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Abstract: This paper focuses on the Benson proper efficiency for a nonconvex vector optimization problem
with cone constraints. First, we give a characterization of the Benson proper efficiency in the image space, and
discuss the relations among the Benson proper efficiency, image regularity condition and regular separation.
Then, we analyse the generalized saddle-point and image regularity condition, and establish sufficient and
necessary conditions of the generalized saddle-point criterion for the nonconvex vector optimization problems.
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Introduction

Optimality notion is an important topic in vector optimization. Since the notion of efficiency
contains some undesirable situations, people proposed the proper efficiency to improve it.
Researchers defined various concepts of proper efficiency, and considered the relationships
between these concepts and the scalar optimization problems; see [1,2,4,7,8,11-15]. The
notion of proper efficiency can be traced back to Kuhn-Tucker [15] and modified by Geof-
frion [8], and later it was formulated in a more general framework (Borwein [2], Benson [1],
Henig [11]). Subsequently, Jahn [12] characterized the Borwein properly minimal elements
of a set based on the norm scalarization functional. Recently, Kasimbeyli [13,14] exploited a
conic scalarization method to characterize the Benson proper efficiency in vector optimiza-
tion problems. In general, people employed the Lagrangian functions to study the proper
efficiency of constrained vector optimization problems; see [2,4,6-8]. Especially, Chen and
Rong [4] gave some characterizations of the Benson proper efficiency under generalized con-
vexity in terms of scalarization, Lagrangian multipliers, saddle-point criterion, and duality.
In [7], Gasimov obtained a generalized saddle-point type sufficient condition of the Benson
proper efficiency for a nonconvex vector optimization problem with equality constraints.
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However, to the best of our knowledge, there is no paper to study necessary and sufficient
conditions of the Benson proper efficiency for a vector optimization problem with general
cone constraints without any convexity assumption.

Based on the optimization theories in image space, Castellani and Giannessi [3] estab-
lished a unify scheme, which was so called Image Space Analysis (for short, ISA), to deal with
different optimization models, which can be expressed as the impossibility of a parametric
system. The ISA method is a powerful tool, and several aspect of theories in optimization
are developed in recent years, such as duality, existence of solutions, optimality conditions,
penalty methods and regularity conditions; see [3,5,6,9,10,16-19]. Separation plays a cru-
cial role in the ISA. After the disjunction of two suitable sets for the given problem has
been constructed in the image space, different separation approaches are applied to the two
sets, such as linear separation [6,9, 10, 18], nonlinear or conic separation [5,10, 16,17, 19].
In general, authors only considered the (weakly) efficient solutions of a constrained vector
optimization problem in terms of ISA, see [9,16,19], but the researches on properly efficient
solutions by ISA are limited. That’s due to the difficulty in converting the proper efficiency
of the constrained vector optimization problem to the impossibility of a parametric system
in the image space.

In this paper, we aim at studying the proper efficiency for the nonconvex vector opti-
mization problem with cone constraints via ISA approach. First, we characterize the Benson
proper efficiency in the image space, and show the relations among the Benson proper effi-
ciency, image regularity condition and regular separation. Then, we discuss the generalized
saddle-point and image regularity condition for the nonconvex vector optimization. Finally,
we use a nonconvex separation theorem to establish the generalized saddle-point criterion
without any convexity of the given problem.

The rest of the paper is organized as follows. In Section 2, we recall some concepts and
the basic separation about ISA. In Section 3, we discuss the proper efficiency in image space.
In Section 4, we investigate the generalized saddle-point and image regularity condition in
nonconvex vector optimization.

Preliminaries

In this section, we recall some notations and definitions, which will be used in the sequel.
Let RY,R™, R" be Euclidean spaces. The closure, the topological interior and boundary of
a set M C R’ are denoted by cIM, intM and bdM, respectively. Let cone(M) := {)a :
a € M, € Ry} denote the cone set produced by M, and d(v, M) = inf{|lv —a|| : a € M}
denote the distance from a point v € Rf to M. Let C C R’ and D € R™ be nonempty,
closed, convex and pointed cones with intC # () and intD # (.

