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Abstract: The aim of this paper is to study necessary and sufficient local and global optimality condi-
tions and to develop local and global search algorithms for unconstrained and constrained piecewise linear
programming problems. This aim is achieved using a difference of convex polyhedral (DP) functions repre-
sentations of continuous piecewise linear functions. First, optimality conditions and numerical algorithms
are studied for unconstrained DP programming problems. Then these results are extended to problems on
minimizing piecewise linear functions subject to linear equalities and inequalities. Convergence of algorithms
are studied and illustrative examples are presented.
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Introduction

Piecewise linear programming is about minimizing (or maximizing) piecewise linear func-
tions subject to linear equalities and inequalities. Such problems arise in many applications.
Piecewise linear (PWL) functions (including discontinuous) have been widely used for mod-
eling different processes in economics [6, 21], circuit [49] and oil production systems [27].
They have been applied in solving network flow [3,47], data mining [4, 22,25, 35] and re-
gression analysis [5,48] problems. PWL functions have been used to design algorithms for
solving various optimization problems such as mixed integer nonlinear programming [31],
nonsmooth optimization [20,24] and global optimization problems [47,50]. Convex and
concave PWL functions arise when one tries to use Lagrangian relaxation for solving opti-
mization problems [18]. In addition, PWL functions might be present as a part of objective
and/or constraint functions in more general optimization models.

Nonconvex PWL functions are used to approximate nonlinearities arising from factors
such as economies of scale or complex technological processes. They naturally appear as cost
functions of supply chain problems to model discounts for high volume and fixed charges.
Other applications include production planning [19], operation planning of gas networks [38],
and network flow problems [12].
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The aim of this paper is to study necessary and sufficient local and global optimality
conditions for nonconvex piecewise linear programming problems as well as to design nu-
merical algorithms to locally and globally solve such problems. Optimality conditions and
algorithms are studied for both unconstrained and constrained piecewise linear programming
problems.

Results obtained in this paper are based on the notion of codifferentials described in [15].
These results can be obtained in more compact form using the notion of exhausters (see, for
example, [2]). However, the use of codifferentials allows one to design ready to use numerical
methods.

The paper is organized as follows. A brief overview of relevant work is given in Section 2.
Section 3 contains some preliminaries on DP functions and their subdifferentials. Necessary
and sufficient conditions for local optimality in unconstrained PWL optimization are given
in Section 4 and such conditions for global optimality are presented in Section 5. Local
search algorithms for minimizing DP functions are described in Section 6 and global search
algorithms for such problems are given in Section 7. Illustrative examples are given in
Section 8 and Section 9 concludes the paper.

Related work

First, we provide a brief overview of existing results on optimality conditions and numerical
methods for PWL programming.

Convex PWL programming problems have been extensively investigated. Necessary and
sufficient conditions for such problems can be obtained from optimality conditions for gen-
eral nonsmooth convex programming problems using the subdifferential calculus. There
exist several algorithms for minimization of convex PWL functions. Finite convergent algo-
rithms are presented, for example, in [7,10,34]. An interior point method for convex PWL
programming problems is introduced in [8].

Problems with nonconvex PWL objective and/or constraint functions have attracted
less attention despite the fact that such problems have more practical applications than
their convex counterparts. Although some results (for example, global optimality condi-
tions from [28]) can be applied to these problems, necessary and sufficient global optimality
conditions specifically for nonconvex PWL programming problems have not been studied
extensively. Such conditions have been studied for problems where PWL functions are
represented as a difference of two convex polyhedral (DP) functions. The paper [39] uses
conjugate functions as well as codifferentials [15] to derive necessary and sufficient conditions
for the unboundedness and the boundedness of DP functions and necessary and sufficient
global optimality conditions for unconstrained DP problems. Global optimality conditions
for DP functions in terms of codifferentials are also given in [17] and using these conditions
the finite convergent modified codifferential method is designed which does not use the line
search. In [45], the authors investigate various generalized subdifferentials for DP functions.
The set of global minimizers of PWL functions is described using exhausters in [1].

Specialized algorithms for solving optimization problems involving nonconvex PWL func-
tions were introduced in [14,33,43]. PWL problems can also be modeled as mixed integer
programming (MIP) problems [11, 13,32, 36, 37] and solved with a general purpose MIP
solver. In [46], the authors formulate nonconvex PWL programming problems as MIP prob-
lems. In addition, they extend these formulations to problems with lower semicontinuous
PWL objective functions.

MIP models for nonconvex PWL problems have been extensively studied, but exist-
ing comparisons [11,32] only concentrate on the case in which the functions are separable
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(i.e. can be written as the sum of univariate functions). When a non-separable function is
known analytically it can sometimes be converted into a separable one by algebraic manip-
ulations [43]. However, this conversion might be undesirable for numerical reasons [12, 38].
Furthermore, in many applications the functions come from complicated simulation models
and are not known analytically.

Preliminaries

In this section we briefly describe main concepts and definitions used in the paper. In what

follows we denote by R™ n-dimensional Euclidean space, by (u,v) = Y1, u;v; the inner

product of vectors u and v in R™ and by || - || the associated norm in R®. S; = {v €

R™: |lv|| = 1} is the unit sphere centered at 0,, € R", B.(x) = {y e R": |y —z| < e} is

the open ball centered at z € R™ with the radius € > 0, “conv” denotes convex hull of a set.
Let f: R™ — R be a convex function. The set

Ocf(@) = {veR": f(y) = f(@) + v,y —a) vy € R"}

is the subdifferential of f at € R™ [40]. Each vector v € d.f(z) is called a subgradient of f
at . Given € > 0, the e-subdifferential of a convex function f :R™ — R at a point x € R"
is defined as [40]:

Ocf(x) = {v eR™: f(y) > f(x)+ (v,y—a) —eVy € ]R"}.

A generalized directional derivative of a locally Lipschitz function f : R™ — R at a point
x € R™ with respect to a direction d € R" is:

£, d) = limsup YTV = IW),

y—xz,al0 «

The generalized subdifferential (or Clarke subdifferential) of a locally Lipschitz function
f:R™ > R at € R is defined as [9]:

af(x) = {v ER": fO(z,d) > (v,d) Vde ]R"}.

For a convex function f : R™ — R one has df(z) = d.f(«). Therefore from now on we use
the notation df(x) for subdifferentials. The directional derivative of a function f at z € R™
with respect to a direction d € R™ is

f'(a?,d) — lim f(l' + Oéd) — f($)7

al0 (6]

if this limit exists. A locally Lipschitz function f is called Clarke regular at = € R™ if it is
directionally differentiable and f/(z,d) = f°(z,d) for all d € R™.

Piecewise linear functions

A function f: R™ — R is piecewise linear (PWL) if there is a finite set f1,..., fi of linear
functions such that f; : R™ — R and for each z € R", f(z) = fi(z) for some i € {1,...,m}.
PWL functions appearing in applications can be continuous and discontinuous and in gen-
eral, represented using IF-statements. Continuous PWL functions admit alternative repre-
sentations such as difference of convex polyhedral (DP) functions and a max-min of affine
functions [26].
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In this paper, we assume that DP representations of PWL functions are known. Thus,
we study the following optimization problem:

{ minimize  f(z)

. (3.1)
subject to x € R",

where the objective function f is a continuous PWL function and is represented as f(z) =
f1(z) = fa(x), where

f1(z) = max (a”,z} — b1y,  fa(x) = max (azj,x> — boj.
i€l VISP

Here I, = {1,...,lx}, lx > 1, k = 1,2. Functions f; and f2 are convex PWL functions,
which are also called convex polyhedral functions. The function f is a DP function. The
class of DP functions is a subset of difference of convex (DC) functions. Results on DC
functions and DC programming can be found, for example, in [29,41,44].

