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STRUCTURE OF SOLUTIONS OF OPTIMAL CONTROL
PROBLEMS ON LARGE INTERVALS: A SURVEY OF RECENT
RESULTS

ALEXANDER J. ZASLAVSKI

ABSTRACT. In this paper we survey our recent results on the structure of approx-
imate solutions of autonomous optimal control problems. We discuss turnpike
properties of approximate solutions as well as their structure in regions close to
the endpoints of the time intervals.

1. INTRODUCTION

The growing significance of the study of (approximate) solutions of variational
and optimal control problems defined on infinite intervals and on sufficiently large
intervals has been further realized in the recent years [2,4-9,12-18, 21, 26, 28, 29,
32,33,35,36,38,39,54,55]. This is due not only to theoretical achievements in this
area, but also because of numerous applications to engineering [1,11,24,39], models
of economic dynamics [10, 11,19, 23,27, 31, 34, 37, 39, 40, 54, 55|, the game theory
[20,22,39,48,54], models of solid-state physics [3] and the theory of thermodynamical
equilibrium for materials [25,30]. In this paper we survey our recent results on the
structure of approximate solutions of autonomous optimal control problems. We
discuss turnpike properties of approximate solutions as well as their structure in
regions close to the endpoints of the time intervals.

In the first part of the paper we analyze the structure of approximate solutions
of an autonomous nonconcave discrete-time optimal control system with a compact
metric space of states, on large intervals, describing a general model of economic
dynamics [40,43,44,46,47,49,51,54,56,58,59]. We consider optimal control systems
which are discrete-time analogs of Lagrange problems in the calculus of variations.
These systems are described by a bounded upper semicontinuous objective function
which determines an optimality criterion. We also discuss optimal control systems
which are discrete-time analogs of Bolza problems in the calculus of variations.
These systems are described by a pair of objective functions which determines an
optimality criterion.

In the second part of the paper we study the structure of approximate solutions
of autonomous variational problems with a lower semicontinuous extended-valued
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integrand considered in [41, 42, 45,50, 54, 55,57,60] and discuss our recent results
obtained for Lagrange and Bolza problems. We show that the turnpike phenomenon
holds for approximate solutions of these variational problems on large intervals and
study the structure of approximate solutions in regions close to the endpoints of the
time intervals.

2. DISCRETE-TIME OPTIMAL CONTROL PROBLEMS

Let (X,p) be a compact metric space and {2 be a nonempty closed subset of
X x X.
A sequence {z:};2, C X is called an (Q)-program if (x¢, 441) € € for all integers
t > 0. A sequence {th}tTiTl C X, where integers T, 15 satisfy 0 < T} < 15, is called
an (2)-program if (x4, z441) € Q for all integers t € [T1, T2 — 1].
We analyze the problem
T—1
(P1) Z v(x¢, Tpy1) — max, {(xt,xtﬂ)}g:ol CQ, v9g=2z1, TT = 29
t=0
which was considered in [43,54], the problem

T—1
(P2) > (@ wi1) = max, {(z,241) N CQ, 2o =2
t=0
which was studied in [40,54] and the problem
T-1
(P3) > (@, wi41) = max, {(z,200) ) C Q,
t=0

considered in [53], where T' > 1 is an integer, 21, 20 € X and the objective functin
v:Q — R'is bounded and upper semicontinuous. These optimal control problems
are discrete-time analogs of Lagrange problems in the calculus of variations.

It should be mentioned that these optimal control problems describe a general
model of economic dynamics. For this model the set X is the space of states, v is
a utility function and v(z, z44+1) evaluates consumption at moment ¢. The interest
in discrete-time optimal problems of types (P1)-(P3) also stems from the study
of various optimization problems which can be reduced to them [3,23-25, 30, 39].
Optimization problems of the types (P1)-(P3) with 2 = X x X were considered
in [39].

In [40,43,44,46,47,49,53,54] we analyzed a turnpike phenomenon for the approx-
imate solutions of problems (P1)-(P3) which is independent of the length of the
interval T', for all sufficiently large intervals. The turnpike phenomenon holds if the
approximate solutions of the optimal control problems are determined mainly by
the objective function v, and are essentially independent of T" and z1, zo. Turnpike
properties are well known in mathematical economics. The term was first coined
by Samuelson in 1948 (see [37]).

Problems (P1), (P2) and (P3) were analyzed in [40,43,53,54], where we showed,
under certain assumptions, that the turnpike property holds and that the turnpike
Z is a unique maximizer of the optimization problem v(z,z) — max, (z,z) € Q.
Namely, we considered a collections of (v)-good programs which are approximate
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solutions of the corresponding infinite horizon optimal control problem associated
with the objective function v. It was shown that the turnpike property holds and =
is the turnpike if the following asymptotic turnpike property holds: the all (v)-good
programs converge to .

It [53] we showed that the asymptotic turnpike property holds for most cost
functions in the sense of Baire category. In other words, the asymptotic turnpike
property holds for a generic (typical) cost function.

In this paper we discuss the structure of approximate solutions of the problems
(P2) and (P3) in regions close to the endpoints of the time intervals and present
the results obtained in [56]. The results of [56] show that in regions close to the
right endpoint 7" of the time interval approximate solutions are determined only by
the objective function, and are essentially independent of the choice of interval and
endpoint value z;. For the problems (P3), approximate solutions are determined
only by the objective function also in regions close to the left endpoint 0 of the time
interval.

More precisely, we define Q = {(y,z) € X x X : (z,y) € Q} and 0(y,z) = v(x,y)
for all (z,y) € © and consider the collection P(v) of all solutions of a corresponding
infinite horizon optimal control problem associated with the pair (v,2). For given
€ > 0 and an integer 7 > 1, we show that if T is large enough and {z;}L, is
an approximate solution of the problem (P2), then p(xp_¢,y:) < € for all integers
t € [0, 7], where {y:}:°, € P(v).

Moreover, using the Baire category approach, we show that for most objective
functions v the set P(v) is a singleton.

We also discuss the results on the structure of solutions of optimal control systems
obtained in [58,59] which are discrete-time analogs of Bolza problems in the calculus
of variations. These systems are described by a pair of objective functions which
determines an optimality criterion.

3. THE TURNPIKE RESULTS FOR DISCRETE-TIME LAGRANGE PROBLEMS

Let (X,p) be a compact metric space and {2 be a nonempty closed subset of
X x X. We denote by M(f2) the set of all bounded functions u : @ — R!. For
every function w € M () define

[w]|| = sup{|w(z,y)| : (z,y) € Q}.
For each z,y € X, each integer 7' > 1 and each u € M() set

T—1
o(u,T,x) = sup{z w(xg, Tiv1) : {xi}iTZO is an (Q) — program and zo = z},
i=0
T—1
o(u,T,z,y) = SUP{Z u(wi, Tig1) :
i=0
{:ci}g;o is an () — program and z¢ = z, 7 = y},
T—1
o(u,T) = sup{z u(zi, zig1) : {x} g is an () — program}.
i=0

(Here we use the convention that the supremum of an empty set is —o0).
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For every pair of points x,y € X, every pair of nonnegative integers 77,75 which
satisfies T1 < T3 and every finite sequence of functions {ut}tTi}ll C M(Q) define

Tr—1

U({Ut}fi}3»T13T27$) = sup{ Z U (T, Tey1) -
t=T1

{xt}tTiTl is an () — program and z7, = x},

To—1
U({Ut}tTi:_ql,Tl,me,y) = sup{ Z (T, Teg1) -
t=T1

{xt}tTiTl is an (Q) — program and zp, =z, xp, =y},

To—1
a({ut}fi}ll,Tl,Tg) = sup{ Z up (@, Tyg1) {l“t}tTiTl is an () — program},
t=T1
To—1
8({ut}?i;117T13T27y) = sup{ Z Uy (Tg, Tey1)
t=T1

{xt}fiTl is an (Q2) — program and z7, = y}.

Suppose that v € M() is an upper semicontinuous function and that there
exist a point Z, € X and real positive constants ¢, and 7, such that the following
assumptions hold.

(A1) {(z,y) € X x X : p(x,Zy), ply,Ty) < Ty} C Q and the function v is
continuous at the point (Z,, Z,).

(A2) o(v,T) < Tv(Zy, ZTy) + €y for all integers T > 1.

Clearly, for every positive integer T and every (Q)-program {z;}._,, we have

T-1

> (@ wi1) < o(0,T) < To(Zy, Ty) + 6.
t=0

The relation above easily implies the following result.

Proposition 3.1. For every (Q)-program {x:};2, either the sequence
T-1
{Z v(@, Ber1) — To(To, To) 72
t=0

s bounded or limT_m)[ZtT:_Ol v(xt, Tep1) — T(Ty, Ty)] = —00.

We say that an (Q)-program {z;}2°, is (v, Q2)-good if the sequence

T—1
{Z v(2t, Ter1) — T0( Ty, Ty) } T2
=0

is bounded.

We suppose that the following assumption holds:

(A3) (the asymptotic turnpike property or, briefly, (ATP)) For every (v, 2)-good
program {z;}72,, im0 p(z¢, Z,) = 0.
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Assumptions (A1) and (A3) imply that |[v]| > 0 if (Z,, Z,) is not an isolated point
of the metric space X x X.

Several examples of optimal control problems which satisfy assumptions (Al)-
(A3) are discussed in [40,43,54].

