A2 Py, 4,

“ Yokohama Publishers

Aol /SSN 1349-8169 _ONLINE JOURNAL

Yok, %

PERTURBATION OF ERROR BOUNDS FOR
VECTOR-VALUED FUNCTIONS*
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Abstract: Motivated by Zheng and Ng’s paper (ESAIM Control Optim. Calc. Var. doi:10.1051/
cocv/2018047) where they study the stability of error bounds for vector-valued functions under the as-
sumption that the ordering cone has a nonempty interior, we consider the stability issues of error bounds for
vector-valued functions under a weaker assumption that the ordering cone is dually compact. In particular,
we provide several stable results on error bounds in term of the radius of error bounds which extend some
results on the stability of error bounds in the literature.
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Introduction

The theory of error bounds plays an important role in optimization and has been widely used
in different areas such as sensitivity analysis, convergence analysis of algorithms and penalty
function methods. The origin of error bound theory can be traced back to the pioneering
work by Hoffman [6]. Since Hoffman’s work, the study of error bound theory has received
extensive attention, and a great deal of works have been done on error bound issues (c.f.
[2, 3,5, 7,12, 18, 19, 21, 23, 24, 25]). For a proper lower semicontinuous function ¢ defined
on a real Banach space X, we denote by S(p,Z) := {z € X | p(z) < ¢(Z)} the solution set
of the following inequality:

e(@) < (). (IE)

Recall that ¢ has (or admits) a local error bound at z € dom() if there exist 7, § € (0, +00)
such that
rd(z,$(p,7)) < [p(x) — o(B)]s Vo € B(,0), (1)

where d(z, S(¢,2)) = inf{||z — vl | v € S(p,2)}, [o(x) — @(@)]s = max{0, p(z) — p(2)}
and B(Z,0) is the open ball with the center Z and radius 4.

In many practical problems, the initial data we obtained may be inaccurate. Therefore,
from the points of view of theory as well as application, it is important to study the behavior

*This research was supported by the National Natural Science Foundation of China [Grant No. 11771384],
[Grant No. 11801497] and [Grant No. 12061085].
fCorresponding author

© 2021 Yokohama Publishers



322 C. HU AND Q. HE

of the error bounds under data perturbations (c.f. [13, 32]). In 1994, Luo and Tseng
[13] studied perturbation analysis of error bounds for linear inequality systems. Recently,
Kruger, Lépez and Théra [10] studied the perturbation of error bounds for real-valued convex
functions. In paticular, they used the radius of error bounds to study the stability of error
bounds. On the other hand, in many optimization problems, we need to deal with a family
(finite or infinite) of inequalities rather than a single inequality. For example, in semi-infinite
programming, there are infinitely many inequality constraints. Hence many authors studied
the error bounds for inequality systems such as the inequality /equality systems and the
semi-infinite constraint systems (see [9, 10, 11, 15, 16, 17, 26, 28, 33] and references therein
for details).

Throughout this paper, let X and Y are Banach spaces, K is a closed convex cone in Y
and ooy is the abstract infinity in Y which satisfies:

Q- Xy =0y, Y+ Xy = X0y,

0-00y =0, y<g ooy, [oof =00

forany « € Ry and y € Y. Let Y* := Y U{ooy} and F : X — Y* be a vector-valued
function. Very recently, Zheng and Ng [32] studied the stability of error bounds for the
following conic inequality

F(z) <k F(z) (CIE)

where Y is ordered by the cone K and z € dom(F) := {z € X | F(z) € Y}. Recall that
(CIE) has a local error bound at Z if there exist 7, § € (0,400) such that

rd(z, S(F,z,K)) < d(F(z) — F(z),~K) Yz € B(z,0), (1.2)

where S(F,Z,K) := {z € X | F(z) <kg F(Z)} denotes the solution set of (CIE) and
d(ocoy,—K) is understood as +o0o. In the case when ¥ = R and K = R, (1.2) reduces to
(1.1). Tt is worth noting that the conic inequality model (CIE) contains many constraint
systems in optimization. For example, when ¥ = R"™™ K = R7? x {0} C Y, F(z) =
(fi(x), -, farm(x)) and F(Z) = 0, (CIE) reduces to

file) <O0fori=1,---,nand fi(x)=0fori=n+1,--- ,n+m.

