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STOCHASTIC APPROXIMATIONS AND PERTURBATIONS IN
FORWARD-BACKWARD SPLITTING FOR MONOTONE
OPERATORS

PATRICK L. COMBETTES AND JEAN-CHRISTOPHE PESQUET

ABSTRACT. We investigate the asymptotic behavior of a stochastic version of
the forward-backward splitting algorithm for finding a zero of the sum of a maxi-
mally monotone set-valued operator and a cocoercive operator in Hilbert spaces.
In our general setting, only stochastic approximations of the cocoercive operator
are available and stochastic perturbations in the evaluation of the resolvents of
the set-valued operator are possible. In addition, relaxations and not necessarily
vanishing proximal parameters are allowed. Weak and strong almost sure con-
vergence properties of the iterates are established under mild conditions on the
underlying stochastic processes. Leveraging these results, we also establish the
almost sure convergence of the iterates of a stochastic variant of a primal-dual
proximal splitting method for composite minimization problems.

1. INTRODUCTION

Throughout the paper, H is a separable real Hilbert space with scalar product
(-] ), associated norm || - ||, and Borel o-algebra B.

A large array of problems arising in Hilbertian nonlinear analysis are captured
by the following simple formulation.

Problem 1.1. Let A: H — 2" be a set-valued maximally monotone operator, let
¥ € ]0,4+00[, and let B: H — H be a 1¥-cocoercive operator, i.e.,

(1.1) (V€ H)(¥y € H)  (x =y [ Bx—By) > ¥||Bx — By|%,
such that
(1.2) F={zeH|0cAz+Bz} #0.

The problem is to find a point in F.

Instances of Problem 1.1 are found in areas such as evolution inclusions [2], Nash
equilibria [7], image recovery [8, 10, 16], inverse problems [9, 13], signal processing
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[21], statistics [25], machine learning [26], variational inequalities [31, 52], mechan-
ics [40, 41], structure design [50], and optimization [4, 38, 51]. For instance, an
important specialization of Problem 1.1 in the context of convex optimization is the
following [4, Section 27.3].

Problem 1.2. Let f: H — |—o00,+00] be a proper lower semicontinuous convex
function, let ¥ € |0, +o0o[, and let g: H — R be a differentiable convex function such
that Vg is ¥~ '-Lipschitz continuous on H. The problem is to

(1.3) minimize f(x) + g(x),
xeH
under the assumption that F = Argmin(f + g) # @.

A standard method to solve Problem 1.1 is the forward-backward algorithm [14,
38, 52], which constructs a sequence (x,)nen in H by iterating

(1.4) (Vn € N) Xpi1 = Jy,a(Xn — mBxn), where 0 <y, < 29.

Recent theoretical advances on deterministic versions of this algorithm can be found
in [6, 11, 20, 22]. Let us also stress that a major motivation for studying the forward-
backward algorithm is that it can be applied not only to Problem 1.1 per se, but
also to systems of coupled monotone inclusions via product space reformulations [2],
to strongly monotone composite inclusions problems via duality arguments [16, 20],
and to primal-dual composite problems via renorming in the primal-dual space
[20, 53]. Thus, new developments on (1.4) lead to new algorithms for solving these
problems as well.

Our paper addresses the following stochastic version of (1.4) in which, at each
iteration n, due to uncertainties on the underlying mathematical model, Bz, is
not known exactly and is available only through some stochastic approximation
Uy. In addition, a, stands for a stochastic perturbation modeling the approximate
implementation of the resolvent operator J, a. Let (Q,F,P) be the underlying
probability space. An H-valued random variable is a measurable map x: (2, F) —
(H, B) and, for every p € [1,+oo[, LP(Q2, F,P;H) denotes the space of equivalence
classes of H-valued random variable x such that [, [|z[[PdP < +ooc.

Algorithm 1.3. Consider the setting of Problem 1.1. Let xq, (un)nen, and (an)nen
be random wvariables in L*(Q, F,P;H), let (An)nen be a sequence in ]0,1], and let
(Yn)nen be a sequence in ]0,29[. Set

(1'5) (Vn € N) Tptl = Tp + An (J'ynA(xn - ’Ynun) + ap — xn)

The first instances of the stochastic iteration (1.5) can be traced back to [44] in the
context of the gradient method, i.e., when A = 0 and B is the gradient of a convex
function. Stochastic approximations in the gradient method were then investigated
in the Russian literature of the late 1960s and early 1970s [27, 28, 29, 33, 42, 49].
Stochastic gradient methods have also been used extensively in adaptive signal
processing, in control, and in machine learning, e.g., [3, 36, 54]. More generally,
proximal stochastic gradient methods have been applied to various problems; see
for instance [1, 26, 45, 48, 55].

The objective of the present paper is to provide an analysis of the stochastic
forward-backward method in the context of Algorithm 1.3. Almost sure convergence
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of the iterates (x,)nen to a solution to Problem 1.1 will be established under general
conditions on the sequences (U )nen, (an)neN; (Yn)nen, and (A )nen. In particular,
a feature of our analysis is that it allows for relaxation parameters and it does not
require that the proximal parameter sequence (7, )nen be vanishing. Our proofs are
based on properties of stochastic quasi-Fejér iterations [18], for which we provide a
novel convergence result.

The organization of the paper is as follows. The notation is introduced in Sec-
tion 2. Section 3 provides an asymptotic principle which will be used in Section 4 to
present the main result on the weak and strong convergence of the iterates of Algo-
rithm 1.3. Finally, Section 5 deals with applications and features a novel stochastic
primal-dual method.

2. NOTATION

Id denotes the identity operator on H and — and — denote, respectively, weak
and strong convergence. The sets of weak and strong sequential cluster points of a
sequence (Xp)nen in H are denoted by 20(x,,)nen and &(x, )nen, respectively.

Let A: H — 2M be a set-valued operator. The domain of A is domA =
{xe H ‘ Ax # @} and the graph of A is graA = {(x,u) €HxH } uec Ax}. The
inverse A~! of A is defined via the equivalences (V(x,u) € H?) x € A~lu < u € Ax.
The resolvent of A is Jo = (Id + A)~!. If A is maximally monotone, then J is
single-valued and firmly nonexpansive, with dom Jo = H. An operator A: H — 24
is demiregular at x € dom A if, for every sequence (x,,up)nen in graA and every
u € Ax such that x, — x and u,, — u, we have x,, — x [2]. Let G be a real Hilbert
space. We denote by B (H,G) the space of bounded linear operators from H to G,
and we set B (H) = B (H,H). The adjoint of L € B (H,G) is denoted by L*. For
more details on convex analysis and monotone operator theory, see [4].

Let (Q, F,P) denote the underlying probability space. The smallest o-algebra
generated by a family ® of random variables is denoted by o(®). Given a sequence
(zn)nen of H-valued random variables, we denote by 2 = (X, )nen & sequence of
sigma-algebras such that

(2.1) (VneN) X, CF and o(zg,...,2n) C Xy C Xpt1.

