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Abstract: In this paper, we investigate the problem of finding a sparse least squares solution to tensor
equations, where the tensor involved need not to be a square tensor. When the tensor involved is reduced
to a square tensor, the proposed model is reduced to a model recently studied in the literature. By splitting
the tensor involved, we propose two linearized methods for solving the problem under consideration, which
are extensions of two natural thresholding algorithms proposed recently by Zhao and Luo for solving sparse
linear least squares problem. Under proper assumptions, we show that the proposed algorithms are globally
linearly convergent. Preliminary numerical results show that the proposed algorithms are effective.
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Introduction

The problem of spare signal recovery has been studied extensively in the past 20 years
because of its many practical applications [9, 10, 12, 33]. A fundamental mathematical
model for the problem can be described as follows:

in {|| Az — bl|* : [lzllo < k3, (1.1)
where ||z|| means the 2-norm of vector z, ||z||o means the number of nonzero entries of the
vector z, A € R™*™ is a sensing matrix with [ < n, b is the measurement for the signal
x € R™, and k is a given positive integer. A large number of methods have been designed to
solve this problem [9, 10, 12, 33], where the thresholding methods with low computational
complexity are particularly suitable for solving it, including the soft thresholding methods
[6, 7, 8] and the hard thresholding methods [1, 2, 11, 13, 15, 23, 25]. In the above hard
thresholding methods, however, performing hard thresholding does not ensure the reduction
of the objective value of (1.1) at every iteration. Recently, Zhao [34] proposed an optimal
k-thresholding method and Zhao and Luo [35] proposed a natural thresholding algorithm,
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which allow the vector thresholding and objective reduction to be performed simultaneously.
Further developments can be found in [26].

In the last ten years, a class of tensor equations (also called multilinear equations) has
been studied extensively due to its wide range of applications in engineering and scientific
computing such as data mining, numerical partial differential equations, tensor comple-
mentarity problems (TCPs) and high-dimensional statistics. Its model can be described as
follows:

g™ =0, (1.2)

where, for given positive integers m and n, &/ is an m-th order n-dimensional tensor, i.e.,
o = (G igeiy,) With @4 45..5,, € R for any ¢; € {1,2,...,n} and j € {1,2,...,m}, b€ R™
is a given vector, and .&/z™~1 € R™ with

(ﬂxm_l)i = Z Qijogeeaipy Lig " Lipy s Vi € {1,2,...,n}. (13)
i2,..,im €{1,2,...,n}

It is obvious that when m = 2, (1.2) reduces to a system of linear equations with the
coefficient matrix being a square matrix. A large number of methods have been proposed
to solve problem (1.2) [5, 14, 20, 22, 29, 31]. When the tensor & involved is a Z-type
tensor, Luo, Qi and Xiu [24] proved that finding a nonnegative solution of (1.2) is equivalent
to finding a solution to the corresponding TCP (see survey papers [18, 19, 27] for TCPs).
In this case, several methods for finding the least element solution of the TCP (see, for
example, [16, 24, 30, 28]) can be used to find a sparest solution of (1.2), since the least
element solution of the TCP is one of sparest solutions of (1.2). More recently, motivated by
deeply studies in [32, 38| for sparse nonlinear programming, Li, Luo and Chen [21] proposed
a Newton hard-threshold pursuit algorithm for finding a sparse least squares solution of
(1.2) and establish its locally quadratic convergence under some regularity conditions.

Let o be an m-th order [ x n X --- x n-dimensional tensor, i.e., & = (ai,iy...i,,) With
Qiyig-in, € R for any ¢, € {1,2,...,1} and 4; € {1,2,...,n} with j € {2,3,...,m}, and
b € R! be a given vector, we consider the following model:

min f(z) = 4oz |2

st |zlo <k, (1.4)

which is a sparse least squares optimization model for solving tensor equations:
dx™ =0, (1.5)

where &/z™~1 € R! with («/2™~1); being defined by (1.3) for all i € {1,2,...,1}. When
[ = n, the system of tensor equations (1.5) reduces to the one in (1.2) and the sparse least
squares problem (1.4) reduces to the one studied in [21].

In this paper, by splitting the tensor involved, we propose two linearized methods to
solve sparse tensor least squares optimization problem (1.4), which are extensions of Zhao-
Luo’s natural thresholding algorithms [35] to solve the sparse linear least squares problem
(1.1). In particular, we show the proposed algorithms are globally linearly convergent under
appropriate assumptions. We also report preliminary numerical experiments, which verify
the effectiveness of the algorithm numerically.

The rest of this paper is organized as follows. In Section 2, we introduce some symbols,
concepts and results which will be used in subsequent analyses. In Section 3, we describe
the specific algorithms for solving sparse tensor least squares optimization problem (1.4).
In Section 4, we show the theoretical convergence of the proposed methods under proper
assumptions. Preliminary numerical results are reported in Section 5, and the concluding
remarks are given in Section 6.
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Preliminaries

Throughout this paper, m,n, [, k are given positive integers with | < n and k < n, and we
use [n] to denote the set {1,2,...,n}. The set of all m-th order [ x n X - - - x n-dimensional
tensors is denoted by R‘*[m=12 and the set of all m-th order n-dimensional tensors is
denoted by RI™". For any z € R, we say that = is k-sparse if ||z]o < k, and we use
supp(z) to denote the support set of x, i.e., supp(z) := {i € [n] : &; # 0}. For any
positive integer k < n, let Li(z) denote the index set of k largest entries of x, and Si(x)
denote the index set of k smallest entries of . When Ly (x) is not uniquely determined, we
select the smallest entry indices to avoid the ambiguity in index selection. Similar selection
is used for Si(x) to ensure that it is also well-defined. Given S C [n], |S| means the
cardinality of S. Given S C [n] and x € R", the vector zg € R"™ is obtained from x by
retaining the entries supported on S and setting other entries to zeros. For any z € R, we
denote z[™=1 .= (x7~1 2771 . 2™~ T and use Hy(x) to denote the hard thresholding
operator defined by

if i € Li(|z]),

otherwise, (21)

