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CONVERGENCE OF RIEMANNIAN STOCHASTIC
GRADIENT DESCENT ON HADAMARD MANIFOLD
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Abstract: Riemannian stochastic gradient descent (RSGD) is the most basic Riemannian stochastic op-
timization algorithm and is used in many applications of machine learning. This study presents novel
convergence analyses of RSGD on a Hadamard manifold that incorporate the mini-batch strategy used in
deep learning and overcome several problems with the previous analyses. Four types of convergence analysis
are described for both constant and diminishing step sizes. The number of steps needed for RSGD conver-
gence is shown to be a convex monotone decreasing function of the batch size. Application of RSGD with
several batch sizes to a Riemannian stochastic optimization problem on a symmetric positive-definite mani-
fold theoretically shows that increasing the batch size improves RSGD performance. A numerical evaluation
of the relationship between batch size and RSGD performance provides evidence supporting the theoretical
results.
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Introduction

Riemannian optimization has attracted a great deal of attention [1,9,22] in the field of
machine learning. In this paper, we consider a Hadamard manifold, which is a complete
Riemannian manifold whose sectional curvatures are less than or equal to zero. From the
viewpoints of application and convergence analysis, optimization problems on a Hadamard
manifold are very important. This is because, from the Cartan-Hadamard theorem, there
exists an inverse map of the exponential map. Hyperbolic spaces (represented, for example,
by the Poincaré ball model and Poincaré half-plane model) and symmetric positive definite
(SPD) manifolds are examples of Hadamard manifolds with many applications of machine
learning.

Optimization problems on SPD manifolds have a variety of applications in computer
vision and machine learning. In particular, visual representations often rely on SPD man-
ifolds, such as the kernel matrix, the covariance descriptor [27], and the diffusion tensor
image [8]. Optimization problems on SPD manifolds are especially important in medical
imaging [4, 8]. Furthermore, optimization problems in hyperbolic spaces are important in
natural language processing. Nickel and Kiela [19] proposed using Poincaré embedding, an
example of a Riemannian optimization problem in hyperbolic space. More specifically, they
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proposed embedding hierarchical representations of symbolic data (e.g., text, graph data)
into the Poincaré ball model or Poincaré half-plane model of hyperbolic space.

Riemannian stochastic optimization algorithms are used for solving these optimization
problems on a Riemannian manifold. Various such algorithms have been developed by ex-
tending gradient-based optimization algorithms in Euclidean space. Bonnabel proposed Rie-
mannian stochastic gradient descent (RSGD), which is the most basic Riemannian stochastic
optimization algorithm [3]. Sato, Kasai, and Mishra proposed the Riemannian stochastic
variance reduced gradient (RSVRG) algorithm with a retraction and vector transport [25].
Moreover, they gave a convergence analysis of RSVRG under certain reasonable assump-
tions. In general, the RSVRG algorithm converges to an optimal solution faster than RSGD;
however, the full gradient needs to be calculated every few steps with RSVRG.

Adaptive optimization algorithms such as AdaGrad [6], Adadelta [28], Adam [16], and
AMSGrad [21] are widely used for training deep neural networks in Euclidean space. How-
ever, they cannot be easily extended to general Riemannian manifolds due to the absence of
a canonical coordinate system. Special measures must therefore be considered when extend-
ing them to Riemannian manifolds. Kasai, Jawanpuria, and Mishra proposed generalizing
adaptive stochastic gradient algorithms to Riemannian matrix manifolds by adapting the
row and column subspaces of the gradients [15]. Bécigneul and Ganea proposed the Rie-
mannian AMSGrad (RAMSGrad) algorithm [2]; however, RAMSGrad is defined only on the
product of Riemannian manifolds by regarding each component of the product Riemannian
manifold as a coordinate component in Euclidean space.

Bonnabel presented two types of RSGD convergence analysis on a Hadamard manifold
[3], but both of them are based on unrealistic assumptions, and use only diminishing step
sizes. The first type is based on the assumption that the sequence generated by RSGD
is contained in a compact set of a Hadamard manifold M. Since it is difficult to predict
the complete sequence, this assumption should be removed. The second type is based on an
unrealistic assumption regarding the step-size selection. Specifically, a function (v : M — R)
determined by a Riemannian optimization problem must be computed, and a diminishing
step size (ay divided by v(xy), where x is a k-th approximation defined by RSGD) must
be used. This is not a realistic assumption because the step size is determined by the
Riemannian optimization problem to be solved and must be adapted manually.

In this paper, we improve the RSGD convergence analysis on a Hadamard manifold in
accordance with the points mentioned above and present four types of convergence analysis
for constant and diminishing step sizes (see Section 3). First, we consider the case in which
an objective function f : M — R is L-smooth (Definition 3.1). Theorems 3.4 and 3.5 are for
convergence analyses with the L-smooth assumption for constant and diminishing step sizes,
respectively. Since calculating the constant L in the definition of L-smooth is often difficult,
we also present convergence analyses for the function f : M — R not L-smooth. Theorems
3.8 and 3.9 support convergence analyses without the L-smooth assumption for constant and
diminishing step sizes, respectively. Table 1 summarizes the existing and proposed analyses.