In this paper we denote by Card(A) the cardinality of a set A and suppose that
the sum over empty set is zero.

It is easy to see that for every pair of nonnegative integers 711,75 for which

T < Ty, every finite sequence of functions {wt}tlel C M(€2) and every pair of

points z,y € X for which p(z,Z,), p(y,Z,) < 7, the value 0({wt}t T1 T, 1o, x,y)
is finite.

Let T be a positive integer. We denote by Y7 the collection of all x € X for
which there is an (Q)-program {z;}_, such that zo = 7, and 1 = = and denote
by Yr the collection of all points x € X for which there is an (Q)-program {z:}]_,
satisfying that xo = x and zp = Z,.

The following two theorems stated below were established in [47]. They show that
the turnpike phenomenon holds for approximate solutions of the optimal control
problems of the types (P1) and (P2) with objective functions us, ¢ =0,...,7 — 1
belonging to a small neighborhood of v.

Theorem 3.2. Lete € (0,7,), Lo be a positive integer and My be a positive number.
Then there exist a natural number L and a positive number § < € such that for
every natural number T > 2L, every finite sequence of functions {u;} o € M(Q)
for which

|ug —v|| <6, t=0...T —1,
and every (Q)-program {x;}L_, for which
o € YLO, T € YLO,

T-1
Zut 2, ve41) > o({u b =g, 0, T, 2o, 27) — My
=0

and
T+L—-1

Z Ut($t,$t+1) > U({ut}T+L 177_77— + L7£CT7'7;T+L) -9

t=1

for every nonnegative integer T < T—L there exist integers 7y € [0, L], 7o € [T—L,T]
such that

P, ZTy) <€, t=T1,...,To.
Moreover, if p(xo,Ty) < 0, then 71 = 0 and if p(xr,Ty) < 0, then 7o =T
Theorem 3.3. Let a positive number € < 7,, Lg be a positive integer and My be a
positive number. Then there exist a positive integer L and a positive number § < €

such that for every natural number T > 2L, every finite sequence {ut}tT:_Ol C M(Q)
for which

lug —v|| <6, t=0....,T—1
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and every (Q)-program {x;}1_, for which

T-1
20 € Yio, Y iz, mi41) = o({u}{', 0, T, x0) — My
t=0
and
T+L—1
Z ut(:’ctuxt-‘rl) > U({ut}T+L ! y T, T + L)xTa xT+L) - 6
t=1

for every integer 7 € [0, T— L] there exist a pair of integers 7 € [0, L], 7o € [T—L,T)
such that

p(xe,Ty) <€, t=T1,...,T0.
Moreover if p(xg, Z,) < 0, then 71 = 0.

The next theorem obtained in [53] establishes the turnpike property for approx-
imate solutions of the optimal control problems of the type (P3).

Theorem 3.4. Let a positive number € < 7, and M be a positive number. Then
there exist a positive number § < min{l, M'} and a positive integer L such that the
following assertions hold.

1. Assume that a natural number T > L, a finite sequence of functions {Ut}t o C
M(Q) and an ()-program {z;}I_, satisfy

(3.1) lug — vl <68, t=0,...,T —1,
T-1

(3.2) > wg(we wi) = o({ud =y, 0,T) — M.
t=0

Then

Card({t € {0,..., T} : p(x¢,Ty) > €}) < L.
2. Assume that a natural numberT > 2L, a finite sequence of functions {ut}th_o1 C
M(Q) and that an (Q)-program {x;}L_, satisfy (3.1), (3.2) and
T-1
(3.3) Z wp(xy, 2041) > o({w} 200, T, 2o, x7) — 0.

~+

Then there exists a pair of integers 1 € [0, L] and 7o € [T — L, T such that
p(fL‘t,{f‘v) <et=T11,...,To.
Moreover, if p(xo,Z,) < 6, then 71 = 0 and if p(xp,Ty) < 9, then 7o =T.
3. Assume that a sequence of functions {u;};2, C M() and that an (2)-program

{z4}72, satisfy
|lug — v|| <6 for all integers t > 0,
T-1

lim Sup[z (g, ve41) — o({ur } =g, 0, T)] > — M.

T—oo 7
Then the inequality
Card({t is a nonnegative integer such that p(z¢, T,) > €}) < L

18 true.
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4. Assume that T is a positive integer, a finite sequence of functions {ut}tT:_Ol C
M(Q), an (Q)-program {z:}1_, satisfy (3.1), (3.2), (5.3) and that pair of nonneg-
ative integers 11, T satisfies Ty < To < T'. Then

To—1
> wzy, i) > o({ued 27 T, To) — (AL + 2)(2lJo]| +2) — M — 1.
t=T,

It is clear that Assertions 1 and 2 establish the turnpike phenomenon for ap-
proximate solutions of the problem (P3). Assertion 3 shows that the turnpike
phenomenon holds for approximate solutions of the corresponding infinite horizon
problem. Moreover, they also show that the turnpike phenomenon is stable under
small perturbations of the objective function v.

In this paper we use a well-known notion of an overtaking optimal program
[39, 54].

We say that an (Q)-program {z;}2°, is (v, (2)-overtaking optimal if for every
(Q)-program {y; }7°, for which yg = z¢ the relation

T—1
limsup > " [v(ys, yer1) — v(g, 741)] <0
T—o00 —0
is valid.

The following result obtained in [40] establishes the existence of an overtaking
optimal program.

Theorem 3.5. Assume that a point x € X and that there exists a (v,Q)-good
program {z:}7°, for which that xo = x. Then there exists an (v,Q)-overtaking
optimal program {x}}5°, satisfying xf = x.

The following result was proved in [40]. It provides necessary and sufficient
conditions for overtaking optimality.

Theorem 3.6. Assume that {x:}72, is an (2)-program and that there exists a
(v, Q2)-good program {y:}52, satisfying that yo = xo. Then the program {x}72, is
(v, Q)-overtaking optimal if and only if the following conditions hold:

(i) imy—yo0 p(t, Tyy) = 0;

(i) for every positive integer T and every ()-program {y;}1_, for which yo = xo,
yr = x7 the relation ZtT:_Ol V(Y Yry1) < Efz_ol v(x¢, xe41) s valid.

The next two results were proved in [56]. They show the uniform convergence of
overtaking optimal programs to Z,.

Theorem 3.7. Let Ly be a positive integer and € be a positive number. Then there
exists a positive integer Ty such that for every (v,Q)-overtaking optimal program
{x:}5°, which satisfies xg € Yr, the relation p(w:,T,) < € is valid for all natural
numbers t > Ty.

Theorem 3.8. Let € be a positive number. Then there exists a positive num-
ber § such that for every (v,Q)-overtaking optimal program {x:}7°, which satisfies
p(xo,Ty) < 6 the inequality p(xy, T,) < € is valid for all nonnegative integers t.
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It is easy to see that (M(Q),] - ||) is a Banach space. We denote by Mg(2) the
collection of all upper semicontinuous functions v € M(2) such that there exist a
point %, € X and a pair of numbers ¢, > 0 and 7, € (0, 1) such that

{(z,y) € X x X 1 p(z,70), p(y,Tv) < T} C 9,
v is continuous at (Z,, Z,),
o(v,T) < Tv(Zy,Ty) + ¢, for all integers T' > 1.

In other words, M(€2) is the collection of all upper semicontinuous functions
v € M(R) such that assumptions (Al) and (A2) are true with some z, € X,
v € (0,1), ¢, > 0. We associate with every function v € My(f2) the triplet
(T, Cos o).

We denote by M. o(€2) the collection of all continuous functions v € My (§2) and
denote by M, (2) and My(Q) the closure of subspaces M.o(2) and My(Q) in
M(Q), respectively.

The sets M. (2) and M(f2) are equipped with the metric d which induced by
the norm || - [|: d(u1,u2) = [[ur — uzl|, u1,u2 € Mo(92).

For every function u € My(€2) and every positive number 7 define

By(u,7) = {w € Mo(Q) : ||u—w]| <r}.
We denote by M., (£2) the collection of all functions v € My(Q2) such that for
every (v, {2)-good program {z;}3°, we have

lim p(z;,%,) = 0.
1—00

Define
M (Q) = M (Q) N M (Q).

The next result was obtained in [53].

Theorem 3.9. M. (Q) contains a set which is a countable intersection of open
everywhere dense subsets of Mo(§2) and Mc.(§2) contains a set which is a countable
intersection of open everywhere dense subsets of M. o(£2).

4. PRELIMINARIES

We use the notation, definitions and assumptions introduced in Section 3. Let
v € M(2) be an upper semicontinuous function. Suppose that z, € X, 7, € (0, 1),
¢y > 0 and that assumptions (Al), (A2) and (A3) hold.

For every positive number M we denote by Xj; the collection of all points z € X
such that there exists a (Q)-program {z;}7°, satisfying o = = and that for all
positive integers T' the relation

T—1

Z v(x, 1) — TO(Zy, Ty) > —M

t=0
is true. It is clear that U{Xs : M € (0,00)} is the collection of all z € X for which
there is a (v, 2)-good program {z;}7°, such that zo = =.

The next proposition follows from the boundedness of the function v.

Proposition 4.1. Let T' be a positive integer. Then there is a positive number M
for which Ypr C X;.
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The next auxiliary proposition is true.

Proposition 4.2. Let M be a positive number. Then there exists a positive integer
T for which X C Y.