Furthermore, we denote by ¢4 (2") the set of sequences of [0, +o00[-valued random
variables (&, )nen such that, for every n € N, &, is X,,-measurable, and we define

(22)  (vp €0, 4o éﬁ<%>={<fn>neNee+<%>1Zfz<+oo P}

neN

and

(2.3) (X)) = {(fn)neN €l (Z) | sup&, < o0 P—a.s.} .

neN
Equalities and inequalities involving random variables will always be understood to

hold P-almost surely, although this will not always be expressly mentioned. Let &
be a sub sigma-algebra of F, let z € L' (2, F,P;H), and let y € L'(Q, &, P;H). Then
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y is the conditional expectation of x with respect to £ if (VE € &) fE xdP = fE ydP;
in this case we write y = E(z|£). We have

(2.4) (Vz € LN(Q, F,P;H))  |[E(z[&)]| <E(l|=]||€).
In addition, L?($2, F, P;H) is a Hilbert space and

IE(z[&)1” < E([l]*|€)

(25) (% € 13(@, F,P;H)) {(VUEH) E(( | u)|€) = (E(x]€) | u).

Geometrically, if * € L2(Q,F,P;H), E(x | £) is the projection of x onto
L?(2,&,P;H). For background on probability in Hilbert spaces, see [32, 37].

3. AN ASYMPTOTIC PRINCIPLE

In this section, we establish an asymptotic principle which will lay the foundation
for the convergence analysis of our stochastic forward-backward algorithm. First,
we need the following result.

Proposition 3.1. Let F be a nonempty closed subset of H, let ¢: [0, +oo[ — [0, +00]
be a strictly increasing function such that limy_, o ¢(t) = 400, let (zp)nen be a

sequence of H-valued random variables, and let (X,,)nen be a sequence of sub-sigma-
algebras of F such that

(3.1) (VneN) o(zg,...,2n) C Xy C Xpg1-

Suppose that, for every z € F, there exist (9,(2))nen € L4 (Z), (Xn(2))nen €
C(Z), and (0y(2))nen € (X)) such that

(3.2) (Vn eN)  E(¢([lent1=2[) | Xn)+0n(z) < (I4xn(2)) (| 2n—2]) 410 (2) P-a.s.
Then the following hold:

(i) (Vz€F) [ X,enUn(z) < +o0 P-as.]

(ii) (zn)nen is bounded P-a.s.

(iii) There exists Q € F such that P(Q) = 1 and, for every w € Q0 and every
zeF, (JJzn(w) — z|))nen converges.

(iv) Suppose that W(xp)neny C F P-a.s. Then (x,)nen converges weakly P-a.s.
to an F-valued random variable.

(v) Suppose that S(xn)neny NF # & P-as. Then (x,)nen converges strongly
P-a.s. to an F-valued random variable.

(vi) Suppose that &(xp)neny # @ P-as. and that W(zp)neny C F P-a.s. Then
(Zn)nen converges strongly P-a.s. to an F-valued random variable.

Proof. This is [18, Proposition 2.3] in the case when (Vn € N) X,, = o(zo,...,Zn).
However, the proof remains the same in the more general setting of (2.1). O

The following result describes the asymptotic behavior of an abstract stochastic
recursion in Hilbert spaces.

Theorem 3.2. Let F be a nonempty closed subset of H and let (A,)nen be a sequence
in 10,1]. In addition, let (zp)nen, (tn)neN, (Cn)nen, and (dp)nen be sequences in
L?(Q, F,P;H). Suppose that the following are satisfied:
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(a) 2" = (Xn)nen is a sequence of sub-sigma-algebras of F such that (¥n€N)
o(xoy .y Tn) C Xy C Xpg1-

(b) (Vn eN) zpp1 = xn + M (tn + cn — x0).

(©) Ynen MvVE(lenl?[Xn) < +00 and X, cn VARE([|dnl2[X5) < 4o0.

(d) For every z € F, there exist a sequence (s,(z))nen of H-valued random
variables, (Ql,n(z))nEN S €+(%)7 (92,n(z))n€N € ZJr(<%/): (ul,n(z))neN S
(2, (2 (@)nen € L), (v10(2))nent € E2(2), and (van(Z)nes €
(2(27) such that (Anpin(z))nen € E}‘_(%), (Antizn(z))nen € ﬁ_(g{)’

Mat1,0(2))nert € L/2(2), Aavo,n (2))nen € 62 2),

(3.3)
(Vn € N) E(lltn — 2% |Xn) + 01n(2) < (1 + p1,0(2))E(ll50(2) + dull* | X)) + v1.0(2),

and
(34)  (VneN) E([sn(@)?|Xn) + b2.,0(2) < (1 + p2n(2) |20 — 21> + von(2).

Then the following hold:

(i) (VZ€E€F) [ X,en Mbin(z) < 400 and Y, oy Anb2n(z) < +oo  P-as. |.

(i) ey An(1 = A)E([[tn — 20||? | Xn) < 400 P-as.

(iii) Suppose that W (zp)neny C F P-as. Then (z,,)neny converges weakly P-a.s.
to an F-valued random variable.

(iv) Suppose that S(xp)neny NF # & P-a.s. Then (zp)nen converges strongly
P-a.s. to an F-valued random variable.

(v) Suppose that &(zp)neny # @ P-a.s. and that W(xy)neny C F P-a.s. Then
(Tn)nen converges strongly P-a.s. to an F-valued random variable.

Proof. Let z € F. By (2.5) and (3.3),
(Vn € N)  E([[tn — 2] |Xn)
< VE([[tn — 22| X)
<A1+ 0@ VE([sn(2) + dnl2]X0) + /v10(2)
(3.5) < (1+ 110 VB @ + 4P 1T) + ()
On the other hand, according to the triangle inequality and (3.4),
(Vn e N)  VE(||sn(z) + dn|]2|X0)
< VE(Isn@)?[%n) + VE(lldnll?[Xn)
1+ pan(2)llzn — zll + 1 /v2,n(z) + VE(lldn[* | Xn)

H2, n( )
(3.6) < (1+ P25 Jon - 2 + /van(@) + VE(daPTX0).
Furthermore, (b) yields
(3.7) (Vn e N)  lznir — 2| < (1= An)llen = zll + Anlltn — 2l + Anllenll
Consequently, (3.5) and (3.6) lead to
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(VneN)  E(znt — 2| [Xn)
< (1= 2)|lzn = 2zl| + ME(lltn — 2l [ Xn) + AnE([[cnll [ Xn)
(3.8) < (1 + (@) l|zn — 2l + Ca(2),
where
(39) i) = 5 (san(@) 4 ) + 222
and

(310) Gu(@) = Auyfran(@ + a1+ 12E) (2
+ VEdaI21X0)) + AnE(lenl]|1).

Now set

(3.11) i1 (z) = sup p11,n(2).
neN

In view of (3.3) and (3.4), we have

2 Z pn(z) = Z )\nﬂl,n(z) + Z )\nMQ,n(Z) + % Z )\n,ul,n(z),uln(z)

neN neN neN neN
< E Anft1,n(2) + (1 + = (Z)> § Anbi2,n(2)
) 2 )
neN neN
(3.12) < +00.