T4,
o ={ §
where |z| = (|21], |z2],- .-, |z,]) . We use ‘®’ to represent Hadamard product. For example,
for any uw,v € R", we have u @ v € R™ with (u ® v); = u;v; for all i € [n]. We denote
R%} := {z € R" : x > 0}, and for any € R", z; := (max{0,z,},...,max{0,2,}) € R7}.
For any matrix A € R'*™ we use ||A|| to denote the spectrum norm of A defined as || Al =
[l Az]]
ll]l - o . o .
The concepts of the majorization matrix and majorization tensor of an arbitrary square
tensor have been extensively used in the literature, see, for example, [37]. The following is

a simple extension for a tensor that doesn’t have to be square.

maXgzeRrm

Definition 2.1. Let &7 = (a4,4,...5,, ) € R>¥Mm=17] with [ < n. A tensor A = (14,4y...4, ) is

“tm

called the majorization tensor of &, if for any 41 € [I] and i, ..., i, € [n],
T = Qi ifig =iz ="+ =i,
ez 0, otherwise,

and the matrix
M = (m”) € Rl><n7 where m;; = ﬁlij...j,Vi € [Z],v.] S [’I’L] (22)
is called the majorization matrix of ..

The concept of the binary regularization function can be found in [36, Definition 2.1],
which is an effective tool for dealing with binary vectors.

Definition 2.2. A real value function ¢ is called a binary regularization if it satisfies
(i) ¢ is a positive and continuously differentiable function over an open neighborhood of
the box D:={weR": 0<w; <1, i€ [n]}, and
(i) ¢(w) reaches its minimum over D at and only at any binary vectors w € {0,1}".
The following condition on the restricted isometry property (RIP condition) can be found

in [3, Definition 1.1], which has been extensively used in the theoretical analysis of algorithms
for the sparsity-based signal recovery.
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Definition 2.3. Given a matrix A € R™*™ with [ < n, the k-th restricted isometry constant,
denoted by 0, is the smallest number § > 0 such that

(1= d)lel* < [[Az|* < (1 + 8)|=||? (2.3)
holds for all k-sparse vector x € R™.

This following lemma is useful for our theoretical analysis.

Lemma 2.4 ([3, 12]). Let u € R™ and A C [n], if |A Usupp(u)| < t, then

(2 — AT Ayu]all < bful]-

Algorithm Design

For any given &7 = (aj,i,...;,, ) € R¥™=17] with [ < n, let .# and M be the majorization
tensor and the majorization matrix of <, respectively (see Definition 2.1). For any x € R"™,
denote y := zI™~ 1 and let

h(z) = x™ - My. (3.1

Before formally presenting the algorithm, we first describe the main idea of the proposed
algorithm in the following.

Suppose that we have already reached the point of the p-th step iteration, #(P), and let
y(p) = (I(p))[mfl] and

by = —h(zP) 4+ b. (3.2)
When m is an even number, we consider

min [ (y) = 3||My — by||?

3.3
st lwlo < . (33)
and when m is an odd number, we consider
min [P (y) = 3| My —b,||>
st. yeRY, (3.4)
lyllo < k.
We choose a stepsize A > 0, and set
u® =y _ AV P () = ) _ XM (My®) — by) (3.5)
when m is an even number, and set
u® = (y(p) _ AVf(P)(y(P)))+ _ (y(p) M (My® — gp)>+ (3.6)

when m is an odd number. Here, u(?) is a middle vector generated by gradient descent
method at the p-th step iteration. In the following, unless otherwise specified, (") means
the one given by (3.5) when m is an even number, and u(?) means the one given by (3.6)
when m is an odd number.
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Due to the sparsity of the desired solution, one has to cut off some n — k entries of u().
In order to find the optimal k entries to reserve, we consider this following 0-1 model which
was raised by Zhao in [34]:

min 1| M@u® @w) — b,

3.7
st. elw=k, we{01}", (87)

where e is a vector of all ones. However, solving an integer programming problem is expen-
sive. A further approximation of (3.7) is desired. Define U? := diag(u®) (i.e., (UP)y = ul(.p)
for all i € [n], and (UP);; = 0 for all i € [n] with ¢ # j), and

-
1 3
o(w) == (w + 26> urur <2€ - w> , YweD:=]0,1]". (3.8)
Then, ¢(-) is a binary regularization function and it is concave [36].
Let o be a scalar and

1 _
go(w) == §IIM(U(” ® w) = by|[3 + ap(w). (3.9)
We consider the following problem:

min g2 (w)

3.10
st. elw=Fk, wel0,1]". (3.10)

Lemma 3.1 ([36, Lamma 2.3]). Suppose w(as) is the optimal solution of (3.10) where
a = ag, then any accumulation point of {w(as)} is the optimal solution of (3.7) when
g — +00.

Lemma 3.1 means that if « is large enough, one can get an optimal solution of (3.7) with
desired accuracy level by solving (3.10). -

Since u® @ w = UPw, g (w) can be written as || MUPw —by||> + a¢(w). Then, we have
that

Vgt (w) = (UPM)" (MUPw — b,) + 2aUPU? (e — w)
and
Vg (w) = (MUP)T MUP — 2aUPUP = U? (MTM — 2aI) U?.

Noticed that V2g2 (w) can be negative semi-definite if one chooses « properly. In this case,
gP(w) is concave. Zhao and Luo have further discussed how to choose « in [36]. From
now on, suppose that we have already picked an « appropriately such that the function g?
defined by (3.9) is concave.