Moreover, we show that the number of steps K needed for an e-approximation of RSGD
is convex and monotone decreasing with respect to the batch size b. We also show that
stochastic first-order oracle (SFO) complexity [24] (defined as Kb) is convex with respect
to b and that there exists a critical batch size such that SFO complexity is minimized (see
Section 3.4).

Our contributions are summarized as follows. First, we provide improved theoretical
analyses of RSGD. The convergence analyses with constant learning rates are novel contri-
butions. The convergence analyses with diminishing learning rates are with and without the
L-smooth assumption. Second, we analyze how the number of steps and the SFO complexity
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vary with the choice of batch size. Finally, we perform numerical experiments to support
our theoretical findings.

This paper is organized as follows. Section 2 reviews the fundamentals of Riemannian
geometry and Riemannian optimization. Section 3 presents four novel convergence analyses
of RSGD on a Hadamard manifold. Section 4 experimentally evaluates the performance of
RSGD by solving the Riemannian centroid problem on an SPD manifold for several batch
sizes and evaluates the relationship between the number of steps K and batch size b. Section
5 concludes the paper.

Table 1: Assumptions used in existing convergence analyses given by [3] and our novel
convergence analyses (Theorems 3.4-3.9). In all cases, M is a Hadamard manifold, and
f+ M — R is a smooth function.

Theorem Assumptions
Step size ay, Function f Sequence xj
[3} e e o B (:L‘k)EO:O ccC
Theorem 2 Diminishing C': compact set
(3] Determined by B B
Theorem 3 problem
Theorem 3.4 Con§ tant L-smooth -
depending on L
Diminishing
Theorem 3.5 not depending on L L-smooth -
_ (Tk)iZo € C
Theorem 3.8 Constant O bounded set
Theorem 3.9 Diminishing - ()i C C

C': bounded set

Mathematical Preliminaries

Let R be the set of real numbers and N be the set of natural numbers (i.e., positive integers).
We denote [n] := {1,2,--- ,n} (n € N), Ng:=NU{0} and Ry := {x € R: 2z > 0}. Let
M be a Riemannian manifold and T, M be a tangent space at x € M. An exponential
map at x € M, written as Exp, : T,M — M, is a mapping from T, M to M with the
requirement that a vector &, € T,,M is mapped to the point y := Exp,(§,) € M such that
there exists a geodesic ¢ : [0,1] — M that satisfies ¢(0) = =z, ¢(1) = y, and ¢(0) = &,
where ¢ is the derivative of ¢ [23]. Let (-,-), be a Riemannian metric at € M and |||,
be the norm defined by the Riemann metric at z € M. Let d(-,-) : M x M — Ry, U {0}
be the distance function on M. A complete simply connected Riemannian manifold of a
nonpositive sectional curvature is called a Hadamard manifold.

Riemannian stochastic optimization problem

We define a Riemannian stochastic optimization problem and two standard conditions.
Given a data point z in data domain Z, a Riemannian stochastic optimization problem
provides a smooth loss function, £(-; z) : M — R. We minimize the expected loss f : M — R
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defined by
f(x) :=E.np [l(z; 2)] = E[le(2)], (2.1)

where D is a probability distribution over Z, £ denotes a random variable with distribution
function P, and E[-] denotes the expectation taken with respect to . We assume that an
SFO exists such that, for a given & € M, it returns the stochastic gradient G¢(z) of function
f defined by (2.1), where a random variable £ is supported on = independently of x. The
standard conditions (C1) and (C2) are assumed in the discussion hereafter:

Cl1 Let (x)32, C M be the sequence generated by the algorithm. For each iteration &,
Ee, [Ge, (zx)] = grad f(z),

where &y, &7, - - - are independent samples, and the random variable & is independent
of (z;)F_,. There exists a nonnegative constant o such that

B, [IGe, (21) — grad f(i) |2, | < o

C2 For each iteration k € Ny, the optimizer samples a batch By of size b independently
of k and estimates the full gradient grad f as

1
grad fp, (z1) == D Gep (),
1€[b]

where & ; is a random variable generated by the i-th sampling in the k-th iteration.

E¢,[-|xr] represents the conditional expectation with respect to the random variable &
given zj. We denote E¢, [-] and Ee, [-|zx] simply as E[-] and E[-|z], respectively. From (C1)
and (C2), we immediately have

E[grad fp, (zx) | 2x] = grad f(zy), (2.2)
2
E [llgrad fs, (o0) — grad ()3, | o) < . (2:3)

Bonnabel [3] proposed RSGD for solving Riemannian optimization problems. In this
paper, we use RSGD with a variable batch, as shown in Algorithm 1.

Algorithm 1 Riemannian stochastic gradient descent [3].

Require: Initial point zg € M, step sizes (a;)72, C R44, batch size b € N.
Ensure: Sequence (x)7>, C M.

1: k<« 0.

2: loop

3: Ng == — grad ka (Ik) =-p! Zie[b] ngyi (l’k)
4: Tpy1 = Bxp,, (rnw).

5 k< Ek+1.

6: end loop
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Useful Lemma

The following lemma plays an important role in our discussion of the convergence of Rie-
mannian stochastic gradient descent on a Hadamard manifold in Section 3.

Lemma 2.1. Suppose that (C1) and (C2) and M define a Riemannian manifold and that
f: M — R is a smooth function on M. Then, the sequence (x)7>, C M generated by
Algorithm 1 satisfies

2

g
E [llgrad £, (w13, &

xk} < T+ lgrad f(zi)|2,

for all k € Ny.