In addition, since (2.5) yields

(3.13) (vn € N)  E(llenll[Xn) < VE(lenl*[Xn),

we derive from (c) and (d) that

Y 6@ <D a2 + (1 + “12(Z)> <Z /A2 (2)

neN neN neN
+ 5 VRETGIFTEG) ) + 3 hnVETe TP
neN neN
(3.14) < +o0.
Using Proposition 3.1(ii), (3.8), (3.12), and (3.14), we obtain that
(3.15) (lzn — ZH)neN is almost surely bounded.
In turn, by (3.4),
(3.16) (E(||sn(z)||2|f)Cn))nGN is almost surely bounded.

In addition, (3.3) implies that
(v € N)  E(lltn —2lI*|%Xn) < 2(1+ 71 (2)) (E(l 5 (2) |17 | Xn)
(3.17) + E(lldnl* 1)) + v1,0(2),
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from which we deduce that
(3.18) (AE([tn — 2] xn))neN is almost surely bounded.
Next, we observe that (3.3) and (3.4) yield
(v € N)  E([[tn — 2[*|Xn) + 01,0(2) + (1 + p11,1(2))b2,n(2)
S (L4 pn(2) (1 + p2n(2))]|2n — ZH2 + vin(2)
(3.19) + (14 p1,0(2)) (v2in(2) + 2E((50(2) | d) | X)) + E(lldn|* X))
Now set
On(2) = 01,n(2) + (1 + p1,n(2))02,n(2)
fin(2) = p1n(2) + (1 + 71(2)) 2.0 (2)
vn(2) = vi,n(2) + (1 + 701(2)) (v2in (2)
+2¢/E([5n (2121 Xn) v E(dnl? [X0) + E(lldn]* [Xn))
[&n(2) = 22nlltn — 2]l lenll + 2(1 = An)llzn — 2|| lenll + Anllen|*.

By the Cauchy-Schwarz inequality and (3.19),
(320)  (YneN) E(ltn—2]%0) + 00(2) < (1+ ()20 — 2> + v (2).
On the other hand, by the conditional Cauchy-Schwarz inequality,
(Vn e N)  M\E(&n(2)|X5)
< 2(1 = M) Anllzn — 2| E(leall [ Xn) + ARE(llenll* | X5)
+ 200V AE([[tn = 2[12 [ %) v/ AE([[enl|? [ X0)

< 2]lzn — 2| A VEllenl? [Xn) + AZE(llenl® [ Xn)

(3:21) + 20/ ME([[tn — 221 X0) A VE(llen|? | Xn).
Thus, it follows from (3.15), (c), and (3.18) that
(3.22) > AE(€n(2) | Xn) < +o0.

neN

Let us define

(z) = A
(3'23) (VTL € N) Xn(z) - )‘nﬂn(z)
A

It follows from (c), (d), (3.16), and the inclusion 61/2(3&”) C (1(Z) that
(0n(2))nen € €4(27), (Anpn(2))nen € LL(27), and (Anvn(2))nen € €1(27). There-
fore,

(3.24) (0n(2)),,en € €+(2)
and
(3.25) (xXn(2)) e € L4(2).

Furthermore, we deduce from (3.22) that
(3.26) (10(2)) en € G(2).
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Next,

(3.27)

We therefore recover (3.2) with ¢: ¢ — t2. Hence, appealing to (3.24), (3.25), (3.26),
and Proposition 3.1(i), we obtain (9,(z))nen € €1 (27), which establishes (i) and
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we derive from (b), [4, Corollary 2.14], and (3.20) that
(vn € N)  E(llzn+1 — 2] | Xn)
= E(|(1 = Xn) (@0 — 2) + Aaltn — 2+ ) |* | Xn)
= (1= An)E([|zn — ZH2 [ Xn) + AE([ltn — 2z + anZ | Xn)
— (1= X)E([Itn — zn + ¢l | X0)
= (1= An)llzn — 2l* + MaE(l[tn — 2] Xn)
+ 20E({(tn — 2| ) [ Xn) = An(1 = M)E(|[tn — 20| X0)
=20 (1 = A)E((tn — @ | ) | Xn) + )\%E(chHQ | Xn)
= (1= An)llzn — 2lI* + XaE(l[tn — 2]?] X)
— An(1 = An)E(([tn — mn||2 | Xn) + 2)‘721E(<tn —z|cn)|Xy)
+ 220 (1 = Ap)E({zn — 2 | n) [ Xn) + /\%E(chHQ | Xn)
< (L= )z — 2] + AaE(lltn —2]* | 2X0)
— An(1 = An)E(([tn — anQ |Xn) + AnE(6n(2) | Xn)
< (1 + Xn(z)) l|lzn — ZH2 — Un(2) + 1u(2).

(ii). Finally, (iii)—(v) follow from Proposition 3.1(iv)—(vi).

Remark 3.3.

(i) Theorem 3.2 extends [18, Theorem 2.5], which corresponds to the special
case when, for every n € N and every z € F, p »(2) = v1,(2) = 02.,(2) =
0 and d, = 0. Note that the L? assumptions in Theorem 3.2 are just
made to unify the presentation with the forthcoming results of Section 4.
However, since we take only conditional expectations of [0, +oo[-valued

(i)

(3.28)

We

Theorem 4.1. Consider the setting of Problem 1.1, let (Tn)nen be a sequence in
[0, 400, let 27 = (Xy)nen be a sequence of sub-sigma-algebras of F, and let (zp)neN
be a sequence generated by Algorithm 1.3. Assume that the following are satisfied:

random variables, they are not necessary.

(Vn €N) mn(2) = An(11n(2) + (1 + 71 (2))v2n(2)),

and it follows directly from (3.27) and Proposition 3.1 that the conditions on
(Vl,n(z))nEN and (Vl,n(z))nGN can be weakened to ()‘nVl,n(Z))nGN € f}k(%)

and (Aav2,(2))nen € £L(Z).

4. A STOCHASTIC FORWARD-BACKWARD ALGORITHM

now state the main result of the paper.

(a) (VneN) o(zg,...,xn) C Xy C Xpt1.

(b

) 2Lonen An v/ E(llan?[Xn) < 4o00.

() 2nen VAn|[E(tn [ Xn) — By || < +oo.

Suppose that (Vn € N) ¢, = d,, = 0. Then (3.20) and (3.23) imply that
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(d) For everyz € F, there exists ({n(z))neN € LX(X) such that (Anqn(z))neN €
Ei/z(e%”) and
(41)  (VneN) E(llun — E(un|Xn) | Xn) < 7allBzy — Bz||* + Ga(2).

(e) infrenyn > 0, sup,ey T < +00, and sup,cn(1 + 7))y < 20.
(f) Either infyen A >0 or [y =7, 3,y Tn < +00, and Y, .y An = +00].
Then the following hold for some F-valued random variable x:
(1) 3 ,en Anl/Bzy — Bz||? < +00 P-aus.
(i) Y enAnllzn — WBan — Jy,a(@n — WBan) + 1mBz||? < +00 P-ass.
(iii) (@n)nen converges weakly P-a.s. to x.
(iv) Suppose that one of the following is satisfied:
(g) A is demiregular at every z € F.
(h) B is demiregular at every z € F.
Then (xn)nen converges strongly P-a.s. to x.