By using first order approximation of g2 (w) at some fixed point w™ by the concavity of
the function ¢2, instead of (3.10), we consider

min g (w”) + [Vgh(wT)]" (w - w”™)

3.11
st. elw==k, wel0,1]" (3.11)
After removing constant terms, it can be simplified as
min  [Vg2(w™)]Tw
[Vgh (w™)] (3.12)

st. elw=Fk, wel0,1]".
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An explicit solution of (3.12) can be given by

1, ifie Sy (VgE(w)),

0, otherwise, Vi € [n].

wt € R"  with w} = {

Now, the algorithm can be formally described as follows:

Algorithm 3.2. Choose z(¥) € R” and let y(® = (2(©)l™=1 Choose a real number & > 0
and an integer N,,q. > 0. Set p := 0.

Step 1: If ||/ (z®)™~1 —b|| < £ or p > Nyyas, stop. Otherwise, at z(P), choose A, > 0
and generate u(®) as (3.5) if m is an even number, and as (3.6) if m is an odd number. Let
w~ € R™ be the k-sparse vector given by

Vi € [n]. (3.13)

K2

oL if i € Li(ju®)),
' ] 0, otherwise,

Compute the gradient Vg2 (w™). Then set wt € R™ as

w; .
v 0, otherwise,

o Pl —
+ { L if i€ Sp (Vaa (W), o e . (3.14)
Step 2: Generate y?*! according to the following procedure:

NT: y(p+1) — u(p) X w*‘r’
Step 3: Set

2D = (@D ), (3.15)

Set p =p+ 1 and go back to Step 1.

In the following, we call Algorithm 3.2 as Algorithm NT. If Step 2 in Algorithm NT
is replaced by
Step 2 /: Generate y?t! according to the following procedure:

NTP: Set SP*' = supp(u® ® wt), and
y P+ — argmin, {llb, — Mz|| : supp(z) C SP*'} (3.16)
if m is an even number, and set
Y+ = argmin_cp. { b, — Mz : supp(z) € $7*1}, (3.17)

if m is an odd number.

Then, the corresponding algorithm is called Algorithm NTP.
For convenience, we will denote the set of iterative indices by

N:={1,2,...}.

Convergence Analysis

In this section, we will investigate the convergence of both Algorithm NT and Algorithm
NTP. We will use the following assumption.
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Assumption 4.1. Given & € R*[™=171 and b € RY. Let 2* be an optimal solution of
(1.4). The function h defined by (3.1) is the sparse (m — 1)-power Lipschitz continuous with
respect to z*, i.e., there exists a constant ¢ > 0 such that

h(z) — h(z*)|| < ¢zt — (@)=Y (4.1)
for any k-sparse vector x € R™.

Two similar assumptions were introduced in [4] and [17], respectively, where the concept
of the (m — 1)-power Lipschitz continuity introduced in [4] has been extensively used in the
literature. Recall that the function h is called the (m — 1)-power Lipschitz continuous if
there exists a constant ¢ > 0 such that

1h(a) = h(y)|| < &lztm— —yte=H) (4.2)

holds for all z,y € R™. Tt is easy to see that if the optimal solution of (1.4) x* exists,
then condition (4.1) is weaker than the requirement that h is the (m — 1)-power Lipschitz
continuous. In fact, on one hand, the (m — 1)-power Lipschitz continuity of h requires that
(4.2) holds for all x,y € R™, while one of block variables z and y is fixed as z* in (4.1);
and on the other hand, the sparsity restrict in (4.1) can also reduce the requirement of the
corresponding condition. The former is obvious, while the latter can be seen from a simple
example in the following remark.

Remark 4.1. For any 1-sparse vector x € R™, by the definition of A(-) in (3.1), we always
have h(z) = 0. Thus, when k = 1, for any &7 = (a4,4,...4,,) € R™*[m=17 and b € R”, as long
as the optimal solution of (1.4) exists, denoted by x*, we always have that (4.1) holds for
any l-sparse vector € R"™. However, for most tensors & = (ai,4,...i,,) € R>¥IM=bnl it is
difficult to ensure that (4.2) holds for any vectors x,y € R™.

In the following remark, we give several examples to illustrate that Assumption 4.1 is
satisfied in some cases.

Remark 4.2. (i) Let ! <n. & = (ai,iy...i,, ) € RI¥IM~17] g called a row diagonal tensor,
if its majorization tensor is itself. This is a simple generalization of the related concept
for square tensor. For any row diagonal tensor &/ and any vector b € R", as long as
the optimal solution of (1.4) exists, denoted by z*, we always have that (4.1) holds for
any ¢ € R".

(i) Suppose & € RO*B101 where a1111 = assss = azsss = auses = asrrr = Aeoge = 1,
11233 = (2344 = Q3455 = Q4788 = 45899 = 06,9,10,10 — 5 and other entries are zero. Let
b=(-8,0,0,1,0,0)", k = 2 and ¢ = 5. Then 2* = (-2,0,0,0,0,1,0,0,0,0)" is a
k-sparse solution of &72% = b. Since

)T

2 2 2 2 2 2
h(z) = (bxoxs, brsxy, braxs, brray, brsey, droxyy) ',

one has h(z*) = (0,0,0,0,0,0)". For any other k-sparse vector = € R'°, the value of
h(zx) has seven cases:

(a) (0,0,0,0,0,0)7; (b) (5x22%,0,0,0,0,0)"; (c) (0,5232%,0,0,0,0)";

(d) (0,0,5x422,0,0,0)7; (e) (0,0,0,5z722,0,0); (f) (0,0,0,0,5x522,0)";

(g) (0,0,0,0,0,5z92%)) "
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In the case (a), we have ||h(z) — h(z*)| = 0, and hence, (4.1) holds trivially. For other
cases, without loss of generality, we consider the case (b), i.e., h(x) = [5z223,0,0,0,0,0] .
In this case, it is obvious that ||zl™~1 — z*[™=1|| £ 0, and

|h(z) —h(z*)|]] 51913 51913

[ Y B B = s

If x5 = 23, then one has
Srox’ 5
208 = <c.
VaS+a§ V2
Otherwise, without loss of generality, we assume x5 > x3, and then
5913 513

7<7
3
Vas+a§  xs

Thus, —A@=r@IIL_ ~ ¢ for any 2-sparse € R10. That is, Assumption 4.1 holds.