When T is a compact metric space, Y = C(T, R) is the Banach space of continuous functions
h:X — R. and K = {h € C(T,R) | h(t) > 0Vt € T}, (CIE) reduces to semi-infinite
constraint systems. The constraint systems in conic optimization problems can also be
viewed as examples of (CIE).

Let Er(F) be the modulus of the error bound of the conic inequality (CIE):

Er(F) :=sup{r > 0| (1.2) holds for some § > 0}

= lim inf d(F(z) — F(z), —K) (1.3)
T d(z,S(F,z,K))

zedom(F)\S(F,z,K)

Clearly, F has an error bound at Z if and only if Er(F) > 0. Recall [32] that (CIE) has a
stable error bound at Z € dom(F), if there exist n, r € (0,+00) such that Er(F + H) > n
for any H : X — Y with

H — H(Z
|H|)s := limsup 1E& = H@I (1.4)
ez |z —z|
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Let Y* be the dual of Y and
Kt :={y*ceY* | {y*,2) >0Ver € K} and g+ := {y* € Kt : ||y*| = 1}. (1.5)

In order to study the stability of error bound for (CIE), Zheng and Ng [32] adopt the
following subdifferential for the vector-valued function F' at Z:

OxF(z) :={a" € X* | (z",—y") € N(epig(F),(z, F(z))) for some y* € Ty+}

where epig (F) = {(z,y) € X xY : F(z) <k y} and N(epig(F),(Z, F(z))) is the Clarke
normal cone to epig (F) at (Z, F(Z)) (see also [31]). In [32], using this kind of subdifferential
for vector-valued functions, Zheng and Ng characterized the stability of error bounds for
conic inequalities. For a closed subset A of a Banach space X, we define the boundary
of A as bd(A) := cl(A) \ int(cl(A)). Tt is easy to see that 0 ¢ bd(dxF(z)) if and only if
0 € int(cl(Ox F(z))) or 0 ¢ cl(Ox F(Z)). When 0 ¢ bd(0x F(Z)), we denote

D :=d(0,bd(0x F(Z))). (1.6)
In the case when 0 € int(cl(Ox F(Z))), we have
D =sup{r >0 | rBx- C cl(0xF(Z))} > 0.
In the case when 0 ¢ cl(0x F'(Z)), we obtain
D =d(0,0xF(z)) > 0.

Two main theorems extracted from [32] can be stated as follows (see [32, Theorem 4.1 and
Theorem 4.4]):

Theorem 1.1. Let F'€T'. Suppose that F' is w-quasi-subsmooth at T and 0 € int(cl(0x F'(Z))).
Then for any H : X =Y with F+ H € T and ||H||z < D, and any ¢ € (0,400), there
exists 6 > 0 such that

1+¢
D—|H|z

where the definitions of the notation I' and the notion ‘w-quasi-subsmooth’ are given in
section 3.

|z —z| < d(F+H)(z)— (F+ H)(),-K) VY xe B(z,9),

Theorem 1.2. Suppose that K has a nonempty interior. Let F € T be such that 0 ¢
cl(OxF(z)). Let H: X =Y be such that F+ H € T and |H||z < d(0,0x F(Z)). Then the
following statements hold:

(i) If X,Y are Asplund spaces and F + H is w-quasi-subsmooth at T, then
Er(F + H) = vk (d(0,0x F (%)) — [|H||z),

where v == sup {r>0| B(y,r) C K}.
yeKNSy

(ii) If F 4+ H is quasi-subsmooth at T and continuous on some neighborhood of T, then
Er(F + H) > vk (d(0,0x F(z)) — [|H| ).

(ii) If epig (F + H) is convez, then
Er(F + H) 2 vk (d(0, 0k F(2)) — || H]|z)-
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Under the assumption that int(K) # (), Theorem 1.1 and Theorem 1.2 imply that 0 ¢
bd(0x F(Z)) is a sufficient condition for F' to have a stable error bound at z. It is worth
mentioning that, under the assumption int(K) # () and some other mild assumptions, Zheng
and Ng proved that 0 ¢ bd(0x F(Z)) is also a necessary condition for F' to have a stable
error bound at Z. However, the assumption that int(K) # @ is restrictive sometimes. For
example, when Y = Rt K =R x {0} C Y, it is easy to see that the interior of K is
empty. Hence it is necessary to consider the stability of error bounds for (CIE) in the case
when the interior of the ordering cone is not necessarily nonempty. On the other hand, in
order to relax the condition that the ordering cone has a nonempty interior, Zheng and Ng
[27] introduce the notion of the dually compact cone (see section 3 for definition). This is
a broad class of cones including every closed convex cone in finite dimensional spaces and
every closed convex cone with a nonempty interior in Banach spaces (see [27]). In this paper,
motivated by [10] and [32], we consider the stability of error bounds for conic inequalities
under the assumption that the ordering cone K is dually compact. Under this assumption,
we establish some sufficient conditions of the stability of error bound for conic inequality
(CIE), and provide the lower bound estimation for the radius of error bound. Our results
extend some results in [32] and [10].