Proof. Set

(4.2) (VneN) R, =1Id —v,B, r, = zp — Yun, and t, = Jy, ATn.

Then it follows from (1.5) that assumption (b) in Theorem 3.2 is satisfied with
(4.3) (VneN) ¢, =ap.

In addition, for every n € N, F = Fix(J,,aRy) [4, Proposition 25.1(iv)] and we
deduce from the firm nonexpansiveness of the operators (J.,a)nen [4, Corollary 23.8]
that

(4.4) (VzeF)(YneN) |tn —z|* + [|rn — Jyuarn — Ruz + 2|2 < |Irn — Ruz||%.
Now set

(4.5) (Vn e N) u, =u, — E(u,|X,) + Bxy,.

Then we derive from (4.4) that (3.3) holds with

01,0(z) = E(|rn — J5,aT0n — Ruz + 2|* | X,)
f11n(2) = v1n(2) =0

sn(z) = 2 — Yy — Rpz

dn = = (E(un | Xyn) — Bxy,).

Thus, (4.3), (4.6), (b), (c), and (e), imply that assumption (c) in Theorem 3.2 is
satisfied since

Z \/)‘nE(||dn||2|xn) <21 +1)710 Z \/)‘n”E(Un | X5) — Bayl[?

(4.6) (Vz € F)(Vn € N)

neN neN
<20 ) v/ Anl|E(un|Xs) — Bz
neN
(4.7) < +00.

Moreover, for every z € F and n € N, we derive from (4.5), (1.1), and (4.1) that
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E(llsn(2)[*12n)
= E([|zn — 2z — v (un — BZ)H2 | Xn)
= [lon — ZH2 — 29n{zn — 2 | E(Un | Xy) — Bz) + W%E(”ﬁn - BZH2 | Xn)
= |lzn — 2||*> = 2vn(xn — z | Bz, — Bz)
+ 7 (Ellun = E(un | X0)[1*%X2)
+ 2(up, — E(un|Xy) | Bz, — Bz) + ||Bx, — Bz||?)
= ||z, — 2||* — 2yn {2z — 2z | B2, — B2)
+ %%(E(Hun — E(un | xn)||2 | Xn) + [[Bzn — BZHQ)
<l = 2l = (20 — 72) By — Bzlf?
+ %2LE(||UTL — E(un | xn)H2 | Xn)
(4.8) <l = 2] = 7 (20 = (1 + 70)7n) [1Bzn — Bz||* +72¢a(2).-
Thus, (3.4) is obtained by setting
O2,n(2) = 'Yn(219 -1+ Tn)'yn) Bz, — Bz]|?
(4.9) (Vn € N) pon(z) =0
von(z) = Valn(2)-

Altogether, it follows from (d) and (e) that assumption (d) in Theorem 3.2 is also
satisfied. By applying Theorem 3.2(i), we deduce from (e), (4.6), and (4.9) that

(4.10) (VzEF) > An|Ba, — Bz||* < 400
neN
and
(4.11) (VZE€F) D AE(lrn — Jy,arn — Ruz+2)?|Xn) < +o00.
neN

(i): See (4.10).
(ii): Let z € F. It follows from (4.2), (4.5), (2.5), and the nonexpansiveness of
the operators (J,,A)nen that

(Vn € N) ||z — Bxp — Jy,a(zn — Bxy) + ’ynBz||2

= IE(@n = Ytin | Xn) = Jy,a(@n = 70Bwn) + 7Bz

< 3(IE(rn — Jyparn + 2Bz | Xn) |* + 2 |E(un| Xp) — Banl|?
+ [[E(dy,a7n [ Xn) = dy,a(@n = 1Bzs)|[?)

< 3(E(||7”n — Jy AT + 'YnBZH2 | ) + ’YgE(Hun - anHQ | X))
+ E(HJ%A"”n - J'ynA(xn - ’Yann)HQ | xn))

< 3(Ellrn — Jyuarn + 1mB2l* [X0) + 7 E([lun — Bay|®[Xn)
+E(llrn = (20 — 7Bza) 2 X))

= 3(E(|lrn — Jy,aTn — Ruz 4+ 2[|?|X,)
+ 297 E(|fun — Ban|*[2X0))



(4.12)

STOCHASTIC FORWARD-BACKWARD SPLITTING 23

< 3(E(||rn — Jy,ATn — Ruz + 22 X)
+ 8E([[un — Ban|*|2Xn)).-

However, by (4.1),

(4.13)

(vn € N)  E(|jun — Bz *| Xn)
2E([|un — E(un | Xn)||* + |[E(un | Xn) = Bay ||| X0)

<
< 2(7al|Bzy — Bz||* + Go + | E(un| Xn) — Baa?).

Since sup, ey T < +00 by (e), we therefore derive from (i), (c), and (d) that

(4.14)

> " AnE(|lun — By || Xn) < +o0.
neN

Altogether, the claim follows from (4.11), (4.12), and (4.14).
(iii)—(iv): Let z € F. We consider the two cases separately.

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

e Suppose that inf,en A, > 0. We derive from (i), (ii), and (e) that there

exists Q € F such that P(Q) = 1,
(Vw € Q) 2,(w) — Iy a(zn(w) — 1Bz, (W) — 0,
and
(Vw € Q) Bap(w) — Bz
Now set
(Vn €N) yn =J, a(xn — WmBx,) and v, =, (z, — ys) — Bry.
It follows from (e), (4.15), and (4.16) that
(Vw € Q) yn(w) —2p(w) =0 and v, (w) — —Bz

Let w € €. Assume that there exist x € H and a strictly increasing sequence
(kn)nen in N such that zj, (w) — x. Since Bxy, (w) — Bz by (4.16) and
since B is maximally monotone [4, Example 20.28], [4, Proposition 20.33(ii)]
yields Bx = Bz. In addition, (4.18) implies that y, (w) — x and vy, (w) —
—Bz = —Bx. Since (4.17) entails that (yg, (w), vk, (w))nen lies in the graph
of A, [4, Proposition 20.33(ii)] asserts that —Bx € Ax, i.e., x € F. It therefore
follows from Theorem 3.2(iii) that

Zp(w) — z(w)

for every w in some Q) € F such that £ C € and P(ﬁ) = 1. We now turn
to the strong convergence claims. To this end, take w € Q. First, suppose
that (g) holds. Then A is demiregular at z(w). In view of (4.18) and (4.19),
Yn(w) — z(w). Furthermore, v,(w) - —Bz(w) and (yn(w), vn(w))nen lies
in the graph of A. Altogether y,(w) — z(w) and therefore z,(w) — z(w).
Next, suppose that (h) holds. Then, since (4.16) yields Bz, (w) — Bz (w),
(4.19) implies that z,(w) = x(w).
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e Suppose that } . 7n < 400, D, cyAn = +00, and (Vn € N) v, = 7. Let
T =Jya0(Id —yB). We deduce from (i) that
(4.20) (VzeF) lim|Bx, —Bz||=0
and from (ii) that
(4.21) (VzeF) lim|z, — Tz, —v(Bz, —Bz)|| =0.
In view of (e), we obtain
(4.22) lim || Tz, — 2] = 0.

