. Consequently it is easy to check that for each
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point w € R%r that does not belong to the unit square, at least one of the functions
F;(w) is negative.

Consider now some solution w satisfying (2.20). Both functions w; and ws reach
their maximum value at = = 0. If (w;1(0), w2(0)) does not belong to the unit square
then at least one of the F;(w(0)) is negative, hence the second derivative w/(0) is
positive and w; can not be decreasing. This concludes the proof of Lemma 2.3.

O

The above assumptions (2.17)-(2.19) yield the conditions (2.3)-(2.4) and (2.11)-
(2.12) for F™(w) = (—w1 + f{ (w2), —w2 + f] (w1)). Hence under these assumptions
Theorems 2.1 and 2.2 and Lemma 2.3 apply. Consequently if ¢” > 0 for all 7 € [0, 1]
the monotone solutions are uniformly bounded in Eli and they are separated from
the non-monotone ones. This will be a crucial tool in section 4 below where we will
apply the Leray-Schauder method to obtain the existence of monotone solutions.
To be able to compute the degree we will need some spectral properties that are
investigated in the next section.

3. SPECTRAL PROPERTIES

We consider the system
(3.1) dlw/ll —wi + fi (wg) =0, dgwg — wo + fg(wl) =0,

where dy, do > 0 and fi, fo satisfy (1.8)-(1.10). We suppose that there is a solution
(w1, ws) satisfying (1.6)-(1.7). Next consider the eigenvalue problem

(3.2) div] — v +ajve = My, dovl — vo + agvy = Avg,
(3.3) v1(0) = v5(0) =0, wi(o0) = wz(o0) =0,
where

ai(z) = fi(wa(z)), az(z) = fo(wi(z)).
Here note that a;(x) > 0 for all x > 0, ¢ = 1,2. The principal eigenvalue Ay of
problem (3.2)-(3.3) is real, simple, positive and the corresponding eigenfunction is
positive [7]. We aim to show that all other eigenvalues are negative.

Theorem 3.1. Let assumptions (1.8)-(1.10) hold. Suppose that w is a solution of
(8.1) satisfying (1.6)-(1.7). Then the only real non-negative eigenvalue of problem
(3.2)-(3.3) is the principal eigenvalue Ag.

Proof. Suppose that problem (3.2)-(3.3) has a real eigenvalue A > 0, A # A\, with
some corresponding eigenfunction v = (v1,v3). The system (3.2) also reads:

(3.4) div] — (1 + XNvy = —ajve, dovh — (1 + Nvy = —aguy.

Here, since A > 0, the operators in the left-hand sides of the above equations are
invertible and this guarantees that vy #Z 0 and vy # 0.

Next we claim that if one of the functions v;, ¢ = 1,2, is positive, then the other
one is also positive. Indeed, suppose for example that vy(z) > 0 for all z > 0. If
v1 has negative values then it has a point of minimum because it converges to zero
at infinity. Since ajve > 0 on (0,+00), we obtain a contradiction in signs in the
first equation in (3.4) at the point of minimum (which can be in particular = 0).
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Hence vy (z) > 0. It can be easily verified that this inequality is strict (due to v; # 0
and v}(0) = 0).

Therefore since a positive eigenfunction only corresponds to the principal eigen-
value, both functions v; and ve must have variable signs.

Let us check that there exists a value x7 > 0 such that

(3.5) v1(z1) <0, va(z1) <0 and vi(x) > 0 for some x > 1 and 7.

Indeed, consider the values v1(0) and v2(0). If both of them are non-positive or
non-negative then we set 1 = 0 (and eventually consider the opposite of the eigen-
function). If these values have opposite signs with for example v;(0) < 0 < v3(0),
we set x1 equal to the minimum from the two (possibly equal) values x where the
functions v; and v have their first zero. Then either vy(z1) = 0 and v1(z1) < 0, and
v1 will have positive values for some larger x since it has variable sign; or vy (z1) =0
and vy (1) > 0, this case is similar to the previous one by considering the opposite
of the eigenfunction. Thus, in all cases, (3.5) holds true.

We aim to show that (3.5) contradicts the existence of some positive vector-

function v¥ = (v, 1) which satisfies the equation

(3.6) dlv?” — o + a10§ =0, dgvgu — 09 + agv) =0,
and the boundary condition
(3.7) v(0) = v9(0) = 0.

Such a solution exists since —w'’ satisfies the above conditions.
Let us begin with the following assertion. Suppose that for some N we have the
inequality

(3.8) v)(N) > v;(N) fori =1,2.

We claim that, if NV is large enough (to be determined below), the following inequal-
ity is satisfied:

(3.9) v)(x) > vi(x) forall z > N and i = 1, 2.
Indeed let us consider the functions z; = v? —v;, 1 = 1,2, which satisfy the equations:
(3.10)  dyz] — 21 — A21 +arz + /\v? =0, dozl — 29— A2g+agzy + /\vg =0.