For every point z € X \ U{X s : M € (0,00)} put

7w’ (x) = —o0.
Let
e U{Xny: Me(0,00)}.
Set
T—1
7w (z) = bup{hmsupz (@, Tr1) — (T, To))
T—oo _
{24}, is an (©2) — program such that xg = x}.
Evidently,
—o0o < 7 (x) <G
and

¥(x) = sup{hmsupz (@, Tpg1) — V(To, Ty))

T—oo

{z}i2, is an (v,2) — good program such that z¢g = z}.
We denote by P(v, z) the collection of all (v, 2)-overtaking optimal programs {z;};2,,
satisfying xy = x. Theorem 3.5 implies that the collection P(v,x) is nonempty.
It should be mentioned that the function 7¥(x), x € X which plays an important
role in our study of the structure of approximate solutions on large intervals in the

regions close to the endpoints.
The next two propositions easily follow from the definitions above.

Proposition 4.3. 1. Let {z:}2, be a (v,2)-good program. Then for every non-
negative integer t the inequality
(1) > v(@t, Tey1) — V(To, Ty) + 7 (Te41)
is valid.
2. Let T be a positive integer and {x;}_, be an (Q)-program satisfying ©°(xr) >
—o0. Then the inequality
(@) = v(2e, Teg1) — 0(To, To) + 7 (Te41)

holds for all integerst =0,...,T — 1.

Proposition 4.4. Letz € U{Xr: M € (0,00)} and {x}52, be a (v, Q)-overtaking
optimal program satisfying xo = x. Then the equality

—hmsupz o1 41) = (0 52)

T—o00

1s valid.
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Corollary 4.5. Let {z:}2, be a (v,Q)-overtaking optimal and (v,2)-good program.
Then for every nonnegative integer t the equality
T (1) = v(@e, Teg1) — v(To, To) + 7 (Te41)

s valid.

Define

sup(m?) = sup{n“(z) : z€ U{Xpr: M € (0,00)}},
Xy={zeU{Xy: Me(0,00)}: n¥(x) >sup(n’) — 1}.

The following propositions were obtained in [56].
Proposition 4.6. 7¥(z,) = 0.
Proposition 4.7. The function ¥ is finite-valued in a neighborhood of the point
Z, and continuous at the point T,.

Proposition 4.8. Let g € U{X); : M € (0,00)} and {x:};2, € P(v,z0). Then

the equality
T-1

7(20) = lim 3" (v, 2es1) — (@0, 7))

T—o0
t=0

s valid.
Proposition 4.9. There exists a positive integer L, for which X, C Y.
Proposition 4.10. The function ¥ : X — R' U {—o0} is upper semicontinuous.

Define
D) ={z e X : n%(x) =sup(x")}.
It is clear that the set D(v) is nonempty and closed subset of the metric space X.
The next results are obtained in [56].

Proposition 4.11. Let {x¢}7°, be a (v,Q)-good program such that for every non-
negative integers t the equality
V(@ Te1) = 0(To, To) = 7 (21) — 7 (T141)
is valid. Then {z}2, is a (v, Q)-overtaking optimal program.
Proposition 4.12. For every positive number € there is a positive integer T, such

that for every point z € D(v) and every (Q)-program {x:}52, € P(v, z) the inequality
(x4, Ty) < € is true for every natural number t > T..

In order to analyze the structure of approximate solutions of the problems (P2)
and (P3) on large intervals in the regions close to the endpoints we introduce the
following notation and definitions.

Define

Q={(r,y) € X x X : (y,z) € Q}.

Evidently, Q is a nonempty closed subset of the metric space X x X and
{(z,y) € X x X'+ p(z,Z0), p(y,Tv) < To} C Q.
Then M() is the collection of all bounded functions u : Q — R! with
lull = sup{ju(2)| : = € Q}.
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For every function u € M(Q) define a functin 4 € M(Q) as follows:

u(x,y) = uly, =), (z,y) € Q.

Evidently, v — u, u € M(2) is a linear invertible isometry operator.
Let Th < 75 be nonnegative integers and let a finite sequence {xt}ng be an

(©)-program. Define a finite sequence {:Tct}tTiTl C X as follows:
Tt = xr—ty1y, t=T1,...,T5.

Evidently, {:Et}’fiTl is an (Q)-program.
Assume that a finite sequence of functions {ut}?i}ll C M(Q). It is clear that

To—1 Ty—1
E Ury—t41,—1(Tt, Teg1) = E Uy — 4Ty —1 (XTy— 44Ty —15 TTy—t4+T1 )
t=T1 t=T1
To—1
= E ’U,t(.’L't,.Z'H_l).
t=T1

The equality above implies the following proposition.

Proposition 4.13. Let T be a natural number, M be a nonnegative number, a
finite sequence of functions

{ui=y' € M(Q)
and let {m%i)}fzo, i =1,2 be ()-programs. Then the inequality

T-1 . T-1 ) ,
1
> uilef” 2 > Y wa? ) - M
t=0 =0
is valid if and only if

T-1 . T-1 ) N
Z aT_t_l(fE,E )7j§—1i-)1) 2 ﬁT—t—l(fg )’jg-i-)l) -M
t=0 =0

The next result easily follows from Proposition 4.13.

Proposition 4.14. Let T be a positive integer, M be a nonnegative number, a finite
sequence of functions {u;}l—g C M(Q) and let {x;}}_, be an (Q)-program. Then
{z,}E, is an (Q)-program and the following assertions are true

if EtT:_Ol wp(zg, we1) > o({u b, 0,T) — M, then

~
-

Ur—4—1(T, Tyy1) > o({tr—1-1}1—g,0,T) — M;
t

if Zg:ol ug(Ty, Tpg1) > J({ut}tT:Bl, 0,7, x0,x7) — M, then

T

Il
=)

1

Ur—t—1(Tt, Tey1) > o({Ur—1-1}g,0, T, o, T1) — M;
=0
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if oL ue(we, wern) > 6 ({ue} L 0, T, wp) — M, then
T—1

Z g1 (Te, Ze11) = o({tr—1-1}1—g 5 0, T, Zo) — M;
=0

if Eth_o1 we (e, Tog1) > 0({Ut}tT:_01, 0,T,x0) — M, then
T-1
> 1T, Tig1) = ({tUir—e-1}i' 0,7, Tr) — M.
=0

The following proposition was proved in [56].

Proposition 4.15. Let v € M(2) be an upper semicontinuous function. Suppose
that , € X, 7, > 0, &, > 0 and that assumptions (A1), (A2) and (A3) hold. Then
the function v is upper semicontinuous,

{('Ivy) € X xX: p(,I,..’fv), p(ya ‘,EU) S FU} - Qa
the function v is continuous at the point (T, T),
o(0,T) < To(Zy,Ty) + & for all integers T > 1
and for every (v,Q)-good program {x:}°, the equality
Jim ot ) =0
holds.
Proposition 4.15 implies that, if a function v € M(Q) is upper semicontinuous and
satisfies assumptions (A1)-(A3), then the function o is also upper semicontinuous

and satisfies assumptions (A1)-(A3). Therefore all the results stated above for the
pair (v, 2) are also valid for the pair (7, €2).

5. STRUCTURE OF SOLUTIONS OF LAGRANGE PROBLEMS IN THE REGIONS CLOSE
TO THE ENDPOINTS

We use the notation, definitions and assumptions introduced in Sections 3 and 4.
The results of this session were obtained in [56].

The following result describes the structure of approximate solutions of the prob-
lems of the type (P2) in the regions close to the right endpoints.

Theorem 5.1. Suppose that a function v € M(Q) is upper semicontinuous, a point
Ty € X, Ty, Gy are positive numbers and that assumptions (A1), (A2) and (A3) hold.
Let Lo, 19 be positive integers and let € be a positive number. Then there exist a
positive number § and a natural number Ty > 19 such that for every natural number
T > Ty, every finite sequence of functions {ut};f:_ol C M(R2) for which

lug — o] <6, t=0...,T—1
and every (Q)-program {x;}1_, for which

T-1

z0 € YL, Z ue(e, we1) > o({wk{—g', 0,7, m9) — 6
t=0



OPTIMAL CONTROL PROBLEMS ON LARGE INTERVALS 135

there exists an (§)-program
{27120 € U{P(v,2) : 2€D(v)}
which satisfies

plxr—, ;) <€, t=0,...,70.

Recall that U{P(v,2) : 2 € D()} is the collection of all (v, Q)-overtaking optimal
programs {z} }?°, for which that z) is the maximizer of the function 7°.

The next theorem describes the structure of approximate solutions of the prob-
lems of the type (P3) on large intervals in the regions close to the endpoints.