In addition, since (e) and [4, Proposition 4.33] imply that T is nonexpansive,
we derive from (1.5) that
(Vn €N) [ Tanir — znp |
= [|[T2pt1 — (1 = An)zn — An(Jya(zn — yun) + an)||
=||Tepr1—Trp—(1=Ap)(zp—Txy)
- )‘n(JvA(fL‘n_'YUn)_JWA(xn_'VBffn)) — A |
< Tzt — Tanl| + (1 = M) | Tzn — 24|
+ Anlldya(zn — yun) — Jya(zn — ¥Ban)[| + Anllan|
< #nt1 = zall + (1 = M) [[Tzn — 20l + Anv[Jun — Baall + Anllan|
= Mnl[dya(@n — vun) + an — @pl| + (1 = An)[| Tzy — 24|
+ Ayt — Bz || + Anllan |
< |[Tzn — 2al| + Anlldya(zn — Yun) — Jya(zn — vBzy) ||
+ Anyllun — Bzl + 220 ||an||
(423) < || Tz — @l + 200 (Yun — Byl + [lanl])-

Now set

(4.24) (VneN) &, = ’Y\/)‘nE(”Un - anHQ | Xn) + Any E(||an||2 | Xn)-
Using (4.1), we get

€n <YV ARE([[un — E(un | X0)[2[Xn) + v/ An [E(un [ Xn) — Ban|]?
+ A VE(an[[?[Xn)
<YV TalBon = Bzl| + v/ AGn(2) + 1V Aul|E(un | Xn) — Ba|
(4.25) + MV E(Jan]|? ] Xn).
Thus, (4.23) and (2.4) yield
(Vn e N)  E([Tznr — znpa ][ Xn)

< | Ton — @l + 200 (VE([Jtn — Baa || Xn) + E([lan]| | Xn))
< |

(4.26) | Tz, — x| + 2.



(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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In addition, according to the Cauchy-Schwarz inequality and (i),

> VATl B, =Bzl < > 7 Y AnlBan — Bz|)? < +o0.

neN neN neN

Thus, it follows from assumptions (b)-(d) that (§,)nen € €4(27), and we
deduce from Proposition 3.1(iii) and (4.26) that (|| Tz, —2n||)nen converges
almost surely. We then derive from (4.22) that there exists Q € F such
that P(Q) = 1 and (4.15) holds. Let w € €. Suppose that there exist x € H
and a strictly increasing sequence (ky)nen in N such that xp, (w) — x
Since g, (w) — x and Tz, (w) — zk, (w) — 0, the demiclosedness principle
[4, Corollary 4.18] asserts that x € F. Hence, the weak convergence claim
follows from Theorem 3.2(iii). To establish the strong convergence claims,
set w = z — 9Bz, and set (Vn € N) w, = , — yBx,. Then Tz, = J,aw,
and z = Tz = J,aow. Hence, appealing to the firm nonexpansiveness of J.a,
we obtain

(VvneN) (Txy, —2z| 2y — Ty — y(Bzy, — Bz))
=(Tap —z|wy, —Tay +2z—w)
= (Jyawp — Jyaw | (Id — Jya)wp, — (Id — Jya)w)
>0

and therefore

(VYneN) (Tz,—z|z,— Ta,) = ~(Ta, —z | Bz, — Bz).
Consequently, since T is nonexpansive and B satisfies (1.1),
(Vn eN) |lzn — 2| |Tzn — 24|

2 [[Tan — 2| | Tzn — 2|

(Tay —z | 2y — Tay)

v(Tx,, —z | Bx,, — Bz)

= (T2, — 2, | Bayp — Bz) + (z, — z | Bx,, — Bz))

> =Ty — x4 Bz, — Bz|| + 70|Bx,, — Bz|?

A\VARRA\VARR\

>~ Tew = @all 2, — 2| + y9||Be, — Bz
and hence

1
(¥n€N) |Ba, —Bz|® < 7—19(1 + ) llan = 2l [ Twn = 2al.

Since, P-a.s., (z)nen is bounded and Tx,, — z, — 0, we infer that Bx,, —
Bz P-a.s. Thus there exists 2 € F such that Q C Q, P(2) =1, and
(Vwe Q) zp(w) = z(w) and Bz, (w) — Bz(w).

Thus, (h) = z,(w) = x(w). Finally, if (g) holds, the strong convergence of
(zn(w))nen follows from the same arguments as in the previous case.

g
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Remark 4.2. The demiregularity property in Theorem 4.1(iv) is satisfied by a wide
class of operators, e.g., uniformly monotone operators or subdifferentials of proper
lower semicontinuous uniformly convex functions; further examples are provided in
[2, Proposition 2.4].

Remark 4.3. To place our analysis in perspective, we comment on results of the
literature that seem the most pertinently related to Theorem 4.1.

(i) In the deterministic case, Theorem 4.1(iii) can be found in [14, Corol-
lary 6.5].

(ii) In [1, Corollary 8], Problem 1.2 is considered in the special case when H =
RY and solved via (1.5). Almost sure convergence properties are established
under the following assumptions: (v,)nen is a decreasing sequence in |0, ]
such that } 7. = +00, Ay = 1, a, = 0, and the sequence (T )nen is
bounded a priori.

(iii) In [46], Problem 1.1 is addressed using Algorithm 1.3. The authors make
the additional assumptions that

(4.33) (Vvn e N) E(up|X,) =Bz, and a,=0.

Furthermore they employ vanishing proximal parameters (v, )nen. Almost
sure convergence properties of the sequence (z,)nen are then established
under the additional assumption that B is uniformly monotone.

(iv) The recently posted paper [47] employs tools from [18] to investigate the
convergence of a variant of (1.5) in which no errors (ay,)nen are allowed in
the implementation of the resolvents, and an inertial term is added, namely,

(4.34) (VneN) zpp1=z,+ N\ (J%A(:pn + pn(Tn — Tp—1) — Ynln) — azn),
where p, € [0, 1].
In the case when p, = 0, assertions (iii) and (iv)(h) of Theorem 4.1 are

obtained under the additional hypothesis that inf A\, > 0 and that the sto-
chastic approximations which can be performed are constrained by (4.33).

Next, we provide a version of Theorem 3.2 in which a variant of (1.5) featuring
approximations (A, )pen of the operator A is used. In the deterministic forward-
backward method, such approximations were first used in [39, Proposition 3.2] (see
also [14, Proposition 6.7]).