Suppose that these functions are not positive for all > N. At least one of them
has negative values. Since the matrix

o= (g ") = (oo ")

is assumed to have negative principal eigenvalue, for some corresponding positive
eigenvector p, we have the inequality F'(w™)p < 0. Let us choose N sufficiently
large so that the inequality

(3.11) F'(w(z))p<O0forallz > N

holds true. Here z;(N) > 0, z;(+00) = 0 and at least one of these two functions
has negative values for some x > N. Hence there exists a positive number 7 such
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that the functions u;(z) = z;(z) + 7p;, where p1, po > 0 are the components of the
vector p, satisfy the following conditions:

(3.12) wi(z) >0forx > Nandi=1,2; Jxg> N and i such that u;(z9) = 0.

On the other hand, from (3.10) it follows that the vector-function u = (u1,us2)
satisfies the system:
Du” + F'(w)u — M+ b =0,

where b(z) = —7F'(w(z))p+7Ap+Av®(z) > 0. We obtain a contradiction in signs at
the point z¢ where u;(z¢) = 0. This contradiction proves that, under the condition
(3.11), (3.9) follows from (3.8).

Let us now return to (3.5). We will compare the eigenfunction v with the function
v? = —w’. First suppose that in (3.5) we have x; > 0. Since v%(z) > 0 for = > 0,
we can choose a positive number o > 0 such that

(3.13) ov®(z) > v(z) for z; <z < N,
where N > x; is fixed and verifies (3.11). Then from (3.9) it follows that
(3.14) ov?(x) > v(z) for z > N.

Hence we have this inequality for all x > x;. Denote by o the infinimum of all
values o for which (3.13) holds true. Since at least one of the components of the
vector-function v(x) has positive values for some x > x1, then oy > 0. Obviously,
oov’(x) > v(x) for z; < & < N. Moreover there exists 2o € (1, N] such that at
this point the inequality is not strict. Indeed, if it is strict for all € (z1, N] and
v0(z1) > v(x1), then we can take a value o < og for which (3.13) holds true. Thus
the function w = ogv® — v satisfies the following properties:

(3.15) w(x) >0forx >z1; w(xry) >0; Fzg >z and i such that w;(z2) = 0.
Moreover, w satisfies the equation:
(3.16) D" + F'(w)w — dw 4+ Aogv® = 0.

Since the last term in the left-hand side of this equation is non-negative and w(z) #
0, we obtain a contradiction in signs at the point xo where (3.16) holds if A # 0 and
with the positiveness theorem if A = 0.

We proved that (3.5) gives a contradiction if z; > 0. If 21 = 0, the difference
with the previous case is that v°(z1) vanishes instead of being positive. Recalling
(3.5), we have v1(0),v2(0) < 0. If both inequalities are strict, then we can proceed
as above starting from (3.13). Suppose now that one of the values v;(0), ¢ = 1,2,
(or both) equals 0. Then ov?(0) = v;(0). However av? (0) > 0 = v}(0) (recall (2.9)
in the proof of Theorem 2.1). Hence ov!(e) > v;(€) for € sufficiently small and we
can proceed as before by replacing x1 by € in (3.13) and after. O

4. MONOTONE PULSES AND TRAVELLING WAVES FOR EQUAL DIFFUSION
COEFFICIENTS

We consider the problem

(4.1) w” + F(w) =0,
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where
(4.2) Fl(w) = —wq + fl(ZUQ), Fg(w) = —wo + fg(wl),

and the functions f; : R — R, ¢ = 1,2 satisfy (1.8)-(1.10).
Under these assumptions, there exists a decreasing solution of the equations

(4.3) u +cu + F(u) =0
with the limits
(4.4) u(—o0) =w~, u(oo) =wt.

Such a solution exists for a unique value of ¢ and is uniquely defined up to a
translation in space, see [6].
The purpose of this section is to show that there exists a solution of (4.1) satisfying

(4.5) w'(0) =0, w(z) >0 and w'(z) <0 for z >0, w(co)=0,

if and only if the wave speed c is positive.
We will first assume

(4.6) c>0

and we will derive the existence of a monotone pulse thanks to the Leray-Schauder
method. In sections 4.1 and 4.2, we construct a continuous deformation (homotopy)
of our problem to a model problem for which the value of the topological degree
is different from zero. Then in section 4.3, we use a priori estimates of solutions
obtained above to conclude that the degree is preserved and, consequently, there is
a solution of problem (4.1) satisfying (4.5).

Finally in section 4.4 we will prove the non existence of monotone pulses if ¢ < 0.

We will use some properties of travelling waves that are valid for more general
monotone systems and that are recalled in the following theorem. Namely, the
speed of the wave increases if we increase the nonlinearity. The proof can be found
in [6].

Theorem 4.1. Consider the two problems

(4.7) '+ cu + FFu) =0, u(foo) =w*, k=1,2,

where F¥ = (FF, F¥) are assumed to satisfy (2.3)-(2.4), (2.11) and furthermore
Fl(u) > F?(u) for wy <u<w_ and i=1,2.