Preliminaries

Let X* be the topological dual of X. Let Bx be the closed unit ball of X, and Sx be the
unit sphere of X. We use B(z,r) and Blz,r| to denote the open and closed balls with the
center x and radius r, respectively. For a set M C X, the support functional of M is defined
by

op(x*) = sup (z*,z) Va*eX".
reM

For a closed subset A of X and a point T € A, the Clarke tangent cone to A at Z is defined
by

T(A,Z):={veX |Va, A % and Vi, 4 0 v, = v stz +thv, € A Vn € N},
and the Clarke normal cone to A at Z is defined by
NA,z):={2" € X" | (z*,h) <0Vh e T(A,T)}.
For € > 0, we use N. (A, T) to denote the set of Fréchet e-normals to A at &, which is defined

by

N.(A,z) = {x* € X" lirnsup<QE|QC’Z_;EI> < e’:‘}.

A _
rT—T

When ¢ = 0, Z\AZE(A, Z) is a convex cone which is called the Fréchet normal cone to A at Z.
In this case, N.(A4,Z) is denoted by N(A,Z). The Mordukhovich normal cone to A at T is
defined by

N(A,z):={z* € X* | 3z, 4 Z, en 4 0 and z, Yy ot st 2t € N., (A, z,) Vn € N}.

For z ¢ A, N(A,z), N.(A,z), N(A,z) and N(A, z) are the empty sets. For a proper lower
semicontinuous function ¢ : X — R U {400}, we use dom(p) to denote the domain of ¢,
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and use epi(p) to denote the epigraph of ¢. The Clarke subdifferential of ¢ at x € dom(¢p)
is defined by

Op(x) :={a" € X* | (27, —1) € N(epi(p), (z, ¢()))}.
The Fréchet subdifferential of ¢ at « € dom(y) is defined as

(x4 h) — o) — (", 1)
Il = 0}'

~

dp(z) = {x € X* | liminf 2
h—0

The limiting subdifferential of ¢ at x € dom(y) is defined as
dp(x) = {2" € X* | (2, ~1) € N(epi(p), (z,9(2)))}.

When z ¢ dom(y), dp(x), 5(,0(1‘) and Op(r) are the empty sets. It is well known that
dp(x) C Ip(x) C Ip(),

dp(x) = {z* € X" | (2", ~1) € N(epi(p), (z, ()},
and that when f is convex,

Op(x) = Op(x) = dp(x) = {z" € X" | (2",u) < p(z +u) — p(x) ¥ u € X}

for all x € dom(p). Let’s recall that a Banach space X is an Asplund space if every
continuous convex function on X is Fréchet differentiable on a dense Ggs-set of X. The
following results on normal cones and subdifferentials are well known in variational analysis
and are useful for us (cf. [14]).

Lemma 2.1. Let A be a closed subset in X. Let p1,p2 : X — RU {400} be proper lower
semicontinuous functions such that oy is locally Lipschitz at T € dom(p1) Ndom(ps). Then
the following statements hold:

(i) 9(p1 + ¢2)(7) C 91 (T) + Dpa(T)

(ii) If X is an Asplund space, then for any z* € 5(901 + ©2)(Z) and € > 0, there exist
x1,%2 € B(Z,€) such that |p;(z;) —pi(T)| < e (i=1,2) and z* € dp1(x1) + Opa(x2) +
€BX* .

(iii) If X is an Asplund space, then N(A,a) = lim sup ]\A/'(A, v) foralla € A, and N(A,a) =

A
v—a
co"*N(A,a).
We define the preorder <y in Y as: y17 <k y2 < 1y2 —y1 € K. Let
Kt={z*eY* | (z*y) >0Vy € K} and Zg+ = {z* € KT | ||2*] = 1}. (2.1)

The epigraph of the vector-valued function F' : X — Y® with respect to the ordering cone
K is defined by
epig (F) :=={(z,y) € X x Y | F(z) <k y}.