Theorem 5.2. Suppose that a function v € M(Q) is upper semicontinuous, a point
Ty € X, Ty, € are positive numbers and that assumptions (A1), (A2) and (A3) hold.
Let 19 be a positive integer and let € be a positive number. Then there exist a positive
number 0 and a natural number Ty > 9 such that for every natural number T > Ty,
every finite sequence of functions {ut}Z:Bl C M(R) for which

|lug — vl <68, t=0...,T -1
and every (Q)-program {x;}L_, for which

T-1

> w(ze, xe1) > o({udi—g,0,T) = 6
t=0

there exist an (2)-program

{vi Y20 € H{P(v,2): z€ D(v)}
and an (Q)-program

{zt}i20 € W{P(0,2) : 2€D(0)}
which satisfy for all integerst =0, ..., 79,

p(fotvx:) <e, P(!Tt,y;tk) <e

Proposition 5.3. Suppose that a function v € M(Q) is upper semicontinuous, a
point T, € X, Ty, G, are positive numbers and that assumptions (A1), (A2) and
(A3) are valid. Let 19 be a positive integer and let € be a positive number. Then
there exist a positive number § and a natural number Ty > 19 such that for every
function u € Bg(v,r) N M, (Q) the following assertions are true:

for every sequence {z;}2, € U{P(u,2): z € D(u)} there exists a sequence

{w}iZo € U{P(v,2) 1 2 € D(v)}
such that the inequality p(x¢,y¢) < € holds for allt =0,...,79;
for every sequence {x};2, € U{P(u,z): z € D(u)} there exists a sequence
{w}iZo € U{P(v,2) : 2 € D(v)}
such that the inequality p(x¢,y¢) < € is valid for all integers t =0, ..., 79.

Note that the mapping v — 9, v € M(Q) is a linear isometry which has the
inverse. It is clear that

v € Mo(Q) for all v € My(Q),

RS ./\/lao(ﬂ) for all v € MC,O(Q),



136 A. J. ZASLAVSKI

v € M,(Q) for all v € M, (),
V€ Me(Q) for all v € M (),
v € Mo(Q) if and only if v € M(£),
v € Meo() if and only if v € M o(Q).

The following generic result establishes that for most objective functions v the
collections U{P(v,2) : z € D(v)} and U{P(v,2) : z € D(v)} are singletons. In
this case approximate solutions of the problems of the types (P2) and (P3) on large
intervals have a simple structure in the regions close to the endpoints.

Theorem 5.4. Let M be either Mo(2) or Mo(2). Then there exists a subset
F CMNM.(Q) which is a countable intersection of open everywhere dense subsets
of M such that for every function v € F there exists a unique pair of points z,zZ € X
for which

7(2) = sup(r®), 7°(z) = sup(r®)
and there exist a unique (v, Q)-overtaking optimal program {z;}?2, for which zp = z
and a unique (v,2)-overtaking optimal program {z;}22, for which Zp = Z.

6. THE FIRST CLASS OF DISCRETE-TIME BOLZA PROBLEMS

We use the notation, definitions and assumptions introduced in Sections 3, 4 and
5.
For every nonempty set Y and every function h: Y — R' U {—o0} set

sup(h) = sup{h(y): y € Y}.
We denote by M(X) the collection of all bounded functions h : X — R!. For every
function h € M(X) put

[p]] = sup{[n(z)| - = € X}.
It is clear that (M(X), | -||) is a Banach space. For every pair of functions hy, hy €
M(X) put

dx (h1, ha) = [|h1 — ha].

For every point z € X, every pair of nonnegative integers 17 < Tb, every finite

sequence of functions {ut}tTi}ll C M(€) and every function h € M(X) we consider
the problem

To—1
(P4) > wp(wy, mgn) + h(an) — max, {(z,200)} oy CQ, o =2
t=T1,
and define
To—1
o(h, {ue} 25 Th, Tp, ) = sup{ Z ug(wy, T11) + h(zTy) |
t=T,

{xt}ng is an () — program and xp, = x}.

For every point x € X, every pair of nonnegative integers T < 75, every function

u € M(Q) and every function h € M(X) define
o(h,u, T, Ty, x) = o(h, {ut}tTiil,Tl,Tg,x) where uy = u, t =T1,...,Ty — 1.
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In this section we analyze the structure of approximate solutions of problems of the
type (P4) on large intervals and present the results obtained in [59]. The next three
results establish the turnpike properties of the approximate solutions.

Theorem 6.1. Let € € (0,7,) and M be a positive number. Then there are a
positive number 6 < min{1, M} and a positive integer L such that for every natural
number T > L, every finite sequence {us}i—g C M(S), every function h € M(X)
and every (Q)-program {x}1_, satisfying

IR < M, Jug—v|| <6, t=0,...,T -1,

~
L

wi(we, wen) + hlar) > olh, {u}I',0,T) = M

N
Il
o

the inequality
Card({t € {0,...,T}: p(xt,Ty) >€}) < L
15 valid.

Theorem 6.2. Let a positive number € < 7, Loy be a natural number integer and My
be a positive number. Then there exist a positive integer L and a positive number
0 < € such that for every natural number T > 2L, every sequence of functions
{w}2h € M(Q) for which

|ug —v|| <6, t=0...,T -1,
every function h € M(X) for which
[2]l < Mo

and every (Q)-program {x,:}1_, satisfying

xo € YLO,

T-1

h(r) + Y wlw, weg) > o(h, {u ', 0, T, o) — My
t=0

and
T+L—-1
Z Ut(xt, xt+l) > U({ut}z—if_lv T, T+ L7 Zr, xT-‘rL) -9
t=7

for every integer T € [0,T — L] there exists a pair of integers 71 € [0,L], 7o €
[T — L, T| for which

,o(a:t,i*v) <e€ t=T1,...,To.
Moreover if p(xg, Z,) < 0, then 71 = 0.

The next turnpike result easily follows from Theorem 6.2.

Theorem 6.3. Let a positive number ¢ < 7,, Lo > 1 be an integer and My > 0.
Then there exist an integer L > 1 and a number ¢ € (0,€) such that for each integer
T > 2L, each {ut}tT;OI C M(R) satisfying
|ug —ol| <6, t=0...,T —1,
each h € M(X) satisfying
[2]l < Mo
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and each (Q)-program {z:}]_, which satisfies
xo € YLO,

S

—1
har) + Y w@y, zg) > o(h, {uet ', 0, T, m0) — 6

o

t—
there exist integers 1 € [0, L], 72 € [T — L, T] such that
P, Ty) <€, t=T1,...,To.
Moreover if p(xo,T,) <6, then 7 = 0.

The next theorem describes the structure of approximate solutions of the prob-
lems of the type (P4) on large intervals in the regions close to the right endpoints.

Theorem 6.4. Suppose that a function g € M(X) and a function v € M(Q)
are upper semicontinuous, a point T, € X, numbers 7,, ¢, are positive and that
assumptions (A1), (A2) and (AS3) are valid. Let Loy, 7o be natural numbers and
€ >0, My > 1. Then there exist a positive number § and a natural number Ty > T
such that for every natural number T > Ty, every function h € M(X) for which

Ih—gll <6,
every sequence of functions {ut}tT;Ol C M(Q) for which
|lug — o] <68, t=0...,T -1

and every (Q)-program {x,:}1_, satisfying

T € YLO,

T-1

h(l'T) + ut(l‘tv l‘t+1) Z U(h7 {ut}?:Bla 07 Ta xO) - MO;
t=0

T+Tp—1
Z ut($t7 $t+1) Z O'({Ut Zi;—TO_la T, T + TCh Tr, wT-i—TO) - 5
t=1
for every integer T € {0,..., T — Ty},
T—1
h(zr) + Z ug (w4, x441) > o(h, {Ut}?:_:rl_ToaT - T0, T, 27-1,) — 6
t=T-Tpy

there exists an (v, Q)-overtaking optimal program {x}}°, which satisfies
(7" + g)(x5) = sup(7” + g),
plxr_i,zi) <€ t=0,...,7.
Let g € M(X) and v € M(R) be as in the statement of Theorem 6.4 and satisfy
all the assumptions posed there. Then the function 7% + g : X — R! U {—o0} is

upper semicontinuous, bounded from above for which (7% + ¢)(Z,) = g(&,) is finite.
Hence there is a point € X which satisfies

(" + g)(z) = sup(” + g).

We denote by M, (X) the collection of all upper semicontinuous functions be-
longing to the set M(X) and denote by M.(X) the collection of all continuous
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functions belonging to the set M(X). It is clear that M, (X) and M.(X) are
closed subsets of the topological space M(X). We consider the complete metric
spaces M, (X) and M (X) equipped with the metric dx.

In order to state our next result we need the following notion of porosity [51].

Let (Y,d) be a complete metric space. Denote by By (y,r) the closed ball of
center y € Y and radius r > 0. We say that a set ¥ C Y is porous (with respect
to d) if there exist constants a € (0,1] and 79 > 0 such that for every number
r € (0,7r9] and every point y € Y there exists a point z € Y such that

By (z,ar) C By(y,r) \ E.

We say that a subset of the space Y is o-porous (with respect to d) if it is a countable
union of porous (with respect to d) subsets of Y.

Since porous sets are nowhere dense, all o-porous sets are of the first category.
If Y is a finite dimensional Euclidean space, then o-porous sets are of Lebesgue
measure 0. In fact, the class of o-porous sets in such a space is much smaller than
the class of sets which have measure 0 and are of the first category. To point out the
difference between porous and nowhere dense sets note that if £ C Y is nowhere
dense, y € Y and r > 0, then there is a point z € Y and a number s > 0 such that
By(z,s) C By(y,r) \ E. If, however, E is also porous, then for small enough r we
can choose s = ar, where « € (0, 1) is a constant which depends only on E.

The discussion of the porosity notion and the corresponding references can be
found in [51]. Theorem 5.9 of [51] and Theorem 6.4 imply the following result.

Theorem 6.5. Suppose that a function v € M(Q) is upper semicontinuous, a point
Ty € X, numbers Ty, ¢, are positive and that assumptions (A1), (A2) and (A3) hold.
Then there exists a set F C M(X) such that the set M (X) \ F is o-porous in
M (X) and that for every function g € F the following assertions hold.