It is obvious that functions fr, k = 1,2 are Lipschitz continuous on R™ with the Lipschitz
constant

L = max ||a"|| < oo
i€l

and the function f is Lipschitz continuous on R™ with the constant L = L; + Ls. The
subdifferential of the function fy,k = 1,2 at z is:

Ofr(z) = conv {a]” : i€ Ry(z)}

where

Rp(z)={i€Iy: (" 2) — by = fr(x)}, k=1,2. (3.2)

Denote @p;i(z) = (¥, x) — bi, i € Iy, k= 1,2. At a point € R™ for functions f; and fo
define the following sets:

dfi(z) = conv { (&xi, a*), &b = pri(z) — fu(z), i € I}, k=1,2.

The sets dfi(z),df2(x) are defined in R™*!. These sets are components of a codifferential
of the function f at z, introduced in [15]. It is obvious that &; = 0,7 € Ry(x) and
i <0,i € Iy \ Ri(z), k=1,2, that is

max =0, k=1,2 3.3
(£,a)Edfk(z)£ ( )

Furthermore,
Ofi(z) ={ueR": (0,u) €dfi(x)}, Ofz(x) ={veR": (0,v) € dfz(z)}.

Proposition 3.1. The mappings x — dfi(z), k = 1,2 are Lipschitz continuous on R™ in
the Hausdorff metrics that is there exists Ly > 0 such that

H(dfy(z),dfx(y)) < Ly|lz—vy|, Vz,yeR" k=12.

Proof. Take any x,y € R™. For any (£,a) € dfy(x), where ¢ = ¢pi(z) — fu(z) and a = o
for some i € Iy, choose (1,¢) € dfi(y) such that n = vk (y) — fe(y), ¢ = a**. Then

1€, a) = (m Ol = leri(z) = felz) = [ori(y) = fe®)]l
lowi(2) — @ri(W)| + [ fu(z) = fu(y)] -

IN
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Then it follows form the definition of functions ¢y, i € I, k = 1,2 that ||(§,a) — (n,0)| <
2L||z — yl||. This means that for Ly = 2Lj, the following holds:

max min ,a)— (n,0)|| < Lyllz —yv||.
(& a)€dfy () (n,c)€dfr(y) ||(€ ) (7] )H HH yH

In the same way we can show that

max min ,a)— (n,0)|| < Lygllx —yll-
X ) i o 169~ (0l < Larlle =

The proof is completed. O
Proposition 3.2. For functions fr, k = 1,2 the following holds at any x € R":

ful@ +h) = fulz) + €+ (u,h)], VheR™ (3.4)

(€W (@)
Proof. Consider the following set at the point y =z + h
Ri(y)={i € Iy: (a".y) —bri = fuly)}-
For any j € Ri(y)
fe) = ful@) = or;(y) — frlz)

= (a¥,2) = by — fr(z) + (@, y — @)
gkj + <akjay - £C>

and for any other j ¢ Ry (y)

fe(@) = fr(@) > @i (y) = frl@) = &y + (@",y — 2).
This completes the proof. [
Corollary 3.3. Let x € R" be a given point. Then there exists € > 0 such that

z+h)=fig(r)+ max u,h), k=1,2
fule+ )= fula) + | max (uh)

for all h € B.(0,,).

Proof. Consider the set Ri(x) at the point x given by (3.2). Define the following function

k(y) = jhax ©rj(Y)-

Continuity of functions ¢y;, j € I implies that there exists ¢ > 0 such that fiy(zx + h) =
fi(@ + h) for all h € B.(0,,). It is clear that

df(z) = {(g,u) € dfy(x): €= o}.

Then the rest of the proof follows from Proposition 3.2. O
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Necessary and Sufficient Conditions for Local Optimality

In this section we study local optimality conditions for the PWL optimization problem (3.1).
The following result is true for general DC functions.

Theorem 4.1 ([42]). Let fi,fo : R" — R be convex functions. If z* € R™ is a local
minimizer of f = f1 — fa, then

dfa(z™) C Ofi(x*). (4.1)

Points satisfying (4.1) are called inf-stationary points. The condition (4.1) is sufficient
for local optimality if f5 is a polyhedral convex function. The following proposition follows
from Theorem 4.1.

Proposition 4.2. The condition (4.1) is necessary and sufficient for the point =* to be local
minimizer of the problem (3.1).

One can define two other types of stationary points for unconstrained PWL optimization
problems. A point 2* € R™ is called a Clarke stationary point of the problem (3.1) if 0,, €
df(z*). A point z* € R™ is called a critical point of the problem (3.1) if 1 (z*)N fo(z*) # 0.
Any inf-stationary point is also Clarke stationary and critical and any Clarke stationary point
is also critical point. However the reverse is not always true. Examples confirming this are
given in [23,30].

Next we formulate necessary and sufficient local optimality conditions using sets df; (z)
and dfy(x). At a point z for a given (0,w) € dfz(x) consider the set

Low(z) = —(0,w) + df1(x).
Proposition 4.3. If a point z* € R™ is a local minimizer of the function f then
On+1 € LOw (I’*) V(O,w) € dfg(fﬂ) (42)

Proof. Assume the contrary, that is z* is a local minimizer, however there exists (0,w) €
dfa(z) such that 0,11 & Ly, (2*). Since the set L, (z*) is compact and convex it follows that

(2] = min{||z]| : 2 € Low(z*)} > 0 with 2% = (&,u").
The necessary condition for a minimum implies that
(%2 = 2% >0 Vz = (&u) € Low(z*). (4.3)

First we will show that u° # 0,,. Assume the contrary, that is u° = 0,,. Since 2" # 0,41 we
get that £y < 0. Then it follows from (4.3) that £,(£ — &) > 0 or £ < &y < 0. In other words

max £ <.
(§,u)€ELow (z*)

It follows from the definition of the set Lg, (z*) that

max &= max £E<0
(&u)edfi(z*) (&u)€Low (z*)

which contradicts (3.3).
Dividing both sides of (4.3) by —||2°| we get
o€

R (u,d”) < —[|2°]. (4.4)
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Here d° = —||2°(|71u® € R™. It is clear that ||2°]|71& € (—1,0). It is also obvious that for
sufficiently small o« > 0
ao
p=——0=¢€(0,1).
[12°]]

Therefore taking into account that £ < 0 and (4.4) we get

adp
[12°]]

Thus € + a(u,d’) < —al|2°|| for all 2 = (£,u) € Loy, (2*). It follows from Proposition 3.2
that

E+ afu,d’) < pé + afu,d’) = ——=&+ afu, d) < —al2°.