We say F' is K-convex, if epij (F') is convex. For the epigraph epiy (F'), we have the following
results [32]:

Lemma 2.2. Let G : X — Y* be a function such that epiy (G) is closed. Then, for any
(x,y) € epig(G), the following statements hold:
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~

(i) N(epir(G), (z,y)) C X* x (=K7).
(ii) If G is continuous at x, then

N (epig (G), (z,y)) € N(epig (G), (z,G(x))) C X* x (-KT).

Following [31] and [32], for € dom(F’), we adopt the following coderivative D} F(z) :
Y* = X* for F at a:

DIF(z)(y*) == A{z" € X7 | (27, —y") € N(epig (F), (z, F(x)))} Vy" €Y",
and the following subdifferential for F' at x:

8KF(.’E) = DZF(.’E)(IK+)
={z" € X*| (2%, —y") € N(epig(F), (z, F(x))) for some y* € Tg+}.

where Zx+ is defined as (2.1).

We adopt the following conventions. For ) C [0, 400), inf () is understood as +oo. For
a point z in a Banach space Z and the set 0 in Z, d(z,0) is understood as +o0o. For any
a € (0,400, we set § = +00.

Main Results

As a useful extension of the convexity and smoothness, Aussel, Daniilidis and Thibault
introduced the notion of the subsmoothness of a closed set in [1]. Let A be a closed subset
in X. Recall that A is subsmooth at Z € A if for any € > 0 there exists 6 > 0 such that

(x*,u—v) <ellu—v| Yu,v€ AN B(Z, ) and Vz* € N(A4,v) N Bx~. (3.1

In [33], motivated by (3.1) and the primal-lower-nice property introduced by Poliquin (c.f.
[20]), Zheng and Wei introduced the quasi-subsmoothness for a proper lower semicontinuous
function ¢ : X — R U {+o0o}: ¢ is said to be quasi-subsmooth at Z € dom(¢y), if for any
g, M € (0,+00) there exists § > 0 such that

(x*,u—v) < plu) — ) +ellu—wv| Yu,v e B(F,0) and Va* € dp(v) N M Bx-.

In [32], Zheng and Ng further extended the subsmoothness from the real-valued function to
the vector-valued function. Let F': X — Y* be a vector-valued function. Recall [32] that F
is said to be quasi-subsmooth at Z € dom(F') with respect to K if for any €, M € (0, +00)
there exists 6 > 0 such that

(%, u—v) < (" Fu) = F(v)) +¢llu -]
whenever u, v € B(Z,0), y* € Ix+ and * € D:F(v)(y*) N M Bx« (where (y*, 0oy ) := 00)
and that F is said to be w-quasi-subsmooth at Z € dom(F) with respect to K if for any
g, M € (0,+00) there exists § > 0 such that

(@ u—3) < (", F(u) — F(@)) +ellu— 7]

whenever u € B(%Z,0), y* € Ix+ and z* € DiF(Z)(y*) N MBx-. Having z € X a fixed
element, we adopt the following notations: ' := {G : X — Y* | Z € dom(G) and epig(G)
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is closed} and

F1:={G €T | G is w-quasi-subsmooth at z}
Fy:={G €T | G is quasi-subsmooth at Z and

G is continuous on some neighborhood of z}
Fs3:={G €T |G is K-convex}.

For H : X — Y, following [32], we use the following notation

F = —_—.
27 [l — z||

Having now a fixed F' € T and ¢ € [0, +00], following [10], we adopt the following notations:
Pi(e) ={GeF, |FIH: X >Y st.|H|z<eand G=F+ H} (1=1,2,3).

Then for G € T, Er(G) := sup{7 > 0| (1.2) holds for G and some § > 0}. Clearly, G
has an error bound at Z if and only if Er(G) > 0. For the special case that K = X,
we have Er(G) = 4+00. Indeed, in this case, we have S(G,z, K) = dom(G). It follows that
d(z,S(G,z,K)) = 0 for every z € dom(G). For z ¢ dom(G), we have d(G(z)—G(z),—K) =
+00. Hence we have (1.2) holds for every 7 > 0 and Er(G) = +oo. Following [10], we denote

Er;(e) := inf{Er(G) | G € P;(¢)} (1=1,2,3).

and define the radius of error bound of F' at Z with respect to the function classes F; as
follows:
R; :=inf{e > 0 | Er;(¢) = 0} (1=1,2,3).