Definition 2.1. The function f : R™ — R is C-monotonically increasing iff
flug) < f(ur), Yur —up € C.
Definition 2.2. The function f: R™ — R is positive homogeneous iff

flau) = af(u), Vu e R™, a>0.

Let y = (y1,- ) € Ryl = S0z lwils lylle = (3 + o + y)"/? and |Jylloc =
max{|y1|, ..., |ye|} denote the Iy, I3, and I, norms of y, respectively. The unit sphere and
unit ball of R® are denoted by U = {y € R* : |ly]| = 1} and B = {y € R* : |y|| < 1},
respectively. Cy =CNU ={y € C: |ly|| = 1} denotes the norm-base of the cone C.
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Let C* = {y* € R : (y*,y) > 0,Vy € C} and C¥ = {y* € R*: (y*,y) > 0,Vy € C\{0}}
be the dual cone and strict positive dual cone of C, respectively.
The following cones called augmented dual cones of C' were introduced in [7,13,14].

C" ={(y",0) € C" xRy = (y",y) —ally| = 0forally € C},
C% ={(y*,a) € C* x Ry : (y*,y) — ally|| > 0 for all y € C\{0} }.

Definition 2.3 ([14]). Let C and K be closed cones in R with intK # (. A cone K is
called a conic neighborhood of the cone C' if C\{0} C intK. For a positive real number e,
a cone C, = cone(Cy + eB) is called e-conic neighborhood of C.

Theorem 2.4 ([14]). Let C =RY. Then, for every € € (0,1), there exists a pair (y*, ) €
C% such that

—C\{0} C int(S(y*,)) C —C¢,
where S(y*,a) = {y € R : (y*,y) + al|ly|l1 <0} is a closed convex pointed cone, and
int(S(y*,0)) = {y € R": (y",) +allylr <0}

In this paper, we consider the following vector optimization problem with cone con-
straints:

(P) minc f(z)
st. glx)e D, z € X,

where X C R™ is a nonempty subset, f : R® — R’ and g : R® — R™ are vector-valued
functions. As usual, we denote by S = {x € X : g(z) € D} the feasible set of (P).

Definition 2.5. (i) An element Z € S is called an efficient solution of (P) if (f(z) —
f(8)nC ={0}.
(ii) Anelement Z € S is called a weakly efficient solution of (P) if (f(Z)— f(S))NintC = 0.

(ili) An element Z € S is called a Benson properly efficient solution of (P) if clcone(f(Z) —

£(S) —C)nC = {o}.

Next, we recall the main features of the ISA for the problem (P) with respect to the
efficient solution. Take arbitrary € X. We consider the mapping Az : X — R’ x R™ with

Az(z) = (f(Z) = f(2),9(2)), Yz €X
and the sets

Kz :={(u,v) e R  xR™: w= f(z)— f(x),v=g(x),z c X},
H = {(u,v) ERE xR™: u e C\{0},v € D}, & = Kz — clH.

The sets Kz and &; are called the image and extend image of (P), respectively. Obviously,
Z € S is an efficient solution of (P), iff the generalized system

Az(z) e H, ze X, (2.1)
has no solutions, or, equivalently

Kz:NH=0. (2.2)
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Remark 2.6. Let H, := {(u,v) € R* x R™ : u € C\{0},v = 0}. Since H + clH = H, it
follows that (2.2) is equivalent to

EzsNH=0, (2.3)
or, equivalently,

Consider a real-valued function w : R x II — R, where II is a set of parameters
to be specified case by case. Let levsqw(:;m) = {(u,v) € R x R™ : w(u,v;7) > 0}
and levsow(;7) = {(u,v) € R® x R™ : w(u,v;7) > 0} denote the positive level set and
nonnegative level set of w, respectively. Then, we recall the following concept of regular
weak separation functions.

Definition 2.7 ([10]). The class of all the functions w : R“*™ x II — R such that

ﬂ levsow(;m) =H

is called the class of regular weak separation functions and denoted by Wg(II).

Definition 2.8. The sets Kz and H are said to admit regular separation with respect to
w € Wg(II) and 7 € I iff

w(u,v; ) <0, V (u,v) € Kz.