Proof. Using (2.2) and (2.3), we obtain

E ||lgrad f5, (zx)I5,

xk} =E [||grad IB. (zr) — grad f(zx) + grad f(xk)”ik

(Ek}
=E [||grad F(xx) — grad f(a)|3, xk]
+ 2E [(grad fBy (xx) — grad f(zy), grad f(zk)),, | xk}

+ [|lgrad f(z)|2, | 2]
0'2 2
< 7+ lerad f(@)l,
for all £ € Np. O

Lemma 2.2 is useful in showing convergence of the limit inferior.

Lemma 2.2. The sequences ()52, C Ryt and (Br)72, C R such that
“+o0 “+oo
Zak = +o0, Z agfr < 400
k=0 k=0

satisfy

liminf 8 < 0.
k—4o00

Zhang and Sra developed the following lemma [30].

Lemma 2.3. Let a, b, and c be the side lengths of a geodesic triangle in a Riemannian
manifold with a sectional curvature lower bounded by x, and let 8 be the angle between sides
b and c. Then,

a? < ((k, c)b* 4 ¢* — 2bccos(h),

where ¢ : R x Ry — Ry is defined as

K,C) = _ ViKle
(i) tanh(y/]x[¢)
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Convergence of Riemannian Stochastic Gradient Descent
on Hadamard Manifold

In this section, we describe four types of convergence analysis of Algorithm 1 on a Hadamard
manifold.

Convergence of Riemannian Stochastic Gradient Descent
with L-smoothness

First, we describe the convergence of Algorithm 1 when L-smoothness is assumed. We start
by defining the L-smoothness of a smooth function [11,30].

Definition 3.1 (smoothness). Let M be a Hadamard manifold and f : M — R be a smooth
function on M. For a positive number L € R, , f is said to be geodesically L-smooth if for
any x,y € M,

lgrad f(z) — T¢(grad f(y))||. < L|Bxp; ()], ,
where I'} : Ty M — T, M is the parallel transport from y to z.

We state the following lemma giving the necessary conditions for L-smooth [30]. Lemma
3.2 plays an important role in convergence analysis with L-smoothness.

Lemma 3.2. Let M be a Hadamard manifold and f : M — R be a smooth function on M.
If f is geodesically L-smooth, it follows that for all x,y € M,

F(y) < 7() + {arad (@), Bxp; ), + & [Bxoz ()]

To show the main result of this section (i.e., Theorems 3.4 and 3.5), we present the
following lemma, which plays a central role.

Lemma 3.3. Let M be a Hadamard manifold and f : M — R be a smooth function. We
assume that f is geodesically L-smooth and bounded below by f, € R. Then, the sequence
(xk)72 o C M generated by Algorithm 1 satisfies

K—-1 La L02 S
k
E Qg (1_2>E[”gradf(xk)“§k] Sf(xo)—f*+2—b § ai
2 k=0
for all K € N.

Proof. From the L-smoothness of f and x341 = Exp,, (axnk), we have

La?
f(@rt1) < f(og) — ax (grad f(2r), grad fp, (z1)),, + Tk Igrad f5, (zx)|, (3.1)
for all k € Ny. From (2.2), we obtain

E [{grad f(zr), grad S, (21),, | o] = (grad f(ax), E [grad S, (x1) | @i]),,
— [lgrad £ ()%, (3.2)
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for all k € Ny. Hence, by taking E[-|zx] of both sides of (3.1), we obtain
E[f(zr+1) | 6] <E [f(xk) | 2x] — axE [(grad f(z1), grad fp, (zx)),, | xk]

L
Lok [grad s, (@) I2,

.

Lak 0'2 2
< 7o) a lgrad San) P+ 20 (5 + i )12, )
LOék

= ston) + (18 - 1) ax fgrad s 2, +

for all k € Ny, where the second inequality comes from (3.2) and Lemma 2.1. Moreover, by
taking E[-] of both sides, we obtain

Lak

B (ouen)] < L)) + (T3 = 1) ou [lerad fGan)2,] +

L02az
2b
for all £ € Ny. By summing up the above inequalities from £ = 0 to k = K — 1, we obtain

o i . 0_2 K—-1
> (175 ) ek [l s, ] < o) ~ElfGer) + 5 3 of

k=0

2

o2 Kol ,
Sf(%)—f*‘i‘ﬁ Zak
k=0
for all K € N. This completes the proof. O

We can use Lemma 3.3 to conduct a convergence analysis for a constant step size under
the assumption of L-smoothness.

Theorem 3.4. Let M be a Hadamard manifold and f : M — R be a smooth function. We
assume that f is geodesically L-smooth and bounded below by f, € R. If a constant step size
ai = a (k € Ng) satisfies 0 < a < 2/L, the sequence (x)72, C M generated by Algorithm
1 satisfies,

7e Z [Ilgradf (zi)|2 } < % + CQb" (3.3)
for some C1,Co € Ry and for all K € N.
Proof. From Lemma 3.3, we have
K—1 Lo , g2 Kol
> o (1= 5 8 flsmd @I, ] < floo) - £+ - e
k=0

for all K € N. Moreover, from 0 < o < 2/L, we have
Lo
0< — <1,
2

which implies that
K—1

1 2(f(zo) — fi) 1 La  o?
kz::O {”gradf ‘”‘“)”mk} S e—lLae KT@-Ia) B
Cy Cy

for all K € N. This completes the proof. O
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Moreover, we can use Lemma 3.3 to conduct a convergence analysis with a diminishing
step size under the assumption of L-smoothness.