When R; > 0 (i = 1,2,3), for any H : X — Y with |H|z < R; and F + H € F;, we
have Er(F + H) > 0, and hence F' + H has a local error bound at z. However, in practical
applications, it is not enough only to know the existence of error bound for G, and we need
to know the value of 7 such that (1.2) holds. For this purpose, we consider the following
radius of error bound of F' at Z. For any positive real number x > 0, we define the radius
of error bound of F' at Z with k by

Ri(k) :=1inf{e >0 | Er;(¢) <k} (1=1,2,3).

When R;(k) >0 (i = 1,2,3), for any H : X — Y with |H||z < R, and '+ H € F;, we
have Er(F + H) > k. This provides us not only with the existence of error bound of F' + H
at Z, but also with the value of 7 such that (1.2) holds. Recall [32] that F' has a stable error
bound at T with respect to the function class F; (i = 1,2,3), if there exist x,d € (0,400)
such that

Er(G) > & (3.2)

for any G € P;(9) holds. It is easy to see that F' has a stable error bound at Z with respect
to the function class F; if and only if there exists x > 0 such that R;(x) > 0 holds. In [32],
Zheng and Ng established their stability results on error bounds for conic inequalities (CIE)
under the assumption that the closed convex ordering cone K has a nonempty interior. Note
that K has a nonempty interior if and only if there exists yg € Y such that

K™ c{y" | ly*ll < (" m0)} (3.3)
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In [27], in order to relax the condition that the ordering cone has a nonempty interior, Zheng
and Ng introduced the notion of dually compact cone. Let K be a closed convex cone in a
Banach space Y. Recall that K is said to be dually compact if there exists a compact subset
C in Y such that

KX c{y [yl <ocly)} (3.4)

When Y is a finite dimensional space, for every closed convex cone K C Y, we can take C
as the unit sphere in Y which is a compact subset that satisfies (3.4). When Y is a general
Banach space and K is a closed convex cone with a nonempty interior in Y, there exists
Yo € Y such that (3.3) holds. For this case, we can take C as {yo}. Hence every closed
convex cone in finite dimensional spaces and every closed convex cone with a nonempty
interior in Banach spaces are dually compact. The rest of this article is devoted to the
sufficient condition of stability of error bounds for conic inequalities under the assumption
that the ordering cone is dually compact. To achieve this, we need the following lemmas
established in [32, Lemma 4.3 and Proposition 3.9].

Lemma 3.1. Let G € T'. Then for any t > Er(G), there exists {(Zn,Cn,Mn)} C X X K x
(0, +00) such that

G(Zp) + ¢ # G(Z) YneN, (3.5)
(Zn, G(Zn) + Cn, 1) — (2,G(2),0) (3.6)
and
(0,0) € 3(g + bepi @ + | - = (T G(Tn) + @) |n) (T G(Fn) + En) ¥n €N, (3.7)
where
9(@,y) = lly = G(@)| and [|(z,y)[[n == [[z] + mnllyll V(z,y) € X x Y. (3.8)

Lemma 3.2. Let H: X — Y be such that |H||z < 400 and F'+ H € I". Then
Ox(F+ H)(Z) C Ok F(Z) + | H||zBx~-

With the help of Lemma 3.1 and Lemma 3.2, we will establish our main results below.
Noting that K = Y is a dually compact closed convex cone, Er(G) = +oo holds for all
G €T in this special case. Hence, R; = R;(xk) = 400 (i = 1,2, 3) for any x > 0. Therefore,
we only need to consider the case when K # Y.

Theorem 3.3. Let X and Y be Asplund spaces, K be dually compact and K # Y. Suppose
that F is w-quasi-subsmooth at T and 0 ¢ bd(0x F(Z)). Then

(i)
Ri1> D, (3.9)
where D is defined by (1.6).
(i)

D
Ri(k) > D — &M, VFL<M, (3.10)

where M is a positive constant depending only on K and D is defined by (1.6). Con-
sequently, F' has a stable error bound at T with respect to the function class Fi.