> alm =T —g=Tm—1]||

= C.

(iii) Suppose & € RO*[10 where aji1111 = 233333 = a320200 = Qaeee66 = As77777 =
ag99999 = 1, @111333 = 666999 = 3, (233444 = 344555 = (588999 — €6,9,9,10,10,10 = 2
and other entries are zero. Let b = (0,0,-32,0,1,0)7, k = 2 and ¢ = 3. Then
r* = (0,-2,0,0,0,1,0,0,0,0) " is a k-sparse solution of &/x® = b. Similar discussion
as done in (ii), we can obtain that Assumption 4.1 holds.

(iv) Suppose & € R6*[210] " where a111 = 992 = G333 = Gaaa = asss = Gges = 1,
@123 = G234 = G345 = Q478 = Q589 = Gg,9,10 = O and other entries are zero. Let
b = (4,0,0,0,0,1)", k = 2 and ¢ = 5. Then z* = (0,42,0,0,0,0,£1,0,0,0)7 is a
k-sparse solution of &/x? = b. Similar discussion as done in (ii), we can obtain that
Assumption 4.1 holds.

First, we discuss the convergence of Algorithm NT. For this purpose, we give two useful
lemmas.

Lemma 4.3. For any a, b € R, one has |a; — by | < |a — b.

Proof. If a,b > 0, then a4y = a and by = b, and if a,b < 0, then ay = b4 = 0. Thus, the
desired result holds obviously for these two cases. Otherwise, if one of a and b is nonnegative
and the other one is negative, without loss of generality, we assume a > 0 and b < 0. In this
case, one has |ay — by | = |a| < |a| + |b] = |a — b|. So, the desired result holds. O

By Lemma 4.3, the following result holds obviously.
Corollary 4.4. For any u,v € R, one has |Juy —v4| < |lu—v].

Lemma 4.5. For any z € R™ and any k-sparse x € R", let S := supp(x) and S* :=
supp(Hi(2)), then one has

[l = Hi(2)]| < 2[[(z — @) s+usll- (4.3)
Proof. From Lemma 4.1 in [35], one has
2 = Hi ()| < [[(z = @) s-usll + I(z = 2) s=\s]]-
Since §*\ S € §*U S, it follows that [|(z — )s-\s|| < ||(z — z)s-us]|. Thus, we have

lz = Hi ()]l < 2[[(z — z)s-Us]|-
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Now, we discuss the convergence of Algorithm NT.

Theorem 4.6. Assume that x* is an optimal solution of (1.4), and b = & (z*)™ ! + r,
where r is measurement error. Let M and h(-) be defined by (2.2) and (3.1), respectively,
and let M satisfy the RIP condition given in Definition 2.3. Denote S := supp(z*) and
y* = (:c*)[mfl]. Let the sequence {y(”)} be generated by Algorithm NT. Suppose that there
exists ¢ > 0 such that (4.1) holds for any k-sparse vector x € R™. Then for any X € (0.5,1],
we have

p—1
ly™ =y @Il < @) lly" =yl + (X chea)lrll, vp e N,
i=0
2v/TF 025 (Adar+1-A AVITS AVIES
where ¢; = 3;1( — Ly (2\/117%5’“HM||+\/1+75) and cy = %HM” +
2
V1+0ag

Proof. Denote
b:=—h(z")+b. (4.4)

Then, we have
b=/ ()" 4 r —h(z*) = My* +r. (4.5)

For any fixed iteration index p € N, let () be the p-th step iteration point generated by
Algorithm NT, and let u”) be obtained by (3.5) when m is an even number, and by (3.6)
when m is an odd number. From the definition of w™ in (3.13), it follows that w~ @ u®) =
Hy.(uP)). By the definition of ¢ and the k-sparsity of wt and w™, one has p(wT) = p(w™) =
Gmin. From the optimality of w™ for (3.11) and the concavity of g2, one has

gh(wh) < gh(w?)+ Vgh(w) " (w" —w)
< (w )+ Vgh(w™) " (w™ —w”)
= ga(w™).

Combining with ¢(w™) = ¢(w™), we have

st (0 o) < s ()

which, together with y®*tY = wt @ ) implies that

)

1oy — My P+ < 1B, — MMy (). (4.6)

Since both y* and y®*+1) are k-sparse vectors, it follows that y* —y®P*+1) is a 2k-sparse vector.
By (4.5) and the triangular inequality, we have

oy = My®+D| = b, b+ b~ MyPHD|
b, —b+ M (y* —y(p+1)) +r

_ Hh(x(p)) @)+ M (y* _ y(p+1)) +rH
o 5 )] - e - ey o]

v
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(4.7)

V1= Hy - y“’“)H - Hh(af(”)) — h(z*) + 7|,

where the second equality follows from (4.5), the third equality holds from (4.4) and (3.2),
and the last inequality holds from (2.3). Similarly, we have

B — MHu®P)| = [|Bp — b+ b— MHx(u®)]|
(y* _Hk(u(p))) +7"H
) = h() + 2 (57 = Hic(®)) 4]

< HM (y* — ’Hk(u(p))ﬂ + Hh(a:(”)) — h(z*) + rH
< V140l = He(w)|| + |h(zP) = h(@*) +r|.  (4.8)

Combining (4.6) and (4.7) with (4.8), we can obtain that
D) < Y 1+ 02

* (p) (P) *
Yy -y + h +r. 4.9
I \/7” Hi(u™)] \/7” (@) = h(z") + 7| (4.9)
Define S* := supp(Hi(u®))). By (4.3), one has
ly* = Hi (@) < 2] (g™ = u)sus- |- (4.10)