If the two problems (4.7) possess monotone solutions with the values of the speed
c=c, k=1,2, then we have ¢; > cs.
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4.1. Homotopy. We aim to construct a continuous deformation
(4.8) w’ + FT(w) =0, 7¢€]0,1],

with functions F™ taking the form

(4.9) F7 (w) = —wn + f7(ws), Ff(w) = —ws + f3 (wi),

in such a way that in its starting point (7 = 0) we have the initial system (4.1) and
in its final point (7 = 1) the functions fi1 are equal to each other, that is:

(410)  fOs) = fils) fori=1,2, fl(s) = fi(s) = g(s), s=0.

We will require the functions f] (s) to be sufficiently smooth with respect to s and 7
and to satisfy the assumptions (2.17)-(2.19). Furthermore considering the travelling
wave problem:

W' 4+ + FT(u) =0, u(£oo) = wy,
we will require that its uniquely defined speed satisfies

(4.11) ™ >0forTe€|0,1],

(recall that we assume that this is true for the initial problem corresponding to
7 =0). As noted at the end of section 2.2, these properties will provide estimates of
the monotone pulses in the space Eli that are independent of 7 € [0, 1]. Furthermore
the final problem (7 = 1) will take the form

w” + G(w) = 0 with G(w) = (—w1 + g(ws), —ws + g(wy)).

We will look for its solution w = (w1, ws) for which w; = ws so that this system
will reduce to a scalar equation.
Let us list the properties of g that will be needed. Firstly we will ask for the
properties (2.17)-(2.19) to be satisfied for 7 = 1; they read:
(4.12)
The equation g(s) = s has three zeros in Ry : 0, 1 and p ; furthermore 0 < p < 1,

(4.13) Jg0)<1, d(u>1, ¢g1)<1, ¢(s)>0for s>0.
Furtermore we will require that
1
(4.14) / (g(s) —s)ds > 0.
0
As already mentioned in the introduction this last condition will both guarantee

the positivity of the speed for the corresponding travelling wave problem and the
existence of a monotone pulse for the final problem.

The construction of the homotopy consists of several steps.
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Preliminary step. In view of the assumption (1.10) at least one of the values f/(0)
is less than one and we can assume that f{(0) < f5(0) and f{(0) < 1.

We claim that we can choose smooth functions h; and hy from R, into R such
that the following conditions are satisfied. Firstly the functions h; satisfy the analog
of (1.8)-(1.10), more precisely setting H(w) = (—w;y + h1(w2), —w2 + ha(w1)), we
require that:

the equation H(w) = 0 has three solutions in R? :

(415) ’LU+, wf, ’(ZJ Wlth 0 < 'Lbz < 17

MWL) < 1, W) <1, W(1) <1, Wy(@)h(in) > 1,
h(s) > 0 for s > 0.

Next we want the h; to be bounded from below by the f; :

(4.16)

(4.17) fi(s) < hi(s)for0 <s<landi=1,2.
Moreover we will need that

(4.18) hi(s) < ha(s) for 0 < s <1,

and

(4.19) h1 satisfies the properties (4.12) — (4.14)

(stated above for g).

Suppose that such functions are constructed. Then the homotopy will proceed
as follows. We will first reduce the functions f; to the functions h;. The properties
(4.15)-(4.17) will guarantee that the wave speed is positive for the travelling wave
problem associated to h; (thanks to the monotony property in Theorem 4.1). Next,
the second step in the homotopy will consist of reducing hs to h; thanks to (4.18).
The final scalar problem for the monotone pulse will involve the function hq which
satisfies (4.19). As already mentioned this will provide the existence of a solution
for this problem.

We first construct some piecewise linear continuous functions satisfying the con-
ditions (4.15)-(4.19) (except for the derivatives at the points where they do not
exist). Let ay and ag be chosen so that

f{(O) <ap <1, fé(O) <a, a1 <az, arag <l.

Also let
My > M; >1, M; > max f/(s) fori=1,2,
s€[0,1]
0<mg<mi <1, m;< min f/(s)fori=1,2.
s€[0,1]

For ¢ = 1,2 we set:
a;s for 0 < s < 4,
(4.20) hi(s) =< M;s+ ;0 — M;6 for § < s <,
m;s +1—my for v < s <1,
where ~; is determined by expressing the continuity of h; at this point. Tedious

calculations provide that by choosing §, m1 and mo sufficiently small and M; and
M> sufficiently large all required above conditions can be satisfied. In particular
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we have v9 < 71 < 1, hy < hy on (0,1), and at the point @ such that (4.15) holds
hi'(2) = My so that the product hy’(12)hs’(101) can be made larger than one.

To conclude it is straightforward to slightly modify the functions h; in the neigh-
borhoods of the points § and ~; to make them smooth on [0, 1]. Also they can be
easily extended to Ry so that the equation H(w) = 0 has no additional zero outside
the unit square.

First step (7 € [0,1/2]). As already mentioned the first step of the homotopy consists
of reducing the functions f; to the functions h;.