PERTURBATION OF ERROR BOUNDS FOR VECTOR-VALUED FUNCTIONS 329

Proof. Since K is a dually compact closed convex cone, there exists a compact subset C C Y
such that (3.4) holds. We will prove (3.10) holds for M := I}{l&é{”h” Let £ < L. For any
€

G:=F+ H e€Pi(D— M), we claim that
Er(G) > «. (3.11)

Assume that (3.11) holds. By the definitions of Ery (D — kM) and R (k), we have Erq (D —

kM) > k and Rq(k) > D — kM. It remains to prove (3.11). Since K # Y, we have

Kt # {0} and M := I}{lathH > 1 (by (3.4)). By the assumption that 0 ¢ bd(9x F(z)),
€

we have 0 ¢ cl(OxF(Z)) or 0 € int(cl(Ox F(Z))) hold. For the first case, we have that
D =d(0,0x F(%)). Since G € P1(D — kM), wehave G = F+H € Fy and ||H||z < D—-xM.
For any t > Er(G), by Lemma 3.1, there exists {(Z, ¢n,nn)} C X x K X (0,+00) such that
(3.5), (3.6) and (3.7) hold. Combining this with Lemma 2.1 (ii), there exist (z,,y,) and
(Zn, Un) converging to (z,G(Z)) such that g, # G(z) and

a0 ~ a _ _ _ . 1
(070) € ag(xnayn) +86epiK(G) (xnvyn) +ta|| ) —(l’n, G(-’I;n) +Cn>||n<xn7yn) + g(BX* X By*),

where g(z,y) = |ly — G(Z)|| and ||(z,y)||» := l|z|| + na|ly| for all (z,y) € X x Y. It follows
from the fact g, # G(z) that

(0,0) € 0 X Sy« + N(epig(G), (Tn,yn)) + t(Bx+ X nuBy~) + %(BX* x By+)
= 0 Sy + N(epige(G), (paryn)) + (¢ + ) Bxe % (tmn+ ) By
Thus there exist 2}, € (t + 1)Bx~, y; € Sy« and 2 € (tn, + L) By such that
(5, —yn — 23) € N(epig(G), (Tn, yn)). (3.12)

It follows from Lemma 2.2 (i) that v} + 2 € KT. By (3.4), we have that

* * * * 1

Noting that C' is compact, thus there exists h,, € C' such that

1
<y: + Z;km hn> >1—tin, — E (313)

Since {z*}, {y:} and {z}} are bounded, we can assume that z* % z* for some z* € tBx~

and that y + 2% %y y* for some y* € Kt (taking a subsequence if necessary). Thanks to
the compactness of C', we can assume that h,, — h for some h € C (taking a subsequence if
necessary). Let n — oo in (3.13), we have 1 < (y*,h) < M||y*| and [|y*|| > ;. It follows
from (3.12) and Lemma 2.1 (iii) that

(z", —y") € N(epig (G), (7,G(1))) C N(epig (G), (z,G(2))),

and hence Hg—*” € DZG(Q’C)(”?;—H) C OxG(Z). Since G € Fi, Lemma 3.2 tells us that
OxG(Z) = O (F + H)(Z) C 0xF(z) + ||H|zBx-. Thus we have that % € dxF(z) +
|H|zBx-. It follows from the facts |[H||z < D — xM, ||z*|| <t and ||y*|| > - that

d(0,0x F(Z)) <

+ | H|lz <tM + D — kM,
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and so k <t (noting that D = d(0,0x F(Z))). Let t — Er(G), we have Er(G) > k. For the
second case when 0 € int(cl(0x F(Z))), by Theorem ZN1, we have that

—|Hl|lz . M K
> >

Ex(@) =Ex(F+ H) 2 1+e — 14 1+4¢

for every e € (0, +00). Letting ¢ — 0, we have Er(G) > x. Hence (3.11) holds. We complete
the proof of (ii). For (i), noting that Ry > R4 (k) for all K < < and letting £ — 0 in (3.10),
we have R1 > D. O

Remark 3.4. In Theorem 3.3, M can be taken as max IRl
€

Note that, in Theorem 3.3, we assume that X and Y are Asplund spaces. We don’t know
whether or not Theorem 3.3 holds if the Asplund space assumption on X and Y is dropped.
However, with F> or F3 replacing F7, we have the following theorems.

Theorem 3.5. Let X and Y be Banach spaces, K be dually compact and K £Y . If F is
w-quasi-subsmooth at T and 0 ¢ bd(0x F(Z)), then
(i)
Ro > D, (3.14)
where D is defined by (1.6).
(i)
Ra(k) > D — kM, ¥V k< D
2(R) =2 RIVL, K M7
where M is a positive constant depending only on K and D is defined by (1.6). Con-
sequently, F' has a stable error bound at T with respect to the function class Fs.