Since |(S Usupp(y®))) U (SUS*)| = |S Usupp(y®?) U S*| < 3k holds from the k-sparsity of
vectors y*, y®) and Hy(uP)), it follows from Lemma 2.4 that

[(=aman@ —y) ] < oslly” — 52 (4.11)

In addition,

when m is an even number, by using (3.5), we have

Iy = u)suse | = || (" =y + M7 (M1y® —B,)

SuUS*

when m is an odd number, by using (3.5), we have

H (y* - u(p))SUS* = H (y* - (y(p) ~ MT(My® — l_)p))+>

which, together with Corollary 4.4, implies that
*_ (p)) <H<*_ ») MT(M <p>_,;>)
H (y U ) sus Il S I TV Y i

Thus, whether m is an even number or an odd number, we always have

* (p)>
[ =) s

<||(v =y + M7 (a1y® -5,
b

)

SuUS*

SuUS*

= H(y* —y® 4 aMT (My(p) —b+ —Bp))

Sus*
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) (T 1))
( M) (y 4 5*us+ ro () = h(@) 5*Us

H (I-AMT™M ‘
(7 =xarman) (5 =) [+ [par™ () = ) |

H

|

IN

( (I-MTM)+(1-=NI (y* - y(p))>s*us ’ + H)\MT (7“ + h(z*) — h(x(p))) H
AT = MTM)(y" =y P)s-us + (1= N" = yP)seusll + AIM T (r + h(z*) = h®)|
(o + 1= Nlly* = @+ 2| A7 (r 4 ha*) = b)) |

IN

IA

< gk + 1= My =y @+ XM |+ h(a") = n(a@)]|, (4.12)

where the penultimate inequality holds because of (4.11) and A € (0.5, 1].
Now, combining (4.9) and (4.10) with (4.12), we can obtain that

2T T 0an( Mgk + 1 \), NV 2
ly* - ™+ < 20 £ 1= ey ( M+ ﬁ> Il
V1 — 02 1 —dap 1+ dax
i <2)‘ VH'(S%HM” n 2) Hh(x ) — (x(p))H
V1= o V14 6gp
This, together with (4.1), implies that
. 2T+ 0an(Adse + 1 — A AVI T 2 )
ly* — y® V| < < 2k (Ads ) +C(%||M||+)> y _y(p)H
V1= g V1 — 02 V1 + oy,
221 + dop,
+ (B + )
V1 —=do V1+ 6
= euly” — v + calr| (4.13)
holds for any fixed p € N.
Finally, by a recursive method, we can obtain from (4.13) that
p—1
ly* = @ < (@) lly* =y Ol + (D clea)llrll, VpeN.
i=0
This completes the proof. O

Corollary 4.7. Suppose that all assumptions in Theorem 4.6 are satisfied, and r = 0. For
any X € (0.5,1], if

ANES3, HAN2 — N)63, + (5 —4MD) o3 + 407 —8A+3 <0 (4.14)
and
V1 =02, —2(1 + 03) (Adap + 1 — A
c< 3k ( + 3k)( 3k+ ) (415)

2M(L + b3 ) | M ]| + 2

are satisfied, where c is the constant given in (4.1), the sequence { p) [m— 1]} generated by
Algorithm NT is globally linearly convergent to (x*)m=1,

Proof. Since r = 0, it follows from Theorem 4.6 that

ly* =y @ < (c1)?ly* —y V|, YpeWN, (4.16)
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where
2v/1 + 91 (NS 11— 2M/1+ 6 2
o = 2YLF Cak (Ao )+c< i 2k||M||+). (4.17)
V1 — 02 V1 — 02 V1 + oy

Noticed that y* = (z*)I™~1 and y® = (@)1 for all p € N, in order to ensure that
the sequence {(x(p))[mfl]} is globally linearly convergent to (z*)"~1 we only make sure
that the sequence {y(p)} is globally linearly convergent to y*.

It is easy to see from (4.16) that {y(p)} is globally linearly convergent to y* if ¢; < 1.
To make sure that ¢; < 1 holds, from (4.17), it is enough if

C<2)\\/1+52k I+ 2 ) <1_2\/1+62k()\53k+1_)\)
V1 —dap V1 + 8oy V1 — 02 .

The above inequality holds if

2T+ 0or (A3 + 1 — A)

<1 4.18
T (4.18)
and
V1 =62 —2(1 1-—
c< O = 201+ 02) (Mg +1 = A) (4.19)

2M(1 + 0 ) | M| + 2

hold For any a € [0,1), we denote k := 2/\||M|| > 0, and define p4(a) := V14 a, pa(a) :=
\/ﬁ’ w3(a) := V1 —a?and p4(a) := m Observe that ¢1(a) and @2 (a) are increasing

in [0,1), then we have \/HJ p1(a)pa(a) is nonnegative and increasing in [0,1). Similarly,
since p3(a) and ¢4(a) are nonnegative and decreasing in [0, 1), it follows that Mi% =

w3(a)ps(a) is decreasing in [0,1). Based on the above observation, by using 0 < dgj, < 35 <
1, we obtain that (4.18) holds if

21+ 53k()\53k +1-— )\)

<1 4.20
o, (4.20)
holds, and (4.19) holds if
1-62, —2(1 1-—
oo V=05, = 201+ ) (Adge +1 = ) (421)

2(1 + 03k ) | M| + 2
holds. Furthermore, (4.20) holds if

AN263, +AN2 — N)0%, + (5 —4X%)d3, + 40?2 —8A +3 <0,

which is equivalent to condition (4.14), and (4.21) is equivalent to condition (4.15). Note
that (4.14) requires that 4\ — 8\ + 3 < 0, which holds if 0.5 < XA < 1. Thus, if the
conditions (4.14) and (4.15) hold, then the sequence {(z®)™=1} generated by Algorithm
NT is globally linearly convergent to (x*)[m’l]. That is, the result of the corollary holds. [J