¥ +ad’) = z¥) 4+  max +alu,d”)] —  max + a(v,d°
4 ) J@) (&u)€dfr(z*) [6 < >] (n,v)€dfa(z*) [77 < >]

)+ max + afv,d°
f(z*) e €+ alv,d’)]

= f@") —al|l.

IA

Then f(z* +ad®) < f(z*) for all sufficiently small o > 0, which contradicts to the fact that

z* is a local minimizer. O

Remark 4.4. The necessary condition (4.2) for general codifferentiable functions was also
formulated in [15]. However our proof differs from that of [15].

Next we prove that the necessary local optimality condition (4.2) is also sufficient.

Proposition 4.5. A point z* € R™ is a local minimizer of Problem (3.1) if and only if the
condition (4.2) holds.

Proof. The necessity is given by Proposition 4.3. Therefore we prove only sufficiency. As-
sume that the condition (4.2) holds. It follows from Proposition 3.2 and Corollary 3.3 that
there exists € > 0 such that

= f(z*)+ max +(u,y —2™)] = max w,y -z
f(y) f( ) (5,u)€df1(1*)[£ < Yy >] (0,w)€edfa(z*) < Y >

for all y € B.(z*). For y € B.(x*) consider

w(y) = argmax (w,y— ™).
(0,w)€df2(x*)

Then f(y) — f(z*) > n+ (v —w(y),y — «*) for all (n,v) € df1(x*). This can be rewritten
as f(y) — f(z*) > n+ (u,y —2%), (n,u) € Low(y)(r*). In particular, this is true for
(n,u) = (0,0,) € L0w(y (z*). Since y € B.(z*) is arbitrary we get f(z*) < f(y) for all
y € B.(x*) that is 2* is a local minimizer of Problem (3.1). O

Remark 4.6. The optimality condition (4.1) is tighter than the condition (4.2). However,
the latter can be extended to global optimality conditions for Problem (3.1). Such conditions
are studied in the next section.
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Necessary and Sufficient Conditions for Global Optimality

The following optimality condition is applicable also to DP functions, however it is rather dif-
ficult to utilize in solution algorithms as it requires availability of the whole e-subdifferential
which is not easy to calculate even for DP functions.

Theorem 5.1 ([28]). Let f1, fa : R™ — R be convex functions. A DC function f = fi1 — fo
attains its global minimum at a point x* € R™, if and only if 0. fo(x*) C 0. f1(z*) for all
e >0.

We study global optimality conditions for Problem (3.1) using mappings x +— df;(z) and
x + dfa(x). Consider the set

Lgy(z) = —(0,w) + df1(z), (8,w) € dfa(x).
Proposition 5.2. Suppose that at a point z* € R™
On+1 € Low(z®) V(0,w) € dfa(x™). (5.1)
Then x* is a global minimizer of Problem (3.1).

Proof. Take any x € R™ and define

(0., w*) € Argmax {0+ (w,z—az*)}.
(8,w)€df2(x*)

Then it follows from Proposition 3.2 that
z)— f(z*) = max + (v,x — 2" — max 0+ (w,x —x*
flz) = f(=7) L [+ )] 00X [0+ ( )]

max + (v, x — ") — 0, — (w*,x — 2"
(W)edfl(l*)[ﬂ ( )] ( )

max + v,z —x)].
(W,U)E—(G*,w*)+dfl($*)[n < )

Since Op41 € (Ox,w*) + df1(z*) we get f(x) > f(z*) for all z € R™, that is z* is a global
minimizer of Problem (3.1). O

The following example demonstrates that the condition (5.1) is not always necessary for
global minimizers of Problem (3.1).

Example 5.3. Consider the function f(x) = max(—2x,0) — max(—z,—1), depicted in
Figure 1. This function attains its global minimum at the point z* = 0, and

df1(z*) = conv{(0,—-2),(0,0)}, dfz(z*) = conv{(0,-1),(-1,0)}.
It is easy to see that 0y ¢ L(_q)(z*) = conv{(1l,-2),(1,0)}.

Next we formulate a necessary and sufficient condition for global minimizers of Problem
(3.1). First, we will prove the following useful proposition.

Proposition 5.4. Let us define a polytope U = conv{(p;,u’) € RxR", i=1,--- ,m} C
R, Then
max [ﬂ + (u,d)} >0, vd € R"
(p,u)eU

if and only if there exists u > 0 such that (u,0) € U.
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fx)

Figure 1: Example showing that the sufficient condition (5.1) is not always necessary.

Proof. Define the function

h(d) = d)|, d e R™.
(d) e {u+<u7 >], €

The sufficiency is straightforward. Indeed, if (u,0) € U with g > 0, then by the definition
of h, we have h(d) > p > 0 for any d € R™.

Now assume that h(d) > 0 for any d € R™. Then, as a continuous piecewise linear
function bounded from below, it attains a minimum A* at a point d* € R™. Furthermore at
any point d, we have:

h(d) ~ h(d') = max_ [(u R+ (u, d)} vd € R”,

which means that
dh(d*) = {(u RS u) s () € U}.
Applying the necessary condition for a minimum of the convex function h we get that

Op+1 € dh(d*). Therefore there exists (y,0) € U such that = h* > 0. O

At a given point = € R™ take any (8, w) € dfz(z) and define the following set:

dof(z) ={(n,v) € dfi(z): n—0=0}.
It is clear that dg f(x) # 0 for any (6, w) € dfz(z). Define the set
Ly, (x) = —(0,w) + do f ().
Proposition 5.5. A point z* € R"™ is a global minimizer of Problem (3.1) if and only if
0, € {v:(n,v) € L (2%)} for any (0,w) € df2(z*).
Proof. Tt follows from Proposition 3.2 that
z)— f(z*)= max + (v,x —x*)| — max 0+ {w,x—x")|.
fa) = 1(=") (n,v)€dfi(z*) [77 < >] (0,w)€Edfz(z*) { < >}
Thus, f(z) > f(z*) for any € R™ if and only if
_ * _ _ * > *
(nyv)rgg‘.)f(x*) [n—l— (v, x —x )} {94— (w,z —x )] >0 V(0,w) € dfa(z"),

that is:
max {u + (u,x — x*>} >0 Y(0,w) € dfz(z").
(rw)€LY, ()

The rest of the proof is a direct application of Proposition 5.4. O
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Remark 5.6. Although the condition (5.1) is not always necessary for global minimizers
it is much easier to check than the condition in Proposition 5.5. Since the sets df;(z) and
dfa(x) are polytopes the condition (5.1) is checked only for extreme points of the set dfs(x)
which is equivalent to checking the solvability of a finite number (which is the number of
extreme points of dfs(x)) of systems of linear equations.