We first keep fi fized and aim to construct some homotopy f7, 7 € [0,1/4], of
the function f3 to the function hg so that (2.17)-(2.19) are satisfied for (f1, f) and
furthermore

(4.21) fa(s) < fo(s)for0 <s<1landTe€|[0,1/4].
This last condition will provide that
¢™ >c¢>0forTel0,1/4],

for the speed ¢ of the travelling wave corresponding to F'7 (w) = (—wi+ f1(w2), —wa+
75 (w)).

It is convenient to rewrite the conditions (2.18)-(2.19) in terms of the inverse
function of f; that we denote by 6. For 7 € [0,1/4], we want the function ¢™ =
f3 — 0 to vanish at 0 and 1 and to possess some unique additional zero s in (0, 1);
furthermore we need that ™ (0) < 0, ™ (1) < 0 and ¢™'(s7) > 0.

Thanks to assumptions (1.8)-(1.10) these properties hold true for the starting
point f§ = fo (1 = 0). Let s € (0,1) denote the unique zero of fo — 6 in (0, 1).
For 7 = 1/4, the final point f21 "t ho is a perturbation of the piecewise linear
function (4.20). By eventually increasing 1/§ and Ma, the function hy — 6 satisfies
the required properties. Let § > s denote its unique zero in (0, 1).

For a > 0 sufficiently large (to be specified later), we introduce the function

fa(s), 0<s<1-—4r,
(4.22) fa(s) =% a(s—=1+47)+ fo(1 —47), 1—-47<s<47,
h2(8)> "YT <s< 17

where 77 is determined by expressing the continuity of fJ at this point.
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W, f,(W1)
1 _
ho(wy)/ |
(W)~ (W)
§ =
fz(wl)
0 1 W

Figure 1. Schematic representation of the first step of homotopy.

Let € > 0 be given such that e < s and 5+ ¢ < 1. The above function fJ is
introduced for 7 € [rp, 71| C (0, i) with 1 — 479 =5 and 1 — 471 = s — . Then it is
easy to see that for sufficiently large a we can define f7 such that v <1—-474€ < 1.

Next, let us investigate the zeros of ™ = f] — 6 on (0,1). If 1 — 47 = 5 (that is
T = 19), the unique zero of ¢™ is 5. If s < 1 — 47 < 5 the zeros of ¢” necessarily
belong to (1—47,77) and on this interval the derivative ¢™'(s) = a—6'(s) is positive
if a > max,e(g1)0'(s). If s—e < 1—47 < s the zeros either belong to (1 —47,~7) or
take the value s. In all cases, we conclude that ¢™ possesses a unique zero s € (0, 1)
and ¢"'(s7) > 0 (when this derivative exists).

To complete the definition of the homotopy, we start by reducing fa to f3° on
[0, 70] thanks to a linear homotopy

fI(s)=(1— Tlo)fg(s) + Tlong(s) for 0<7 <

Then on [r9, 71], we go from f5° to f3* as described above. We conclude by reducing
fa* to hg on [r1,1/4] :

N e - 4T —4m
f2(5)_ 1_47_1 2 (5)+ 1_47_1

For 7 ¢ [70,71], the unique zero of the corresponding ¢™ = fJ — 0 is either § or s,
the condition on the derivative is satisfied.

Up to now we have been considering piecewise C! functions and we conclude
by slightly modifying them in the neighborhoods of the points where they are not
differentiable. Also we extend them to Ry so that the equation F7(w) = 0 has no
additional zero outside the unit square.

ho(s) for 7 <7<

FSQr,

For 7 € [1/4,1/2], we next reduce the function f; to the function h;. We proceed
as above. The homotopy takes the form

F7(w) = (—w1 + f] (wa), —w2 + ha(w1)).
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Denoting by £ the inverse function to he we want the function f{ — £ to possess
a unique zero in (0,1) with a positive derivative at that point. We construct f7,
T € [1/4,1/2], as we did above for f], 7 € [0,1/4].

Second step (7 € [1/2,1]). We now aim to reduce the function hg to hy. The
homotopy takes the form:
fT(s) = ha(s), f3(s) =2(1 = 7)ha(s) + (27 — Dha(s), 7€ [1/2,1].

Recalling that the h; are slight perturbations of the functions in (4.20), the prop-
erties (2.17)-(2.19) for F” are easily checked (eventually by increasing the constant
M;). Also we claim that

(4.23) ™ >0forTe[l/2,1].
Indeed note that (4.18) yields f] > hy on [0,1]. Therefore ¢” > ¢é where ¢ is the
speed of the travelling wave for the problem

u+eu' +Gu) =0, Gu) = (—ur+g(ua), —uz + g(u1))

with ¢ = hy. For this uniquely defined wave, we have u; = us and the sign of the
speed is the same as the sign of the integral in (4.14). Hence ¢ > ¢ > 0.

4.2. Model problem. As a result of the homotopy above, we obtained the model
System

"

(4.24) w —wy + g(wz) =0,  wy —wy + glwy) =0,

where g = h; satisfies (4.12)-(4.14).
Let us look for its solution for which w; = ws so that the system amounts to the
scalar equation

(4.25) w] —wy + g(wy) = 0.
The following lemma yields the existence of a monotone pulse for this problem.