Theorem 3.5. Let M be a Hadamard manifold and f : M — R be a smooth function. We
assume that f is geodesically L-smooth and bounded below by f, € R and use a diminishing
step size ()72, C Ry that satisfies

+oo +oo
Z ay = 400, Zaﬁ < 400. (3.4)
k=0 k=0

Then, the sequence (x)3>, C M generated by Algorithm 1 satisfies
lim inf E [||grad f(z)|l,,,] = 0. (3.5)

If the diminishing step size (ou)72, C (0,1) is monotonically decreasing, then for all K € N,

K-1
K Z [lgrad f(ax)3, | < <01+Czb" Zai> Ka;l (3.6)

k=0

for some C1,Cy € Ry .

Proof. From (3.4), we obtain

fak <1 - Lg"“) — to0. (3.7)

In addition, from (3.4), (ax)72, satisfies a; — 0 (k — 400). This implies that there exists a
natural number kg € Ny such that, for all k € Ny, if k& > kg, then 0 < ay < 2/L. Therefore,
we obtain

L
0<:1—-4§E<<1,

which, together with Lemma 3.3, means that

K-1

Yo (1 . L;k> E [lavad £(a0)]2,

k=ko

ko—1

Lo A, Lo
< floo)— £+ B St = Y an (1- ) B [l sl 69
k=0 k=0
for all K > kg + 1. This implies

Zak (1 - Lo“f) E [ngad f(xk)nik} < +00. (3.9)

By applying Lemma 2.2 with (3.7) and (3.9), we have

lim inf E | 2] <
lim inf lgrad f(zx),, | <0,

In this case, (az)p2, C (0,1) need not satisfy the conditions (3.4).
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which, together with the convexity of ||-||,, , means that

. . 2 . . 2
0 < liminf (E [|lgrad f(z4)]l,,])” < liminf E [ lgrad £ (@0)|I3, | <.

Tk
This implies
1. . f]E =

and ensures that (3.5) follows from the above discussion.
Furthermore, we show that (3.6) follows from the above discussion. From the mono-

tonicity of (ax)72, C (0,1) and (3.8), we have

Lo, \

ox-1 (1 - 2’“0) > E [lgrad sl
k=ko
2 K—

1 ko—1

< S0 = ot g Sl 4 2 (55t = 1) B [larad 0,
éi R
< f(zo T 2 ob+ X LofE (lerad fe)l?,
k= k=0
for all K € N. Hence, for all K € N,
K1 2 (f(wo) — fu + 300! LAZE |||grad f (k)|
5l ] < 2 <2i2ak ol .

k=ko

* b(2 Lozko K1 Z ak’

which, together with ay, € (0,1) (k € Np), gives us

| Kl
2
= > Ellgrad ()2,
k=ko
_[200 - o Sl e [l sl]) e
: 2~ Lan, + 3 B [lerad Sl ] f
C1
L
Y Lo bKaK ) Zak
Ca
for all K € N. This completes the proof. 0

Convergence of Riemannian Stochastic Gradient Descent
without L-smoothness

Next, we describe the convergence of Algorithm 1 without the assumption of L-smoothness.
We start by reconsidering the definition of convergence of Algorithm 1. Németh [18] devel-
oped the variational inequality problem on a Hadamard manifold. Motivated by the varia-
tional inequality problem in Euclidean space [12,13], we undertook the following proposition.
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Proposition 3.6. Let M be a Riemannian manifold and f : M — R be a smooth function.
Then, a stationary point x € M of f satisfies

grad f(z) = 0 & Vy € V,, (grad f(z), —Expw_l(y)>z <0,
where V,, is a neighborhood of x € M such that Exp;1 Ve = T M is defined.
Proof. If x € M satisfies grad f(x) = 0, we have

(grad f(z), —Exp, ' (y)), = (0., —Exp, '(y))_ <0

for all y € V,. We assume that z € M satisfies (grad f(z), —Expajl(y)>z <0 for all y € M.
Let y := Exp, (—e grad f(z)), for which we choose a sufficiently small £ > 0 such that y € V.
We then have

(grad f(z), —Exp;'(y)), = (grad f(z), —Exp; ' (Exp,(—¢ grad f(z)))),
= (grad f(z), e grad f(z)),
= ¢ lgrad f(2)|[; < 0.
This implies that grad f(z) = 0 and completes the proof. O

Note that, for a Hadamard manifold, V,, = M. From Proposition 3.6, we use the perfor-
mance measure of the sequence (z1)32 ),

Vi(w) = E [ (grad f(ax), ~Exp; (2)), ]

for all z € M. In practice, we can use Vi (z) for showing the convergence of Algorithm 1 in
Theorems 3.8 and 3.9. To show the main result of this section (i.e., Theorems 3.8 and 3.9),
we need the following lemma.