Remark 4.8. (i) Although the condition (4.14) may seem complicated, it is easy to verify.
For example, when A = 1, if d3; < 0.34, one has (4.14) holds. (ii) In Corollary 4.7, the
condition » = 0 means that z* is a k-sparse solution of &/z™ ! = b.
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Remark 4.9. In Theorem 4.6 and Corollary 4.7, we require A € (0.5,1]. In fact, these two
results hold when A € (0.5,1.5). However, if A > 1, the penultimate inequality in (4.12)
turns to

< (Asp+A—1) y*_y(P) —|—)\HMT (r—i—h(x*)—h(x(p)))H

bl

and hence, ¢; turns to 22020 FAZL) 4 (”‘ 102 || M| +

S = ) Accordingly, (4.14)

V4 1+5
turns to

4NZ63, 4+ AN(BA — 2)62, 4+ (1202 — 16X + 5)d3;, + 40% — 8\ + 3 < 0.

In this case, the requirement of d3; would be too strong. For example, when A\ = 1.2, the
convergence property holds if d3; < 0.15. Such a requirement for d3; is stronger than the
condition 3, < 0.34 in the case of A = 1. So, all things considered, we restrict A € (0.5, 1]
in Theorem 4.6 and Corollary 4.7.

Second, we show the convergence of Algorithm NTP. Since the next iteration point
of Algorithm NTP generated by a projection map, we give this following lemma before
discussing the convergence of Algorithm NTP.

Lemma 4.10. Assume that x* is an optimal solution of (1.4), and b = o (x*)™~1 +r,
where r is measurement error. Denote y* := ()™=, Suppose that M is defined by (2.2)
and it satisfies the RIP condition given in Definition 2.3. Let (P) be the p-th step iteration
point generated by Algorithm NTP and y®) := ()= Suppose that there exists ¢ > 0
such that (4.1) holds for any k-sparse vector x € R", and b, = b — h(x®)) with h(-) being
defined (3.1). Then, for any k-sparse vector uw € R™, the optimal solution

z* = argmin, {||b, — Mz||*> : supp(z) C supp(u)} (4.22)
satisfies that
o =7l < Yy —al [y~ e (423)
V1= by V1= by \/7
Proof. On one hand, since y* — z* is 2k-sparse and M satisfies the RIP condition, one has
[My* — Mz*|| = [|M (y" — 2")|| 2 V1= b2 [|lz" — 7| (4.24)

On the other hand, one has
IMy" — M| = Mz -G
Mz — by + (b —b) + 7|
— M= =B+ h(a) — A
[Mu—= byl + [Ih(z*) = h(a® || + |||
[Mu =Byl + cly® =yl + |7, (4.25)

IA A

where the first equality follows from (4.5), the third equality follows from (3.2) and (4.4),
the first inequality follows from (4.22), and the second inequality follows from Assumption
4.1. Besides, one can also have

IMu=byll = [Mu—b+b=Dby
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IMu — (My* +7) + (h(z") = h(z?))]
VI Sarllu =yl + elly™ =y + 7). (4.26)
Combining (4.24) and (4.25) with (4.26), one has

VI=bullz" =y* < V1+8alu—y | +2¢)y™ — | + 2],

which is equivalent to (4.23). O

IN

Remark 4.11. In Lemma 4.10, if (4.22) is replaced by
2" = argmin, gy {||by — M2 : supp() C supp(u)},
then it follows from the proof of Lemma 4.10 that the inequality (4.23) is still satisfied.

Theorem 4.12. Suppose that all assumptions in Lemma 4.10 are satisfied. Let S =
supp(z*) and the sequence {y(p)} be generated by Algorithm NTP. Then for any A € (0.5,1],
we have

p—1
ly* =20 < @) lly* =y @l + (D& Irl, vpen,
=0

- 2(AS3pF+1—A) (145 - 2(14824
where & = 2 3k4r1_62i( +02k) 4 9¢ (\/135% + ifgii)\HMH) and ¢y = \/ﬁﬁ—k(lji&;c’“))\HMH.
Proof. For any fixed iteration index p € N, let ¢ := u® @ wT, and y®*Y be the solution of
the orthogonal projection (3.16) when m is an even number, and of the orthogonal projection
(3.17) when m is an odd number. Then, by Lemma 4.10 and Remark 4.11, we have

VI 03k 0yl 2y 2
V1 — 02 V1 — 02 VI="0g

It can be seen that the intermediate point § generated at the p-th step iteration of Algorithm
NTP has exactly the same form as y(?) generated at the p-th step iteration of Algorithm
NT. Thus, similar to the proof of Theorem 4.6, we can obtain that for any fixed iteration
index p € NV,

ly @+ — | < —yl+ (4.27)

ly* =3l < ailly” =y P + ea|7, (4.28)

where ¢y, co are given in Theorem 4.6.
Combining (4.27) with (4.28), we can get that

[y @D — || < Elly” — y® |+ élr|,

where

& - 01\/1+52k+20_ 2(/\53k+1—)\)(1+(52k) 20( 2 + 1+62k>\MH)
' m 1_6216 \/1—52k 1_52k '

and

: _CQ\/1+52]€+2_ 4 +2(1+62k)
? V1 — 02 V1 — 02 1 — g

Thus, by a recursive method, we can obtain that the result of the theorem holds. O

Al M.
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Corollary 4.13. Suppose that all assumptions in Theorem 4.12 hold, and r = 0. If
2002, + 3635 +1—2X <0, (4.29)

and
S v . _
oo 1705 — 2000k +1— N)(1 + G (4.30)
Av/T = 35 + 2M(1 + 655) | M|

are satisfied, then the sequence {(z(p))[mfl}} generated by Algorithm NTP is globally linearly

convergent to (z*)m=11,
Proof. Since r = 0, it follows from Theorem 4.12 that
ly* —y@| < @)Ply" =y, VpeN.