Lemma 4.2. Let f : R — R be a C* function such that f(0) = f(1) =0, f'(0) <0,
there exists a single zero p of this function in (0,1) and fol f(s)ds > 0. Then the
scalar equation

w” + f(w) =0,
possesses a unique solution defined for x > 0 such that w'(0) =0, w’ < 0 on (0, 00)
and w(oo) = 0.

Proof. Let us rewrite the equation as a system of two first-order equations:

{ :;U'/:: E}(w).

The equilibrium point (0,0) is a saddle and we can consider the solution on the
stable manifold such that w’(z) < 0 for large x. For this solution

w' ()2 w(zx)
(z) = —/ f(s)ds
0

and Lemma 4.2 follows readily. H
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Lemma 4.2 with f(s) = g(s) — s provides a solution wy of (4.25). Then, setting
wy = wi, the system (4.24) has a positive monotone solution with w}(0) = 0 and
wi(o00) = 0, i = 1,2. We do not know whether this solution is unique but we do
not need its uniqueness. We now use Theorem 3.1 about spectral properties of the
operator linearized at monotone solutions. We can introduce the number

K

’7* = Z(_l)”k7

k=1
where K is the number of monotone solutions, v, the number of positive eigenvalues
of the operator linearized about these solutions together with their multiplicity.
Since these operators have a single real non-negative eigenvalue and it is simple,
then v* = —K # 0. This is the value of the topological degree for the model
problem. We will use separation of monotone solutions and their a priori estimates
in order to show that this value is preserved for all 7. This will allow us to conclude
the proof of the existence of solutions in the next section.

4.3. Existence of solutions. We can now prove the existence of monotone pulses
for problem (4.1) under the assumption ¢ > 0.

In section 4.1 we constructed the homotopy F7 satisfying (4.10)-(4.11) and (2.17)-
(2.19). Let us now consider the spaces introduced in section 2 and the operator A”
given by (2.5).

It satisfies the conditions imposed to obtain a priori estimates of monotone solu-
tions (Theorem 2.2 and Lemma 2.3). Denote by B C Eﬁ a ball which contains all
monotone solutions. Since the operator AT is proper on closed bounded sets with
respect to both variables w and 7, then the set of monotone solutions of the equa-
tion A™(w) = 0 is compact. Since they are separated from non-monotone solutions,
then we can construct a domain D C B C E}L such that all monotone solutions
(for all 7 € [0,1]) are located inside D and there are no non-monotone solutions in
the closure D. Indeed it is sufficient to take a union of small balls of the radius r
(Theorem 2.1) around each monotone solution.

Let us note that only strictly monotone solutions belong to this domain. In
particular, the trivial solution w = 0 does not belong to it since, as indicated at
the end of the section 2.1, the monotone solutions are separated from the trivial
solution. This is an important remark because the index of the trivial solution
equals one. If it belongs to the domain D, then the sum of the indices, which equals
the value of the degree, can be zero. If it was the case, then we could not affirm the
existence of solutions for the original problem.

We can define the topological degree v(A™, D). We have

V(onD) = V(Al’D) =" #0.

Hence the degree is different from zero for the original problem, and the equation
A°(w) = 0 has a solution in D. This concludes the proof of the existence result in
Theorem 1.1.

4.4. Non-existence of solutions. Here we suppose that the speed ¢ in problem
(4.3)-(4.4) is negative. We aim to show that problem (4.1) can not possess any
solution w satisfying (4.5).
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Let us begin with the case ¢ < 0. Suppose that such a solution exists. Let us
extend it to R by setting w(x) = w(—x). Consider the parabolic equation
o 0%

(4.26) 5 = a2 TEW

on the whole axis (for x) with some initial condition vy such that vy(—o0) =
w™,vp(00) = wt and vo(z) > w(z) for all z € R. The solution v of this Cauchy
problem will satisfy the inequality

(4.27) v(x,t) >w(z), YzeR, t>0.

On the other hand, this solution converges to the wave u(x — ¢t — h) where h is an
appropriate real number [6]:

sup |v(z,t) —u(z —ct — h)| — 0, t— oo.

zeR

Since ¢ < 0, then v(0,t) — w™ as t — co. We obtain a contradiction with inequality
(4.27).

Consider now the case ¢ = 0. Suppose again that (4.1) possesses some positive
solution w satisfying (4.5) that we extend to R as above. Let u denote a travelling
wave with speed 0, so that

"+ F(u) =0, u(—o00)=w", wuloco)=w".

Introduce u”(z) = u(z —h). We can choose h sufficiently large such that u”(z) >
w(x) for all z € R. Indeed, first let us select N > 0 sufficiently large so that from the
inequality u"(N) > w(N) it follows that u"(x) > w(x) for all z > N (the existence
of such N can be derived by arguments close to the ones used to infer (3.9) from
(3.8) by using the Taylor formulas). Then since w(x) < w™ we can find h such that
u > w on [0, N]. Consequently since w is even, u"(x) > w(z) for all z < 0.