Proposition 4.4. Consider the setting of Problem 1.1. Let xg, (un)nen, and
(an)nen be random wvariables in L*(Q, F,P;H), let (Ay)nen be a sequence in 0, 1],
let (Yn)nen be a sequence in |0,29[, and let (Ay)nen be a sequence of mazimally
monotone operators from H to 2. Set
(4.35) (VneN) zpp1 =x,+ My (J%An (Tn — Ynun) + an — xn)
Suppose that assumptions (a)—(f) in Theorem 4.1 are satisfied, as well as the fol-
lowing:

(k) There exist sequences (an)nen and (Bn)nen n [0,+00[ such that
(4.36) (Vn e N)(Wx € H)  [[Jq,a,% = Jyax|| < anl[X]| + Bn-
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Then the conclusions of Theorem 4.1 remain valid.
Proof. Let z € F. We have
(4.37) (Vn €N} |zpt1—2[| < I=A)llwn—2zl|+Anl[Jy,A, (Tn—Tnun) =2||+Anllan].-
In addition,
(Vn € N) ||J%An (Tn — mun) — 2|
< HJ"/nAn (l’n - fynun) - J'YnAn (Z - ’ynBZ)H
+ 7.4, (2 = 10B2) = Jy,a(z — B2
[0 — Ynun — 2+ mBz| + [Jy,4,(z = 7B2) = Jy, Az = mB2)||
|20 — 2 — Y (Bzn — Bz) — yn(un — E(un | X5))||
(4.38) + Vol E(un [ Xn) — Bzl + ||J%LAn (z —nB2z) — J%LA(Z — 1mB2)|.

On the other hand, using assumptions (d) and (e) in Theorem 4.1 as well as (1.1),
we obtain as in (4.8)

(Vn € N) E(chn —Z— ’Yn(an - BZ) - ’Yn(un - E(un ‘ xn))||2 | xn)
25— 2||* = 70 (29 — (1 + 7)7) | Bzn — Bz|? +12¢u(2)
20 — 2|* + 72 ¢a(2),

<
<

<|
(4.39) <
which implies that
(4.40) (VneN) E(||lzn —z— Y (Bxy — Bz) — y(upn — E(un | X0)) ||| Xn)
< Nlan — 2l 4+ 70 V/Gal2).
Combining (4.37), (4.38), and (4.40) yields
(Vn € N)  E([[ent1 —2[[[Xn)
< = 2 + Ayav/Ga(2) + Awyal[E(un | Xn) — Ban|

+ Anlldqa, (z = mBz) — Iy, a(z — 1 B2)||
+ AnE(llan ||| X5)

< N = 2l + A/ MnCn(@) + v/ Al 1t | %) — Bt
+ Anlldy,a, (2 = WmB2) = Iy a(z — B2
(4.41) + A VE(||an]|?] X5).
Since [4, Proposition 4.33] asserts that
(4.42) the operators (Id — v,B),en are nonexpansive,
it follows from (k) that
(90 €N) Aulldynn (2= 3B2) — y.a(z — 1B2)]
< Ve = 7Bz + A
(4.43) <V Ann|[2l] + An .



28 P. L. COMBETTES AND J.-C. PESQUET

Thus,

(4.44) Z Al 3y, (Z = 1mBz) — Jy a(z — 1Bz) || < +o0.
neN

In view of assumptions (a)-(e) in Theorem 4.1 and (4.44), we deduce from (4.41) and
Proposition 3.1(ii) that (z,)nen is almost surely bounded. In turn, (4.42) asserts
that (z,, — B2y )nen is likewise. Now set

(4.45) (VneN)  ay = Jy A, (T — Yntn) — Iy, A(Tn — Yntn) + an.
Then (4.35) can be rewritten as

(4.46) (VneN) zpp1=z,+ N\, (J%A(azn — Yplp) + Gp — a:n)
However,

(Vn e N)  VE([lan[*[Xs)

< VB (n = Tntin) = o (@ — Yotin) 2] Xn)
(4.47) + VE(llan[*[Xn).
On the other hand, according to (k), assumption (d) in Theorem 4.1, and (4.42),

(v € N) Any/E(ds0nn (20 = ntin) = Jy,a(n = ntin)[2] L)
< A VE((anlzn = Yntnll + Bn)? [ Xn)
/\n\/E((O‘onn — B 4+ Yallun — Byl + B1)? | Xn)
A (120 = ¥0Bn || + vn vV E([[tn — Bzl [X0)) + Anfn
At (12 — 1 Bxn || + YnllE(un | Xn) — By |
+ Y VE([[un — E(un | X0n) 21 X0)) + AnBn
/\nan(Hxn — B || + | E(un [ Xn) — Bay||
+ Yav/TalBn — Bz|| + 10/ Cn(2)) + AnfBn

< VA0 (20 = 0Bl + Y0 v/ Al E(tn | Xn) — Ban||
(4.48) + v/TnlBazn — Bz|| + Y/ Ann(z)) + Anfn.

However, assumptions (c¢) and (d) in Theorem 4.1 guarantee that the sequences
(VAR||E(un | Xp) =By ||)nen and (1/Ann(z))nen are P-a.s. bounded. Since (Bxy,)nen
and (z, — ¥Bxp)nen are likewise, it follows from (k) and (4.42) that

(4.49) Z )‘n\/E(HJ%An (Tn — Yntn) = Jypa(@n — mun)[|?[Xn) < +o0,
neN

/

NN N

N

and consequently that
(4.50) > A VE([[an]?[Xn) < +oo.
neN

Applying Theorem 4.1 to algorithm (4.46) then yields the claims. O
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5. APPLICATIONS

As discussed in the Introduction, the forward-backward algorithm is quite ver-
satile and it can be applied in various forms. Many standard applications of The-
orem 4.1 can of course be recovered for specific choices of A and B, in particular
Problem 1.2. Using the product space framework of [2], it can also be applied to
solve systems of coupled monotone inclusions. On the other hand, using the ap-
proach proposed in [16, 20], it can be used to solve strongly monotone composite
inclusions (in particular, strongly convex composite minimization problems), say,

q
(5.1) find x € H such that z € Ax+ Y L ((BrODg)(Lpx — 1)) + px,
k=1

since their dual problems assume the general form of Problem 1.1 and the primal
solution can trivially be recovered from any dual solution. In (5.1), z € H, p €
10,400 and, for every k € {1,...,q}, ri lies in a real Hilbert space G, By: Gy —
26k is maximally monotone, Dy : G, — 2 is maximally monotone and strongly
monotone, B OD; = (BI;1 + D,;l)*l, and Ly € B (H,Gg). In such instances the
forward-backward algorithm actually yields a primal-dual method which produces
a sequence converging to the primal solution (see [20, Section 5] for details). Now
suppose that, in addition, C: H — H is cocoercive. As in [17], consider the primal
problem

q
(5.2) find x € H such that z € Ax+ Z Ly ((Bx ODy)(Lkx — rg)) + Cx,
k=1

together with the dual problem

(5.3) find vi € Gy, ..., v € G, such that
q
(Vke{l,....q})) —-ne-L(A+O! <z - Z LZ‘vl> + B} 'vi, + D v
=1

Using renorming techniques in the primal-dual space going back to [34] in the con-
text of finite-dimensional minimization problems, the primal-dual problem (5.2)—
(5.3) can be reduced to an instance of Problem 1.1 [20, 53] (see also [23]) and
therefore solved via Theorem 4.1. Next, we explicitly illustrate an application of
this approach in the special case when (5.2)—(5.3) is a minimization problem.