In order to show that {(:r(p))[m’l]} is globally linearly convergent to (z*)™~1 it is enough
to ensure ¢; < 1, i.e.,

2 1+ o > 2(Adsk + 1 — AN)(1 4 dax)
2¢ + MM ) <1-— .
(\/15% 1 — ok 1] 1— 8o
Since 0 < dax < 03k, the above inequality holds if
2 1+ O35 ) 2()\63k +1- )\)(1 + 53k)
2¢ + MM ) <1-— .
(\/1—53k 1 — 03 17} 1— d3p

This inequality holds if d3x and ¢ satisfy

2(A0s3k + 1 — N)(1 + d3x) 1—62, —2(Ndsk + 1 — A)(1 + 83x)
<1 and c<
1 — dap AV1 = 03k + 2A(1 + d31) | M|
The first inequality in (4.31) holds if

2A03), + 3035 +1—2X <0,

(4.31)

which is equivalent to (4.29). In addition, it is easy to check that the second inequality in
(4.31) is equivalent to inequality of (4.30). Thus, the desired result holds if (4.29) and (4.30)
are satisfied. O

Remark 4.14. It is easy to verify the condition (4.29). For example, when A = 0.8, (4.29)
holds if 3 < 0.18; when A = 0.9, (4.29) holds if 5 < 0.23; and when A = 1, (4.29) holds
if d3 < 0.28. We use the result of A = 1 later in the numerical experiments.

Numerical Experiments

In this section, we perform numerical experiments on a laptop (Windows 10, 64-bit, 8042 MB
physical memory, Intel(R) Core (TM) i5-6200U CPU @ 2.30GHZ) by MATLAB(R2016a).

We only consider the numerical experiments for Algorithm NTP. In our experiments, th
parameters are set as follows:

tol = le — 6, MaxIter =150, a =3, A=1.

We will display the iteration number, residual error and CPU time, where the residual error
is defined as ||&/2™~! — b|| with x being the final output solution. We will divide our
experiments into the following two parts.

Part 1. In this part, we test three examples, where &7 € R>*[™=17 and b € R! involved
in (1.4) are given deterministically.
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Example 5.1. Consider problem (1.4), where o/ € R6*[19 and b € RS are given as those
in (ii) of Remark 4.2, and k = 2.

We use Algorithm NTP to test the problem in Example 5.1, and the numerical results
are displayed in Table 1, where ‘iniP’, ‘time’; ‘niter’;, ‘res’ and ‘solu’ denote the initial
point, CPU time, iteration number, residual error and final output z, respectively; and
vy =(1,1,1,1,1,1,1,1,1,1) 7, 23 = (1,1,1,1,1,0,0,0,0,0) ", 23 = (0,0,0,0,0,1,1,1,1,1) T,
r§ = (1,0,1,0,1,0,1,0,1,0) ", 23 =randn(10,1) (i.e., 2 is generated randomly). For the
case of the initial point being xj, we test the problem 10 times, where we test the problem
once for each randomly generated initial point zf, and in this case, ‘time’, ‘niter’; ‘res’
denote the average CPU time, average iteration number and average residual error for 10
times testings.

Table 1: Numerical results of Example 5.1

iniP  time  niter res solu

ry  0.0156 3 0 (-2,0,0,0,0,1,0,0,0,0)"
r3 00938 3 0 (-2,0,0,0,0,1,0,0,0,0)"
3 00156 1 0 (-2,0,0,0,0,1,0,0,0,0)"
ry  0.0156 3 0 (-2,0,0,0,0,1,0,0,0,0)"
z5  0.0219 24 0 (-2,0,0,0,0,1,0,0,0,0)"

Example 5.2. Consider problem (1.4), where o7 € R6*[19 and b € RS are given as those
in (iii) of Remark 4.2, and k = 2.

We use Algorithm NTP to test the problem in Example 5.2, and the numerical results
are displayed in Table 2, where ‘iniP’, ‘time’, ‘niter’, ‘res’, ’solu’, and the initial points

xh, 22, 23, 23, x5 are the same as those in Example 5.1.

Table 2: Numerical results of Example 5.2

iniP  time  niter res solu
x(l) 0.0625 3 0 (0,-2,0,0,0,0,1,0,0, 0)—r
x% 0.0313 3 0 (0,-2,0,0,0,0,1,0,0,0)"
x3  0.0313 3 0 (0,-2,0,0,0,0,1,0,0,0)"
xg  0.0313 3 0 (O,—2,0,0,O,0,1,0,0,O)T
xj  0.0688 2.6 0 (0,-2,0,0,0,0,1,0,0, O)—r

Example 5.3. Consider problem (1.4), where o7 € R6*[219 and b € RS are given as those
in (iv) of Remark 4.2, and k = 2.

We use Algorithm NTP to test the problem in Example 5.3, and the numerical results
are displayed in Table 3, where ‘iniP’, ‘time’, ‘niter’, ‘res’, ’solu’, and the initial points
xd, 23,23, 23, ¥ are the same as those in Example 5.1.

From Tables 1, 2 and 3, one can see that Algorithm NTP can recover the desired sparse
solution completely with low CPU time cost and few iteration steps for three specific prob-
lems given in Examples 5.1, 5.2 and 5.3.