Let hg be the infimum of all A for which v” > w on R. Then

uho(2) > w(x) for z € R,

and there exists some point zg where this inequality is not strict. This contradicts
the positiveness theorem which is valid for monotone systems. Thus we have proved
the non-existence part of Theorem 1.1.

5. SIGN OF THE WAVE SPEED

As already mentioned, for the scalar case the wave speed ¢ has the sign of the
integral of the nonlinearity. This is no more true for systems. For monotone systems,
the wave speed admits a minimax representation [6]. It allows one to estimate the
speed if a good test function is chosen.

We will use here another approach. In section 5.1, we will introduce a system with
discontinuous nonlinear terms for which we show the existence of travelling waves
and explicitly determine the sign of the corresponding speed. Then in section 5.2
we will consider a regularized system obtained by smoothing the nonlinear terms.
We will show the convergence of the corresponding wave speed to the wave speed
of the system with discontinuous nonlinearities. This result will allow us to make
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conclusion about the sign of the wave speed for the regularized system and to apply
the results on the existence of pulses to this system.

5.1. A system with discontinuous nonlinearities. We consider the system

ulll + cu’l —up + fl(UQ) =0,
(5.1)
u’2’ + CUIQ — U2 + fg(’u,l) =0,

f1($)={0f0r8<82 ’ f2(5)2{0f0r3<31

1 for s > s9 1 for s > 51

where

for some 0 < s9,s1 < 1. Without loss of generality we will suppose that sy < s7.
We look for a monotonically decreasing solution of this system with the limits

(5.2) ui(—o0) =1, wi(c0) =0, i=1,2.

Since the solution is invariant with respect to translation in space, we can suppose
that u1(0) = s1. Let L be such that us(L) = s3. Then we can write equations (5.1)
as follows:

(5.3) uf +cuf —uy+1=0forz <L, u/+cu)—u =0forz>L,

(5.4) uy +cuh —ug+1=0forz <0, uly+cuh—us=0forz>0.
The solutions of (5.3)-(5.4) can be easily computed. Consider

c e c [ c?

Setting u1(L) = u} and uz(0) = u3, and expressing the limits at infinity, we find
readily that

u(z) =1— 1 —ud)eDforz < L, uy(x) =ueM D forax > L,
ug(z) =1 — (1 —ub)e™® for & < 0, wug(z) = ube™? for z > 0.

We now need to distinguish the cases L > 0 and L < 0. First suppose that L > 0.
Then the conditions u1(0) = s1 and u2(L) = sz take the form:

(5.6) 1—(1—u)e ™ =5, ubeMl =5,
while the continuity of the derivatives for u; at L and for ug at 0 reads:
(57) Alui == —)\2(1 - ’UJT), )\1u§ == —)\2(1 — u;)

The conditions (5.6)-(5.7) provide four equations for the four unknowns uj, u3, L
and c. We can eliminate the unknowns u} and u3 thanks to the equations (5.7):
XA

so that it suffices to solve the following system of two equations for the unknowns
c and L:

(55) AL E NN

uj = up

Recall that \; and A are given by (5.5).
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Lemma 5.1. For any 0 < sy < s1 < 1, i = 1,2, the system (5.8) has a unique
solution (¢, L); moreover L > 0. Furthermore ¢ > 0 if s1 +s2 < 1, ¢ = 0 if
s1+s3=1and c<0 if s1+ s9 > 1.

Proof. Let us express L from the first equation in (5.8) and denote the corresponding
function Li(c), and also express it from the second equation with the corresponding
function Lo(c). We obtain:
1 (1 — 81)()\2 — )\1) 1 SQ()\Q — )\1)
L =——1 L = —log ———~.

1<C) AQ Og _)\1 ? 2(0) Al Og )\2
It can be easily verified that Li(c) — oo and La(c) — 0 as ¢ — o0o. On the other
hand, L1(c) — 0 and La(c) — oo as ¢ — —oo. Therefore the equation L;(c) = La(c)
has at least a solution.

Next, we have L;(0) = —log(2(1—s1)) and L2(0) = —log(2s2). If L1(0) < L2(0),
then there is a solution ¢ > 0. In the case of equality, ¢ = 0 is a solution, and if the
inequality is opposite, then there is a solution ¢ < 0.

In order to prove the uniqueness of the solution, we now consider L; and Ly as
functions of the variable Ay and we will use for them the same notations. Since
A1 = —1/)\a, we have:

1

A2
Then introducing y = A3, the equation L;(\2) = L2(A2) amounts to

®(y) = y(log(1 + 1/y) + log s2) — log(1 +y) —log(l —s1) =0, y>0.

We note that ®(0) = —log(1l — s1) > 0 and ®(y) < 0 for sufficiently large y > 0.
Furthermore since ®(y) = ﬁ, we have ®”(y) < 0 for y < 1 and ®”(y) > 0 for
y > 1. It is straightforward to conclude that the equation ®(y) = 0 has a unique
solution yg > 0. Hence Ay = /yo and A\; = —1 /A2 are uniquely defined and this

provides ¢ thanks to (5.5). Finally by (5.9):

(5.9) Li(\2) = log((1—s1)(A3+1)), La(X2) = —Aslog(s2(1+ 1/A3)).