Obviously, if w(-; ) is cIH-monotonically increasing, then the sets Kz and H are regular
separation with respect to w € Wr(Il) and 7 € II iff

w(u,v;7) <0, YV (u,v) € &.

Proper Efficiency in Image Space

Proper efficiency is an important optimality notion in vector optimization. However, people
can’t find a suitable mapping Az such that solving the properly efficient solution of (P) can
be expressed by the impossibility of a generalized parametric system (2.1). This leads to
the few studies on the proper efficiency by ISA method.

On the other hand, it is worth noting that all the definitions of different solutions only
need the information of x € S, and the characterizations of efficient solution in (2.1) and
(2.2) contain extra information. So, we introduce two sets as follows,

K1 =KzN (R x D) and & =& N (R x D).

Obviously, K1 NH =0, & NH =0, (2.2) and (2.3) are equivalent.
Then, we can analyse the proper efficiency by using & in the following.

Theorem 3.1. Suppose that & € S. Then,
cl(cone(&1)) NHy =0, (3.1)

iff T is a Benson properly efficient solution of (P).
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Proof. “<=". Assume that Z is a Benson properly efficient solution of (P). Note that
E:N (R x D) C (f(Z) — f(S) — C) x D, which implies that

Pre(cl(cone(&r))) C cleone(f(z) — f(S) — C),

where Pge(+) denotes the projection from R x R™ to R.

Thus, clecone(f(z) — f(S) — C)NC\{0} = 0 implies (3.1).

“=". By the contrary, suppose that T is not a Benson properly efficient solution of
(P), which means that clcone(f(z) — f(S) — C)NC\{0} # 0. Let u € clecone(f(z) — f(S) —
C)N C\{0}. Then there exist sequences z,, € S, A\, > 0 and ¢,, € C with n € N such that

It follows from x,, € S that g(z,,) € D, for alln € N. Take d,, = g(x,), vn, = An(9(xn)—dy) =
0, and u,, = Ay (f(Z) — f(zn) — ¢n), for all n € N. Then we have that (un,v,) € cone(&;)
and

(u,0) = lm (up,v,) = lm A (f(Z) = f(zn) — cn,g(zn) — dn),

n—r-+oo n—-+oo

which implies (u,0) € clcone(&;). Together with (u,0) € C\{0} x {0} = H.,, we obtain
cl(cone(&r)) N Hy # 0,

which contradicts (3.1). The proof is complete. O

Theorem 3.1 provides a characterization of the Benson proper efficiency for the con-
strained vector optimization problem in the image space. However, the disadvantage of &;
is obvious. Since &; loses the information of g(z) ¢ D, we can’t use it to establish the
saddle-point criterion. On the other hand, combining with £&; C &z, we immediately get the
following result.

Theorem 3.2. Suppose that £ € S. If
cl(cone(Ez)) N H,, = 0, (3.2)
then, T is a Benson properly efficient solution of (P).

Remark 3.3. The condition (3.2) is called image regularity condition in some literatures(
[5,16-19]), which is used in conic separation, penalty methods. When (P) reduces to a
scalar optimization problem, and under some convexity assumptions, the condition (3.2) is
equivalent to the existence of saddle-point. Obviously, cl(cone(€z)) NH = () and (3.2) are
equivalent since H + clH = H.

In general, the converse of Theorem 3.2 doesn’t hold, and we illustrate it in the following
example.

Example 3.1. Let /=2 m=n=1, X =R, C = Ri, and D = R,. The mappings f and

g are defined as follows,

flx) = (x+1,2z), g(x):= { —z2  otherwise.
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Obviously, S = Ry, and & = 0 is a Benson properly efficient solution of (P). Moreover,
f(z) =(1,0), and

&z = {(—u, —2u, —u?) : v <0} U {(~u, —2u,u%) tu>0)—R3,
H = (RI\{0}) x Ry, Hy = (RF\{0}) x {0},
Then, & NH, = 0. On the other hand, cl(cone(&z)) = R? x (—-R;) U (-R2) x Ry, and
cl(cone(Ez)) NHy = (RI\{0}) x {0} = Hy,
which means that the converse of Theorem 3.2 fails.
In the following, we give some assumptions to guarantee the image regularity condition.