(3.15)

Proof. Since (i) can be obtained by letting x — 0 in (ii), we only prove (ii). Take M as in
Theorem 3.3. Similarly to the discussion in the proof of Theorem 3.3, we only need to prove
that (3.11) holds for all K < £ and all G := F + H € Py(D — M), and we only need to
prove (3.11) holds for the case when 0 ¢ cl(0x F(Z)) (the case when 0 € int(cl(Ox F(Z))) is
same as that of Theorem 3.3). Now, suppose that 0 ¢ cl(0x F(Z)). Since G € Po(D — kM),
we have G = F + H € Fy and ||H||z < D — kM. For any t > Er(G), by Lemma 3.1, there
exists {(Zy,Cn,nn)} € X x K X (0,400) such that (3.5), (3.6) and (3.7) hold. Combining
this with Lemma 2.1 (i), we have that

(0,0) €99(Zn, G(Tn) + €n) + Aepi,. (c) (Tn, G(Tn) + Cn)
+ ta” : _@m G(jn) + En)Hn(jm G(fn) + En)
CO x Sy« + N(epigG, (Tn, G(Tp) + &,)) + t(Bx+ X n,By+)

where g and ||-|,, are defined by (3.8), and the last inclusion follows from the fact G (’ )+é, #
G(Z). Thus there exist ) € tBx~, yi € Sy~ and z € tn, By~ such that (z},—y} —
25) € N(epig(Q),(Tpn, G(Zn) + C,)). Noting that G € Fs, from Lemma 2.2 (11) and

n

the fact G is continuous on some neighborhood of z, it follows that (z}, -y — 2%) €

N(epiK(G) (Zn,G(Zy))) and y + 2 € KT for all sufficiently large n. Hence we have

- - .
IIy,HrZ*H € D:G(zy,) (Hzné*”)(notmg that ||y’ + 22| > 1 —tn,). Since
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G is quasi-subsmooth at Z (noting that G € F3), T, — T and {”yxifzﬂ} is bounded, thus
for any € > 0 there exists § > 0 such that

<w* xn> . <y+zn Gla) — G(xn)> fele—z)  (3.16)

T —
)

)
lys + 25l
_ . . x) 1 o t
for all x € B(Z,0) and sufficiently large n. Since HMH StX T = 1 ¢
and || ”zi’izﬁu || = 1, by taking a subnet if necessary we can assume that ”yf#“ %ot

for some z* € tByx~ and that sz;nii?’zl\ EN y* for some y* € K+. It follows from the fact
Yyn Ttz + * * * yntzn etz | _
Lt e Kt {e* | [|e*]] < oc(c)} that oc (mw;n) > |tz = 1. Thus there
exists h, € C such that
* *
<W‘hn> > 1. (3.17)
g7, + 22

Since C' is compact, we can assume that h, — h for some h € C (taking a subnet if

necessary). It follows from (3.17) that 1 < (y*,h) < M||y*|| and |jy*|| > 7;. By (3.16) and
(3.6), we have (z*,x — Z) < (y*,G(z) — G(T)) + ||l — Z| for all x € B(Z,0), and so

("2 —1) = (y",y — G(2)) < (z",z — 7) — (y", G(z) — G(T))
<elx -z
<elz -z +elly - G|

for all (x,y) € B((E,G(E)),?) N epig(G). }-Ience (z*,—y*) € J/\}(epiK(GL(a‘r,G(f))) C

N(epig(G), (2,G(7))) and i € DIG(T) (=) € Ok G(T). Then, by Lemma 3.2, we have
that m € OxkG(T) = Ox(F + H)(Z) C OxF(Z) + ||H||zBx~. From the facts ||H|z <

D — kM, ||lz*|| <t and [jy*|| > 4, it follows that

]|

[yl

so £ <t (noting that D = d(0,0x F(Z))). Let t — Er(G), we have Er(G) > . The proof is
complete. O

d(0, 0 F(z)) <

+ | H||lz <tM + D — kM,

Theorem 3.6. Let X and Y be Banach spaces, K be dually compact and K #Y . If F is
w-quasi-subsmooth at T and 0 ¢ bd(0x F(Z)), then

(1)
Rs > D, (3.18)
where D is defined by (1.6).
(i)