(5.10) L= —)\ilog((l s (o + 1))
2

There remains to investigate the sign of L. Clearly in view of (5.10) L > 0 amounts

to yo < 124;. Checking the sign of ®(2-) we find readily that L > 0 if and only

if82§$1. Il

Lemma 5.1 provides the existence of a travelling-wave with L > 0 in (5.3)-(5.4).
Let us check that solution with L < 0 does not exist. Indeed if L < 0 the condition
(5.6) is replaced by

(5.11) wje ™M =5 1 (1 —ub)el = sy,

while (5.7) is unchanged. Here (5.11) is similar to (5.6) by replacing L by —L and
interverting the index 1 and 2. Hence Lemma 5.1 allows us to conclude that for
0 < s9 < s1 < 1 solution of (5.11)-(5.7) with L < 0 does not exist.

In conclusion we proved that Problem (5.1)-(5.2) possesses a monotone solution
for a unique value of the speed which is given by Lemma 5.1 and that hereafter we
denote by . Furthermore ¢ is positive if and only if 51 + s < 1.
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Let us give some interpretation of this last condition. It also reads Sy > S_,
where S; = (1 — s1)(1 — s2) and S_ = s1s2. Coming back to the functions
Fi(wy,we) = —wy + f1(we) and Fy(wi,wy) = —ws + fo(wy), then Sy is the area of
the domain (in the unit square) where both functions F; and F5 are positive while
S_ is the area of the domain where both functions are negative.

5.2. Passage to the limit for a regularized system. Consider the regularized
System

uf +cu) —uy + ff(u2) =0,
(5.12)

ug + cu’2 — ug + pr(U1) =0,
where ff and ff are infinitely differentiable functions with non-negative first deriva-
tives and

0fors<so—p 0fors<s;—p
p _ P —
fl(s)_{lfor3282+p ’ f2(8)_{1for3251—|—p

for some 0 < s1, s2 < 1. Here 0 < p < pg where pg > 0 is given and satisfies
s; —2pg >0, s;+2pg < 1,4=1,2. We also suppose that the system

ur = f{(u2), uz = f3(u1)
possesses only one additional zero @” = (@}, @) with 0 < @ < 1 and this zero is
unstable: f{'(@4) 5 (@]) > 1. Functions f! satisfying these conditions can be easily
constructed.
System (5.12) has a unique monotone solution (up to translation in space) u”(z) =
(uf(x), ub(z)) with the limits
(5.13) uf(—o0) =1, uf(c0)=0, i=1,2

(3 3

with the speed ¢ = ¢?. We will show that ¢” converges to the speed ¢ of the discon-
tinuous system (5.1) as p — 0 together with the convergence of the corresponding
waves.

Denote by Cll)(R) the class of vector functions of class [ on R which are bounded
together with all their derivatives of order < [. The following result is standard.

Lemma 5.2. The monotone solution uf of (5.12)-(5.13) is bounded in CZ(R) in-
dependently of 0 < p < pg.

Proof. See Lemma 2.1 in [6, p.158] O
We now aim to derive a priori bounds for ¢ independent of p € (0, po].

Lemma 5.3. There exist two constants 0 < ¢, < ¢* such that for all 0 < p < pg,
we have the bounds ¢, < cf < c*.

Proof. Let h; and H; be infinitely differentiable monotone functions such that

_ 0 for s < so+ po _ 0 for s < s1+ po
h1(s)—{ 1 for s > s9 + 2pg ha(s) = 1 for s > s1 4+ 2pg
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and

| Ofors <sy—2pg | Ofors <s; —2pg
Hl(s)_{ lfors>s9s—py Ha(s) = 1 for s > s1 — pg

We suppose that the system of equations u; = hi(u2), uz = ha(u1) has a unique
solution for 0 < u1,us < 1 and this solution is unstable. A similar condition is
imposed on the functions H;. Such functions can be easily constructed.

Then for 0 < p < pg

hi(s) < fP(s) < Hi(s)for0 < s<landi=1,2.
Consider the systems

u'll + cu’l —ul + hl(UQ) =0,

(5.14)

u'2’ + cu’2 —ug + hg(ul) =0,
and
( ) uf + cuy —uy + Hy(ug) =0,
5.15

u'Q’ + Cul2 — ug + Ha(uy) = 0.

They have unique solutions with the limits w;(—o0) = 1, u;j(+o0) = 0, i = 1,2.
Denote by ¢, the corresponding value of ¢ for system (5.14) and by ¢* for system
(5.15). By virtue of Theorem 4.1, we have the estimates ¢, < ¢” < ¢*. O

We can now prove the theorem about the convergence of the travelling waves.
Since the waves are unique up to some translation in space we need to fix the value
of one of the unknowns at some point. For example let us set

s
(5.16) uf (0) = 51 for 0 < p < pp.
Theorem 5.4. As p — 0, ¢ converges to the speed c® for Problem (5.1). Moreover
under the additional condition (5.16), the corresponding solution (uf,ub) converges
in the topology of CL(R) to the unique solution (ul,u3) of problem (5.1) satisfying
0 — Ss1
ui(0) = 5.