Lemma 3.7. Let M be a Hadamard manifold with a sectional curvature lower bounded by
k and let f: M — R be a smooth function. Then, the sequence (x1)52, C M generated by
Algorithm 1 satisfies for all K € N and x € M,

Kz_:laka(x) < M Ki aj, (Ub2 +E [ngadf(xk)'ik})
= k=0

1 _ 9 B )
+5 (B [[Bz @2, |~ E [IEwzt @2, )
where ¢ : Ry xR — Ry is defined as in Lemma 2.3.

Proof. For arbitrary x € M, we consider a geodesic triangle consisting of three points, g,
k41, and x. Let the length of each side be a, b, and ¢, respectively, such that

a:=d(xpy1,T)
b = d(xk,l‘k+1) = O ||grad ka (Ik)||wk (310)
c:=d(xg, ).

Let 6 € R be the angle between sides b and c¢. It then follows that

<EXp;k1 ($k+1)» Exp;kl (IE) >Ik
HExp;kl(karl)sz HEXI’;;(“;)HM '

cos() :=
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From Lemma 2.3 with (3.10), we have

" <63 (k D()) lerad f5, (2)]2,

-1
[Expz @)
k41
2

xk'

— 2 <grad B, (zk), —Exp;kl(x)>xk + HExp;k1 (x)”

By taking E[-|zx] of both sides of this inequality, we obtain

.
.

B | [post, @[] <ot D) [lerad sou @2,

Tk+41

— 20, [(grad f, (1), ~Expy, (2))
+E [|[Bxpz @)1, | o]
< af (. D) (5 + lerad S 2, )
— 20y, (grad f(ar), —Exp,,! (2)),

+ [ Expy ()]

Tk

Tk

for all k € Ny, where the second inequality comes from Lemma 2.1. Furthermore, by taking
E[] of both sides, we obtain

2

| <aic .0 (% +E [l 1ol

— 20, Vi(z) + E [HExp;kl(x)HQ } (3.11)

TL
2 )
Th41

E [HEXp;’}Jrl (x)

Th+1

for all £ € Ny. Hence,

ati(o) < 3 (B Bz @2, ] - & [z, @

2 o2 )
+ -5 (b +E [gradf(xk)llka

for all k € Ng. By summing up the above inequalities from k =0to k = K —1 (K € N), we
obtain

K-1 I( 1

Wiz o (% +E [lemad s, ]

k=0 k=0
1 - —
3 (E [HEmeiJ ~E e @, ])
for all K € N. This completes the proof. 0

Here, we make the following assumptions:

Assumption 3.1. Let M be a Hadamard manifold, f : M — R be a smooth function, and
(xk)72y C M be a sequence generated by Algorithm 1.
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(A1) We assume that there exists a positive number G € R, such that
E [lgrad f(z)ll,, ] < G < +o0

for all &k € Ny.

(A2) We define D : M — R as
D(z) := sup {E [d(zy, z)] € Ry4 1 k € No}
and assume that D(z) < +oo for all z € M.
We can use Lemma 3.7 to conduct convergence analysis for a constant step size.
Theorem 3.8. Suppose Assumption 3.1, and let M be a Hadamard manifold with a sec-
tional curvature lower bounded by x and f : M — R be a smooth function. If we use a

constant step size ay, := o > 0 (k € Ny), the sequence (z1)5>, C M generated by Algorithm
1 satisfies

2
lim inf Vj,(z) < (ffb + GQ) aC (3.12)

k——+oo

for some C € Ry . Moreover, for all K € N and x € M,

1 K O’2 CQ
— <[ = 2 —_= )
e k§:0: Vi(z) < ( -G >a01 + 2 (3.13)

for some C1,Cy € Ry .
Proof. If grad f(zx,) = 0 for some ko € Ny, then (3.12) follows. Thus, it is sufficient to

prove (3.12) only when grad f(zx) # 0 for all k € Ny. Suppose that there exists a positive
number € € R such that

2
lim nf Vie(z) > w (Ub + GQ) a+e (3.14)

for all x € M. Furthermore, from the definition of the limit inferior, there exists ky € Ny
such that, for all k£ > kg,

N 9
mint Vi)~ § < Vi),

from which, together with (3.14), we obtain

Vie(2) > 7“”’5(“%)) <U; + GQ) a+ g
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for all k > ko. Here, from (3.11) and oy = o (k € Ny), then for all k > ko,
2 02 2
< @’ (k. D()) ( 5 +E | lgrad £ (@0)11, |
_ 2
~2aVi(2) + E [[Expoz (@)]2, |,

<E[[[Expz @), ]

Tk

+ a?¢ (k, D(x)) ("; + GQ>

S (2 ) 0 )

= E [[Bxp;! (@)|[}, | - o=

2

E [HEXpﬂ%{r1 (x)

Tr+41

Hence,

2
0< B, @

Th41

} <E {HExpxklo(x) ’

Ty

] —ae(k+1— k). (3.15)

0

When k diverges to +o00, the right side of (3.15) diverges to —oco. By contradiction, we have

ggirgvk(x) < M (Oj + G2> a.

c
Next, we show the upper bound of (1/K) kK:_Ol Vi(z) such as expressed by (3.13). From
Lemma 3.7 with a, = a (k € Np), we have that, for all K € N,

K—1 K—1
C(H7l)($)) 2 o’ 2
< 2\ T\ i
> aVi(e) < ST Y T a? (T +E [lgrad £, |
k=0 k=0
_ 2 _ 2
+ 5 (B [[Esz @2, - E [[Ex0z @2, ])
2
< ¢ (K, D(z)) 1+G2 Kon—&—D(m),
2 b 2
which implies
K—1
1 ((5,D(@)) (0® D(z) 1
— < 2\ 2 i SavAp
% Vk(l‘) < 5 b + G a+ 20 K
k=0 —_— ——
C] C2
for all K € N. This completes the proof. O

Now let us use Lemma 3.7 to conduct a convergence analysis for a diminishing step size.