Proposition 3.4. Let C = Rﬁ_. Assume that T is a Benson properly efficient solution
of (P). Suppose that there exists T > 0 such that maxi<;<¢{fi(Z) — fi(z)} < 7d(g(zx), D),
Vo & S. Then the image reqularity condition (3.2) holds.

Proof. By the contrary, assume that (3.2) is not fulfilled. Then there exists u € C\{0} such
that (u,0) € cl(cone(&z)). Since T is a Benson properly efficient solution of (P), it follows
from Theorem 3.1 that there exist sequences z,, € S, A, > 0, ¢, € C and d,, € D with
n € N such that

u= lim A, (f(Z) — f(zn) —cp) and v= lim A, (g(x,) —dy)=0. (3.3)

n——+4oo n——+oo

Again by u = (u1, ..., u¢) € R§\{0}, then there exists 1 < i < ¢ such that u; > 0. Therefore,

i l9(xn) — dunll
n—-+oo fl(.’f) - ft(xn) - (c’ﬂ)i

Together with u; > 0 and the first equation of (3.3), we get that f;(Z) — fi(xn) — (¢n); > 0,
for sufficiently large n. Moreover,

d(g(z2), D) lg(n) — dul
OS 5@ = filwm) - (@) = 1@ — fulan) — (e’

It follows from (3.4) and (3.5) that

= 0. (3.4)

(3.5)

lim dlg(zx), D)
n——+0oo fz(.’f) - fz(xn) - (C’ﬂ)i

so that, for every r > 0, there exists n € N that

:0,

(fi(Z) = fi(xn)),

S|

1 _
d(g(zn), D) < —(fil@) = fiza) = (cn)i) <
which is a contradiction to the assumption of this proposition. The proof is complete. [

Remark 3.5. If / = 1, then the assumptions of Proposition 3.4 reduce to that there exists
7 > 0 such that f(z) — f(z) < 7d(g(z), D), Vo € X, which mean that the exact penalty
function exists. It is worth noting that the existence of exact penalty functions is equivalent
to the image regularity condition (3.2) for the scalar optimization problem, see [17].



PROPER EFFICIENCY FOR NONCONVEX VECTOR OPTIMIZATION PROBLEM 511

By the regular separation between Kz and H, we can also obtain a sufficient condition
for image regularity condition immediately.

Theorem 3.6. Suppose that function w(-; ) is positive homogeneous and clH-monotonically
increasing, for m € Il and w € Wg(Il). If the sets Kz and H are regular separation with
respect to w and 7 € II, then the image regularity condition (3.2) holds.
Proof. The proof is easy, we omit it. O
In particular, we give a special class of regular separation functions as follows:
W(u,v;0,\) := wi(u,0) +wa(v,\), u e R, veR™, (0,)) €I} x Iy, (3.6)

where wy : RE x II; — R and ws : R™ x Iy —» R fulfill the following conditions

M) levso wi(-0) = C\{0}, (3.7)

fel,
[ levso wa(-,A) = D, (3.8)
Aells
VAelly, V>0, 3N € I s.t. twa (v, N) = wa(v, Ay), Vv €R™. (3.9)

It is easy to verify that w € Wg(II; x IIp) if the functions (3.6) satisfy assumptions
(3.7)-(3.9). Under suitable assumptions, we also give a sufficient condition for Benson proper
efficiency.

Theorem 3.7. Assume that the function (3.6) fulfills conditions (3.7)-(3.9). Suppose that
wi(+,0) and wa(-, A) are C- and D-monotonicity increasing, respectively, and wi(-,0) is pos-
itive homogeneous, for 6 € 11y and A € Ily. Moreover, T € S. If the sets Kz and H are

regular separation with respect to w and (0,\) € Iy x Iy, then T is a Benson properly
efficient solution of (P).