We now propose the following;:
Proposition 5.7. Let A = conv{(ai,a1),...,(Cm,am)} CR x R™. Define AT = {(a,a) €
A:a >0} and Ay = conv(AU{(—1,0,)}). Then, 0, € {a : (a,a) € At} if and only if

0n+1 c AJr,

Proof. We know that 0,, € {a : (a,a) € AT} if and only if there exist A1,...,\,, such that
Xo€0,1],i=1,...,m, > " A\, =1and

> Xiai=0, > Ny >0 (5.2)
=1 1=1

and similarly, 0,41 € Ay if and only if there exist Aq,..., Ajmq1 such that A; € [0,1],4 =
1,...,m+1, Zi";[l/\i =1 and

Z)\iai = 0, Z )\iai - )\m+1 =0. (53)
i=1 =1

It suffices to show that the two sets of equations are equivalent. It is obvious that (5.3)
implies (5.2). Assume that (5.2) is true and let 8 = >""", \;a;. Define

= N1 m - _F
’YZ_(B+1)7 — Ly 7’7m+1_ﬂ+1~

It is clear that ZZ':{l ~vi = 1 and that v; € [0,1],4 =1...,m + 1. Furthermore,

m 1 m
Z%‘ai = 72&%‘ =0
i=1 p+1 i=1
and
zm:%'ai — Vmt+1 = - i)\iai -p|=0.
i=1 p+1 i=1
This completes the proof. O

Corollary 5.8. The point * is a global minimizer of Problem (3.1) if and only if
Ont1 € conv (Lo (z*)U{(—1,0)}) V(0,w) € dfa(z™). (5.4)

Proof. The proof derives directly from Propositions 5.5 and 5.7. O
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Constrained piecewise linear optimization problems

In this subsection we propose necessary and sufficient conditions for solutions of the following
problem:

{minimize fx) (5.5)

subject to  {¢*,x) < p;ji=1,...,1,

where f is defined as in (3.1) and ¢ € R™, p; €R, i =1...,1.
For a given x € R", let a;(x) = (¢°, z) — pi-

Proposition 5.9. A point z* € R™ is a global minimizer of Problem (5.5) if and only if
0, € conv {v :(n,v) € Lg‘w(z*)} U {(ai(z*),gi)}

for any (0,w) € dfz(z*).

Proof. The point z* is a solution to the problem (5.5) if and only if for any x € R"™, either
f(z)— f(z*) > 0 or, (¢°,x) > p; for some i € {1,...,l}. Thus, * is a solution if and only if

+{u,z—2*)| >0 V(0,w) € dfa(x”
omax e — )| (8,w) € dfs(a”)

: max [(g'2 — ")+ ((g',5%) = pi)] 2 0,

i=1,...,1

that is, if and only if

max( max [,u—f— (u,ac—:r*)],max [ai(x)+<gi,x—x*>]> > 0.
(1,u) € Lgo (x*) 1,...,1

This completes the proof. O
Applying Proposition 5.4 we obtain the following result.

Corollary 5.10. The point z* is a global minimizer of Problem (3.1) if and only if

Ot € conv (ng(x*) U {(as(z*),g")} U {(—170)}) V(0,w) € dfa(z*).  (5.6)

The proof derives directly from Propositions 5.7 and 5.9.

Examples

In this subsection we present some examples to demonstrate necessary and sufficient global
optimality conditions.

Example 5.11. For the function f from Example 5.3 elements of the set dfz(0) can be
represented as (1 — o, &) where « € [0, 1]. Then we get that:

L?_l—a,a)(o) =[-24+,q].

It is clear that 0 € L?‘l_a‘a)(O) for any « € [0,1]. Then it follows from Proposition 5.5 that

the point * = 0 is a global minimizer of f.
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Example 5.12. Consider the PWL function f(x) = fi(x) — fa(x), where
f1(z) = max {3:1:1 4 329 — 6, 621 + 319 — 12,321 — 929 — 6, —92, + 379 — 6},
fa(z) = max{ —x1 —x9 — 3,327 — 39 — 3, —4x1 + 319 — 5}.
The graph of this function is depicted in Figure 2. Take a point z = (0,0). Then
df1(0,0) = conv {(0, 3,3), (=6, —6,3), (0,3, —9), (0, -9, 3)},

df2(0,0) = conv {(0, ~1,-1),(0,-3,-3), (—2, —4,3)}.

It is clear that 0,41 € —(6,w) + df1(0,0) for all (§,w) € df2(0,0). Then it follows from
Proposition 5.2 that the point z = (0, 0) is a global minimizer of the function f and f(0,0) =
—3.

Figure 2: Plot of the function from Example 5.12.

Example 5.13. Consider the following function [16]:

f(z) = min { max{—z1 — 2z + 4,221 + 425 — 5}, max{—2x; — x5 + 21,621 + 3z — 15}}.

Its graph is depicted in Figure 3.
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Figure 3: Plot of the function from Example 5.13.
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This function is DP: f(z) = fi(x) — f2(x) where

filz) = max{ —x1 — 2x9 + 4,221 + 419 — 5} + max{ —2x1 — 29 + 21,621 + 320 — 15}7

fa(x) = max{ —x1 — 220 + 4,221 + 430 — 5,211 — T2 + 21,631 + 3T0 — 15}.
The function f has two sets of local minimizers:
Xf:{xERQ: :E1+21:2:3}, X;:{zERQ: 2x1—|—x2:9}.

f(z)=1for all x € X{ and f(z) =12 for all x € X;. Thus the set X7 is the set of global
minimizers of the function f over R%. Take the point 2° = (1,1) € X;. Then

df1(z°) = conv {(0, ~3,-3),(0,0,3), (—24,5,1), (24,8, 7)},

dfa(z°) = conv {(—17, “1,-2),(~17,2,4), (0, —2, — 1), (—24,6,3)}.
It is easy to show that (0, —2, —1), (—24,6,3) € df1(2°), however (—17, -2, 1), (—17,2,4) ¢
df1(z%). Again this example demonstrates that the condition (5.1) is not always necessary

for global minimizers.
The sets L, (z°) for extreme points (0, -2, —1), (—24,6,3) are as follows:

Ly -0, -1(a°) = conv { (1. -2). (2.4)},

LE 6.5 (@°) = cony {(—9, ~6),(—6,0), (—1,-2), (274)}.

It is clear that 04 € Laiz’fl)(xo) and 0q € Lzr724’6_’3)(:c0). For other two points sets are as

follows:

LEye 1 (@) = (1,2 + {v € R" s v=01(=3,-3) + a5(0,3) + as(5,1) + 0u(8,7),
artastaztar=1, az+oas <17/24, @; >0, i = 1,2,3,4},
L{ 1rg(@®) = (2,4) + {v ER": v =a;(~3,—-3) + as(0,3) + a3(5,1) + au(8,7),
artastaztas=1, az+ay <17/24, ; >0, i = 1,2,3,4}.

One can show that 0y € L?‘_N’_L_Q)(aro) and 0y € L?’_1772,4) (2°). Then it follows from

Proposition 5.5 that the point 2° = (1, 1) is a global minimizer of the function f.

@ Numerical Methods for Local Minimization of DP Functions

In this section we describe algorithms to locally solve Problem (3.1). We will design both
exact and inexact algorithms for finding local minimizers of DP functions.
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An exact algorithm for local minimization of DP functions

Before the description of the exact algorithm we present some results on the properties of
steepest descent directions of DP functions. Assume that = € R™ is not a stationary point
which means that dfs(z) ¢ 0f1(x). Let

R(z) = {(i.j) € I x T : i € Ry(x), j € Ra(a) },

where the sets Ry (z),k = 1,2 are defined by (3.2). Compute v € df1(z) and @ € dfa(x)
such that

lo—wll= max  min Jo—uw. (6.1)
wEDfa(x) vEDf1(x)

It is clear that ||t — @|| > 0. Define the direction
d=—(v—w). (6.2)

A direction d° = ||d||~'d is the steepest descent direction of f at z [15]. Compute A by

A=sup{\: R(z+ \d) C R(z)}.