5.1. A stochastic primal-dual minimization method. We denote by I'y(H) the
class of proper lower semicontinuous convex functions. The Moreau subdifferential
of f € I'g(H) is the maximally monotone operator

(5.4) of: H—>2H:x»—>{u€H | (Vy € H) {y —x|u) +f(x) < f(y)}.

The inf-convolution of f: H — ]—o0,4+00] and h: H — ]—o0,+0o0] is defined as
fOh: H— [—o00, +00] : x — infyecy (f(y) —|—h(x—y)). The conjugate of a function f €
I'o(H) is the function f* € I'g(H) defined by (Vu € H) f*(u) = supyen((x | u) —f(x)).
Let U be a strongly positive self-adjoint operator in B (H). The proximity operator
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of f € I'g(H) relative to the metric induced by U is

1
(5.5) proxf H — H: x — argmin (f(y) + §Hx — yH%) ,
yeH
where
(5.6) (Vx € H) Ix[lu = /(x| Ux).

We have proxlﬁJ = Jy-15¢

We apply Theorem 4.1 to derive a stochastic version of a primal-dual optimization
algorithm for solving a multivariate optimization problem which was first proposed
in [17, Section 4].

Problem 5.1. Let f € T'o(H), let h: H — R be convex and differentiable with a
Lipschitz-continuous gradient, and let ¢ be a strictly positive integer. For every
ke {1,...,q}, let G; be a separable Hilbert space, let g € T'0(Gg), let ji € T'o(Gy)
be strongly convex, and let Ly, € B (H,Gy). Let G = Gy & --- @ G, be the direct
Hilbert sum of Gy, ..., G,, and suppose that there exists x € H such that

(5.7) 0 € Of(%) + > Lj(0gr 00ji) (LiX) + Vh(%).
k=1

Let F be the set of solutions to the problem

q
5.8 f(x 0j L h
(5.8) mlrilerﬁuze )+ ; gk Ojr) (Lgx) + h(x)

and let F* be the set of solutions to the dual problem

q

(5.9) minimize (f*Oh*) < ZLka> Z ge(vie) +ir(ve)),
vee k=1 k=1

where we denote by v = (vi,...,v,) a generic point in G. The problem is to find a

point in F x F*.

We address the case when only stochastic approximations of the gradients of h and
(J3)1<k<q and approximations of the functions f are available to solve Problem 5.1.

Algorithm 5.2. Consider the setting of Problem 5.1 and let W € B (H) be strongly
positive and self-adjoint. Let (f,)nen be a sequence in T'g(H), let (An)nen be a
sequence in ]0,1] such that ) yAn = +00, and, for every k € {1,...,q}, let
Ur € B (Gg) be strongly positive and self-adjoint. Let xqg, (un)nen, and (bp)nen be
random variables in L*(2, F,P;H), and let vo, (8n)nen, and (¢y)nen be random
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variables in L?(Q), F,P;G). Iterate

forn=0,1,...
q
UYp = pI'OX}:/Xil <xn — W<Z szk,n + Un>> + bn
k=1
(5.10) Tn1 = Tn + An(Yn — Tn)
fork=1,...,q
u-1!
{ Wh,n = ProX, (Vkn + Ur(Liyn — ) — Skn)) + Chin
Vkn+1 = Vkn + An(wk,n - Uk,n)-

Proposition 5.3. Consider the setting of Problem 5.1, let 2 = (Xp)nen be a
sequence of sub-sigma-algebras of F, and let (zp)nen and (vn)nen be sequences
generated by Algorithm 5.2. Let u € |0, +o0[ be a Lipschitz constant of the gradient
of ho WY/2 and, for every k € {1,...,q}, let v}, € |0, 400 be a Lipschitz constant
of the gradient of jj, o U,lc/Q. Assume that the following are satisfied:

(a) (VHEN) O-(l‘n’u ’vn’)Oén’én C xn - xn—i—l-

(b) Xnen AnVE(Ibn|[?[Xn) < 400 and 37, oy Anv/E(llen]?[Xn) < +o00.

(€) 2nen VAnllE(un [ Xn) = Vh(zy)|| < +o0.

(@) For every k € {L,....q}, Yen vAnl E(skn| ) = Vi (vn) | < +oc.

(e) There exists a summable sequence (Ty)nen in [0, +00[ such that, for ev-

ery (x,v) € F x F*, there exists ((n(x,V)) € (X)) such that

(/\nCn(X,v))neN € 61/2(%) and

neN

(5.11) (€ N)  E(un — ECtn | X)) + E(lsn — (s | 20 1%)
< Tn<uw<xn> SRR+ 3 1 () — wvw) T Galxov).
k=1

(f) There ezist sequences (on)nen and (Bn)nen @ [0,4+00] such that
Y oneN VAt < 400, Y0 5 Anfn < +00, and

(5.12) (Vn € N)(¥x € H) ||prox¥;/71x - prox}:NleH < ap x| + Bn-

(g) max{p,vi,...,vy} <2 (1 — \/2Z:1 ||U,1€/2LkW1/2||2>-

Then, the following hold for some F-valued random variable x and some F*-valued
random variable v:

(i) (xn)nen converges weakly P-a.s. to x and (v,)nen converges weakly almost
surely to v.
ii) Suppose tha is demiregular at every x € F. en (Tn)nen converges
(ii) Suppose that Vh is demiregul t Y F. Then (zp)ne g
strongly almost surely to x.
iii) Suppose that there exists k € {1,... such that, for every v € is
(iii) Suppose that there exists k € {1,...,q} such that, for every v € F*, Vi i
demireqular at vi. Then (Vkn)nen converges strongly almost surely to vy.

Proof. The proof relies on the ability to employ a constant proximal parameter in
algorithm (4.35). Let us define K=H® G, g: G — |—00,+00] : v = D7 _, gr(Vk),
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i: G = ]—o0,+00] : v = Y1 jk(vi), Li H = G: x (ka)lgkgq’ and U: G —
G: v (Uypvy,...,Uyvg). Let us now introduce the set-valued operator
(5.13) A: K = 2K: (x,v) — (0f(x) + L*v) x (— Lx+ dg*(v)),
the single-valued operator
(5.14) B: K— K: (x,v) = (Vh(x), Vj*(v)),
and the bounded linear operator
(5.15) V: K= K: (x,v) = (W x — L*v, —Lx + U !v).
Further, set
q
(5.16) v9=[1- Z HU,lc/QLle/?H2 min{p vt vt
k=1
and
(5.17) (VneN) 7, = VY [|V] 7.
Since (e) imposes that ) 7, < 400, we assume without loss of generality that
(5.18) sup 7, < 29 — 1.
neN
In the renormed space (K, || - |lv), V"'A is maximally monotone and V!B is coco-

ercive [20, Lemma 3.7] with cocoercivity constant 9 [43, Lemma 4.3]. In addition,
finding a zero of the sum of these operators is equivalent to finding a point in F x F*,
and algorithm (4.35) with =, = 1 for solving this monotone inclusion problem spe-
cializes to (5.10) (see [20, 43] for details), which can thus be rewritten as

(5.19) (Vn eN) (zpt1,Vn+1) = (Tn, vy)
+ A\ (Jv—lAn ((:cn, vp) — V_l(un, sn)) + a, — (zp, 'vn)),

where
(5.20) (Vn eN) a, = (by,cp)
and
(5.21) (VneN) Ap: K—2K: (x,v) — (0fn(x) + L*v) x (— Lx + 0g*(v)).
Then

(Vn € N)(V(x,v) € K) Jy-1p (x,v) = (y,proxlg{;1 (v+UL(2y — x))),
(5.22) where y = prox}/x_l(x — WL*v).