Theorem 3.9. Suppose Assumption 3.1, and let M be a Hadamard manifold with sectional
curvature lower bounded by k and f : M — R be a smooth function. If we use a diminishing
step size (ox)7>y C Ryy such as (3.4), the sequence (x)7>, C M generated by Algorithm
1 satisfies

lim inf V. (x) < 0. (3.16)

k— o0

If the diminishing step size ()5, C Ryt is monotone decreasing, then for all K € N and

In this case, (ax)32y C R4+ need not satisfy the conditions (3.4).
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reM,

1K 1 o2 o, K—
2 —_—
ka ( +G> % Z: v 1K (3.17)

=0
for some C1,Cy € Ry 4.

Proof. Using Lemma 3.7, for all K € N and x € M, we obtain
K—1

kz—_o apVi(z) < M ( o+ G2> Z aj + E MEXp )Hi‘)} ’

from which, together with Zz:é ap < +00, we obtain
Z o Vi (z) < 400 (3.18)

for all K € N. From Lemma 2.2 with ZZ:S ag = 400 and (3.18), we have that
liminf V4 (z) < 0.

k—-+4oco

(3.16) follows immediately.

Next, we show an upper bound of (1/K) 2(2—01 Vi(2) such as (3.17). From Lemma 3.7,
we obtain

= D(x 2 K-1
KZV’C(”J)SW(Z) +G2> D o
k=0 k=0
2
| K-l E [HEXp;kl(l‘)HiJ —E |:HEXp;k1+1(‘r) -, }
- =
2K P Qp

for all K € N. Hence,

BllEon @] w2 (E[lEe@)l] E[lEen@l]

XK(I') = +
(7)) 1 oL A1
_ 2
E||[Exprt @[, |
a1
_ D) D(z K- 1( )
- k:O Qg—1
D(x)
011(47

where the second inequality comes from the monotonicity of (a)32,. Therefore, it follows
that
K-1

K—1
1 Z Vi(z) < ¢{rDi@) (02 + G2> % Z ay + D) 1

K 2 b 2 a1 K
k=0 k=0 N——
C Ca
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for all K € N and z € M. This completes the proof. O

Convergence Rate of Practical Step Sizes

Here, we calculate the convergence rate for practical step sizes.

First, we consider the constant step size defined as ay := o € R4 . From Theorems 3.4
and 3.8, we immediately obtain the convergence rate for the constant step size. Hence, the
convergence rates with and without L-smoothness are

1 o? 1 o? 9
O(K+b>,and(9(K)+(b+G >Oz7
respectively.

Next, we consider the diminishing step size defined as oy := 1/vk+ 1. Substituting
oy :=1/vk+1 for the right side of (3.6), we obtain

0202 Kl 2 1 020'2 1
E < _—
(Cl A ) Kag_y — <Cl T (1 +logK)> VK’

k=0
where
K-1 K
1 dt
<1 — =1+log K.
LK1 +/1 ;o tos

Substituting ay = 1/v/k + 1 for the right side of (3.17), we obtain

2 K-1 2

g 2 Cl CQ g 2 2 1 CQ

— 75 < — — - = — 1
(b+G>K k:oak+QK1]<_Cl<b+G)<vK K +VK7 (319)

where

1 1 1 K at 2 1

— — <=1+ — | =—=- =

K~ JK+1 K 1 Vi) VK K

Therefore, the convergence rates of oy, := 1/vk + 1 with and without L-smoothness are

log K o? ) 1 )
(@] ,and O (1+— ) = |,
( VE ) " (( b ) VE
respectively.

Finally, we consider the diminishing step size defined as «y, := ayP*, where «,~v € (0,1),

n,T € N and
. k
P := min ¢ max mENO:mST SN

This step size is explicitly represented as

2 2 2
QO e QG A, QY e QY Q0 QY e Y

T T T

n—1 n—1 n—1 n n
C,ary , QY y L, aQry YAy Qe

T
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which means that 0 < ay™ < a; < « for all k € Ny. Substituting ay := ayP* for the right
side of (3.6), we obtain

020'2 K 1 Cl CQC%0’2
Ci+ —— 2 < .
( Lt b kz—o Y Kag_ 1~ ay"K + ¥"b

Substituting ay := ayP* for the right side of (3.17), we obtain

2 K-1 9
g 2 Cl CQ g 2 02
TG Y < (24 T . .
< 2 G ) K 2 g Y ( 5 G )C’la s (3.20)

Therefore, the convergence rates of ay := ayP* with and without L-smoothness are
1 o2 1 o?
4 d — Z 2
O<K+b>,an O(K>+O(<b+G)a),
respectively.

We summarize the convergence rates of practical step sizes in Table 2 It shows that
increasing the batch size improves RSGD performance and that the constant « in learning
rates should be sufficiently small.