If A = oo, then the function f is unbounded along the ray {x + Ad : A > 0}. Main properties
of the direction d are summarized in the following proposition.

Proposition 6.1. Assume that x € R™ is not a stationary point and the direction d is
defined by (6.2). Then the following hold:

1. A>0;
2. f(z+Xd) < f(x) — N|d||? for A € [0, ).

Proof. 1) Since both functions f; and fy are piecewise linear the upper semicontinuity of
the subdifferential mappings df1(x) and dfa(x) implies that there exists § > 0 such that
0fi(y) C9fi(x), i =1,2 for all y € Bs(x). This means that A > ¢ > 0.

2) For any \ € [0, )), we have:

filz +Ad) = max  [(a',z+ Ad) — by,]

1€Ry (x)
< max a',x) — by + X max (a'’,d 6.3
T i€ER1(x) [< > ! ] 1€ER1 () < > ( )
= + A i d).

fi(z) s (a™*,d)

Necessary condition for a minimum implies that
(v—1,0—w) >0 Yoveafi(x). (6.4)
Since a'’ € 9f1(x), i € Ry(x) it follows from (6.4) that (a'*,d) < (v,d) and therefore apply-

ing (6.3) we have f1(z+Ad) < fi(x)+ A(¥,d). On the other hand the subgradient inequality

implies that fi(xz 4+ Ad) > fi(x) + A(v,d) and so combining the above two inequalities, we
obtain

fi(z +Ad) = fi(z) + A0, d). (6.5)
Applying the subgradient inequality to the function fo we get fo(x + Ad) > fo(x) + MNw, d),
and therefore

fl@+ M) < f(z) + Mo —@,d) = f(z) = Md, d) = f(z) = |d||*.
This completes the proof. O
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Remark 6.2. In order to find ¥ and @ in (6.1) it is sufficient to find the distance between
each extreme point of the set df(x) and the polytope 9f;(x). Since the set df2(x) is also a
polytope finding v and w is equivalent to solving a finite number of quadratic programming
problems. The number of these quadratic programming problems is the number of extreme
points of the set dfa(x).

The exact algorithm uses subdifferentials df1(z), df2(z) of component functions of the
DP function f and proceeds as follows.

Algorithm 6.3. An exact algorithm for local minimization of DP functions.
Step 1. Select any starting point x'. Set k := 1.

Step 2. If Of2(x*) C Of1(x*), then stop. z* is a local minimizer. Otherwise, select j, €
Ry(x*) such that _
0, #a** € Argmax  min v — w] (6.6)
wEDfa(zk) vEIf1(F)

and solve the following convex piecewise linear minimization problem:

minimize  gj, () = f1(x) — (a¥*, x) + byj,
subject to x € R™.

If this problem is unbounded, then stop. Otherwise, let z* be a solution.
Step 3. Set z**! := 2% k:=k + 1 and go to Step 2.

Remark 6.4. The problem (6.7) is convex and there exist finite convergent algorithms for
its solution. For example, it has been shown that an algorithm proposed in [7] converges to
the solution of the problem (6.7) in finite iterations.

Remark 6.5. It should be noted that solving (6.1) and (6.6) are equivalent. In fact the
optimal value of Problem (6.1) is the deviation of dfz(x) from the set df;(x). Since both
sets are polytopes it is sufficient to find the maximum distance between extreme points of
Ofa2(x) and the set df1(x). Thus, a®* in (6.6) is found among extreme points of the set
dfa(x).

Next we prove that Algorithm 6.3 is finite convergent.
Proposition 6.6. At any iteration k we have f(zFt1) < f(2F).

Proof. The proof follows immediately from Item 2) of Proposition 6.1 and the fact that at
the first step of the k-th iteration the descent direction coincides with the descent direction
from (6.1). O

Proposition 6.7. For any iteration m >k, jm, # ji.

Proof. The point z™*! is a minimizer of the function g;,, while according to (6.6), z™ is
not. Therefore,

i (@) < gj, (@) = f(@™) < F@H) < g (@) < g (@),
We can conclude that j,, # jk. O

Proposition 6.8. Algorithm 6.3 converges in a finite number of iterations, and either con-
cludes that the problem (3.1) is unbounded, or attains a local minimizer of the problem.
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Proof. By Proposition 6.7 and the fact that the set J is finite the algorithm terminates in
at most |J| iterations, where | - | stands for the cardinality of a set. It is clear from the
algorithm that either it returns a point x* such that dfs(z*) C 9f1(z*), or there exists
j € J such that g; is unbounded. In such a case, since f(z) < g;(x) for any € R”, the
function f is also unbounded. Then we conclude that the maximum number of iterations of
Algorithm 6.3 is finite. O

Remark 6.9. It is clear that the function f in (3.1) can be represented as follows:

o Vi 15N (b p
f(x) min max [(a'" —a', x) — (b1 — byy)]

which means that minimization of the function f is equivalent to the minimization of |J|
convex piecewise linear functions:
() = max [(a“ —a* x) — (by; — boj)], jEJ
iel

However, Algorithm 6.3 allows one to avoid solving of most of these problems and to consider
only those which contribute to local minimizers.

Inexact method for local minimization of DP functions

In this subsection we will design an algorithm for finding the so-called e-approximate solu-
tions to the problem (3.1). This algorithm uses the sets df(z) and dfz(z). We start with
the definition of the e-approximate stationary point.

Definition 6.10. A point z* is called an e-approximate stationary point of Problem (3.1)
iff:
On+1 S Low(a)‘*) + BE(On+1) V(O,’LU) S dfg(l‘*)

Proposition 6.11. Assume that the point x is not a stationary point of the problem (3.1)
and for some (0,w) € dfs(x)

2012 = 11, 9)]12 = min {12+ = € Low(@)} > 0.

Then © # 0,,. Moreover, if 7 = 0 then the function f is unbounded from below and if § < 0
then fora =—1/11>0

flx —av) = f(z) < |z (6.8)
and

f(x —av) - f(z)

<.
Proof. If x is not a stationary point then it follows from (4.2) that there exists (0, w) € dfa(x)
such that 0,41 € Low(x). This means that

(6.9)

min  []z]|? > 0.
2€ Loy ()

Let z = (7,0) = argmin{||2||?> : 2z € Low(z)}. Then it follows from the necessary condition
for a minimum that

n(n =)+ (v,v =) >0, V(n,v) € Low(x)

which means that
—(v,0) < = |Jo[* +7(n — 7). (6.10)
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It can be proved that if ||zZ|| > 0 then © # 0,,. Indeed if ¥ = 0,, then it follows from (3.3)
that 7 < 0. In this case (6.10) implies that n < 7 for all (n,v) € dfi(x) which contradicts
(3.3). Thus © # 0,,. It follows from (3.4) and (6.10) that for any o > 0

r—aQau) = x) + max — a(v,v)| — max — (v, u
fw—on) = f@)+ max [j-afo)] - mex (u—a(u)]

< r)+  max —o(U,v)| — a(v,w
< f@)+ max a0 - o)

= x)+ max — afv,v
fl)+  max [n—afv,v)

< T)+ max —allBl2 + ai(n — 7
f( ) (1,0)€ Low () [77 || H 77(77 77)]

= x) + max 1+ af) — a(||5]|? + 72
/@) (1,0)€Low () [n( 1) — a(|[9]]* +77)]

= f(@)+ max n(l+an) —alz]*
(ﬁw)ELOw(ﬂU)

If 77 = 0 then taking into account (3.3) we have

r—av) < x)+ max —al|z|?
fle—on) < fl@)+ max oyl

= fl@)—alzl*.
In this case f(x — a¥) = —o0 as & — +oo and therefore f is unbounded from below on R™.
If 77 < 0 then one can take & = —1/7 > 0. In this case 1 + @ij = 0. Then

1211

Since —7] < ||Z|| we have
fz—av) = f(z) < -z and f(z—av)— f(z) <17
The proof is completed. O

Based on Proposition 6.11 we propose the following algorithm for solving Problem (3.1).
Let € > 0 be a given sufficiently small number.