Part 2. In this part, we test two examples, where &7 € R>*[™=171 and b € R involved

in (1.4) are generated randomly.
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Table 3: Numerical results of Example 5.3

iniP  time  niter res solu

zy  0.0625 2 0 (2,0,0,0,0,1,0,0,0,0)"
3 0.0625 2 0 (2,0,0,0,0,1,0,0,0,0)"
3 0.0156 2 0 (2,0,0,0,0,1,0,0,0,0)"
zs  0.0313 1 0 (2,0,0,0,0, 1,0,0,0,0)T
zy  0.0156 2 0 (2,0,0,0,0,1,0,0,0,0)"

Example 5.4. Consider problem (1.4), where, for given positive integers m,n, and [, o/ €
RIXIm=1n) ' e RL and the sparsity k are given as follows:

e Tensor o/: take m = 4, ] = 40 and n = 80. Let U and V be [ x [ and n x n
orthogonal matrices, respectively, and they are generated randomly in [0,1]. Let X :=
(Dixt, Oix(n—1)) be an | x n real matrix, where Djy; and Oy (,,—;) denote [ x I diagonal
matrix and [ x (n — [) zero matrix, respectively, and each entry of D is generated
randomly in [0.9,1.1]. Denote M := UXV. Suppose M is the majorization matrix of
tensor .# € R¥[m=1nl and other entries of .# are zero. Let of = 4 .

e Sparsity k: we choose the sparsity k such that k = [pn]|, where [a] represents the
smallest integer greater than or equal to a, and p € [0.02,0.12].

e Vector b: let x* = zeros(n, 1) and x*(k+1 : 2xk) = randn(k, 1), and let b := &7 (z*)™ L.

Remark 5.5. We claim that Assumption 4.1 and the RIP condition given in Definition
2.3 are satisfied for each problem in Example 5.4. It is obvious that the former holds since
h(z) =0 for any x € R™. We explain below why the latter is also true.

In order to satisfy the restriction of the RIC {3, of the majorization matrix M of &7
given in (4.29), we have to put some requirements on M. Let d; denote the i-th diagonal
entry of matrix D for any ¢ € [n]. Then, for any z € R", one has

[Mz|]* =2TVTISTUTUSV: =) " df 2.
=1

Let dimas and doni, denote the maximal diagonal entry and the minimal diagonal entry of
D, respectively. Then,

dinll2|® < 1M2|? < d700ll2]?, V2 € R™.
In addition, if z is k-sparse, then, according to RIP condition, one has
(1= d)ll2ll* < I M2l* < (1 + &)l
Since 0 < 0 < 3, the above inequality holds if
(1= Gs)llzl* < [Mz]* < (1+ d3e) 11

Thus, in order to ensure that the RIP condition holds, it is enough if we choose d; for all
i € [n] such that
d2

min

=1-963, and d2,, =1+ d3.
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By d31 < 0.28 given in (4.29), we only need to choose d; for all i € [n] such that

Amin > V0.72 and  dye. < V1.28.

In actual experiments, we will set the range of diagonal entries of D in a little bit smaller
than [\/0.72, v/1.28|. This can be ensured by setting each diagonal entry of D be in [0.9, 1.1].

We use Algorithm NTP to test problems in Example 5.4. For each problem (i.e., the case
given a set of values m,l,n, k), we test 10 times, and display the numerical results in Table
4. For every test, the initial point is chosen as xy = zeros(n, 1) and xo(1 : k) = randn(k, 1).
In Table 4, ‘Atime’, ‘Aniter’, and ‘Ares’ represent the average CPU time, average iteration
number, and average residual error of 10 times tests, respectively.

Table 4: Numerical results of Example 5.4
k Anitr  Atime  Ares
0.12n] 7 0.1156  8.9912e — 08

[

[0.1n] 5.8 0.0750 1.9288e — 09
[0.07n] 5.3 0.0656  2.2543e — 10
[
[

0.05n] 4.7 0.0578 1.0363e — 15
0.02n] 3.6 0.0578 6.0177e — 16

Example 5.6. Consider problem (1.4), where, for given positive integers m,n, and I, & =
M — nP with A being generated in the same way as the one in Example 5.4, u = 0.001
and all entries of # being generated randomly in [0, 1], and b € R! is generated in the same
way as the one in Example 5.4. For different values of m, [ and n in our experiments, we
choose k = [0.05n] or [0.1n].

We use Algorithm NTP to test problems in Example 5.6. We test each problem 10 times
with the initial points being generated in the same way as those in Example 5.4, and display
the numerical results in Table 5, where ‘Atime’, ‘Aniter’, and ‘Ares’ are the same as those
in Example 5.4.

Table 5: Numerical results of Example 5.6

m n k Anitr Atime Ares

4 4 5 1 1.3 0.0187 2.9212¢ — 17
4 8 10 1 14 0.0297 7.5876e — 16
4 12 15 1 14 0.0234 1.4239¢ — 16
4 12 15 2 3.5 0.0328 1.9781e — 07
6 8 10 1 1.6 0.0391 1.0858e — 09

From Tables 4 and 5, one can see that Algorithm NTP can recover the desired sparse
solution completely with low CPU time cost and few iteration steps for randomly generated
problems given in Examples 5.4 and 5.6.

(6] Concluding Remarks

In this paper, we proposed a model of sparse least squares problem for solving tensor equa-
tions and two linearized methods (i.e., Algorithm NT and Algorithm NTP) for solving it.
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We showed the global linear convergence of the proposed method under two assumptions.
The first assumption is that the majorization matrix of the tensor involved satisfies the RIP
condition, which is commonly used in the field of sparse optimization. The second assump-
tion is that the function h defined by (3.1) is the sparse (m — 1)-power Lipschitz continuous
with respect to a solution of the concerned tensor equations, which is new, but trivially true
when the model we consider returns to the case of compressed sensing. The latter assump-
tion plays a key role in obtaining the convergence of the proposed algorithm. How to weaken
this condition is a topic worthy of further study. In addition, in the existing studies of tensor
equations and their least squares problems, the tensors involved are assumed to be square
tensors, which greatly limits their applications. The sparse tensor least squares problem
proposed in this paper is a generalization of the classical compressed sensing model. Since
the classical compressed sensing model has many practical applications, we believe that this
new model will have many practical applications. Therefore, the effective algorithms to solve
this model and its practical application problems are worthy of further study.
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