Table 2: Convergence rates of three practical step sizes with and without assumption of
L-smoothness (v € (0,1), G,a > 0, 0 > 0, and b is batch size).

Convergence rate

Step size ay,

with L-smooth without L-smooth
= 1 2 1 2
= O(K+Ub> O(K)+<Ub+G2>a
(Constant)

g i) 2(0+5)7R)

— k 1 2 1 2
o o(13) o) o(Ge))
(Diminishing)

Existence of a Critical Batch Size

Motivated by the work of Zhang and others [12,26,29], we will use the SFO complexity as the
performance measure for a Riemannian stochastic optimizer. In particular, we will define
SFO complexity as Kb, where K is the number of steps needed for solving the problem, and
b is the batch size used in Algorithm 1. Furthermore, we will let b* be the critical batch size
for which Kb is minimized.

Our analyses (i.e., Theorems 3.8 and 3.9) give the number of steps K needed to satisfy
an e-approximation, which is defined as

1 K-1
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Theorem 3.10. Suppose Assumption 3.1 is true, and let M be a Hadamard manifold with
sectional curvature lower bounded by x and f : M — R be a smooth function. Then, the
numbers of steps K needed to satisfy an e-approzimation for ar = «, a, = 1/v/k+ 1, and
ai = ayPE are respectively

2 2
K — Csb b (0‘ +G b)OtCl’
eb— (02 + G2b)aC} €
i _ (20107 + (201G 1 Co)b\
N eb
% Coba=ty™" (02 + G?b)aC}

T eh— (0% + G?b)alCy’

Here, K is convex and monotone decreasing with respect to b. SFO complexity Kb is convex
with respect to b, and there exist critical batch sizes b* for ap = «, ap = 1/vVk+1, and
o = ayPr

b 2Cy0%
e —G%aCy’
b = exp { (201G2 i 02)2}
2C, 02 ’
b — 20202a
g — G20¢C1'

Proof. First, let us consider the case of oy = a. From the upper bound of (3.13), we have
2
g 2 Co _
(b +G)CUC1+ K =g,
which implies

2 2
K- Cab b (c°+G b)aCHO
eb— (02 + G?b)aC, 3

Since

% _ Cngaa2 <
db — {eb— (02 + GZb)aC1}?
de - 201020&0’2(5* G2a01) >0

db?2  {eb— (02 + G2b)aC1}3 ~

0,

where the second inequality comes from ¢ = (62/b + G?)aCy + Co/K > G*aCy, and K
is convex and monotone decreasing with respect to the batch size b. Moreover, the SFO
complexity, defined as

Cab?

Kb =
b eb — (02 + G2b)aCy’

is convex with respect to b since

d*(KDb) 20%Cya%0*

= > 0.
db? {eb— (62 + G?b)aC1}? — 0
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As well, from

d(Kb)  C3b(eb — bG*aCy — 202aCh)
db {eb— (02 + G2b)aCy}2
d(Kb)/db = 0 if and only if b = 2Cy0%a/(e — G2aCy). Therefore, SFO complexity Kb is
minimized at
b 2C50%
e —G2aCy’
which is the critical batch size.
Next, let us consider the case of a = 1/vk + 1. From (3.19), we have

2C4 <02 2) Cy
i)+ SR =,
VK \ b VK :

which implies

(2C102 + (201G2 + CQ)b)2
K= 2 .

Moreover, from

2\ 2 2 2
d(Kb) __ 2010' logb n 201G + 02 7
db € €

d(Kb)/db = 0 if and only if logh = {(2C1G?* + C3)/(2C16%)}2. Therefore, SFO complexity

Kb is minimized at
N 20,G* + Cy \°
e 20102 ’

which again is the critical batch size.
Finally, let us consider the case of ay = ayP*. From (3.20), we have

2
g 2 C2 .
<b +G>Cla+a’y"KE’

which implies

1 Cob , o (07 +G?)aCy

K=—.
ay™  eb— (62 4+ G2b)aCy’ £

Since this shows that we can multiply the result of & = o by a~'y~" > 0, the proof follows
immediately from the above discussion. O

Table 3 shows the relationship between the number of steps K and batch size b for each
step size.

Numerical Experiments

The experiments were run on a MacBook Air (2020) laptop with a 1.8 GHz Intel Core i5
CPU, 8 GB 1600 MHz DDR3 memory, and the Monterey operating system (version 12.2).
The algorithms were written in Python 3.10.7 using the PyTorch 1.13.1 package and the Mat-
plotlib 3.6.2 package. The code is available at https://github.com/iiduka-researches/
rsgd-kylberg.git.
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Table 3: Relationship between number of steps K needed for e-approximation and batch
size b (y € (0,1), G,a,Cy,Co,e > 0, and 02 > 0).

Step size ay, Relationship Lower bound
between K and b of b
e K=o (0 + G?b)aCy
(Constant) eb— (0% + G?b)aCy e
ap =1/VE+T (20102+(201G2+02)b>2 B
(Diminishing) eb
et s e (2 +G)aCy
(Diminishing) eb— (0% + G?b)aCy c

Geometry of Symmetric Positive Definite Manifold
The set of d x d SPD matrices

St ={PeR¥>.P" =P VreR!— {0}, 2" Pz >0}
endowed with the affine-invariant metric,
(Xp,Yp)p i=tr(Xp P7YpP™Y),

where P € 8¢, and Xp,Yp € TpS?¢ | is a d(d+1)/2 dimensional Hadamard manifold (i.e.,
sectional curvatures of Sﬁ 4 are less than or equal to zero). This Riemannian manifold is
called an “SPD manifold with an affine-invariant Riemannian metric” [7,9,20,25]. Criscitiello
and Boumal [5] showed that the sectional curvatures of 8¢, are at least —1/2.