Proof. Tt follows from the monotonicity of w; and ws that @w(+;0, ) is clH-monotonically
increasing. Together with the regular separation between Kz and #H, we have

w(u,v;0,\) = wi(u,0) +wa(v,\) <0, V (u,v) € .
By (3.8), then for every (u,v) € & with v € D, we get
w1 (u, 0) <0,
which implies that
wi(f(Z) — f(x),0) <0, Vaxcb.
Again by the monotonicity and positive homogeneity of wq, one has
w1 (u,0) <0, Yu € cleone(f(z) — f(S) - C). (3.10)

It follows from (3.7) and (3.10) that clecone(f(Z) — f(S)— C)NC = {0}, thus Z is a Benson
properly efficient solution of (P). This completes the proof. O
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Generalized Saddle-Point and Image Regularity Condition for
the Nonconvex Vector Optimization

In [4], the Benson proper efficiency was characterized by the linear Lagrangian saddle-point
under generalized convexity assumptions and Slater condition. However, the classic saddle-
point criterion doesn’t exist for nonconvex case in general, so nonlinear Lagrangian functions
are introduced. In [7,13,14], the authors defined a conic scalarization function and used
it to characterize the properly minimal element of a set (in the sense of Benson or Henig).
Motivated by these results, we define a nonlinear separation function by

w(u, v p, o A, B) = (p,w) — allully + (A, v) = Bz, (4.1)

where (1,0, \,8) € Il = C% x D%, || - ||y and || - ||z denote the norms in ¥ = R’ and
7 = R™, respectively.

Lemma 4.1. Let IT = C* x D*. Then, w € Wg(II), i.e.,
ﬂ levsow(:; p, o, A, B) = H.
(p,00,A)EII
Proof. For every (u, o, A\, ) € Il = C* x D% we have
w(u, v; g, @, A, B) = (p,u) — allully + (A, 0) = Bllvlz >0, V(u,v) € H,
which leads to
ﬂ levsow(;p,a, A, B) D H.

(0,1, B) €I
Next, we prove the following inclusion
ﬂ levsow(; p,a, X, B) C H. (4.2)
(m,0,X,B) €Il
By the contrary, assume that (4.2) is false. Then there exists (ug,v9) € H such that
w(up, vo; s @, A, B) >0, V(u, o, A, B) € 1L (4.3)

Since (ug, vo) € H, we consider the following three cases:
Case 1. If ug = 0,99 € Z, then we set (Ao, Bo) = (0,0). For any (uo,ap) € C%, we get

w(uo, Vo; 1o, Cos Ao, Bo) = (po, o) — aolluolly + (Ao, vo) — Bollvollz =0,

which contradicts (4.3).
Case 2. If ug € C,vy € Z, then there exists puy € C¥ such that (o, uo) < 0. For
(/j/Oaa(h)‘OaﬁO) = (/’('070a070) € C(Lﬁ X D*7 we have
w(uo, vo; to, 0, Xo) = (po, uo) — aol|uolly + (Ao, vo) — Bollvellz <0,

which contradicts (4.3).
Case 3. If up € C\{0},vy € D, then there exists \g € D* such that (g, vg) < 0. Let
(po, ) € C%, By = 0 and A\, = nAg € D*. Then for sufficiently large n € N, we can obtain
w(ug, vo; o, @0, An,s Bo) = (Ko, uo) — aolluolly + (Ao, vo) — Bollvellz <0,

which contradicts (4.3).
The proof is complete. O
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Take p € Y. For separation function w in (4.1), we get a generalized Lagrangian function
L: X x1II - R as follows:

L(x, p,a, N, B) : = w(p, 05, o, A, B) —w(p — f(x), 9(x); 1, o0, A, B)

= (u, f(z)) + allp = f(@)|ly —alplly — (A g(2)) + Bllg(@)llz,
V(x, p,a, N, B8) € X x 1.

It is worth mentioning that the choice of p is arbitrary in L.