Proof. Thanks to the previous lemmae the speed ¢” is bounded independently of
0 < p < po while u” is bounded in Cf(R). Classical compactness arguments yield
the existence of a sequence py with limy_,o pr, = 0 such that ¢® = ¢?* converges to
some limiting value ¢ and u* = u”* converges to some 4 in C} _(R) as k — co. We
also set (f}, f5) = (7%, f5°).

Let us denote by )\f, i = 1,2, the values in (5.5) corresponding to ¢ = c* and by
5\1-, i = 1,2, the values for ¢ = é. Since the sequence c¢* is bounded it is easily seen
that there existe § > 0 such that

(5.17) VE, A< —5<0.

The monotony of uf together with the condition (5.16) yield uf(z) < % for
x > 0. Hence f5(u¥) = 0 for k large enough so that thanks to the equation for u%
and 0 < ug <1:

(5.18) ub(z) = ulg(O)e’\lf“” for x > 0 and k > ko.
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Hence for k > ko, (5.17) and (5.18) provide uf(z) < %% for z > 0, so that
uf(z) < %2 for x > 21 where z; is independent of k. Then ff(u§) = 0 for k large
enough and the equation for u} yields

(5.19) ub(z) = u’f(aﬁl)exf(x*“) for x >z > 0and k > k1 > k.
By taking the limit £ — oo in (5.18) and (5.19) we obtain

(5.20)  dg(x) = 2(0)eM? for z >0, @y (z) = Gy (x1)e™ ) for > xy > 0.
Hence 11 (00) = 2(00) = 0 and the function 4, is not constant since 1 (0) = 3.

Next let us check that for some xg < 0 we have 41(zg) = s1. Indeed otherwise
11 < s; on R. Consider a € R™. The uniform convergence of the sequence u]f
on bounded sets together with the monotony guarantee that for k large enough
¥ (x) < a¥(a) < s1 for x > a. As above we conclude that ds(z) = @2(0)eM® on
(a,0) hence on R since a is arbitrary. Since g is bounded we necessarily have
9 = 0. Then %2 < s3 on R which thanks to similar arguments yields w1 = 0, hence
the contradiction.

Further properties of solutions are given in the following lemmas. The proof of

the theorem is completed after them.
Lemma 5.5.

(i) There existe a unique xo € R such that 41(xo) = s1. Furthermore zo < 0,
U1 > s1 on (—00,z9) and U < s1 on (xg, 00).
(i) We have tg(xz) = t2(z0)eM @) for & > x¢ and d9(z) = 1—

(1 — tia(20))e*2@=20) for z < xg.

Proof. (i) The function @; is (possibly not strictly) decaying with 4;(c0) = 0,
41(0) = % . Furthermore we proved that ;(zo) = s1 for some zg < 0. Let us
argue by contradiction to derive the uniqueness of zy. If not denote by x( the
largest x such that 4;(x) = s;. Then we have xg < 0, 4; = s; on [b, z¢] for some
b < xgand 11 < s1 on (:L‘(), OO)

Let us show that 4; can not be differentiable at xg which will provide the desired
contradiction. Since 4 is constant on [b, x| the derivative should be equal to 0.
Next since @1 < s1 on (29, 00), we obtain that d(x) = g (x0)eM*=%0) for z > x.
Then there are two possibilities. Either 4y < sy on (xg,00). Then for z > o,
Gy (x) = 01 (20)eM @) and @ (29) = s1A\1 < 0. Or there exists some 21 > g

2=20) ig strictly monotone on

such that do(x1) = s2. Since Us(z) = '&12(1:0)65\1(
[x0,00) we have Ug > sp on (—oo,x1) so that u1(z) = 1+ Be*® on (=00, 7).
Here 41(xg) = s1 < 1 hence B < 0 and 4} (zg) = ApBe*2® < 0. To conclude,
the derivative of 41 at xg should both vanish and be strictly negative, which is

impossible. This shows (i) in Lemma 5.5. Then (ii) follows readily. O

Using analogous argument it is possible to derive the following lemma. Its proof
is left to the reader.
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Lemma 5.6.

(i) There exists a unique yo € R such that u2(yo) = s2. Furthermore ta > $o
on (—00,y0) and iy < s2 on (Yo, 00).
(i) We have 41(z) = di(yo)e™@ %) for x > yo and ta(x) = 1—

(1= d2(yo))e*2@=%0) for y < .

In view of Lemmae 5.5 and 5.6 we conclude that (i, d2) is a solution of system
(5.1)-(5.2) for ¢ = ¢ and 41(0) = . Hence é = ¢ and @ = u’. Also since the
solution of the limiting system is unique, then the convergence holds true for the
whole family (¢”,u”) as p — 0. It remains to note that the local convergence
combined with the behavior at infinity imply the uniform convergence on the whole
axis. This completes the proof of Theorem 5.4. O
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