Assumption (b) is equivalent to >, .y Any/E([|an 3| X5) < 400, and assumptions
(c) and (d) imply that

(5.23) > VAENV T (1, 80) [Xn) = V7' B(tn, 80 lv < 400
neN

For every (x,v) € F x F*, assumption (e) yields
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(v e N)  E(IV™ (un, s0) = E(V™H (un, 80) | X0) [ %)

< IV (Ellun = E(un | X0)[171X0) + E(llsn — E(sn | Xn)[7 X))
< IV (F(IVh(zn) = VA + [[Vi*(vn) = Vi*(v)[]?)
+Cn(x,v))
(5.24) < Tl VB2, o) — VIB(x, V) ||3 + o (%, V),
where
(5.25) (VneN) Culx,v) = [V Gulx,v).

According to assumption (e), (gn(x,v))neN € (X)), and ()\nzn(x,v))neN €
61/2(3{). Now, let n € N, let (x,v) € Kf71 and set y = prox}’vil(x — WL"v). By
(5.22) and the nonexpansiveness of proxg* in (G, | - [|y-1), we obtain

Hy-1a, (x:v) = Jy-1a (%, VI

< IVII(lly = 91I?

+ Hproxlg{l(v + UL(2y — x)) — proxlgjfl(v + UL(2y — x))HZ)
VI (ly = 512 + 4Ly = )13, )

(5.26) IV + UL Iy — 512

It follows from (f) that

NN

[y-1a, (6 ¥) = Jy-1a 0, V)[lv
< IVIMIE +2) U
||p1r0x}N71 (x — WL"v) — prox}/\F1 (x — WL*v)||

IV + 202 L) (nlx = WL + B,)
VI 20012 IL ) (e (X + WL [Iv]]) + 82)
(5.27) < 8| (%, V) [Iv + B,
where

an = V2 V]2 (1 4 2|0 Y2(IL]) max{1, WL}V 2,
(5.28) = Y2 e
Bn = IVII/2[|(1 + 2| U[[/2[IL]]) By

Thus, >, cny VAnn < +00 and ), oy AnBn < 400. Finally, since v, = 1, (5.18)
implies that sup,en(1 + 7o)y < 29. All the assumptions of Proposition 4.4 are
therefore satisfied for algorithm (5.19). O

Remark 5.4.

(i) Algorithm 5.10 can be viewed as a stochastic version of the primal-dual
algorithm investigated in [20, Example 6.4] when the metric is fixed in the
latter. Particular cases of such fixed metric primal-algorithm can be found
in [12, 15, 30, 34, 35].
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(ii) The same type of primal-dual algorithm is investigated in [5, 43] in a dif-
ferent context since in those papers the stochastic nature of the algorithms
stems from the random activation of blocks of variables.

5.2. Example. We illustrate an implementation of Algorithm 5.2 in a simple sce-
nario with H = R by constructing an example in which the gradient of h is available
only through the observation of stochastic data and the approximation conditions
are fulfilled.

For every k € {1,...,q} and every n € N, set s;,, = Vj; (k) and suppose that
(Yn)nen is almost surely bounded. This assumption is satisfied, in particular, if
domf and (b,)nen are bounded. In addition, let

(5'29) (Vn € N) X, = U($Oa Vo, (Kn’7 Zn’)Ogn/<mna (bn/a cn’)lgn/<n)a

where (my,)nen is a strictly increasing sequence in N such that m,, = O(n'*?) with
d €]0,400[, (Kn)nen is a sequence of independent and identically distributed (i.i.d.)
random matrices of RM*¥ and (z,)nen is a sequence of i.i.d. random vectors of
RM . For example, in signal recovery, (K, )n,eny may model a stochastic degradation
operators [19], while (z,)nen are observations related to an unknown signal that
we want to estimate. The variables (K, zn)nen are supposed to be independent of
(bn, € )nen and such that E||K||* < +o00 and E||2o|[* < +00. Set

1
(5.30) (¥x €H) h(x) = 5EHKOX — 2|2
and, for every n € N, let
1 Mpr1—1
5.31 Uy = K, Kz, — 2y
(5:31) e 2 )

be an empirical estimate of Vh(z,). We assume that A\, = O(n™"), where k €
]1—4,1]N[0,1]. We have

(532)  (eN) E(un|Xn) - Vh(zn) = —— (Qoumn — Tom, )
Mp+1
where, for every (n1,n2) € N? such that ny < na,
no—1 no—1
(5.33) Qnimy = Y (K Kw—E(Kj Ko))and 1y, my = Y (Kzw—E(K] 20)).
n'=nq n'=nq

From the law of iterated logarithm [24, Section 25.8], we have almost surely
(534) Tm —d@eml o png g —roml
n=+eo  /my, log(log(my)) ooy /my, log(log(m,))

Since (Yn)nen is assumed to be bounded, there exists a [0, +oo[-valued random
variable 7 such that, for every n € N, sup,,cy ||yn|| < 1. Therefore,

(5.35) (Vn e N) lzall < [lzoll + 7.
Altogether, (5.32)—(5.35) yield

(5:36) AlEun|Xa) — Vh(ay)|? = O reiCBloEl)y _ o (losfortnl)y

mn+1

< 4o0.
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Consequently, assumption (c) in Proposition 5.3 holds. In addition, for every n € N,
1

Mmp41

(5.37) up, — E(un, | X)) =

(an yMn 41 Tp — Tmn,mn+1 )

which, by the triangle inequality, implies that

E(l[un — E(un | xn)Hz | Xn)

1
S o B((1Qma o [zl + 72051 1)1 )
n+1

2
(5.38) S (ENQmmr I* 121 + Ellrim, e 1)
n+

Upon invoking the i.i.d. assumptions, we obtain

EllQmam i I = (M1 — ma)E[ K Ko — E(K( Ko)|®
Ellrm,0 mp0 1P = (g1 — ma)E[ Ky 20 — E(Kq 20) |7

and it therefore follows from (5.35) that

(5.39)  (¥neN)

B B 2190y — of Mt~ M _ 50 1
5:40) G = Ellun — Bl [ X)) = O™ ) = 0( )
and
1
(5.41) MG = O 577 )-

Thus, assumption (e) in Proposition 5.3 holds with 7,, = 0.
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