The exponential map Expp : TPSLr — th at a point P € ij+ was computed using

Expp(Xp) = P? exp (P—%XPP—%) P3,
where Xp € TpS%, [7].

Riemannian centroid problem on SPD manifold

We considered the Riemannian centroid problem of a set of SPD matrices {4}, which is
frequently used in computer vision problems such as visual object categorization and pose
categorization [14]. The loss function can be expressed as

where ||-|| 7 is the Frobenius norm.

We took preprocessing steps similar to ones used elsewhere [10] and used the Kylberg
dataset [17], which contains 28 texture classes of different natural and human-made surfaces.
Each class has 160 unique samples imaged with and without rotation. The original images
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were scaled to 128 x 128 pixels and covariance descriptors were generated from 1024 4 x 4
non-overlapping pixel grids. The feature vector at each pixel was represented as

where I, ,, is the intensity value.

We evaluated Algorithm 1 for several batch sizes by solving the Riemannian centroid
problem on an SPD manifold on the Kylberg dataset. We used three learning rates: ay = «
(constant), ag = 1/+/k+ 1 (diminishingl), and ap = ayP* (diminishing2). We used o =
5x 1074, v = 0.5, and n = 10. We defined T as the number of steps until all the elements in
the data set had been used once. Numerical experiments had been performed for all batch
sizes between 24 and 2°.

o1
Ov?

0?1

ou?

ﬂ
ou

g
ov

) )

7

Tyw = |:Iu,v»

Numerical Results

Figures 1 and 2 plot the number of steps K needed by Algorithm 1 to achieve f(xg) < €
versus the batch size b. The results are for ¢ = 1/2 and € = 1/4, respectively. It can be
seen that the number of steps K is monotone decreasing and convex with respect to the
batch size, which is in support of the discussion in Section 3.4. Figures 3 and 4 plot SFO
complexity Kb for the number of steps K needed to satisfy f(zy) < e versus the batch size.
Tresults are for e = 1/2 and ¢ = 1/4, respectively. It is clear that the SFO complexity is
convex with respect to b, in support of the discussion in Section 3.4.

Figure 3 shows that if ¢ = 1/2, the critical batch sizes for the constant, diminishingl,
and diminishing? learning rates are 247, 205, and 247, respectively. Figure 4 shows that
if ¢ = 1/4, the critical batch sizes are 28, 233 and 2%, respectively. These results support
Theorem 3.10, which implies that the constant and diminishing2 learning rates have the same
critical batch size and that it decreases as ¢ is increased. As indicated by Theorem 3.10, the
critical batch size of diminishingl for € = 1/2 is almost the same as that of diminishingl for
e=1/4.

Table 4 shows the number of calculations of the objective function before an e-approximation
for each step size (i.e., b = 24,25 26 27 28 29). In particular, its shows the e-approximation
for two cases ¢ = 1/2 and € = 1/4. Overall, it shows that our theory and numerical experi-
ments are consistent.

Conclusion

Our novel convergence analyses of Riemannian stochastic gradient descent on a Hadamard
manifold, which incorporate the concept of mini-batch learning, overcome several problems
with the previous analyses. We analyzed the relationship between batch size and the number
of steps and demonstrated the existence of a critical batch size. In practice, the number
of steps for e-approximation is monotone decreasing and convex with respect to batch size.
Moreover, stochastic first-order oracle complexity is convex with respect to batch size, and
there exists a critical batch size that minimizes this complexity. Numerical experiments in
which we solved the Riemannian centroid problem on a symmetric positive definite manifold
were performed using several batch sizes to verify the results of theoretical analysis. With a
constant step size, as € decreases, the critical batch size increases. With a diminishing step
size (ar, = ay¥), the critical batch size matches that for the constant step size. Therefore,
the experiments give numerical evidence in support of the theoretical analysis.
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x10?

1.4 4 —— constant
—— diminishingl
—— diminishing2

2425 26 27 28 2°
Batch Size

Figure 1: Number of steps K of Algorithm 1 versus batch size b when e = 1/2.
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Figure 2: Number of steps K of Algorithm 1 versus batch size b when e = 1/4.
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0.9 —— diminishingl
—— diminishing2
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SFO Complexity
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Batch Size

Figure 3: SFO complexity Kb of Algorithm 1 versus batch size b when € = 1/2.
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Figure 4: SFO complexity Kb of Algorithm 1 versus batch size b when € = 1/4.
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Table 4: Number of calculations of the objective function value before an e-approximation
is achieved for different batch sizes and e.

‘constant diminshingl  diminishing2

bh=27% 152 - 152
h=2° 76 388 76
h =26 37 99 37

e=1/2 4 _o1| 18 26 18
h =28 9 11 9
bh=29 8 23 10
bh=2% 279 - 304
h=2° 139 948 151
h=26 70 235 75

e=1/4 o 35 58 37
b =28 14 22 18
h=2° 12 32 58
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