1. There exists a unique point x4 € X which satisfies

{reX: (7" +g)(x) =sup(r’ + g)} = {z4}.

2. Let Ly, 19 be natural numbers and e > 0, My > 1. Then there exist a positive
number § and a natural number Ty > 19 such that for every natural number T > Ty,
every function h € M(X) for which

[h—gll <6,
every finite sequence of functions {u;}1_, € M(Q) such that
lug — o] <6, t=0...,T—1
and every (Q)-program {z}1_, satisfying

o € YLO,

h(xT) + ut(mta xt-‘rl) Z U(h7 {ut}z—‘:_[)la 07 Ta x()) - M07
t=0
T+Tp—1

Z ut(xhxt—i-l) > U({Ut zizo_la T, T+ T07x771'7'+To) -0
t=T1
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for every integer 7 € {0,...,T — Ty},
T-1
h(zr) + Z ug(x, wep1) > o(h, {ut}?:_Tl_TO,T —To,T,xp_1,) — 0
t=T—Tp
there exists an (v, Q)-overtaking optimal program {x}}°, which satisfies
Ty = Zg,
plxr_,zi) <€ t=0,...,7.

The following result establishes that given a function g € M, (X), for a generic
objective function v (in the sense of the Baire category) the exists a unique pair of a
(v, Q)-overtaking optimal program {z;}3°, and a (9, Q)-overtaking optimal program
{Z:}72, which satisfy

(m” + g)(20) = sup(7’ + g),

(7" + g)(20) = sup(7’ + g).
In this case approximate solutions of the problems of the types (P4) in the regions
close to the right endpoints have a simple structure.

Theorem 6.6. Let M be either Mo(Q) or M. o(Q) and let g € My (X). Then there
exists a set F C M N M (Q) which is a countable intersection of open everywhere
dense subsets of M such that for every function v € F there exists a unique pair of
points z,zZ € X such that

(9 +7")(2) = sup(g + 7*), (g +7")(2) = sup(g + 7°)

and there exist a unique (v, 2)-overtaking optimal program {z}{2 such that zo = z
and a unique (0, Q)-overtaking optimal program {Z;}{2, such that zy = Z.

Let v € M, (Q) and g € M, (X). Define
D(g,v) ={z € X : (9+7°)(2) = sup(g +7")}

and denote by P (g, v) the collection of all (v, Q)-overtaking optimal programs {2152,
such that zp € D(g,v).

Proposition 6.7. Suppose that a function g € My(X) and that a function v €
M(Q) are upper semicontinuous, a point T, € X, numbers 7, ¢, are positive and
that assumptions (A1), (A2) and (A3) are valid. Let 19 be a natural number and e
be a positive number. Then there exist a positive number § and a natural number
To > 70 such that for every function u € Bg(v,r) N M,(Q) and every function
h € My (X) for which ||h — g|| <6 the following properties are true:
for every sequence {x:}22, € P(h,u) there exists a sequence {y;}32, € P(g,v)
which satisfies
p(ze,ye) < €
for all integers t =0,...,79;
for every sequence {2,132, € P(h, @) there exists a sequence {y}2, € P(g,v)
which satisfies
p(we,ye) < €
for all integers t =0,..., 7.
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The following theorem is extension of Theorem 6.6.

Theorem 6.8. Let M be either Mo(2) or Mco(Q) and 2 be either M, (X) or
M (X). Then there exists a set F C (MM N M,(Q)) x A which is a countable
intersection of open everywhere dense subsets of M x A such that for every pair of
functions (v,g) € F there exists a unique pair of sequences {x}i2, € 75(9,1)) and

{jt}z(‘/)i() € P(gvv)
7. THE SECOND CLASS OF DISCRETE-TIME BOLZA PROBLEMS

We use the notation, definitions and assumptions introduced in Sections 3, 4 and
5 and analyze the following problem
T—1
(P5) g(wo, wr) + Y v(@s, wer1) = max, {(z, 1)} C Q,
t=0

where T is a positive integer number and v : Q@ — R and ¢ : X x X — R! are
bounded upper semicontinuous objective functions.

For every nonempty set Y, every nonempty subset C' C Y and every function
h:Y — R'U{—oc} define

sup(h) = sup{h(y) : y € Y}, sup(h; C) = sup{h(y) : y € C}.
If (X, pi), i = 1,2 are metric spaces, then the product X; x Xs is equipped with
the metric
p1(z1,y1) + p2(22,y2) for all (z1,22), (y1,y2) € X1 X Xo.
We denote by M(X x X) the collection of all bounded functions b : X x X — R!.
For every function h € M(X x X) put
[h]| = sup{|h(z,y)| : 2,y € X}.

It is not difficult to see that (M(X x X),| - ||) is a Banach space.
For every pair of nonnegative integers 17 < 15, every finite sequence of functions
{ut}tTiil C M(Q) and every function h € M(X x X) we study the problem

Ty—1
Z ut(xtv l‘t—i—l) + h(xT1’xT2) — max, {($t7$t+1)}325“11 cQ
t=T,
and define
T—1
a(h, {Ut}tTiila T1,Tz) = sup{ Z up(ze, Tev1) + b7y, 213)
t=T1

{x};2, is an (Q) — program}.

For every pair of nonnegative integers T} < T5, every function u € M(Q) and every
function h € M(X x X)) define

o(h,u,Th,Ts) = o(h, {ut}?i}f, Ty,T5) where uy = u, t =T1,...,To — 1.

We denote by M, (X x X) the collection of all upper semicontinuous functions
belonging to the set M(X x X) and denote by M. (X x X) the collection of all
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continuous functions belonging to the set M(X x X). We consider the complete
metric spaces M, (X x X) and M (X x X) equipped with the metric

dXxX(hl,h2) = th — hg”, hl,hg € Mu(X X X)

The next result obtained in [58] shows that the turnpike phenomenon holds for
approximate solutions of problems (P5) on large intervals.

Theorem 7.1. Suppose that a function v € M, () is an upper semicontinuous, a
point T,, € X, real numbers 7, € (0,1), ¢, > 0 and that assumptions (A1), (A2) and
(A3) hold. Let € € (0,7,) and M be a positive number. Then there exist a natural
number L and a positive number § < € such that for every natural number T > 2L,
every sequence of functions {u;}1—g C M(Q) for which

|ug —v|| <6, t=0...,T -1,
every function h € M(X x X) for which
[R]] < M

and every (Q)-program {x}1_, such that
T-1
hW(zo,xr) + Y ui(ae, wip1) > o(h, {u}—',0,T) — M,
t=0
T+L—-1
Z ut(xtv xt-‘rl) > U({Ut}z—if_l, T, T+ L7 Zr, xT-‘v—L) -0
t=T1
for every integer 7 € [0,T — L] there exists a pair of integers 71 € [0,L], 1 €
[T — L,T] such that
p(e,ZTy) <€, t=T1,...,To.

Moreover if p(xo, Z,) < 0, then 71 = 0 and if p(xr,Zy) < 0, then 7o = T.

It is easy to see that for every function v € M,(Q) and every function g €
M, (X x X), the function

(&n) en () +7"(n)+9&mn), &EneX

is upper semicontinuous and bounded from above and has a maximizer.

The following theorem obtained in [58], describes the structure of approximate
solutions of the problems (P5) on large intervals in the regions close to the right
endpoints.

Theorem 7.2. Suppose that a function g € M(X x X) and a function v € M(Q)
are upper semicontinuous, a point T, € X, 1, > 0, ¢, > 0 and that assumptions
(A1), (A2) and (A3) are valid.. Let 79 be a natural number and € be a positive
number. Then there exist a positive number § and a natural number Ty > 19 such
that for every natural number T > Ty, every function h € M(X x X) for which
|h — g|| <6, every finite sequence of function {u;}1—y C M(Q) such that

lug —v|| <6, t=0....,T—1
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and every (Q)-program {x;}1_o for which
T-1
h(@o, o) + Y we(@s, we1) > o(h, {u}i ', 0,T) =6
t=0
there exists an (v,$2)-overtaking optimal and (v,$)-good program {xf}2, and an
(v, )-overtaking optimal and (v,2)-good program {z}};2, which satisfy

¥ (ag) + 70 (T5) + g(a5, 75) = 7°(&) + 70 (n) + g(€.n) for all & n € X
and for allt =0,...,70, p(ze,xf) < € and p(xr_t,T7) < €.

Let v € M.(2) and g € M, (X x X) be given. We denote by L(g,v) the col-
lection of all pairs of sequences {z;}7°,, {Z:}72, C X such that {z;}22, is a (v,Q)-
overtaking optimal and (v, )-good program and {z;}$°, is a (9, Q)-overtaking op-
timal and (7, Q)-good program satisfying

7% (z0) + 7 (Z0) + g(0, Zo) > V(&) + 7 (n) + g(&,n) for all £,n € X.

It is clear the set £(g,v) is nonempty.
The next stability theorem was obtained in [58].

Theorem 7.3. Suppose that a function g € My (X x X), a function v € M(Q) is
upper semicontinuous, a point T, € X, 7, > 0, ¢, > 0 and that assumptions (A1),
(A2) and (A3) hold. Let 1y be a natural number and € be a positive number. Then
there exists a positive number & such that for every function u € By(v,d) N M(Q)
and every function h € My (X x X) for which ||h — g|| < & the following assertion
s valid:

for every pair of sequence ({x¢}720, {yt}i2y) € L(h,u) there exists a pair of se-
quences ({x7}520, {vi }i20) € L(g,v) which satisfies for all integers t =0, ..., T,

plxe, 7)) <€ plys,yp) <e.