Definition 4.2. (P) is said to satisfy the generalized saddle-point criterion of L at z € X
for some (ji, @) € C%, if there exists (A, 3) € D% such that (Z, A, 3) is a saddle-point of the
generalized Lagrangian function L(z, i, @, A, 8), that is,

L(z, i, @, )\, B) < L(, 1, @, A, B) < L(x, 1, @, X, B), V(x, A, 8) € X x D
Proposition 4.3. Let p = f(z). Then, the following statements are equivalent.
(i) For z € X and (ii,a) € C%, there exists (\, 3) € D such that (Z,\, ) is a saddle-
point of the generalized Lagrangian function L(x, i, &, A, 8),
(i) 7€ S and w(u,v; i, a, N, 3) <0, V(u,v) € K.

Proof. The proof is easy, we omit it. O

In the following, we show the relationships between the generalized saddle-point criterion
of L and image regularity condition (3.2).

Theorem 4.4. For 7 € X and (fi,a) € C%, there exists (\, 3) € D such that (%, \, ) is
a saddle-point of the generalized Lagrangian function L(z, fi, &, A, B), then image regularity
condition (3.2) holds and Z € S. Moreover, if (X, 3) € D™, then

cl(cone(Ez)) NelH = {(0,0)}. (4.4)
Proof. Suppose that (Z, A, 3) is a saddle-point of L, , that is
(B, f(2)) + alp = f(@)lly —alply — (A 9(2) + Bllg(2) 2

< {1 f(@) + allp = f@)]ly = allply = (X 9(@) + Bllg(@)] 2 (4.5)
< (i f(@)) +alp = f(@)lly —alply — (A g(@)) + Bllg(@)llz, V(z, A, B) € X x D,
It follows from the first inequality of (4.5) that g(z) € D and (X, g(7)) — Bl|lg(z)||z = 0.
Together with the second inequality of (4.5), we get
0 < (i, f(z) = f(@)) + alp = f@)ly = allp = F@)ly — (X 9(2)) + Bllg(@)] 2
< (i f(z) = f(@)) + allf(2) = F(@)lly = A g(@) + Blg(@)llz, Vo e X.

Since (fi, ) + @l| - ||y is C-monotonically increasing and (X, -) + || - ||z is D-monotonically
increasing ( [13], Theorem 3.5), we have

(i, f(z) = f(@) + o) + &l f(2) = f(Z) +elly + (N —g(z) +d) + B]| — g(z) +d]|z >0
Ve e X, (¢,d) € C x D,
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which implies that

A B) = (@i, u) — allully + (X, v) = Bllvllz <0, Y(u,v) € &.

M(U, UHITA
On the other hand,

w(-, - i, @, A, B) is positive homogeneous, we deduce that
w(u,v; fi, @, A, B) = (i, u) — allully + (A v) = Bllv]|z <0, Y(u,v) € cl(cone(Ez)).  (4.6)
Moreover, (i, @, \, 3) € Il = C* x D% we have
w(u,v; i, @ A, B) = (p,u) — allully + (A, v) = Bllv]|z >0, V(u,v) € H. (4.7)

It follows from (4.6) and (4.7) that cl(cone(Ez))NH = 0, then the image regularity condition
(3.2) holds. o
Next, we prove the second conclusion. Since (fi, @) € C and (), ) € D%, we get
)

w(u, v; i, @, A, B) = {p,u) — al|ully + (A v) = Bllvllz > 0, ¥(u,v) € cIH\{(0,0)},
together with (4.6), we obtain (4.4). The proof is complete. O
Combining with Theorem 3.2, we immediately obtain the following corollary.

Corollary 4.5. If there exists (ji, &) € C%, such that (P) satisfies the generalized saddle-
point criterion of L at T for (i, &), then T is the Benson properly efficient solution of (P).

Next, we give an example to explain Corollary 4.5 and Theorem 4.4.
Example 4.1. Let f=2,m=n=1, X =R, C=R2,and D =Ry. Let || - || = || - |1 be
the norm in R® and R™. The mappings f and g are defined as follows,

| (z,—%z) if <0, o
@)= { (x,—2z) otherwise, 9(@) =2 +2.