Algorithm 6.12. An approximate algorithm for local minimization of DP functions.
Step 1. Select a starting point ' € R” and set k := 1.

Step 2. Compute z¥ = (7, o*) € R"*! such that
B = max min  |z]|%.
(0,w)€df2(x*) 2€Low(z*)

k

Step 3. If i, = 0 and vy = 0,, then the algorithm terminates. " is a local minimizer.

Step 4. If 7, = 0 and o # 0, then f* = —oco. The algorithm terminates. The objective
function f is unbounded from below.

Step 5. If ||2¥|| < ¢, then the algorithm terminates. z*

k1l — gk — a4, 0%, set k := k 4+ 1 and go to Step 2.

is an e-approximate solution.

Step 6. Compute ay = —1/n; and z

Finite convergence of Algorithm 6.12 is proved in the next proposition.
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Theorem 6.13. Suppose that the function f is bounded from below, that is f. > —co. Then
Algorithm 6.12 finds an e-approzimate solution of Problem (3.1) in finitely many iterations

m > 0 where )
m < {f(sc i_f*J + 1.

Proof. Since f, > —oo the stopping criterion in Step 4 will never happen. It is sufficient to
show that the stopping criterion in Step 5 will happen in finitely many iterations. Assume
the contrary that is the algorithm is infinite convergent. Then ||2¥|| > ¢ for all k¥ > 1 and
therefore it follows from (6.8) that

fa® — o) = fla') < —ke, k> 2.

This means that f(z*) — —oco as k — co. We get the contradiction. It is clear that the
maximum number m of iterations necessary for the stopping criterion in Step 5 to happen

- me | KLy

€

The proof is complete. O

Remark 6.14. Even though Algorithm 6.12 reaches only an approximate solution, its
convergence rate does not depend on the number of extreme points in dfs(x), and so it may
reach a solution faster than the exact Algorithm 6.3 in practice. It is possible to combine
these two algorithms by using the approximate solution obtained by Algorithm 6.12 as a
starting point for Algorithm 6.3.

Numerical Methods for Global Minimization of DP Functions

In this section we design an algorithm for finding global minimizers of Problem (3.1). This
algorithm consists of two main steps. First we apply an algorithm for local minimization
of DP functions. This algorithm either finds a local minimizer or determine that the ob-
jective function is unbounded from below, in which case the global minimization algorithm
terminates. In the former case we apply an algorithm to escape from the local minimizer
that finds better starting point for a local minimization algorithm and repeat the process as
many times as necessary. Therefore we start by presenting results on computation of global
search directions of DP functions.

In order to compute a descent direction at local minimizers (which are not global ones) of
DP functions we will apply the sufficient condition given in Proposition 5.2 and the necessary
and sufficient condition given in Proposition 5.5.

Proposition 7.1. Suppose that a point x € R™ is not a global minimizer of the function f
and Op41 & Loy (x) for some (0,w) € df2(x). Let

=1z o)|* = min_|z]*>o0.

1z
zE€Lgyw (:E)

We have:

1) If 1 <0, then u # 0, and f(x — au) < f(z) — a|z||* for a = —1/f;

2) If i =0, then i # 0, and f(xr — i) < f(z) for all « > 0/||Z||?>. Moreover, in this case
the function f is unbounded from below;
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3) If >0, 0<6<|Zz|| and @ # 0y, then f(x — atu) < f(z) for all o > 0/(]|2|* — 62).
In this case the function f is unbounded from below.

Proof. The necessary condition for a minimum implies that
(Z,2—2) >0 Vz € Lyy(x). (7.1)

It is clear that z = (i, ) = (=0 + 7, —w + v) where (7,7) € dfi1(x). First we will consider
the case when i < 0 and show that in this case t = —w + 0 # 0,,. Since 2 # 0,1 f 7 =0
we have that @ # 0,,. Consider the case i < 0 and assume the contrary, that is « = 0,. It
follows from (7.1) that f(pu — @) > 0 for all (u,u) € L, (x). Since for any (u,u) € Loy, (x)
one can write p = —0 + 1, (n,v) € dfi(x) we get that

p(n—m) >0 forall (n,v) e dfi(z). (7.2)

On the other hand i = —6 4+ 7 < 0 and therefore 77 < 0. It follows from (3.3) that § < 0 and
consequently 7 < 0. Since i < 0, (7.2) implies that n < 77 < 0 for all (n,v) € df(z). This
contradicts (3.3). Therefore @ # 0.

It follows from (7.1) that

<u7 7’EL> < pp— ”2”2 V(u,u) € Lew('r)'

The formula (3.3) implies that

0= max . 7.3
(l"vu)eLGw(m)M ( )

Then for any « > 0 we have

fa—ot) = f(@)+ max [n—afv,a)] - w - ale, )]

(z) + max
(n,v)€df1(x) (w,c)Eedf2(x)

(x)+ max [n—alv,a)]+ 60— a{w,a)

(z) +

IN
~

(n,v)Edf1(x)

max — a(u,u
(1,u)€Lgw (@) g (. @)

< T) + max 1+ ap) — ollz|]?
< f(z) (o [1( i) — ol 2])?]

— f@-olEP+ max  p(l+ap)
(p,u)€Lgw ()

X

|
~

If & < 0 then for « = —1/ we have

max 14+ap)=0
(aax 1+ ap)
and therefore f(x — au) < f(z) — o|Z||?.
If i = 0 then (7.3) implies that f(z — au) < f(x) — a||z||* + 6. Then f(x — a@i) < f(x)
for any o > 6/||z||> > 0. If we take a,,, = m8/||z||> > 0/]|z]|?, m = 2,3,... then

flx—anpu) < f(x) —(m—-1)§, m=2,3,....

It is obvious that f(z — @) — —o0 as m — +oo, that is in this case the function f is
unbounded from below.
Finally, assume that g > 0, 6 < ||Z|| and @ # 0,,. It follows from (7.3) that & < #. Then
for any o > 0
flxz —au) < f(z) - allz]* +6(1 + ab)
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and f(x—au) < f(z) for all a > 0/(||z)|>—0?). If we take av,,, = m0/(||2||?—0%), m =2,3,...
then
flz —anu) < f(x) —(m—1)0, m=2,3,....