The following result obtained in [58] shows, for a typical (in the sense of the Baire
category) pair of funnctions (v, g), that the set £(g,v) is a singleton. In this case
approximate solutions of problems (P5) on large intervals have a simple structure
in the regions close to the endpoints.

Theorem 7.4. Let 9 be either Mo(2) or M. o(Q) and let A be either M, (X x X)
or M(X x X). Then there exists a set F C (IMNM,(Q)) x A which is a countable
intersection of open everywhere dense subsets of M x A such that for each (v,g) € F
the set L(g,v) is a singleton.

8. VARIATIONAL PROBLEMS WITH EXTENDED-VALUED INTEGRANDS

We analyze the following variational problems with extended-valued integrands:
T
(P1) / f(v(t),v'(t))dt — min,
0

v:[0,7] — R"™ is an absolutely continuous (a. c.) function such that

v(0) =z, o(T) = y;



144 A. J. ZASLAVSKI

(P2) / f(v (t))dt — min,

v:[0,7] — R" is an a. c. function such that v(0) = z;

(P3) / Fo(), v/ (£))dt — min

:[0,7] — R" is an a. c. function;

(P) / F(o(t), 0/ (8))dt + g(u(T)) - min,

v:[0,7] - R" is an a. c. function such that v(0) = z;

(Py) / F(0(t), v (£))dt + h(v(0), v(T)) — min,

v:[0,7] - R" is an a. c. function,

where the points x,y € R™ and T  is a positive number. Here R" is the n-dimensional
Euclidean space with the Euclidean norm ||, f : R*x R" — R'U{co} is an extended-
valued and lower semicontinuous integrand and ¢ : R® — R! and h : R® x R® — R!
are lower semicontinuous functions which are bounded on bounded sets. We are
interested in the structure of approximate solutions of these problems considered
on large intervals which was studied in [41, 42,45, 50, 54,57, 60]. We discuss our
recent results obtained for Lagrange problems (P;) — (P3) and their extension of
these results for Bolza problems (Py) and (Ps5). Our results provide a full description
of the structure of approximate solutions of variational problems on large intervals.

In [41,42,45,50] we studied the turnpike phenomenon for approximate solutions of
problems (P;) and (P») which is independent of the length of the interval T, for all
sufficiently large intervals. To have this phenomenon means that the approximate
solutions are determined mainly by the integrand, and are essentially independent
of the choice of time interval and data, except in regions close to the endpoints of
the time interval.

The problems (P;) and () were studied in [41,45] where it was established, un-
der certain assumptions, that the turnpike phenomenon holds and that the turnpike
Z is a unique minimizer of the optimization problem f(z,0) — min, z € R".

The structure of approximate solutions of the problems (P,) and (P3), in regions
close to the endpoints of the time intervals, was analyzed in [57]. It was shown there
that in regions close to the right endpoint 7" of the time interval these approximate
solutions are determined only by the integrand, and are essentially independent of
the choice of interval and endpoint value z. For the problems (Ps), approximate
solutions are determined only by the integrand function also in regions close to the
left endpoint 0 of the time interval. In [60] we extend these results to approximate
solutions of problems (Py) and (Ps).

In this section we discuss the turnpike results for problems (P;) — (Ps).

We denote by mes(E) the Lebesgue measure of a Lebesgue measurable set £ C
R, denote by |-| the Euclidean norm of the n-dimensional Euclidean space R" and
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by (-,-) the inner product of R". For every function f: X — R'U {oo}, where the
set X is a nonempty, define
dom(f) ={r € X: f(x) < oco}.

Let a be a positive number, 9 : [0,00) — [0, 00) be an increasing function satis-

fying
Ayg wit) = o0
and let f: R" x R" — R' U {oo} be a lower semicontinuous function such that the
set
dom(f) = {(z,y) € R" x R" : f(z,y) < oo}

is nonempty, convex and closed and which satisfies

f(,y) = max{(|z]), ¥(|yl)ly[} — a for each z,y € R".

We say that a function v defined on an infinite subinterval of R! with values in R" is
absolutely continuous (a. c.) if v is absolutely continuous on every finite subinterval
of its domain.

For every pair of points z,y € R™ and every positive number T set

T
o(f.T,2) = inf{/ Fo(®), o/ (8)dt = v:[0,T] — R
0
is an a. c. function satisfying v(0) = =z},

T
o(f.T,2,y) :inf{/o Fo(®), o/ (#)dt = v:[0,T] — R

is an a. c. function satisfying v(0) = z, v(T') = y},

T
o(f,T)= inf{/0 fo),2' (t))dt: v:[0,T] — R™is an a. c. function},

T
5(f.T,y) —inf{/o Fo(), o ())dt : v [0,T] — R

is an a. c. function satisfying v(7T") = y}.

(Here we assume that infimum over an empty set is infinity.)
We suppose that there exists a point Z € R™ such that

f(z,0) < f(x,0) for each x € R"

and that the following assumptions hold:

(A1) (z,0) is an interior point of the set dom(f) and the function f is continuous
at the point (z,0);

(A2) for every positive number M there exists a positive number c¢j; which sat-
isfies

G(f> Ta l’) > Tf(£70) —CMm

for every point z € R"™ such that || < M and every positive number T' > 0;

(A3) for every point x € R"™ the function f(z,-) : R® — R! U {co} is convex.

It follows from assumption (A2) that for every a.c. function v : [0, 00) — R" the
function

T
T—>/O Fo(t),0'())dt — T(%,0), T € (0, 00)
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is bounded from below.

It should be mentioned that the inequality above and assumptions (A1)-(A3)
are common in the literature and hold for many infinite horizon optimal control
problems. In particular, we need this inequality and assumption (A2) in the cases
when the problems (P;) and (P,) possess the turnpike property and the point z
is its turnpike. Assumption (A2) means that the constant function v(t) = z, t €
[0,00) is an approximate solution of the infinite horizon variational problem with
the integrand f related to the problems (P;) and (P).

An a. c. function v : [0,00) — R" is called (f)-good [39,54] if

Sup{|/ f(v t))dt — Tf(z,0)|: T € (0,00)} < 0.

In our study we use the next proposition which is proved in [41] (see also Propo-
sition 3.1 of [54]).

Proposition 8.1. Let v : [0,00) — R"™ be an a. c. function. Then either the
function v is (f)-good or

/f t))dt —Tf(z,0) = oo as T — oo.

Moreover, if the function v is (f)-good, then sup{|v(t)| : t € [0,00)} < 0.

For every pair of real numbers 75 > T and every a. c. function v : [T1,T2] — R"

set
Ty

(T, Ty, v) = flu(t),v'(t))dt
T
and for every number T € [Ty, T3] put I/ (T, T,v) = 0.
For every positive real number M denote by Xj; ¢ the collection of all points
x € R™ for which |z| < M and there exists an a. c. function v : [0,00) — R™ such
that
v(0) =z, I7(0,T,v) — Tf(Z,0) < M for each T € (0, c0).

It is clear that U{Xyr : M € (0,00)} is the collection of all z € X for which
there exists an (f)-good function v : [0,00) — R™ such that v(0) = x.

We suppose that the following assumption holds:

(A4) (the asymptotic turnpike property) for every ( f)-good function v : [0, 00) —
R™ the equality lim;_, |v(t) — Z| = 0 is true.

Examples of extended-valued integrands f satisfying assumptions (A1)-(A4) can
be found in [41,54].

The next theorem which was proved in [41] (see also Theorem 3.2 of [54]) es-
tablishes the turnpike property for approximate solutions of problem (P;) on large
intervals.

Theorem 8.2. Let ¢, M be positive numbers. Then there exist a natural number
L and a positive number § such that for every T > 2L and every a. c. function
v:[0,T] = R™ for which

v(0) € Xarp and I7(0,T,v) < o(f,T,v(0)) + 6
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there exist a pair of numbers 1 € [0, L] and 7o € [T — L,T| such that
lu(t) — | <€ for allt € [T, ]
and if [v(0) — z| <9, then 1 = 0.

Let M be a positive real number. Denote by Yjs s the collection of all points
x € R™ for which there are T € (0, M] and an a. c. function v : [0,7] — R" such
that v(0) = Z, v(T) = = and I1(0,T,v) < M.

The following result obtained in [50] (see also Theorem 3.5 of [54]) shows that
the turnpike phenomenon holds for approximate solutions of problem (P;).

Theorem 8.3. Let €, My, My > 0. Then there exist numbers L, 6 > 0 such that for
each number T' > 2L, each point zo € Xy, 5 and each point z1 € Yy, ¢, the value
o(f,T,z0,21) is finite and for each a. c. function v :[0,T] — R™ which satisfies

v(0) = 20, v(T) = 21, I7(0,T,v) < o(f, T, 29, 21) + 0
there exists a pair of numbers 7y € [0, L], 7o € [T' — L,T] such that
lv(t) —z| <€ t €[,
Moreover if |v(0) — z| < 4, then 71 =0 and if |[v(T) — x| <0, then 1o =T.
In the sequel we use a notion of an overtaking optimal function which plays an
important role in the turnpike theory and the infinite horizon optimal control [39,54].