D
Ra(r) = D — kM, ¥ 5 < 17, (3.19)

where M is a positive constant depending only on K and D is defined by (1.6). Con-
sequently, F has a stable error bound at T with respect to the function class F3.
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Proof. Take M as in Theorem 3.3. We only need to prove that (3.11) holds for all G :=
F + H € P3(D — kM) in the case when 0 ¢ cl(0x F(Z)). Since G € P3(D — kM), we have
G=F+H e Fsand |H|z < D — kM. For any t > Er(G), by Lemma 3.1, there exists
{(ZnsCnynn)} C X x K x(0,400) such that (3.5), (3.6) and (3.7) hold. Combining this with
Lemma 2.1 (i), we have that

(0,0) €09(Zn, G(Tn) + Cn) + Oepiy (@) (Tns G(Tn) + En)
+ t8|| : *(fm G(jn) + En)Hn(jm G(jn) + En)
C0 X Sy~ + N(epig(G), (T, G(Zy) + C1)) + t(Bx* X 1y By)

where g and |||, are defined by (3.8), and the last inclusion follows from the fact G(Z,,)+¢, #
G(z). Thus there exist z} € tBx~, y) € Sy~ and 2}, € tn, By~ such that («}, —yt — 2%) €

n

N(epig (Q), (Zn, G(Zy) + ¢,)). Since G € Fs, we have epiy (G) is convex, yi: + 2 € KT (by
Lemma 2.2 (i)) and

<x:7m - "En> - <y: + Z;:vy - G(fn) - En> S 0 V(m,y) € epiK(G)' (320)

Since {z%}, {y}} and {z}} are bounded, by taking a subnet if necessary we can assume that
xh "3 o* for some 2* € tBx- and that yr+zk EN y* for some y* € K. By (3.20) and (3.6),
we have

(%2 =) = (y",y = G(2)) <0 V(z,y) € epig(G),
and hence (z*, —y*) € N(epig(G), (Z,G(Z))). Then, by Lemma 3.2, we have that

€z Y

Hy: € DZG(j) (Hy:|) C 6KG('7_7) = 6K(F+H)(j) C aKF(j) + ”H”ﬁ?BX*

It follows from the fact ||z*|| < ¢ that

_ |z | t
d(0,0x F (7)) < +[Hlz <
[yl lly* |l

On the other hand, by the fact y: + z; € KT C {c¢* | |[c*]| < oc(c*)}, we have that
oc (yh +25) > |lyk + 25| > 1 — tn,. Thus there exists h,, € C such that

+ |1 H||- (3.21)

(i + 2, ) = 1=t (3.22)

Since C is compact, we can assume that h, — h for some h € C (taking a subnet if
necessary). If follows from (3.22) that 1 < (y*,h) < M||y*|| and [y*|| > 7. Hence, by
(3.21) and the fact that ||H||z < D — kM, we have that

d(0,0x F(z)) < tM + D — kM,
which implies that ¢ > k. Let ¢ — Er(G), we have Er(G) > k. we complete the proof. O

Remark 3.7. Our Theorem 3.3, Theorem 3.5 and Theorem 3.6 proved that 0 ¢ bd(0x F(Z))
is a sufficient condition for F' to have a stable error bound at Z under the assumption that
the ordering cone K is dually compact. Zheng and Ng [32] proved the same conclusion
under the assumption that the ordering cone K has a nonempty interior (see Theorem 1.1
and Theorem 1.2 in sectionl). Our results extend some results in [32] from the case that
the ordering cone K has a nonempty interior to the case that the ordering cone K is dually
compact. It is worth mentioning that, under the assumption int(K) # @ and some other
mild assumptions, Zheng and Ng proved that 0 ¢ bd(0x F(Z)) is also a necessary condition
for F' to have a stable error bound at Z.
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Remark 3.8. In the real-valued and convex setting, for a proper convex lower semi-
continuous function f : X — R U {400}, Kruger, Lépez and Théra [10] proved that
Rs = D. This implies that: if a lower semicontinuous function h : X — R satisfies that
Ih]|z < d(0,bd(0f(Z))) and that f + h is convex, then f + h has a local error bound at Z.
For the conic inequality setting (not necessarily convex), our Theorem 3.3 (i), Theorem 3.5
(i), Theorem 3.6 (i) show that the radius R; (i = 1,2,3) of error bound for (CIE) with re-
spect to the function classes F; (i = 1,2, 3) are no less than D. Furthermore, we considered
another kind of radius of error bound for (CIE): R;(x) (i = 1,2,3). We proved that R;(x)
(1 =1,2,3) are no less than D — kM. This means that Er(F'+ H) > x when H : X —» Y
satisfies |H||z < D — kM and F + H € F;.
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