Therefore f(z — @) — —o0 as m — +00, that is in this case the function f is unbounded
from below. O

Remark 7.2. Proposition 7.1 shows how one can compute global descent direction at a
point x which is not a global minimizer. It is sufficient to compute an element z only for
extreme points of the set dfy(z). The element Zz is found by solving a quadratic programming
problem. The number of such problems solved at the point x is no greater than the number
of extreme points of dfa(x). In many cases this number is small because one stops as soon
as a global descent direction is found and therefore not considering all extreme points of the
set dfa(x).

The number of quadratic programming problems to be solved is especially small when
the point x is a local minimizer which is not a global one. In this case all extreme points of
the set dfz(x) of the form (0, w) are excluded from consideration because 0,41 € Loy () for
all (0,w) € dfs(x). This means that finding the global descent directions at local minimizers
is easier than at any other points.

Proposition 7.3. Suppose that a point x € R™ is not a global minimizer of the function f.
Then there exist (6, w) € dfz(x) and y € R™ such that

max +(u,y —x)} <0 7.4
(NAOGL@AE){M (u,y — )} (7.4)

and f(y) < f(z).
Proof. Tt follows from (3.4) that for any y € R"

— f(x)= ma + v, y—x)}— ma 0+ (w,y —x)}.
f) = flz) =  max {n+(vy )} wwmﬁuﬁi (w,y — )}

Since z is not a global minimizer there exists y € R™ such that f(y) < f(x) and therefore

max {n+(v,y —z)} — max ){9—|—<w,y—m>}<0.

(n,v)€df1(z) (6,w)€Edf2(x
Let B
(0,w) = argmax {04 (w,y—x)}.
(0,w)€edf2(x)
Then (7.4) is satisfied for (6,w) € dfz2(z) and in this case f(y) < f(z). O

Remark 7.4. Proposition 7.3 implies that if a point x € R™ is not a global minimizer then

min min max +(u,y—x)} <0
YyER™ (0,w)€Edfa () (luu)eLem(ﬂf/’){'u .y &

or

min min max + (u,y —x)} <O0.
(0,w)€df2(z) yeR™ (uvu)ELew(ﬂc){u (w.y }

This means that in order to find a global descent direction at a point x one can minimize a
convex piecewise linear function

= max +(u,y —x
¥(y) dewwﬁu (u,y — )}

for each (6, w) € dfa(x).
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Corollary 7.5. Let x be a local minimizer of the function f which is not a global one. Then
for any (0,w) € dfz(x) and y € R™

max + (u,y —x)} > 0.
(alax {p+ (uy—2)}
Proof. Since x is a local minimizer then the necessary condition for a minimum implies that
Opn+1 € Low(z) for all (0,w) € dfz(x) which completes the proof. O

Remark 7.6. Corollary 7.5 implies that if the point z is a local minimizer but not a global
one all elements of the set dfa(x) of the form (0,w) should be excluded when the global
descent direction is computed at this point. Therefore the complexity of computation of
descent directions at local minimizers can be reduced significantly.

Based on results from Propositions 7.1 and 7.3 we propose the following algorithm for
solving Problem (3.1). Let € > 0 be a sufficiently small number.

Algorithm 7.7. Global minimization of DP functions.
Step 1. Select a starting point ' € R", set = 2! and k := 1.

Step 2. Starting from the point Z apply either Algorithm 6.3 or Algorithm 6.12 to find
the local minimizer of Problem (3.1). As a result these algorithms either compute a local
minimizer g or find that Problem (3.1) is unbounded from below.

Step 3. (The first stopping criterion). If the function f is unbounded from below, then stop.
Problem (3.1) has no solution. Otherwise set 257! = g and k := k + 1.

Step 4. (The second stopping criterion). If 0,1 € Lg,(z*) for all (6, w) € dfs(z*), then
stop. z¥ is a global minimizer.

Step 5. (The third stopping criterion). If 0,, € {v : (n,v) € Lj (a*)} for any (0,w) €
df>(z%), then stop. z* is a global minimizer.

Step 6. Compute (6, w) € dfz(x*) and z¥ = (fi, ©*) € Loy, (x") such that

"Il =

Iz min 2] > 0.
K)

2ELgqy (z

Step 7. If fir, < 0, then set oy, = —1/fi, and go to Step 9. If iy = 0 or fix, > 0,0 < 6 < ||z
and @* # 0,,, then stop. The objective function f is unbounded from below and Problem
(3.1) has no solution. Otherwise go to Step 8.

Step 8. Compute (6, w) € df(z*) and y € R™ such that

max + (u, — M <.
(u,u)GLew(r){u .y >}

Set ay, := 1, a¥ = 2F —y.

k

Step 9. Compute z = % — a,a* and go to Step 2.

Remark 7.8. Some explanation on Algorithm 7.7 follows. The algorithm starts with the
choice of the starting point which can be any point from R™ (Step 1). Then starting from
this point we apply one of the local search algorithms (either Algorithm 6.3 or Algorithm
6.12) and find a local minimizer (Step 2). Steps 3-5 contain three stopping criteria. Both
Algorithm 6.3 or Algorithm 6.12 may find that the objective function is not bounded from
below. In this case the problem has no solution and the algorithm terminates. This is done
in Step 3. In Step 4 we check the sufficient condition (5.1) for global optimality. If it is
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satisfied then the global minimizer has been found and the algorithm terminates. Finally, in
Step 5 we check the necessary and sufficient condition from Proposition 5.5. If it is satisfied
then the global minimizer has been found and the algorithm terminates.

Note that the sufficient condition (5.1) is easier to check than the necessary and sufficient
condition from Proposition 5.5. If none of these stopping criteria are satisfied then in Steps
6-8 we compute the global search direction —@* and step length oy > 0. In Steps 6 and 7
we apply results from Proposition 7.1 to do so. In these two steps we either compute the
global search direction and the step length or find that Problem (3.1) has no solution. If
the conditions in Step 7 are not satisfied then in Step 8 we apply results from Proposition
7.3 to find the global search direction and the step length. Again we have to point out that
Steps 6 and 7 are easier to implement than Step 8. We follow the global descent in Step 9
and find a better starting point z for the local search.

The proof of the following theorem about the complexity of Algorithm 7.7 is straightfor-
ward.

Theorem 7.9. Algorithm 7.7 terminates after finite number K > 0 of iterations and either
determines that the objective function is unbounded from below or finds the global solution
to Problem (3.1). Here

K < 2'Np if one applies Algorithm 6.3 in Step 2

and
K<N 5 +1 if one applies Algorithm 6.12 in Step 2.

Here f, is the value of the global minimum and N is the number of local minimizers of
Problem (3.1).

Ilustrative Examples

In this section we present three examples to demonstrate how Algorithm 7.7 works.

Example 8.1. Consider the following DP function
f(z) = min{l, |z|} = max{1+ 2,1 — 2} — max{l,z, -z}, z €R.

Here f1(z) = max{1l+z,1—z}, fo(z) = max{1,z, —x}. The global minimizer of this function
isx = 0with f(0) = 0. Any point y € R belonging totheset U = {z e R: z < —lorxz > 1}
is a local minimizer with f(y) = 1. Take the point = 2, which is a local minimizer. We
have

df1(2) = conv{(—4,-1),(0,1)} and df2(2) = —conv{(—4,-1),(0,1),(-1,0)}.