An a. c. function v : [0,00) — R"™ is called (f)-overtaking optimal if for each a.
c. function u : [0, 00) — R" satisfying u(0) = v(0) the inequality

lim sup[I/ (0, T, v) — I7(0, T, u)] < 0

T—oo

holds.
The following existence result was obtained in [41] (see also Theorem 3.3 of [54].)

Theorem 8.4. Assume that x € R™ and that there exists an (f)-good function
v :[0,00) = R" satisfying v(0) = x. Then there exists an (f)-overtaking optimal
function uy : [0,00) = R™ such that u.(0) = z.

In view of assumption (A1) there exists a real number 7 € (0,1) such that:
Qo :={(z,y) e R"xR": |z —z| <7 and |y| <7} C dom(f),

Ag = sup{|f(z1,22)| : (21,22) € Qo} < 0.
Evidently, the value o(f,T,z,y) is finite for every real number 7" > 1 and every
pair of points z,y € R" satisfying |z — z|, |y — z| < 7/2.

Let M be a positive number. Denote by YM, ¢ the collection of all points x € R"
satisfying |z| < M and such that there exist T € (0, M] and an a. c. function
v : [0,T] — R™ which satisfy v(0) = z, v(T) = Z and I7(0,T,v) < M.

It is not difficult to see that the next proposition is valid.

Proposition 8.5. For every positive number M there exists a positive number My
for which Yy ¢ C Xy 5

The next useful proposition was proved in [57].
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Proposition 8.6. For every positive number M there exists a positive number My
for which that Xy p C Yy, ¢

We say that an a. c. function v : [0,00) — R™ is (f)-minimal [39,54] if for every
pair of nonnegative numbers Ty > T; and every a. c. function w : [T}, Ts] — R™ for
which u(T;) = v(T}), i = 1,2 the inequality

Ty Ts
flo@),v'@)dt < [ flu(t),d'(t)dt
T T
is valid.
The following result which is proved in [45] (see also Theorem 3.32 of [54]) estab-
lishes the equivalence of the optimality notions introduced above.

Theorem 8.7. Assume that a point v € R" and that there exists an (f)-good
function © : [0,00) — R™ such that ©(0) = x. Let v : [0,00) — R™ be an a. c.
function satisfying v(0) = x. Then the following conditions are equivalent:

(i) the function v is (f)-overtaking optimal; (ii) the function v is (f)-good and
(f)-minimal; (iii) the function v is (f)-minimal and limy_,v(t) = Z; (iv) the
function v is (f)-minimal and liminf; , |v(t) — Z| = 0.

The following two results which is proved in [45] (see also Theorems 3.33 and
3.34 of [54]) describe the asymptotic behavior of overtaking optimal functions.

Theorem 8.8. Let ¢ be a positive number. Then there exists a positive number §
such that:

(i) For each point x € R™ for which |x — x| < & there exists an (f)-overtaking
optimal and (f)-good function v : [0,00) — R™ which satisfies v(0) = z.

(ii) For every (f)-overtaking optimal function v : [0,00) — R™ for which |v(0) —
z| <6, the relation |v(t) — z| < € is valid for every nonnegative numbers t.

Theorem 8.9. Let €, M be positive numbers. Then there exists a positive number
L such that for every point x € Xy and every (f)-overtaking optimal function
v : [0,00) — R"™ for which v(0) = x the relation |v(t) — Z| < € holds for every
t € [L,00).

The next turnpike theorem for approximate solutions of the problems of the type
(P3) on large intervals was proved in [57].

Theorem 8.10. Let € be positive number. Then there exist positive numbers L, §
such that for every T > 2L and every a. c. function v :[0,T] — R™ for which

10, T,0) <o(f,T)+6
there exists a pair of numbers 7y € [0, L], 7o € [T — L,T] such that
lu(t) —z| <€ t € [mn,nl

Moreover if |v(0) — Z| <0, then 71 =0 and if |[v(T) —Z| < 0, then 7o =T.
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9. STRUCTURE OF SOLUTIONS OF LAGRANGE PROBLEMS IN THE REGIONS CLOSE
TO THE ENDPOINTS

We use the notation, definitions and assumptions introduced in Section 8. For
every point € R" \ U{X s : M € (0,00)} put

ml(z) = oc.

Let a point
zeU{Xyp: Me(0,00)}

be given. We denote by A(f, x) the collection of all ( f)-overtaking optimal functions
v : [0,00) — R™ satisfying v(0) = z. It is clear that the collection A(f,z) is
nonempty and that every function belonging to A(f,x) is an (f)-good function. Set

mf (z) = liminf[I7/ (0, T, v) — Tf(Z,0)],
T—o00
where v € A(f,x). It is clear that 7/ (x) does not depend on the choice of the
function v. By assumption (A2), ©/(z) is finite.
The function 7/ plays an important role in our analysis of the structure of solu-

tions of Lagrange problems in the regions close to the endpoints.
The next result easily follows from our definitions.

Proposition 9.1. 1. Let v : [0,00) — R™ be an (f)-good function. Then
7 (v(0)) < hTrgioréf[lf(o, T,v) — Tf(z,0)]
and for every pair of nonnegative numbers S > T,
o ((T)) < I/(T, S,v) — (S — T)f(Z,0) + 7/ (v(89)).

2. Let S >T > 0 and v : [0,S] — R™ be an a. c. function satisfying
7l (v(T)), mf (v(8)) < co. Then the inequality

wl (u(T)) < (T, 8,v) = (S = T)f(%,0) + 7/ (v(5))
s valid.
It is not difficult to see that the next proposition is valid.

Proposition 9.2. Let v : [0,00) — R"™ be an (f)-overtaking optimal and (f)-good
function. Then for every pair of nonnegative numbers S > T the equality

o/ (u(T)) = I/ (T, S,v) — (S — T)£(,0) + =/ (v(5))
holds.
The next three propositions were obtained in [57].
Proposition 9.3. 7/(z) = 0.

Proposition 9.4. The function ©f is finite-valued in a neighborhood of the & and
continuous at the point x.

Proposition 9.5. For every positive number M the set {x € R": n/(z) < M} is
bounded.
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(Here we assume that an empty set is bounded.)
Define
inf(r/) = inf{x/(2) : z € R"}.
Assumption (A2) and Proposition 9.5 imply that inf(7/) is finite. Define
X;={xcR": n/(z) <inf(x)) +1}.
The next two propositions were also obtained in [57].

Proposition 9.6. Assume that a point v € U{Xy ¢ : M € (0,00)} and that a
function v € A(f,x). Then the equality

ol (x) = lim [I7(0,T,v) — Tf(z,0)]
T—o0

holds.
Proposition 9.7. There exists a positive number M for which Xy C Xy 5.

The next proposition easily follows from Propositions 8.6 and 9.7.
Proposition 9.8. There exists a positive number L for which Xy C }_/va.

The following result was obtained in [57].
Proposition 9.9. The function 7/ : R* — R' U {00} is lower semicontinuous.

Define
D(f) ={z e R": n/(z) = inf(x/)}.
In view of Propositions 9.5 and 9.9, the set D(f) is nonempty, bounded and closed
subset of R™. The next two results were obtained in [57].

Proposition 9.10. Let v : [0,00) — R™ be an (f)-good function such that for every
positive number T the equality

(0, T,v) = Tf(z,0) = 7/ (v(0)) — 7/ (v(T))
holds. Then the function v is (f)-overtaking optimal.

Proposition 9.11. For every positive number € there exists a positive number T
such that for every point z € D(f) and every function v € A(f,z) the inequality
|v(t) — Z| < € is valid for every number t > T,.

In order to analyze the structure of approximate solutions of the problems (P)
and (P3) on large intervals, in the regions close to the endpoints, we need to intro-
duce the following notation and definitions.

Define a function f: R" x R" — R!' U {oo} as follows:

f(xvy) = f(xa _y) for all T,y € R".
Evidently,

dom(f) = {(z,y) € R" x R" : (2, —y) € dom(f)},
dom(f) is a nonempty closed convex set, f is a lower semicontinuous function such
that

f(x,y) = max{y(|z]), ¥(y)lyl} — a for each z,y € R™.
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The notation introduced for the function f is also used for the function f. Namely,
for every pair of real numbers T > T} and every a. c. function v : [T},T] — R"

define
_ Ty
Ty = [ F(), o/ ()dt
T

and for every pair of points z,y € R™ and every positive number T set
o(f,T,x) = inf{[f(O,T,U) cv:[0,T] - R"
is an a. c. function satisfying v(0) = =z},
o(f,T,z,y) = inf{[f(O,T,v) cv:[0,T] - R"
is an a. c. function satisfying v(0) = z, v(T) = y},
o(f,T) = inf{If(O,T,v) : v:[0,T7] — R" is an a. c. function},
5(f,T,y) = inf{I7(0,T,v) : v:[0,T] = R"
is an a. c. function satisfying v(T") = y}.
Let v : [0,7] — R™ be an a. c. function. Define
o(t) =v(T —t), t €[0,T].
It is clear that

T T
/fwmwmwz/fwwrwmﬁ
0 0

T T
— [ s -0.0@ -y = [ 0.0 o)
0 0

It is easy to see that for all points z € R",

f(j70) :f(j70) < f(ZC?O) :f(:C?O)a

(z,0) is an interior point of the set dom(f) and the function f is continuous at
the point (7,0). Therefore assumption (A1) is valid for the function f. Evidently,
for every point z € R" the function f(x,0) : R* — R! U {cc} is convex. Thus

assumption (A3) holds for the function f. We can easily obtain the next proposition.