Obviously, f is nonconvex and the classic Lagrange saddle-point doesn’t exist. Note that
C% = {(p,a) € R} : p1 > a,pp > a} and D** = {(A\,8) € R : A > 8}, Take Z = 0,
p=0, (g, @) =(2,2,1) and (A, 8) = (2,2). Then, we can verify that (z, A, 5) = (0,2,2) is a
generalized saddle-point of L(x, fi, &, A\, 8). Moreover, S = {z € R:z > —2} and

cleone(f(z) — f(S) — C) = {(u, —2u) : ©u < 0} U {(u, f%u) tu >0} — R

Then, cleone(f(Z)—f(S)—C)NC = {(0,0)}, which means that Z = 0 is the Benson properly
efficient solution of (P). On the other hand,

1
55::{(—u,§u,u+2): u<0}U{(~u, —2u,u+2): u>0}—R3,

Hu = (RI\{0}) x {0}.
Then, cl(cone(Ez)) N H, = 0.

In general, the image regularity condition (3.2) is not sufficient to guarantee the exis-
tence of a generalized saddle point for L. To this aim, we need the condition (4.4). Now,
using the nonconvex separation theorem for conic separation, we establish the existence of
a generalized saddle point for L.
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Theorem 4.6. Let C' = Rﬁr and D = R, Suppose that the norms in Y = R¢, Z =R™,
and Y x Z = R“™ are all Iy norm. Let T € S. If (4.4) holds, then there exist two

pairs (fi,&) € C% and (N, &) € D™ such that (Z,\, &) is a saddle-point of the generalized
Lagrangian function L(z, i, &, A, B).

Proof. Tt follows from Theorem 5.2 in [13] and (4.4) that there exists a closed convex cone
Q with cIH\{(0,0)} C intQ such that

cl(cone(Ez)) NQ = {(0,0)}. (4.8)

Let € > 0 be sufficiently small such that (c/H). C Q. Then, by Theorem 2.4, there exists a
pair (fi, A, @) € (cIH)™ such that

—cdH\{(0,0)} C int{(u,v) € R® x R™ : (71, \), (u,v)) + &||(u,v)|s <0} C —(cIH)e C —Q.

It follows from these inclusions and (4.8) that

((E, ), (u,v)) + &|[(u,v)||1 =0 for all (u,v) € —cl(cone(Ez)),
which implies

(i, f(z) = f(@)) +al f(x) = f@)]1 = (A g(x)) +allg(z) L >0, Vo € X,

then, we have

(@, f(@) +allf(@) = f@)]1 = (A g(2)) + allg(@) ] > (B, f(2), Vo€ X (4.9)

On the other hand, it is easy to verify that (cIH)™ = {(u,\, @) € (cIH)* x Ry : (u,q) €
C% (X, ) € D%}. Therefore, (ii,a) € C* and (A, @) € D% C D.
Letting x = & in (4.9), we get —()\, ¢(Z)) + al|g(z)||1 > 0. Since g(z) € D and (\, &) €

D% one has —(X\, g(%)) + a|lg(z)||; < 0. Thus,
—(\,9(@)) +alg@)lh = 0. (4.10)
Moreover, again by g(Z) € D, we have
(A g(@)) = Bllg(@)llL = 0, V(A B) € D*". (4.11)

It follows from (4.9), (4.10) and (4.11) that (Z, )\, @) is a saddle-point of the generalized
Lagrangian function L(z, ii, &, A, 8).
The proof is complete. O

In [7], Gasimov also obtained the Benson proper efficiency by means of the saddle-point
criterion for a nonlinear Lagrangian function. He only considered a vector optimization
problem with equality constraints. However, our problem is more general. Taking D = 0
and p = 0 in L, then L reduces to the generalized Lagrangian function in [7]. Thus, the
characterization of the Benson proper efficiency in terms of Lagrangian function in [7] is a
special case of our results. Moreover, we give a sufficient condition for the existence of the
generalized saddle-point criterion.
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Conclusions

In this paper, we discuss the Benson proper efficiency for a nonconvex vector optimization
problem with cone constraints by ISA method. We have studied the relationships among
the Benson properly efficient solutions, image regularity condition and regular separation.
Furthermore, we introduce a nonlinear Lagrangian function, and investigate the generalized
saddle-point and image regularity condition for the nonconvex vector optimization problem.
Finally, we employ a nonconvex separation theorem to obtain the existence of the generalized
saddle-point criterion.
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