Since 03 € —(0,1) + df1(2) the necessary and sufficient condition for local optimality is
satisfied. It is obvious that 02 € —(—4, —1) + df2(2), however 02 & —(—1,0) + df1(2). We
define L(_1,y(2) = conv{(—3,—1),(1,1)} and then compute

1(=0.2,0.4)[| = min {[| (5, w)l| : (1, u) € L(—1,0)(2)} -

In order to find the global descent direction we apply Proposition 7.1. Since g = —0.2 it
follows from Proposition 7.1, 1) that the descent direction is @ = —0.4 and o = —1/fi = 5.
Then we find Z = x + au = 0 which is the global minimizer of the function. This example
demonstrates that Proposition 7.1 can be applied to find global descent directions from local
minimizers.
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Example 8.2. Consider the following DP function
f(z) = max{0,2(x — 1)} — max{—=z,z}, x € R.

Here fi(z) = max{0,2(x — 1)}, f2(x) = —max{—=z,2}. This function is unbounded from
below that is f. = —oo. The point = 1 is a local minimizer of f and f(1) = —1. Take the
point = 2. We have f(2) =0 and

df1(2) = conv{(—2,0),(0,2)}, df2(2) = conv{(0,-1),(4,1)}.
Compute
L,—1)(2) = conv {(—2,-1),(0,1)} and L4,1)(2) = conv{(2,1),(4,3)}.
Since 02 & Lo,—1)(2) it follows that x = 2 is not a local minimizer. It is easy to see that
1(=1/2,1/2)|| = min{{[ (s, w)[| : (1, w) € Lo, -1)(2)}-

Then i = —1/2 and applying Algorithm 6.12 we find the step length o = —1/a = 2 and
descent direction & = —1/2 in Step 2 of Algorithm 7.7. We have Z = x + oz = 1 which is
the local minimizer. For Z = 1 we have

df1(1) = conv{(0,0),(0,2)} and dfz(1) = conv{(0,—1),(2,1)}.
Then we compute
L—1,0y(1) = conv{(0,-1),(0,1)} and L3,1)(1) = conv{(2,1),(2,3)}.

Since x = 1 is a local minimizer the necessary condition for a minimum implies that 0; €
L—1,0)(1). It is easy to see that Oz & L(2,1)(1) and

ZIl=1(2,1)]| = min ,u)l|-
s =l 0l = min )

In this case p > 0, 4 = —1 # 0 and 6 = 2 < ||Z||. Therefore we can apply Proposition 7.1,
3) which implies that the function f is unbounded from below.

Example 8.3. Consider the following function [16]:
f(@) = fi(z) = f2(x)
where
fi(x) = max{—xz1 — 229 + 4,221 + 4xs — 5} + max{—2x1 — x2 + 21,621 + 3x5 — 15},
fo(x) = max{—x1 — 2x9 + 4,221 + 4x5 — 5, =221 — 25 + 21,621 + 325 — 15}.
To minimize it we take 29 = (4,4) as a starting point. We have f(z°) = 19 and
df1(2°) = conv{(—39, -3, -3), (—27,5,1),(—12,0,3),(0,8,7)},
dfa(2°) = conv{(29,1,2), (2,—2,—4),(12,2,1), (0, —6,—3)}.
In order to find the local descent direction we consider the set:

Lo,—6,—3)(z") = conv{(—39,-9,—6), (—27,—1,-2),(-12,-6,0),(0,2,4)}.
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Then
II(—1.71429,0.85714, 3.42857)|| = min{||(x, v)| : (1, u) € L(O’,G’,‘g)(.’EO)}.
Since i < 0 the step length o > 0 is defined as & = —1/fa. The descent direction is
@ = (—0.85714, —3.42857). Applying Algorithm 6.12 we have 2! = 2° + au = (3.5,2) and
f(x') = 12. Next we compute:
dfi(z') = conv{(—~13.5, -3, -3), (-13.5,5,1),(0,0,3),(0,8,7)},
df2(z') = conv{(15.5,1,2), (2,-2,-4), (0,2,1), (0,—6,—3)}.
We have
L(0,2,1) (gjl) = COHV{(*13.57 7]-a 72)7 (71357 77 2)7 (Oa 25 4)7 (Oa 10, 8)}a
L(0776,73) (xl) = COHV{(—13.57 _9a _6)7 (_135a _17 _2)3 (07 _6a 0)7 (07 2a 4)}
For the set Lo, _g,—3)(z') we get
II(—0.73469, —1.10204, 2.20408)|| = min{||(u, v)|| : (u,u) € L(O,_67_3)(m1)}.

Therefore i = —0.73469 < 0 and the descent direction @ = (1.10204, —2.20408). Applying
Algorithm 6.12 we have 22 = (5,—1) and f(z?) = 1. For the set L 21)(z"') we get

|(—1.78218,1.60396, 3.20792)|| = min{|[(1,w)|| : (1, u) € L(g2,1)(z")}.

Then 1 = —1.78218 < 0 and the descent direction @ = (—1.60396,—3.20792). Applying
Algorithm 6.12 we have 7% = (2.6,0.2) and f(7%) = 1. We take 22 = z%. Then

df1($2) = CODV{(O, _37 _3)7 (Oa 57 1)7 (Oa 07 3)7 (07 8; 7)}7

dfs(x?) = conv{(11,1,2), (11,-2,—4), (0,2,1), (0,—6,—-3)}
and
Lo,2,1)(2*) = conv{(0,—1,-2), (0,7,2),(0,2,4),(0,10,8)},
Lo,—6,—3)(z*) = conv{(0, -9, —6), (0,—1,-2),(0,—6,0),(0,2,4)}.

02 € Lo,2,1)(2%) and 02 € Ly, _¢,—3)(2*). This means that * is a local minimizer of the
function f. In order to check global optimality conditions at the point 2 we consider the
following two sets:

L(H,m)(xz) = conv{(11,-2,-1), (11,6,3),(11,1,5),(11,9,9)},

L(117—2,—4) (IQ) = COHV{(I]" 757 77)? (1]" 35 73)7 (1]" 727 71)? (117 67 3)}

Here (11,0,0) € L(11,1,2)(2?) and (11,0,0) € L(11,—2,—4)(x?). Since n = 0 for any (n,v) €
df1(z?) it follows from the necessary and sufficient condition for global optimality of Propo-
sition 5.5 that the point 22 is a global minimizer of f.
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@ Conclusions

In this paper, we develop new algorithms to both locally and globally minimize continuous
piecewise linear functions represented as a difference of polyhedral functions. We present
two algorithms to locally minimize DP functions. One of these algorithms is based on the
subdifferential of the component functions, it is exact and finite convergent. The second
algorithm is based on the concept of codifferential, it converges to approximate local mini-
mizers in a finite number of iterations. We then develop an algorithm to globally minimize
DP functions. This algorithm consists of two main steps. In the first, we apply one of the
local search algorithms to find local minimizers of DP functions and then apply an algorithm
based on the codifferential to escape from those local minimizers and find better starting
points for local search algorithms. We prove that this algorithm is finite convergent.
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