Proposition 9.12. Let T be a positive number, M be a nonnegative number and
v; : [0,T] = R™, i =1,2 be a. c. functions. Then the inequality

170, T, v1) > 17(0, T, v3) — M
is valid if and only if the inequality

70,7,0) > 17(0,T,55) — M
holds.

The next proposition easily follows from Proposition 9.12.
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Proposition 9.13. Let T be a positive number and v : [0,T] — R™ be an a. c.
function. Then the following assertions hold:

10, T,v) < o(f,T) + M if and only if
17(0,T,9) < o(f, T) + M;
1700, T,v) < o(f, T,v(0),v(T)) + M if and only if
17(0,7,0) < o(f,T,5(0),5(T)) + M;
1(0,T,v) <3(f,T,v(T)) + M if and only if I7(0,T, ) < o(f, T, 5(0)) + M;
17(0,T,v) < o(f,T,v(0)) + M if and only if I7(0,T,v) < 3(f,T,v(T)) + M.
The following proposition was obtained in [57].

Proposition 9.14. 1. For every positive number M there exists a positive number
cyr such that o(f, T, x) > Tf(z,0) — cpr for every point x € R"™ such that |z| < M
and every positive number T'.

2. For every (f)-good function v : [0,00) — R"™ the equality lim;_,oo v(t) = T
holds.

Proposition 9.14 implies that f satisfies assumptions (A2) and (A4). We have
already mentioned that assumptions (A1) and (A3) hold for the function f. There-
fore all the results stated above for the function f are also true for the function
f

The next two results which were established in [57] describe the structure of
approximate solutions of the problems (P,) and (P3) on large intervals in the regions
close to the endpoints respectively, .

Theorem 9.15. Let Ly, 19 and € be positive numbers. Then there exist numbers
0 > 0 and Ty > 19 such that for every number T > Ty and every a. c. function
v:[0,T] = R™ for which

v(0) € Y104, 17(0,T,v) < o(f, T,v(0)) +

there exists an (f)-overtaking optimal function v* : [0,00) — R™ which satisfies
v*(0) € D(f) and |v(T —t) —v*(t)| < e for all t € [0, 70].

Theorem 9.16. Let 79 and € be positive numbers. Then there exist numbers § > 0
and Ty > 19 such that for every T' > Ty and every a. c. function v : [0,T] — R"
for which

17(0,T,v) <o(f,T)+6

there exist an (f)-overtaking optimal function u* : [0,00) — R™ and an (
overtaking optimal function v* : [0,00) — R"™ which satisfies u*(0) € D(f), v*(0
D(f) and such that for all t € [0, 9],

lo(t) —u*(t)| <€ and |v(T —t) —v*(t)| <e.

-
)

€
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10. THE BOLZA PROBLEM (Py)

We use the notation, definitions and assumptions introduced in Sections 8 and 9.
For every nonempty set Y and every function h: Y — R!' U {co} set

inf(h) = inf{h(y) : y € Y}.
Let ag be a positive number. We denote by A(R™) the collection of all lower semi-
continuous functions h : R® — R! which are bounded on bounded subsets of R"
and which satisfy

h(z) > —ag for all z € R™.
For simplicity, we put 2 = A(R"). The space 2 is equipped with the uniformity
determined by the base

E(N,e) = {(h1,h2) e A xA:
|h1(2) — ha(z)] < e for all z € R" satisfying |z| < N},
where N, e > 0. It is not difficult to see that the uniform space 2 is metrizable and
complete.
For every point « € R", every pair of nonnegative numbers 77 < 75 and every

function h € A set

Ts
o(f,h, Ty, Ty, x) = inf{ . fu(t),v'(t)dt + h(v(Ty)) :

v:[Th,T5] — R" is an a. c. function satisfying v(T7) = x}.
(Here we assume that the infimum over an empty set is 00.)
In view of assumption (A1), there exists a number 7 € (0,1) such that

{(z1,22) E R" x R": |21 — Z| <7 and |z3| <7} C dom(f),
|f(z1,22) — f(2,0)| <1 for each (z1,22) € R" x R"
satisfying |z1 — | < 7, |z2| < 7.

The next theorem established in [60] shows that the turnpike phenomenon holds
for approximate solutions of problems (P;) on large intervals.

Theorem 10.1. Let ¢, M > 0. Then there exist a number L > 1 and a positive
number § such that for every number T > 2L, every function h € 2 for which
|h(z)] < M and every a. c. function v :[0,T] — R" such that

v(0) € Xor s and I (0,T,v) + h(v(T)) < o(f,h,0,T,v(0)) +
there exists a pair of real numbers 7y € [0, L] and 9 € [T'— L, T] such that
|v(t) — Z| < € for all t € [11, 73]
and if |v(0) — z| <4, then 71 = 0.
Let g € A be given. In view of Propositions 9.5 and 9.9, the function ©f + ¢ :
R" — R' U {oo} is lower semicontinuous and bounded from below and satisfies
lim (7 + ¢)(2) = 00
|z]—o0

and
D(f.g):={z € R": (n/ +g)(x) = inf(x! + g)} # 0.
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The next theorem established in [60] describes the structure of approximate solu-
tions of Bolza problems of the type (P) on large intervals in the regions close to
the endpoints.

Theorem 10.2. Let g € A and Lo, 19, € be positive numbers. Then there exist
numbers & > 0, Ty > 19 and a neighborhood U of the function g in the space A
such that for every number T' > Ty, every function h € U and every a. c. function
v:[0,T] = R™ satisfying

v(0) € Y05, 17(0,T,v) + h(v(T)) < o (f, h,0,T,v(0)) + &

there exists an (f)-overtaking optimal function v* : [0,00) — R™ such that v*(0) €
D(f,g) and |v(T —t) — v*(t)| < e for allt € [0, 70].

11. THE BOLZA PROBLEM (Ps)

We use the notation, definitions and assumptions introduced in Sections 8, 9 and
10.

Let ag be a positive number. We denote by 2(R" x R"™) the collection of all lower
semicontinuous functions h : R” x R™ — R which are bounded on bounded subsets
of R™ x R™ and satisfy

h(z1,22) > —ag for all 21,29 € R™.

For simplicity, we put 2 = A(R"™ x R™). The space 2 is equipped with the uniformity
determined by the base

E(N,e) = {(h1,h2) e A xA:
|h1(2) — ha(z)| < e for all z € R" x R" satisfying |z| < N},

where N, € are positive numbers. It is clear that the uniform space 2 is metrizable
and complete.
For every pair of nonnegative numbers 77 < T and every function h € 2 set

Ty
o(f,h, Ty, Ty) = inf{ . Flo(t),v'(t)dt + h(v(Ty), (v(Ty)) :

v:[T1,T3] — R™ is an a. c. function}.

(Here we assume that the infimum over an empty set is co.)
Assumption (A1) implies that there exists a number 7 € (0, 1) such that

Qo :={(z1,22) € R" x R" : |21 — | <7 and |z2| <7} C dom(f),

|f(z1,22) — f(Z,0)] <1 for each (z1, 22) € Qp.

The next theorem established in [60] shows that the turnpike phenomenon holds
for approximate solutions of problems (Ps) on large intervals.

Theorem 11.1. Let € > 0, M > 7,. Then there exist a number L > 1 and a
positive number § such that for every number T > 2L, every function h € A for
which |h(Z,Z)| < M and every a. c. function v : [0,T] — R"™ such that

170, T, v) + h(v(0),v(T)) < o(f,h,0,T) + 6
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there exists a pair of real numbers 71 € [0, L] and T2 € [T — L, T] such that
lv(t) — z| < e for all t € [11,T2).
Moreover, if |v(0) —Z| <6, then 71 =0 and if |v(T) — x| < 0, then o, =T.
Let h € 2 be given. It follows from Propositions 9.5 and 9.9 that the function

7rf(z1) + 7Tf(2:2) + h(z1,22), 21,22 € R"

is lower semicontinuous and bounded from below, satisfies

lim (7 (z1) + 7f (22) + h(z1, 22)) =

|(21,22)| =00
and the set
D(f,h) :={(z,y) € R" x R":

o (2) + 7/ (y) + hiz,y) <7l () + 7/ () + h(g,m)
for all §,n € R"}
is nonempty and closed.
The next theorem is obtained in [60]. It describes the structure of approximate

solutions of Bolza problems of the type (P5) on large intervals in the regions close
to the endpoints.

Theorem 11.2. Let g € A and 19, € be positive numbers. Then there exist numbers
6 >0, Ty > 19 and a neighborhood U of the function g in the space A such that for
every number T > Ty, every function h € U and every a. c. functionv : [0,T] — R"
for which

170, T,v) + h(v(0),v(T)) < o(f,h,0,T) +6
there exist an (f)-overtaking optimal function v} : [0,00) — R"™ and an (f)-
overtaking optimal function vj : [0,00) — R™ such that

wf (05 (0)) + 77 (03(0)) + g (v (0),v5(0)) < 7/ (&1) + 77 (&) + g(&1, &2)
for all &1,& € R™
and that for all t € [0, 7o),

o(t) —vi (D) <€ (T —t) —v3(t)] < e
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